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Analysis of the mushy region in conduction-
convection problems with change of phase *

Mike O’Leary

Abstract
A conduction-convection problem with change of phase is studied,
where convective motion of the liquid affects the change of phase. The
mushy region is the portion of the system to which temperature and en-
thalpy do not assign a phase, solid or liquid. In this paper we show that
the enthalpy density remains constant in time almost everywhere in the
mushy region.

1 Introduction

The conduction—convection problem with change of phase is the problem of
determining the temperature and motion of a system with liquid and solid com-
ponents where the evolution and change of phase depend on both conduction
and the convective motion of the liquid phase. The phase of the material is
determined by the temperature u(x,t) and enthalpy density, or thermal en-
ergy density, w(z,t) of the material, normalized so that w = 0 for solid at the
phase change temperature, which for convenience we select to be zero. Then
if u(z,t) < 0, or more generally if w(z,t) < 0, the material is solid, while if
u(z,t) > 0, or more generally if w(x,t) > L, where L is the latent heat of fusion
per unit mass, the material is liquid. The mushy region is that portion of the
material for which u(z,t) = 0 and 0 < w(z,t) < L. (For additional details
concerning the physics of the problem, see [1].) In this note we characterize
the mushy region for weak solutions of conduction—convection systems; roughly
speaking, we show that if some portion of the material is mushy at a given
instant of time, then the enthalpy density of the material at almost every point
of such a region has the same value as it did at almost every prior time; the
precise statement of the result is Theorem 1.
The general weak form of the conduction—convection system is

wy — AK(u) + v-Vu =0, (1)
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coupled with equations governing the motion of the material in the liquid phase,
like the Stokes or Navier-Stokes equations with the Boussinesq approximation.
Here [(s) describes the relationship between the temperature and the enthalpy,
and K (s) describes the ratio of the thermal conductivity to the specific heat
at constant volume of the material. We assume [3(s) is a strictly monotone
increasing graph with a single jump discontinuity at the origin, so that

B(0) = [0, L] (3)

and

0<B8,<B(s) < B if 5 # 0. (4)

We also assume K (s) is a continuous monotone function, differentiable away
from the origin, so that

K(0)=0 (5)
and
0< K, <K'(s) <K, if s #0. (6)

Weak systems of this type have been studied in [2, 3, 4, 5, 6, 14, 15], primarily
with a view to obtaining existence results with various systems governing the
flow of the fluid; in our analysis, we shall merely assume that v is of class Ly and
weakly solenoidal. The Stefan problem is this system without the convective
term v-Vu; it has been extensively studied, in particular in the monographs
[12, 16] and the references contained therein.

An analysis of the mushy region is important for a number of reasons. First
the usual physical model from which the equations (1)-(2) are derived begins
with the assumption that the phase change occurs on a sharp interface; i.e. the
mushy region is a smooth surface (see [1, §1.2.B] and [6]). It is important to
see to what extent this condition holds for weak solutions. Secondly the general
question of the behavior and modeling of mushy regions and partially solidified
systems is still active, see for example [9, 13]. Thirdly, there is the interest in
the construction of accurate numerical methods to solve conduction—convection
systems, especially in and near mushy regions, see for example [17, 18]. Lastly,
the proof of existence of solutions to the conduction—convection system in three
dimensions with the Stokes system and the Boussinesq approximation [5] allowed
for the possibility of a “singular set” on the boundary of the mushy region where
the velocity of the fluid might become unbounded. It is unclear if this is an
artifact of the techniques used in the proof, or if such sets might actually be
realized.

