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THE POISSON EQUATION FROM NON-LOCAL TO LOCAL
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ABSTRACT. We analyze the limiting behavior as s — 1~ of the solution to the
fractional Poisson equation (—A)*us = fs, © € Q with homogeneous Dirichlet
boundary conditions us = 0, x € Q°. We show that lim__ ;- us = u, with
—Au = f,z € Qand u = 0, x € Q. Our results are complemented by
a discussion on the rate of convergence and on extensions to the parabolic
setting.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let 0 < s < 1 and let Q C RY be a bounded and regular domain. Let us consider
the following elliptic problem
(_A)Su = f7 x €

1.1
u=0, xeQ° (1.1)

Here (—A)?® indicates the fractional Laplace operator, defined for any function u
regular enough as the singular integral

SN u(z) — u(y)
where C'y s is a normalization constant
92s( NA2s
O e ST (1.3)
’ aN/2D(1 - s)

where I' is the usual Gamma function. Moreover, we have to mention that, for
having a completely rigorous definition of the fractional Laplace operator, it is
necessary to introduce also the class of functions w for which computing (—A)%u
makes sense. We postpone this discussion to the next section.

Models involving the fractional Laplacian or other types of non-local operators
have been widely used in the description of several complex phenomena for which
the classical local approach turns up to be inappropriate or limited. Among others,
we mention applications in turbulence [3], elasticity [10], image processing [14],
laser beams design [19], anomalous transport and diffusion [20], porous media flow
[26]. Also, it is well known that the fractional Laplacian is the generator of s-stable
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processes, and it is often used in stochastic models with applications, for instance,
in mathematical finance [17].

One of the main differences between these non-local models and classical par-
tial differential equations is that the fulfillment of a non-local equation at a point
involves the values of the function far away from that point.

The Poisson problem is one of the most classical models involving the Frac-
tional Laplacian, and it has been extensively studied in the past. Nowadays, there
are many contributions concerning, but not limited to, existence and regularity
of solutions, both local and global [5], 8 5] 16l 23 2] 24], unique continuation
properties [I1], Pohozaev identities [22], spectral analysis [I3] and numerics [IJ.

In this article, we are interested in analyzing the behavior of the solutions to
under the limit s — 17. Indeed, it is well-known (see, e.g., [9] [25]) that, at
least for regular enough functions, it holds

o lim, g+ (—A)u = u.

e lim, |- (—A)%u = —Au.
In view of this, it is interesting to investigate whether, when s — 17, a solution u
to converges to a solution to the classical Poisson equation

—Au=f xe

u=0, x€dN. (1.4)

In our opinion, this is a very natural issue which, to the best of our knowledge, has
never been fully addressed in the literature in the setting of weak solutions with
minimal assumptions. As we will see, the answer to this question is positive.

Before introducing our main result, let us recall that we have the following
definition of weak solutions.

Definition 1.1. Let f € H=%(Q). A function u € H§(Q) is said to be a weak
solution of the Dirichlet problem (1.1)) if

Ons W) o) [
/RN /RN |$_ |[N+2s dxdy_/ﬂf d (1.5)

holds for every v € D(Q)

Here H§(Q2) denotes the fractional order Sobolev space which consists of all
functions u € H*(Q2) which are zero on Q°, while H—°(Q) is its dual. We will give
a more exhaustive description of these spaces in Section 2l The main result of our
work is the following.

Theorem 1.2. Let Fy = {fs}o<s<1 C H*(Q) be a sequence satisfying the follow-
mng assumptions:

(HY) [[fsllz—s) < C, for all 0 < s < 1 and uniformly with respect to s;

(H2) fs — f weakly in H=1(Q) as s — 1~

For all fs € Fs, let us € H3(Q) be the umque weak solution to the Dirichlet problem
(1.1), in the sense of Definition . Then, as s — 17, us — u strongly in Hé_‘s(ﬂ)
for all 0 < 6 < 1. Moreover, u € H} () and satisfies

/Vu~Vvdx:/fvdac, Vv € D(Q),
Q Q

i.e. il is the unique weak solution to (|1.4)).



