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HIGHER ORDER MULTI-TERM TIME-FRACTIONAL PARTIAL
DIFFERENTIAL EQUATIONS INVOLVING CAPUTO-FABRIZIO
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Communicated by Mokhtar Kirane

ABSTRACT. In this work we discuss higher order multi-term partial differential
equation (PDE) with the Caputo-Fabrizio fractional derivative in time. Using
method of separation of variables, we reduce fractional order partial differential
equation to the integer order. We represent explicit solution of formulated
problem in particular case by Fourier series.

1. INTRODUCTION

Consideration of new fractional derivative with non-singular kernel was initiated
by Caputo and Fabrizio in their work [I]. Motivation came from application. Pre-
cisely, new fractional derivatives can better describe material heterogeneities and
structures with different scales. Special role of spatial fractional derivative in the
study of the macroscopic behaviors of some materials, related with nonlocal in-
teractions, which are prevalent in determining the properties of the material was
also highlighted. In their next work [2], authors represented some applications of
the introduced fractional derivative. Nieto and Losada [3] studied some properties
of this fractional derivative naming it as Caputo-Fabrizio (CF) derivative. They
introduced fractional integral associated with the CF derivative, applying it to the
solution of linear and nonlinear differential equations involving CF derivative.

Later, many authors showed interest in the CF derivative and as a result, several
applications were discovered. For instance, in groundwater modeling, in electrical
circuits, in controlling the wave movement, in nonlinear Fisher’s reaction-diffusion
equation, in modeling of a mass-spring-damper system, etc. We note also some
recent works related with CF derivative [4, [5] [6] [7], 8], 9].

Different methods were applied for solving differential equations involving CF
derivative. Namely, Laplace transform, reduction to integral equations, and reduc-
tion to integer order differential equations. Last two methods were used in the
works [10] [TT].

In this paper, we aim to show an algorithm to reduce initial value problem (IVP)
for multi-term fractional DE with CF derivative to the IVP for integer order DE and
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using this result to prove a unique solvability of a boundary-value problem (BVP)
for PDE involving CF derivative on time-variable. First, we give preliminary infor-
mation on CF derivative and then we formulate our main problem. Representing
formal solution of the formulated problem by infinite series, in particular case, we
prove uniform convergence of that infinite series.

2. PRELIMINARIES

The fractional derivative of order o (0 < a < 1) in CF sense [2] is defined as

I _ a4
erDiglt) = 1= [ o/, (21)

This operator is well defined on the space
wel = Lg(t) € L'(a,00) : (g(t) — ga(s))e "% € L' (a,t) x L'(a,00)},

whose norm, for a # 1 is given by

oo
M@MWJz/ o a+447/ / au(8) e~ T35 0~ dsat,
a

where g,(t) = g(t), t > a, go(t) = 0, —00 < t < a [2]. The following equality is
shown in [4],
crD3 ™ g(t) = crDgy (crDag(1)) -
3. FORMULATION OF A PROBLEM AND FORMAL SOLUTION

Consider the time-fractional PDE
k
> A crDGTMult, ) — Uaw(t, ) = f(t,7) (3.1)
=0
in a domain Q = {(¢,2) : 0 <t < ¢q,0 <z < 1}. Here ), are given real numbers,

f(t,z) is a given function, k € Ny, ¢ € RT.
Problem. Find a solution of (3.1]) satisfying the following conditions:

ot
u(t,z) € C2(Q), 9%%ﬁemmwam (3.2)
ult, x) -
u(t,0) = u(t,1) =0, o \to C;, i=0,1,2,... k, (3.3)

where C; are any real numbers.
3.1. Solution of higher order multi-term fractional ordinary differential
equations. We expand u(t,x) as the Fourier series

x) = Z T (t) sinmmz, (3.4)

where T, (t) are the Fourier coefficients of u(t, ).
Substituting this representation in (3.1)) and considering the initial conditions
(13-3), we get the following IVP with respect to time-variable:

k
. a+n m71'2 =
ZAn P DG T (1) + (mm)* T () = fn (1), (3.5)

TOW0)=C;, i=0,1,2,... .k
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where f,,(t) are Fourier coefficients of f (¢, z).