2 Results

Theorem 1. Let Q C RN for N > 2 be an arbitrary domain, let T > 0, and
let Qr = Q x (0,T). Let v € La(Qr) be weakly solenoidal, let u € Loo(Qr) N
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Lo(0,T; W4 (2)) and let w C B(u) be any selection from the graph. Suppose that
wy —AK(u) +v-Vu =0 (7)
weakly in Qr. If
M@)={zeQ:0<wxt) <L}, (8)
then there exists a set ¥ C [0,T] of measure zero so that if t1 < to and t1,t2 €
[0,T)\ X then for almost every x € M (t2),
U)(.'l?,tQ) :'U.)(:E,tl). (9>

The general idea for the proof of this result follows the techniques of Meir-
manov [12, Chapter 1, Section 3]. In particular, taking the velocity v as given,
we shall prove an existence result for solutions of the temperature equations (7)
with appropriate Dirichlet boundary conditions. This shall be done by solving
approximating problems that are discretized in time; this discretization allows
us to prove the analogue of (9) for the approximations; then we pass to the
limit. A simple uniqueness result shall yield the result.

Remark. The set of times {¢;} for which (9) holds contains all times ¢ for
which

lig%5 w(z, ) = w(x,t) for a.e. x. (10)
Moreover, if
hﬁ} w(z, ) = w(z,0) for a.e. z, (11)

then we can set t; = 0 in the result.

Indeed, suppose lim, o w(z,7) = w(z,0) for almost every x € 2. Choose
ta € (0,T)\ X, let 7; € [0,t2) \ 2, with 7; | 0, and let S, C Q be a set of measure
zero so that w(z, ;) — w(z,0) if x € Q\ S,. For each i, there exists a set
S; C Q of measure zero so that if x € M (t2) \ S;, then w(z,t2) = w(z,7;). Set
S = U,S;; then S has measure zero and for every © € M(t2) \ S and every i
we have w(z,t2) = w(z, ;) — w(x,0). The statement (10) is proven similarly.

3 Proof of the main Theorem

Proposition 2. Let Q@ C RN for N > 2 be a smooth bounded domain and let
T > 0. Let v € Ly(0,T; W3 (Q)) N Lo (0, T; La(Q)) be weakly solenoidal, let
g € Loo(092 x (0,T)) N La(0,T; W) and suppose that w, € C*(Q) and
u, = B Y(w,). Then there exists a function u € Loo(Qr) N L2(0,T; W3 (Q)),
and a function w C B(u) so that

wy — AK(u) +v-Vu =0 weakly in Qr, (12)
u|89 =g as traces, (13)
t10

w(-,t) — w, weakly in La2(Q). (14)
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Further, if
Mt)={zeQ:0<wx,t) <L} (15)

then there exists a set ¥ C [0,T] of measure zero so that if t; < to and t1,t3 €
[0,T]\ X then for almost every x € M(t2),

U)(.’Z?,tQ) :'U.)(:E,tl). (16)

PrROOF: Let ¢ > 0 be a regularizing parameter, and let 5. and K. be
smooth approximations of § and K so that

Be(0) =

: 0< B, <Bis) <L, (17)
K.(0)

0,
0, 0< K, <K.!(s) <Kj. (18)

We also suppose that |3.(s)| < 31 for |s| > € and that |B(s)| < Bi]s| + L for
each s. Finally, let v. be smooth solenoidal approximations of v and g. smooth
approximations of g.

Let h = T'/n, and consider the family of problems

1 ; . . ; ;
E(wz—wi_l)—AKe(ui)—i—vz-Vui:O, i=1,2,...,n—1
(19)
‘ 1 [l+DR
vi(z) = —/ ve(z, s) ds, (20)
h Jin
‘ 1 [l+DR
ui}ag = E/ 96(1:’5) d87 (21)
ih
wh =B (ul), i=1,2,...,n—1 (22)
w? (@) = wo C Blu,). (23)

For €, n and i fixed, this is a quasi-linear elliptic equation for w! = ((ul).
Monotonicity of 8. and K. imply the classical maximum principle (c.f. [11,
Chapter 3, §1])

sup |w2(m)| <max{ sup |Bcogc,sup |w2_1|} (24)
a 22x(0,T) a

for 1 <14 < N—1. Standard theory [7, Theorem 15.11, Theorem 6.19] implies we
have a classical solution w! € C3(Q) for each € and i; boundedness of the data
and the maximum principle imply that [|wi||1_ (o) and |[ul]|L_ () are bounded
uniformly in € and 7.