EJDE-2018/145 THE POISSON EQUATION FROM NON-LOCAL TO LOCAL 3

The proof of Theorem will be based on classical PDEs techniques. Moreover,
the result will follow from the limit behavior as s — 1~ of the operator (—A)*
(19, 23]) and of the norm || - || =) [7].

Furthermore, notice that Theorem [1.2| requires the existence of a sequence F;
satisfying the assumptions (H1) and (H2). We point out that such sequence indeed
exists, and that it is possible to construct it systematically. We will give a proof of
this fact in Section

This paper will be organized as follows: Section [2] will be devoted to introduce
some preliminary definitions and results that will be needed in our analysis. In
Section [3] instead, we will present the proof of Theorem concerning the limit
behavior of the solutions to . Finally, in Section 4 we will present an addi-
tional result of convergence under weaker assumptions, a discussion on the rate of
approximation and an extension to the the parabolic setting.

2. PRELIMINARIES

In this section, we introduce some preliminary results that will be useful for the
proof of our main theorem.

We start by giving a more rigorous definition of the fractional Laplace operator,
as we have anticipated in Section [I} Define

|u(x)
E;(RN) = {'LL . RN — R meaSurable, AN W dr < OO}
For u € L1(RY) and € > 0 we set
u(z) — u(y) N
(~8)2ulz) = Cw.. [ dy, xRV
: {yeRN: |z—y|>e} |J} - y‘N+2s

The fractional Laplace operator (—A)?® is then defined by the singular integral

(—A)u(z) =CpnsP. V. - w dy = leiﬁ)l(—A)ju(x), reRY, (21)
provided that the limit exists.

We notice that if 0 < s < 1/2 and u is smooth, for example bounded and
Lipschitz continuous on RY, then the integral in is in fact not really singular
near z (see e.g. [9) Remark 3.1]). Moreover, £1(R") is the right space for which
v := (—A)2u exists for every € > 0, v being also continuous at the continuity points
of w.

It is by now well-known (see, e.g., [9]) that the natural functional setting for
problems involving the Fractional Laplacian is the one of the fractional Sobolev
spaces. Since these spaces are not so familiar as the classical integral order ones,
for the sake of completeness, we recall here their definition.

Given 2 C RY regular enough and s € (0, 1), the fractional Sobolev space H*(2)
is defined as

HY(Q) = {u e L}Q) : Ju@) = u)l ¢ 2 o)),
jz =yl
It is known that this is a Hilbert space, endowed with the norm (derived from
the scalar product)

1/2
lullzsey := (Jullfeoy + [l )
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where

, lu(z) —u(y)]? 1/2
|u|HS(Q) - (/Q o |z —y\NHS da:dy)

is the so-called Gagliardo seminorm of u. For all 0 < s < 1, we set
HS(Q) :={uec H*(RY) :u=0in Q°},

and we indicate with H~*(Q) = (H*(Q2)) its dual with respect to the pivot space
L?(€). Moreover, if s > 1/2, according to [12, Theorem 6] we have the identity

Hg(2) = Hg (%),

where .
H3(@) = H3 () = G @)

is the closure of the continuous infinitely differentiable functions compactly sup-
ported in Q with respect to the H*({2)-norm.

A more exhaustive description of fractional Sobolev spaces and of their properties
can be found in several classical references (see, e.g., [2, @, [18§]).

Coming back to our problem, let us recall that the existence and uniqueness of
weak solutions to is guaranteed by the following result (see, e.g., [6, Proposi-
tion 1.2.23]).

Proposition 2.1. Let Q C RY be an arbitrary bounded open set and 0 < s < 1.
Then for every f € H=*(Q), the Dirichlet problem (L.1)) has a unique weak solution
u € HE (). Moreover, there exists a constant C > 0 such that

HU”Hg(ﬁ) < O flla-+ - (2.2)
In addition, we can take C' = \/m

We remind that our main interest in the present work is the analysis of the
behavior of the solutions of (1.1 when s — 1~. The proof of Theorem is ob-
tained employing classical techniques in functional analysis, as well as the following
results.

Proposition 2.2 ([9, Proposition 4.4]). For any u € C§°(RY) the following state-
ments hold:

(i) lim,_ o+ (—A)°u = u.