Based on definition (2.1) and initial conditions (3.3)), after integrating by parts
we rewrite the fractional derivatives as follows:

1 « t _a T, (0) _a
Do T(t) = ——Tp(t) — ——— | T(s)e Talt=9ds - o= 1ogt
OFDET(0) = =2 Tlt) = s | Tl sl g
1 ’ « OZ2 ¢ (t—s)
orDE Tn(t) = T Tlt) = = s T+ s || Tms)e” 25 (-9) g
+ aTm(0) ot T&(O)e—ﬁt’
(1-a)? 1-—«
1 «a a?
crDg T (t) = —— T (t) — /

Continuing this procedure, we find for n > 1 the formula

n
cr D" T(t) = 1= a{ S (- ) [T0=0(t) — T (0)e~ 5]
=0 . (3.6)
[0} n o (t—g
+ (- 1—a) H/o T(s)e 7ot )ds}.
We substitute (3.6) into (3.5) and deduce
n {Z (n 1)( ) T(n—z)<0)e 1,at]
n:O =0
t
+ 1fa)n+1/0 T(s)e Ta ! ”ds} (mm)* T (1)
= fm(t).
We multiply this equality by (1 — a)eT-=
k n a )
_ =) (petiat — p(n—i)
nz_oxn{;( ) [T et = T (0)]
¢ o . (3.7)
+ (-2 )"“/ Tm(s)eﬁsds}+(m7r)2(1fa)Tm(t)emt
l—« 0
=(1—a)e™alf,(t).
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Introducing new function T}, (t) = T}, (t)eT-=", we rewrite some items of (3.7):

Ty, (e = T, (t) = T=—Tu(t),

1 _
o ~ 2 ~ -
Th(Bers" = T (1) — T—=T5,(t) + (7—=) T ®),
11—« 11—« (3.8)
e " | [0 —
T(M) (PeToat — 1) n "I (¢
e = D () R
We note that 77\ (t) = T ().
Considering (3.8)), from (3.7)) we deduce
S oS
— —~ -« jzoj!(nfzf])! 11—«
a B (3.9)

IO ~TPO)] + (-
= (1— @)™ £ ().

Differentiating once by ¢, we will get (k + 1)th order DE. Using its general
solution and applying initial conditions, one can get explicit form of functions T, (¢),
consequently formal solution of the formulated problem is represented by infinite
series . Imposing certain conditions to the given functions, we prove uniform
convergence of infinite series, which will complete the proof of the unique solvability
of the formulated problem.

In the next section we show the complete steps in a particular case. We note
that even this particular case was not considered before.

)”“/0 T(s)ds | + (mm)*(1 = a)Tou(t)

l—«

4. PARTICULAR CASE

In this subsection we consider the case k = 2, to show the complete steps. In this
case, after differentiating (3.9)) once with respect to ¢, we get the following third
order ordinary DE,

TV (t) + AL TV (t) 4+ AT (1) + AsTy, = g (1) (4.1)

—= ¢

where T}, (t) = Ty (t)eT=",

3« A1
Aliil—a )\*27
A2:3<_1a )2 )\o—%+(mw)2(1—a)7
—a A2 (4.2)
(= 12)"\ = 125X
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4.1. General solution. The characteristic equation of is
P+ Arp® + Agp+ Az =0,
whose discriminant is
A, = —4A3 A3 + A2AZ — 4A3 + 18A, Ay A3 — 27T A2,

According to the general theory, form of solutions depends on the sign of the dis-
criminant. Below we will give explicit forms of solutions case by case.

Case A, > 0. The characteristic equation has 3 different real roots (pu1, o, 113),
hence based on general solution we can find explicit form of T, (¢) as

Ty (t) = Cle(m—ﬁ)t + CQG(M—ﬁ)t + Cge(us—ﬁ)t
. 1
(23 — p3ps — pupd + pips + paps — pips)

x [0 (g — i) / (agm(2) + (1 = @)gp, () el e 0% dz (g

e — 1) [(ag(2)+ (11— @)g ()el P50
4 el s — ) [(agn(2) + (1= )g (2)el 5707 ).