For each h = T'/n, define the functions

Ue p(z,t) = ul(z) if ih <t < (i +1)h, (
we p(,t) = wi(zx) if ih <t < (i +1)h, (
=vi(x) if ih <t < (i +1)h. (

N NN
~N O Ot
NN N2

Ve,h(x7t)
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Since (19) holds classically, multiply by hu!, integrate over Q2 and sum to obtain

ZKh/|Vu|2da:<Z / w VK ( Vda+/ ul dr
Q
_/nlnldm_'_Z/zl 11)dm
Q
+Zh/uivi-Vuidm, (28)
i=1 YO

where v is the outward unit normal to €. For each 2 < i < n— 1, the continuity
of 3. and the mean value theorem for integrals implies the existence of a number
a;(z) between u~!(z) and ul(z) so that

puladui—ui) = [ puls)as (29)

//u de“Z/ Be(ut™) — Be(ay)) (ul —ul™") dz.  (30)

Monotonicity of G implies that the last term above is nonpositive. Young’s
inequality applied to the first term on the right side of (28) together with (30)
imply

T T
/ / | Ve n|? do dt < C’/ / {19¢|* + |V ge|? Yo (z) dt + C/ wul dx
hJQ

—|—C’// dsdx+C’//u6hv6hVu6hdxdt<C (31)

as boundedness of the data, the maximum principle, and Young’s inequality
applied to the last term above imply ||[Vue n||L,@xn,1)) is bounded uniformly
in € and h.

Next, we wish to show the pre-compactness of {we ,} in L1 (Q7); to that end
we begln with an estimate of Vwe p.

Let Q' € Q and let ¢ € C§°(Q) be a cutoff function so that ((z) = 1 if
z € Q. Let § > 0 and define

7 _ _i wi Tk _ 8
d) (.'17) - 8$k C(x) (wi )2 i 6 - 8xk (C Sgn we :Ek> (32>

€,
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for some k =1,2,..., N. Multiply (19) by h¢;, integrate, and sum from ¢ = 1
to m, for some arbitrary 1 < m < n — 1 to obtain

Z/Q(wzxk - €xk)(sgn w da:—i—hZ/AK ((sgn wexk)dx
i=1
h — (VL. V! Swt, dr=0. (33
+ Z | v vul) s wl, do =0 (33)
To estimate the first term, note that
%gZ/(wz,xk - el’k)csgn we y Lk dm
- [ wzican— | |ka|<dm—z/ L Gl snvic 1o

2/ |w$|§dm—/ |wy, |¢ dx.
Q Q

To handle the second term in (33), begin with a pair of integrations by parts
yielding

hZ/AK (ngn we ) do
- [ 0 B YOV s, + Vsl ) ds, (39
=1
and integrating by parts again in the last term we obtain
hZ/AK o (Gl ) do
- hZ} IV o B G, Vs s, da
+h§:/([(€oﬂ€_1 wi)(Vw! , Vsgn’wl, dx

—hZ/ (Keo B7H (wh)w 6$kle(Vgsgn wemk)da:
=L+ L+13 (36)

By computation, we see that

SVuw!
Il—hZ/ (Keo ) (Wlwem, gy g o (37)
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Now for almost every = € 2

bwly, @ . e dwl, @)
[(wl,, (@) + 0P/ = o 010 [(wE, (@)2 +0P7 gy

Since w? € C3(f2), we can apply Lebesgue’s dominated convergence theorem to
conclude

SVw?