(ii) lim,_ ;- (—A)%u = —Auw.
Proposition 2.3 ([7, Corollary 7]). For any e > 0, let g. € H*7¢(Q). Assume
that

ellgellFr-<@) < Cos
where Cy is a positive constant not depending on €. Then, up to a subsequence,
{g.}es0 converges in L*(Q) (and, in fact, in H'=%(Q), for all 6 > 0) to some
g€ HY Q).
Finally, as we pointed out in Section [I} our main result requires a sequence Fj

satisfying the assumptions (H1) and (H2). The existence of such a sequence is
guaranteed by the following result.

Proposition 2.4. For any f € H= () there exists a sequence Fs = {fs}to<s<1 C
H=%(Q) satisfying the assumptions (H1) and
(H2') fs — f strongly in H=*(Q) as s — 17.
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Proof. Recall that every f € H~1(£2) can be written as f = div(g) with g € L?(Q).
Furthermore, let us introduce a standard mollifier p. defined as

—-N g2 :
o) = Ce . exp (Iz\2—52)’ if 2] < e
0, iflz|>e¢
and set g. 1= g * p.. It is knwon that:
(i) g- is well defined, since g € L?(Q), hence it is locally integrable.
(i) ge € C§°(Qe), with Q. := {z € Q : dist(x, 00Q) > e}.

(iii) Oy,ge is bounded uniformly with respect to € for all i =1,..., N.

(iv) lim._o+ g = g, strongly in L?(Q).

Thus we can take f. := div(g.) and, from Property (iii) above, we immediately
have that || fz||g-1+<(q) is bounded uniformly with respect to e. In addition, using
Properties (ii) and (iv), it is straightforward that, for all ¢ = 1,..., N, 0,,9. =
Pe * Gz, — gu, as € — 07. Hence,

I -~ lim div(g.) = di _
Jim fe = lim div(g.) = div(g) = f
where the convergence is strong in H~!(2). Therefore, by choosing ¢ = 1 — s,

following the above argument we can construct a sequence {fs}ocs<1 C H*()
satisfying (H1) and (H2’). O

Remark 2.5. Notice that (H2) is a property of strong convergence in H~1(£2)
which, clearly, implies the weak convergence in the same functional setting (prop-
erty (H2)). Therefore, Proposition provides a sequence F, which is within the
hypotheses of Theorem [1.2

3. ELLIPTIC CASE: PROOF OF THEOREM

In this Section, we give the proof of Theorem employing the definition of
weak solution that we gave in Section 2]

Proof of Theorem[1.Z First of all, since we are interested in the behavior for s —
17, until the end of the proof we will assume s > 1/2. Moreover, from (H2) and
the definition of weak convergence we get

lim [ fovdx= / fvdx, Yve D). (3.1)
Q

s—1= Jo

For all 0 < s < 1, let us € H§(Q) be the solution to (I.1]) corresponding to the
right-hand side f;. According to Proposition 2.1} for s sufficiently close to one we
have the estimate

V1 = sllugllms ) < C(s, N)|| fslla-+ (0 » (32)
with
2—2s
Cnys

Moreover, for all N fixed, the constant C(s, N) is decreasing as a function of s
(see Figure . This of course implies

C(s,N) :=

™

C(s,N) < C(%,N) R ive =t
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C(s,N)

FIGURE 1. Behavior of C(s,N) as a function of s € [1/2,1] for
different fixed values of N.

Therefore, from (3.2) and the uniform boundedness of ||fs||z-+q) we deduce

that
V1= sllus||zs @) < C

with C' depending only on N and . This, thanks to Proposition [2:3] allows us to
conclude that u, — u strongly in Hay~°(Q) for any 0 < § < 1, and that u € H(Q).

Notice that, according to [27, Section 6], for all ¢ € HS(2) and ¢ € D(Q2) we
have the identity

<(_A)S¢a ¢>L2(Q) =

s (6(x) — 6(1)) V() — ¥(y))
‘fiéNAQ de dy

o =y

(6 (~)%) 1oy

This can be applied to the variational formulation (L.5), which can thus be
rewritten as