Case A, < 0. The characteristic equation has one real (u;) and two complex-
conjugate roots (ug = 21 £ iug2). Therefore, T, (¢) has the form

L)t

Ton(t) = Cle(ﬂlfﬁ)t + (Cy cos past + Cs sin M22t)e(u21* =
1 [e3
+ [e(ﬂrm)t /(agm(z)

I3 — 315y — 2121 + 7

[e3 1 (o]
+(1—a)g, (2))elTa 1)z gz 4+ M—e(“”_m)t COS ot /(ul sin pagz
22

— W21 SN fooz — 192 €OS f222) (agm (2) + (1 — a)gl, (2)) e(T5 —H21)2
+ re B2 7 1=a b sin pgot [ (p21 COS ooz — poz Sin gz
22
— i €08 1222) (g (2) + (1 = )gy, (2)) €T 74207 @z
Case A,, = 0. We have have 2 sub-cases:
(a) Three real roots, two of which are equal, third one is different (u; = po, ps):

@

Tpn(t) = CLeW =220t 4 Cpte =125t 4 Cyelta— 1250t
]' PR o 2
Oﬂ—%nm+udFWIla%/mﬂ1MMX%M@)
1
+ (1= a)g),(2)elTa )7 dz (4.4)

e

+ e Ty — pig) /(agm(Z) + (1= a)gy, (2))el a7 dz

40220 [ (ag,(2) 4 (1 - a)g(a))el P07 ]
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(b) all 3 real roots are the same (1 = po = p3):
T (t) = Crel T2t 4 Cytel — 15308 4 Cgt?eli— 1230t
4 e [ agn(e) + (1= a)g ()el
~ el [ g (2) + (1= g ())el P ds

1 [e3 [e3
+ it%(l“*m)t /(agm(z) +(1—a)g,(2))elF=a 17 gy,

dz
(4.5)

Here C; (j = 1,3) are any constants, which will be defined using initial conditions.

4.2. Convergence part. We consider the case A,, > 0 in details. Found solution
we satisfy to the initial conditions . Without losing generality, we assume that
C;i=0 (i = 0,2). Regarding the C; we will get the following algebraic system of
equations

Ci+Cy+ Cs = —dy,

« « «
Cipr — i) + Ca(p2 — f) + Cs(ps — m) = —dy,

Crp — %) + Ca(p2 — IL) + Cs(ps — %) = —ds,

where
dy
1 t
= — agm (2
(H2p3 — p3ps — ppd + pips + paps — pips) [(M?’ m)/ (09 (2)

t 4.6
+ (1= a)g,(2)) dz|,_, + (u1 — Ms)/ (agm(2) + (1 = @)gy,(2)) dz|,_, o
=) [ (agm(e) + (1= @)gin(2)) del .
1

dy =

(Mop3 — paps — P p3 + pips + pips — pipe)

<l = 1) = ) [ (agmz) + (1= alg(2)) g

+ (13 — p2)(agm (0) + (1 — @)g;,(0))

= o) = ) [ (agn(@)+ (0 - (@) dil,y  (@47)

+ (11 = ) (@gin (0) + (1 = @)1, (0)) + (3 = 72— (a2 — 1)
< [ (agn(@) + (1= )i (2) o],

+ (12 = 1) (g (0) + (1 = a)g}, (0))],
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1
 (p2p3 — paps — s+ pips i ps — pipe)

< [t = 20 =) [ (agm() + (1= )i (2) e,
+ (1 = 7= (s = 12) (g (0) + (1 = 2)g!, (0))

+ (13 = p2) (@i (0) + (1 = @)g (0)) + (2 = 7o) (1 = pia)

< [ (g + (1= () ey + (2 = T =)

x (agm(0) + (1 — )g;,(0)) + (11 — p3)(agy, (0) + (1 — @)gp,(0))

= TP =) [ (agal2) + (1 g (2) del

+ (13 = =) (12 = 1) (g (0) + (1 = 2)g!, (0))

+ (12 = ) (g}, (0) + (1 = a)g (0))].

Solving this system, we get

o —do(p1 — 1%5) +d3
7 R ey Ty
(= dalm = 1502 = 50) — dalpe = 75 ) g — 1) — ds)
- ([M1M2 — H2p3 — H3p1 — Mg - Q(E)Q] [(Mz 1 fa)(Ml 1 fa)
(h2 = 7= a)QD
B —dy(p1 — 725 ) (p2 — 125) +da(pe — 725) + da(pn — 125) — d3
P2 — fafiy — H3p1 — Ms -2(1%;)?
o = —dz(ul ) +ds
= T ) 1)~ — P)
((—dl)(lh - IL)(M - IL) + da(p2 — %) + da(p1 — %) - d3)
(L2 = poss = o — 3 =277 (2 = 7o) = o)
(k2 = 1— a)Q])
(=di)(pr — 725) (2 — 725) + da(pz — 125) + do(pn — 125) — ds

Cs =

[ifie — paps — papn — p3 — 2(7%5)?