D R T LN

To estimate I, note that monotonicity of K. and 3.1 implies

I, = hz:/(KGOﬁ;1 wh)¢Vw! kasgn w! ,, dz
— Ja

N —1y/ 7 6|Vwe mk|2
= }L;—;/Q(K6 0B (W)Cm >0. (40)

Finally, decompose I35 as
I3 —hZ/ (Ko B7Y (wh)w 6Mdlv(Vngn w! ,,)dx
:hZ/Q(Keoﬂel w!)Vew! kasgn w! 2, dT
03 [0 Y it sen it A de. (41

The first of these terms tends to zero as § | 0 for the same reasons that I; does,
while the second can be written as

410

limhi/ﬂ(Keoﬁel)’(wi) wi,, sen’ wi, Aldx

i—1
— - -1
—hZ/(KeOﬁe ) (@A, da

i=1 7

) ACdz  (42)

where we have again used the monotonicity of K. and 5 1.
To estimate the last term of (33), integrate by parts and use the fact that
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v, is solenoidal to obtain

)

- 2 i 5,14 - Ve i 5.
hZ}/Q 8—%(ve~Vue)§sgn wy ,, dr = h;:;/Q 8xk~Vu6ngn wy ., dT

— hZ/ u;xkvi-vg sgn® w;xk dx
i=1 7
— hZ/ (ﬁ;l)’(wz)w;xkg‘vz-ngn‘s we ., dT. (43)
i=17/9
The last term above vanishes as d | 0 for the same reasons that I; did, thus
i o . ) .
limh; /Q 8—xk(vi-Vuz)ngn5 wi,, dz

510
- ovt

Combining these results, we obtain for any Q' € Q and forany 0 <t < T

Vui| Cde—h S / i Juf | V¢ dr. (44)
=1

|Vwe,n(z,t)] dz < / |Vw,| da
Q Q
T
+ C/ / {|VK6(Ue,h>| + |Vve,h| |Vue7h| —+ |ve,h| |vue,h|}d{17 S C (45)
h JQ

for a constant C' depending only upon the data, including ||w,|| cr@) (b and
', but independent of € and h.

To obtain the pre-compactness of {we }, we require an additional estimate.
Let 0 <t <t+7 < T, and choose my and mg so that w™ (z) = we p(z,t) and
w™2(x) = we p(z,t+ 7). Let ¥ € C2(Q), multiply (19) by v, integrate and sum
from mjy + 1 to mo to obtain

3 / (w! ), — w31 da
Q

t=mi+1
S / K(i)Apde+h S / WiV . (46)
i=mq+17 & i=my+17 €

Thus

/Q {wen(z,t +7) — we p(z,t)} ¢ dx

t+1
< / | K (te,n) AV + e Ve n- V)| da ds
t Q

< CTslglzp{|A¢| +[Vy[} (47)
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where C' depends only upon K1, |Q|, [|te,nll 1. (0r) and supg sz [|[Ve(-, D)l 2 ()
and so can be bounded independently of € and h.

The following result, proven in [8], suffices to show that {w. j} is precompact
in Ll(QT)

Lemma 3. Let Bg C RN be an open ball, and let T > 0. Let r < R, suppose
that w € Loo(Br % [0,T]) and that

ess sup/ |Vw(z,t)| de < M. (48)
0<t<T JBgr

If there is a constant y so that for any ¢ € C3(B,) and almost every 0 < t <
t+7<T

/ {w(m,t +7) — w(x, t)}w(a:) dx
By

<A1 sup { || + V| + Ay},
B, (49)

then for almost every 0 <t <t+7<T,

/B,. lw(z,t 4+ 7) —w(z,t)| de < CO<L17n<i%7T{T+O'+ g + %} (50)

where C' depends only on |w||._ (g, M, v, r, and N.

The pre-compactness implied by (24), (31), (45), (47) and (50) allow us to
select a subsequence along which w? and u! will converge almost everywhere in
Q and Vu! will converge weakly in Lo(€2); thus for each h we obtain w? C B(u?)
so that

(w' —w™h) — AK (u') + v Vu' = 0. (51)

S =

Because v € L (0, T; W4 (€)), the Sobolev embedding theorem implies v:-Vu! €
L(nt2)/(n+1)(€) for each i > 1; the usual estimates for elliptic equations [7,
Theorem 9.11] imply that D2u’ € L(n2)/(N+1),10c(€2) and the equation holds
almost everywhere.