<u5,(—A)sv>L2(Q) = /Qfsvdx. (3.3)
Now, since us; — wu strongly in Hé_5(Q) for any 0 < 6 < 1 and v € D(R),
Proposition and Cauchy-Schwarz inequality imply that
|<u57 (=A)* ) 2(0) — (u, *AU>L2(Q)|
= [(us, (=A)*0 = (=Av)) 2(0) + (us — u, —Av) 12 ()|
< lusllL2@) I (=A)*v = (=Av)[[L2(0) + || = Av|[L2(@) lus — ull L2(2) — O,

as s — 17. Consequently,

lim <us, (—A)S’U>L2(Q) = <u, —A’U>L2(Q) = —/QuAv der = /QVU -Vudz.

s—1—
This, together with (3.1]) and (3.3]) implies that u satisfies
/ Vu-Voudr = / fvdx, Vv e D),
Q Q

i.e. it is a weak solution to (|1.4]). (I
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Remark 3.1. The result that we just proved is to some extent not surprising, due
to the limit behavior of the fractional Laplacian as s — 17. In fact, a hint that
Theorem had to be true comes from the very classical example

(—A)Y’us =1, xz€ B(0,1)
us =0, z¢€ B(0,1)°,
whose solution is given explicitly by
221 ()
D(XEZ)0(1 +5)
Indeed, it can be readily checked that, for x € B(0, 1),

us(z) = (1= 12[*)*xB(0,1)-

. _ 1 PAN
Tim (o) = 5o (1= o) = u(w),

which is the unique solution to the limit problem

—Au=1, z¢€ B(0,1)

u=0, x€dB(0,1).
Of course, the above fact does not tell anything about the general case of problem
(1.1). To the best of our knowledge, this is an issue that, although natural and
probably expected, has not yet been fully addressed in the literature (at least, not

in the setting of weak solutions with minimal assumptions) and our contribution
helps to fill in this gap.

4. ADDITIONAL RESULTS AND FURTHER COMMENTS

4.1. Weakening the assumptions of Theorem Scope of this section is
to show that a convergence result in the spirit of Theorem [1.2| can be obtained
under weaker assumption on the sequence Fy of the right-hand sides of . In
particular, we are going to prove the following result.

Theorem 4.1. Let Fy = {fs}ocs<1 C H Y(Q) be a sequence such that f, —
[ weakly in H=1(2). For all f; € Fs, let us be the corresponding solution to
(T1). Then, as s — 17, us — u weakly in L*(Q), with u solution to in the
transposition sense.

Proof. First of all, since we are interested in analyzing the behavior of us as s — 17,
until the end of this proof we will always assume s > 1/2. Moreover, observe that,
the right-hand side f, belongs to H (), which is strictly greater than H~%(Q).
Therefore, we cannot apply Lax-Milgram Theorem. Instead, we shall define the
solution to in a different way.

For all ¢ € L?(2), let y be solution of the elliptic problem

(_A)Sy = ¢)7 r e

4.1
y=0, ze€" (4.1)

Recall that, from the regularity of ¢ and the results in [5, [§], for all ¢ > 0 we
have y € H3*"¢(Q) — H}(S2), with continuous and compact embedding.

Moreover, the map A : ¢ — y is linear and continuous from L?() into Ha* ().
Thus, A is compact from L?(2) into Hg (£2) and its adjoint A* is a compact operator
from H~1(Q) into L?(Q). In addition,

(fss ) a—@)mi) = (fss A®) 10y, m1(0) = (A" fs, @) 12(0).-



8 U. BICCARI, V. HERNANDEZ-SANTAMARIA EJDE-2018/145

Therefore, u, := A*f, € L?(Q) is a solution defined by transposition to (I.1)), i.e.
it satisfies

/Qusqb dr = (fs,Y) H-1(0),H1(Q)- (4.2)

Moreover, we have
lusllzz) < Cllfslla-10) < C7, (4.3)

with C” independent of s since, f, being in H~1(f2), it is uniformly bounded in that
space.

In particular, {us}o<s<1 is a bounded sequence in L?(Q2), which implies that
us — u weakly in L2(2).