In general, we can write

|C;| < Ma|di| + Ms|da| + Ms|ds].
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Hence, we need the following estimations in order to provide convergence of used
series:

t
| < ﬁ M4 / (@fao(z) + (1= @) faa(z))el s 7 dz|,_

<

1 o ¢ & — z
|da| < W’Mge(m 170‘)1&/ (afao(z) + (1= @) faa(2))el e % dz|_g
t
+ Myeliz =25t / (afuo(z) + (1 — a) far (2)e T2 1) dz|

t
+ Mygelts ™)t / (afro(z) + (1 — @) fai(2)elT5 717 dz|

+ Muslafio() + (1 - a)fua(2))|
1
(mm)?

< Mo

1 _a t & z
3] < g [ M50 [ () + (1= ) faa ()T del g
t
+ M14€(H27ﬁ)t/ (af4’0(z) + (1 — Ck)f4’1(z))6(ﬁiuz)z dZ|t:0

t
- Mygelnem )t / (afo(z) + (1 — a) far(2))el T2 )7 2|,

+ Mig(afao(z) + (1 —a)fa1(2) + Miz(afsi(z) + (1 - Oé)f4,2(2))‘

Here M; (i = 1,18) are positive constants,

! 1
fm(t) = /o f(t, ) sinmnrz dx = Wﬁw(t)’

, 1 Lo, o _ 1
f () = /0 g(@f(t,x)) sinmmx dr = Wﬁl,l(t),

(mm)*
Lo, 0t 1
) = (ml7r)4/0 @(@f@x)) sinmmz dr = Wﬁu(t),
fao(t) = /1 M sinmnzx dz,
0

ozt

[P f(t )
firl)= | “owout

sinmmx dzx,
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_ [T O%f(t)
fo20= | Beopt

sinmmx dx.

We note that for above-given estimations, we need to impose the following condi-
tions to the given function f(¢,z):
af lheo = 0 0% f lhso = 0 0 f
o=t T =0T g
0%f(t, 1) B 92 f(t,0)

|t:O = 07
(4.9)

t,1) = f(¢,0) =0 = =0.
fy = .0y =o, LD O
Based on estimations (4.6))-(4.8), we obtain
Mg
O, < =19
IG5l = (mm)*

and considering (4.3)), finally we get

M.
T < ——27.
(mm)*
Taking (3.4) into account, on can easily deduce that
Moy Moy
L) < ——7, (Uea(t,0)] S —5-
ult )] € o )] <

The required estimate

lor Dgyult, )| <

(mm)?
can be deduced easily, as well.

Theorem 4.1. If f(t,z) € C?(Q), % € C(Q) and % is continuous up to

t=0, a;’;g;ﬁ) € L1(0,1) together with ([4.9), then problem (3.1)-(3.3)), when k =2
has a unique solution represented by (3.4), where T,,(t) are defined by (4.3)-(4.5)
depending on the sign of A,,.

Remark 4.2. Similar result can be obtained for general case, as well. For this,
one needs to differentiate (3.9) once by ¢ and write explicit form of (k + 1)th order
ordinary DE.

Remark 4.3. We note that used algorithm allows us to investigate fractional
spectral problems such as

crDg T (t) + uI(t) = 0,
T(0)=0, T(1)=0,

reducing it to the second order usual spectral problem.
Using above-given algorithm, we obtain the following second order spectral prob-
lem
_ 200 = « =
T"(t - (t *T(t)=0
(1) + (0 — )T (1) + (2= T()

)
T(0)=0, T(1)=0,
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eigenvalues and corresponding eigenfunctions of which have a form

11—« l—«

o — 712,%

T.(t)=e 2 sinnrz, necN.

2
= 22 iz\/< ® o (nm)?, neN,

Remark 4.4. We can apply this approach for studying the more general equation

k
S Mlt2) - orDgu(t,x) — or DG ult,x) = f(t,2),
0

n=

where A, (t,2) might have singularity as well.

Remark 4.5. We are able to consider another kind of fractional derivative without
singularity with ath order (0 < o < 1) such

GT(t) = G(a) /t T'(s)K(t,s,a)ds,
0
involving it in the fractional DE
MDGT(t) + XT(t) = f(¢).
In this case, our kernel should satisfy to the condition
OK(t,s,a) OK(s,t, )
0Os ot
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= [MG(a)K(s,s,a) + Xo] [MG(a)K (L, t,a) + A2].
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