If 0 < wi(z) < L, then ui(x) = 0. Moreover, for almost every x with
u'(z) = 0, we know Vu'(z) = 0 and AK (u’(z)) = 0 [7, Lemma 7.7]. Thus, for
almost every x with 0 < w(z) < L, the equation (51) implies

w'(z) = w1 (2). (52)

The compactness described above allows us to let h | 0 along a subsequence;
standard arguments show that the limit satisfies (12)-(14). To see that (16)
follows from (52), let {h;} be a subsequence so that wy,(z,t) — w(x,t) for
almost every (z,t) € Qp. We begin with the claim that there exists a set
¥ C [0,T] with meas ¥ = 0 so that wp, (z,t) — w(z,t) for almost every x € Q,
for each t € [0,7]\ X. Indeed, if S C Q7 is the set upon which wy,; does not
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converge to w, then the sets {z : (z,t) € S} C Q are measurable, and the set
Y = {t: meas{z : (z,t) € S} > 0} is measurable. If meas> > 0, then

meas S = // Xs dz dt > / meas{z : (z,t) € S}dt >0 (53)
Qr )

so that meas> = 0.
Let 0 <t; <ty <T with t1,t3 € [0,7] \ . Recall the definition

M(te) ={z € Q:0<w(z,t2) < L}; (54)
let § > 0 and define
Ms(te) ={x € Q:§ <w(z,t2) < L—4§}. (55)

Let n > 0; by Egoroff’s theorem there is a set £, C Q so that wp;(z,t2) —
w(z, t2) uniformly in E, and so that meas(Q \ E,) < 7. Thus, there exists an
integer J so that if j > J and x € Ms(t2) N E,), then 0 < wp,; (z,t2) < L.

From (52), we see that wp; (x,t1) = wp, (z,t2) for almost every x € Ms(t2) N
E;,); since there are only countably many functions wp; this holds independently
of the choice of j. Pass to the limit in j to conclude that, for almost every
x € Ms(t2) N E, we have w(z,t1) = w(z,t2). Since § and 7 are arbitrary, we
can send 7 | 0 then d | 0 to conclude (52). O

Proposition 4. Let Q ¢ RY for N > 2 be a smooth domain and let T > 0.
Suppose that vi,ve € Lo(Qr) are weakly solenoidal. If w; C B(u;) and u; €
Loo(Qr) N Lo (0, T, W5 (9Q)) satisfy

%wi — AK(uz) +v;-Vu; =0 (56)
Wil,_y = Wo, (58)

fori=1,2, then

esssup [lwa (-, 7) — w1, 7|7, 0) < Cllwos — wollLy (@) + Clive = villLoar)
o<r<T (59)

where C' depends on ||uil| 1 (ar) and [[Vuill L, r)-

PROOF: Set u = us — uj, w = wy — wy, and w, = Wy 2 — Wy,1. For any
¢ € C>*(Qr) with ¢|8Q><(0,T) = 0 and for almost every 0 < 7 < T,

/Qwi(a;, T)p(x,7) dx — /OT/Q {wige + K (u;)Ap}da di

T 8(;5 T B ‘
+/0 - K(g)g do(x) dt—l—/o/guivi~v¢d:c dt—/gwwd)(a:,O) dx (60)
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where % is the derivative in the direction of the outward normal. Subtract
these identities for ¢ = 1,2 to obtain

/w($,T>¢($,T> dm—/T/ w{¢s + kpAd + pve-Votdz dt
Q 0J9o
:/O/Qulv-ngﬁda;dt—i—/O/Qwod)(a;,O) dz (61)
U2 — U1