Notice that is obtained multiplying for y and integrating over (.
Observe also that in this expression the functional spaces involved (namely L?(€2),
H}(Q2) and H~1(Q2)) do not depend on s. Then, using the definition of weak limit

and (4.2]) we have

/ updr = lim [ uspdr = lim (fs,y) g-1(0),m10) = ([ ¥) a-19),H101 ()
Q s—1 Q s—1 0 0

i.e. u is a solution by transposition to ([.4). Moreover, since the L?(2)-regularity
of us cannot be improved, its convergence to a solution to (1.4 can be expected
only in the weak sense. U

4.2. Remarks on the convergence rate. Our interest in the subject of this
paper is motivated by previous results concerning the numerical approximation of
the fractional Laplacian. In more detail, the issue that we addressed came from the
observation that for the stiffness matrix Aj derived in [4] from the FE discretization
of in dimension N = 1 the following holds:

(1) limg .o+ A} = hTridiag(1/6,2/3,1/6) := I}, an approximation of the iden-
tity;

(i) lim, ;- A5 = h~! Tridiag(—1,2,—1) := Ay, the classical tridiagonal ma-
trix for the FE approximation of the one-dimensional Laplacian.

The second property in particular implies that also the numerical solution uj
associated to Aj converges to the one corresponding to Aj;,. Therefore, investigating
whether this still holds in the continuous case was a question that arose naturally.

While we answered to this question in Theorem there we did not specify
under which rate this convergence occurs. In what follow, we present an informal
discussion on this particular point.

During the proof of Theorem , we showed that the sequence {us}o<s<1 Of
solutions to is bounded in Hg(Q), with the estimate

VI = s|usll g0y < C, (4.4)

with C a constant uniform with respect to s. This last inequality, in turn, was
obtained as a consequence of Proposition and of the assumption (H1) on the
sequence {fs}o<s<1 of the right-hand sides.

Moreover, the factor v/1 — s in already appears in [7] to correct the well-
known defect of the seminorm |- |gs(q) which, as s — 17, does not converge to
| ()

In fact, if ¢ is any smooth non-constant function, then for all 1 < p < 0o we
have |(|ws.»() — 400 as s — 17. This situation may be rectified by multiplying
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by (1 — )Y/ in front of IClws.p (@) — +oo. In particular, we have

; 1/p P 1/p
Tim (1= )|y = K (N, [ Iv dz) . (4.5)

Also notice that the constant K in the expression above is uniform in s. In view
of these observations, we claim that the convergence that we obtained in Theorem
satisfies the rate

lil?i lus — ull gs ) ~ O(V1 —s).
Indeed, if this convergence were slower, then we would still have blow-up phenomena

in the H*()-seminorm. On the other hand, if the convergence were faster, then
for some o > 1/2

lim (1 —5)% - |ge(q) = lim (1—3)(177\/1—8‘ |es () = 0.

s—1— s—1—

—0 =11

Clearly, the discussion that we just presented is not a rigorous proof of our claim.
Nevertheless, we believe that our statement is true, and a further confirmation is
given by the numerical simulations in Fugures [2| and |3 where we compared the
solution to and for different values of s and we computed the approxi-
mation error in the H*(2)-norm. As expected, we observe a convergence of ug to

u, with a rate of /1 — s.

4.3. Parabolic case. As it most often happens, the properties of the solutions to
elliptic problems can be naturally transferred into the parabolic setting. In our
case, this translates in the fact that the solution ¢, to the fractional heat equation

Nds + (=A)*bs = g5, (2,1) € 2 x (0,T)

¢s =0, (x,t)€Q°x(0,T) (4.6)

¢s(2,0) =0, ze€Q,

converges as s — 17 to the one to the local problem

O —Ap=g, (x,t)eQx(0,T)

p=0, (x,t)€Qx(0,7T) (4.7)

¢(z,0) =0, ze€Q.
First of all, let us recall that we have the following definition of weak solution

for the parabolic problem (4.6]) (see, e.g., [16]).

Definition 4.2. Let g, € L?(0,7; H %(Q)). A function ¢, € L?(0,T; H5(Q)) N
C([0,T); L*(Q2)) with 3t¢>s € L%(0,T; H=*(Q)) is said to be a weak solution to the
parabolic problem (4.6) if for every ¢ € D(Q2 x (0,T)), it holds the equality

/T/ Oyst) da dt

4 O (¢s(x s( ) () = P(y))
/ /]RN RN _ dx dy dt (4.8)

|N+25
= / / gs dx dt.
0 Q
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(a) Solutions to (—A)3us = sin(wx?) for different values of s € [1/2, 1]

—— error
- Vl-s

1071

1072

1073 \

104
0.5 1

s

(b) Decay of ||us — ullrs(—1,1) With respect to s €
(1/2,1]

FIGURE 2. Convergence of the solutions to (—A)%u, = sin(rz?)
with Dirichlet homogeneous boundary conditions as s — 17, and
its corresponding error in the H*(—1, 1)-norm.