= —K(u2> — K(w) and w=——— (62)
U2 — U w2 — w1
Note that 0 < K1 <k < Ky and 0 < p < 1/[.
To construct the test function that we shall use above, let ¢ > 0, § > 0, and
o >0, and let vo 5, (s, and K, be smooth approximations of vo, 1 and &, with
va,s solenoidal. Let ¢, € Cg’ (ﬁ) and consider

where

0 €,0
% + (/’{,a/J,a + G)Afbé,e,a + ﬂav2,5v¢6,e,o’ = 07 (63)
5.c.0 o0 (0,1 = 0 (64)
¢6,e,0(x7 T) = d)o(x)' (65>

The usual parabolic theory [10, Chapter 4, Theorem 5.2] implies that this prob-
lem has a solution ¢sc, € C’itl (©2;). To obtain uniform estimates, multiply
(63) by Ads e, and integrate over Q to obtain

1d ,
_§£/§2|v¢6,e,o’| dx

+ / (’{U,Ufa + 6)|A¢5,e,a|2 dr + / ﬂav2,6'v¢6,e,0A¢6,e,a dxr = 0. (66)
Q Q

Then Young’s inequality implies the existence of a constant depending on K;
and [, so that

d
i [ V65l ot [ (hapia + |A08af? di < C [ vasP (Vs do
Q Q Q (67)

Thus if we allow C' to depend upon ¢ through ||vg
Gronwall’s inequality to obtain the estimate

sup / |V s.c.0l* dx+/ /(maug+e)|A¢5,e,g|2dx dt < C(;/ |Vo|? d.
o<r<tJQ 0JO O (68)

This, together with the maximum principle, allows us to send o | 0 and implies
the existence of a function ¢s . € W22 ’I(QT) so that

afbé,e
o T

Loo(Qr)> We can apply

(ki + €)A¢s e + pvas-Vse =0, (69)
¢5»6}8Q><(O,7—) =0, (70)
d)é,e(xv T) = ¢o($>v (7]-)
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and so that

_sup |ps.e| < sup B0, (72)
Qx[0,7] Q

T a .
I/ {em«m,eﬁ + 90n 07+ | 2055
0 JQ

Substitute this function ¢s . into (61) to obtain

2
}dmdtSC’(s/ |Vo|? da.
Q

/ w(z, T)do(x) de = — /T/ {ewA¢s.e + ps.e(va — va5)-Vu}dr dt
Q 0Ja
- /o /Q%,ev'vm dr dt + /Q Wops.e(z,0) dx  (74)

where we have integrated by parts. The estimate (73) implies

//ewA(b(;e dacdt‘
0 Ja

< ool umy (el2) 2 ( / / e|A¢5,€|2dxdt) <Csve (75)

so that we may pass to the limit as € | 0 to obtain

| vt m16 (@) da

< 1 ollz ey / / (v = vl [Vul + |v| [Vuuz| iz dt
0 Q
4 ol / woldz (76)

which, by completeness, holds for every ¢, € Loo(€2). Let § | 0 and set ¢, =
w(x,T) to obtain the result. O

PrROOF OF THEOREM 1.
Let Qr(xo,t0) = Br(zo) X (to — R,to) C Q. Then for almost every R/2 <
r < R,
(i.) u € Loo(0Br (o) X (to — R, 1,)),
(ii.) Vu € La(8By(z0) X (to — R, t0)),
(ili.) w(-,to —7) € Loo(Br(zo)),
(iv.) w(-,t) converges weakly in L2(Q) to w(-,t, — 1) ast | t, — 7.

Let v be a smooth solenoidal approximation of v, and let w,  be a smooth
approximation of w(-,t, — r). Proposition 2 implies the existence of functions
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we C B(u,) satisfying

0
Ewg — AK(u¢) + ve-Vue =0 in Qr(z,),
(77)
“6|aB,.(zD)x(trT,to) = w, (78)
w6|t=to—r = Wo,e- (79)

Proposition 3 implies that w. — w almost everywhere in Q,(z,,%,), and hence
for almost every t, — r < t; < t3 < t, and almost every z € B,.(z,) with
0< w(:t,tg) <L,

w(z, ta) = w(x,t1). (80)
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