Moreover, thanks to [16, Theorem 26], existence and uniqueness of solutions is
guaranteed.

Proposition 4.3. Assume that fs € L*(0,T; H=*(Q)). Then problem ([4.6)) has a
unique finite energy solution, defined according to (4.2)).

Then, adapting the methodology for the proof of Theorem (1.2]), the following
result is immediate.

Theorem 4.4. Let Gs == {gs}ocs<1 C L*(0,T; H=%(Q)) be a sequence satisfying
the following assumptions for all 0 <t < T':

(H3) [lgs() |-+ < C, for all 0 < s < 1 and uniformly with respect to s.

(H4) g4(t) — g(t) weakly in H=1(Q) as s — 17.
For any fs € Gs, let ¢ € L*(0,T; H3(Q)) be the unique weak solution to the
corresponding parabolic problem in the sense of Definition , Then, as
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...... s=05
.......... s=06
---- 5=0.75
--- 5=0.9
---5=0.95
—s=1

-1 0 1
T

(a) Solutions to (—A)Sus = f with f piecewise constant for different
values of s € [1/2,1]

— error

107!

1072

1073

s

(b) Decay of |lus — ul| frs(—1,1) with respect to s €
[1/2,1]

FIGURE 3. Convergence of the solutions to (—A)%us = f with
f piecewise constant and Dirichlet homogeneous boundary condi-
tions as s — 17, and its corresponding error in the H*(—1,1)-
norm.

s =17, (¢s,00005) — (6, 049) strongly in L*(0,T; Hy~°(2)) x L*(0,T; H~(82)) for
any 0 < 6 < 1. Moreover, ¢ € L?(0,T; H(Q)) x L?(0,T; H~1(Q)) and satisfies

/OT/QOt¢>¢dmdt+/0T/QV¢.Vz/)dxdt:/OT/ngdxdt, Vi € D(Q x (0,T)),

i.e. it is the unique weak solution to (4.7).

Proof. First of all, notice that a sequence G, satisfying (H3) and (H4) exists. In
fact, it can be constructed following the methodology of Proposition [2.4] since both
properties are independent of the time variable. Moreover, it is evident that we shall
only analyze the first term on the left-hand side of , because of the following
two facts:
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e The functional space in which the integration in time is carried out is fixed
and does not depend on s. Therefore, the limit process does not affect the
regularity in the time variable.

e For the remaining two terms in , the limit as s — 1~ can be addressed
in an analogous way as in the proof of Theorem

Moreover, multiplying by ¢s, integrating by parts, and using a classical
methodology for heat-like equations, it is not difficult to obtain the energy estimate

105l 220,755 @)) T 10e@sllL20,mim-2(0)) < Cllgsllezo,mm-+2)-  (4.9)

From here, an analogous argument as the one presented in the proof of Theorem
can be developed to show that, as s — 17, ¢s — ¢ strongly in L?(0,T; Héf‘;(Q))
for all 0 < § < 1. Moreover, from we have that {0;¢s}o<s<1 is bounded in
L?(0,T; H=*(Q2)), which is compactly embedded in L?(0,T; H~1(Q)). Thus, as
s — 17, Orps — Opp strongly in L2(0,T; H-1(Q)), and we can conclude that
(¢, D1005) — (&, Dy¢) strongly in L2(0,T; HE(€)) x L2(0,T; H~(2)) for all 0 <
0 < 1. In particular,

T T
lim / /&d)swdmdt:/ /&gbwdxdt.
s—1=Jo Ja o Ja

This, together with the above remarks, implies that the function ¢ satisfies

T T T
/ /8t¢1/1dxdt+/ /V¢~V¢dzdt:/ /gwdxdt, Vi € D(Q2 x (0,7)),
o Ja o Ja o Ja
i.e. it is the unique weak solution to (4.7). ([
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