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SEMICLASSICAL GROUND STATES FOR NONLINEAR
SCHRODINGER-POISSON SYSTEMS

HUI ZHANG, FUBAO ZHANG

Commumnicated by Claudianor O. Alves

ABSTRACT. In this article, we study the Schrédinger-Poisson system
—2Au+ V(@)u+ d(a)u = Qa)u®, = € R,
—E2Ap=u?, zeR3,
where € > 0 is a parameter, V and @ are positive bounded functions. We estab-

lish the existence of ground states for € small, and describe the concentration
phenomena of ground states as € — 0.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The Schrodinger-Poisson system
—EAu+V(z)u+ ¢u = l(z,u), x€R?

—2A¢p =1u?, zeR3, (L.1)

was first introduced in [6] as a physical model describing a charged wave interact-
ing with its own electrostatic field in quantum mechanics. The unknowns u and
¢ represent the wave functions associated to the particle and electric potential,
the function V' is an external potential, and the nonlinearity I(x,u) simulates the
interaction between many particles or external nonlinear perturbations. For more
information on the physical aspects, we refer the reader to [6].

There are many results on the existence and concentration of solutions for
and similar problems. Equation is usually studied in two cases when € is
regarded as a small parameter, and when e is fixed (e = 1). For fixed €, see
[, 21 3], [, Bl [7, 16, 17, 18, 19, 2] 26l 27, 28] and references therein. In this article,
we study onlythe case € is small. So we shall recall some results for this case. In
[15] the authors considered the system

—Au+ V(z)u+ d(z)u = f(u), x¢cR3,
—Ap=u?, zeR3

and proved that (1.2)) has a single bump solution, which concentrates on the critical
points of V(). Later, D’Aprile and Wei [8] constructed positive radially symmetric

(1.2)
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bound states of with f(u) = w?, 1 < p < 3. By applying a standard
Lyapunov-Schmidt reduction methods, Ruiz and Vaira [22] proved the existence of
multi-bump solutions of , whose bumps concentrate around a local minimum
of the potential V() when f(u) = u? and 3 < p < 5. On the other hand, He [12]
considered the system

—EAu+V(x)u+ d(x)u = f(u), x¢cR3,

1.3
—2Ap =u?, zeR? (1.3)
where f is of subcritical growth and:
f € CHR3), f(s) = o(s?) as s — 0, fs(;) is increasing on (0, 00),
there exists p > 4 such that 0 < pF(s) := p [5 f(t)dt < sf(s), (1.4)

s >0, and
f'(s)s* =3f(s)s > Cs?, C >0, o< (4,6).

By using Ljusternik-Schnirelmann theory and minimax methods, he showed the
multiplicity of positive solutions of (1.3)) which concentrate on the minima of V()

as € — 0. Later, Wang et al. [24] studied the system
—Au+V(z)u+ ¢(x)u = b(x)f(u), z€R3, 5)
—2Ap =u?, zeR )

Suppose that V' (z) has at least one minimum, b(z) has at least one maximum, and
f satisfies some weaker conditions than (L.4)), namely

f(s)

feCR?), f(s)=o(s*) ass—0, e is increasing on (0, 00),

3
F(s)

— 00 as s — 00,

Wang et al. obtained the existence and concentration of positive ground states for
(1.5) using the method of Nehari manifold and minimax methods. He and Zou [13]
considered the existence and concentration behavior of ground states of (|1.1)) with
critical growth,
—Au+V(z)u+ ¢(x)u = [ul*u+ f(u), =R,

—Ap =u?, zeR3,
where f satisfies (1.4) and f(t) > At? for all ¢ > 0, where o € (3,5). Recently, He
et al. [14] studied the system

—EAu+ V(x)u+ d(x)u = MulP"2u + |u[*u, z€R>,

—Ap =u?, zeR?
where 3 < p < 4. Under certain assumptions on the potential V', they constructed
a family of positive solutions which concentrates around a local minimum of V.

It seems that, the existence and concentration of ground states for (1.1) with
three times growth have not been studied. So in the paper we shall fill this gap. In
the sequel, we consider the system

—EAu+V(z)u+ ¢u = Q(x)u®, z€R3

—2Ap =u?, xR (1.6)
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To state the main results, we need some notation. Set:

Vmin = Hl]iRI% V(z), V:i={zeR>:V(z)=rmn}, Ve :=liminfV(z) < oo,
T

|z]— o0

Gmax = néz]% Q(z), Q:=={ze€ R3: Q(T) = ¢max}, ¢oo :=limsup Q(z) < oo.

We use the following assumptions
(A1) V,Q € C(R3) N L= (R3) with vy > 0 and inf,crs Q(x) > 0;

(A2) Vmin < Voo, and there exist R > 0 and Zyi, € V such that Q(zmin) > Q(x)

for all |z| > R.
(A3) gmax > ¢oo, and there exist R > 0 and Zyax € Q such that V(Zmax) < V()
for all |z| > R.

Observe that, for case (A2), we can assume that Q(Zmin) = maxgey Q(x) and set
Ay = {1' eV: Q(ZL') = Q(mmin)} U {{E §5 1Z Q((E) > Q(xmin)};

while for case (A3), we can assume that V(zZmax) = mingeo V(z) and set
Ag={x€ Q: V() =V(tmax) } U{x & Q: V(z) < V(Zmax)}

This kind of structure was recently introduced by Ding and Liu [9] which generalized
the case by Rabinowitz in [20].

The system can be easily transformed into a Schrédinger equation with a
nonlocal term. Actually, for all u € H!(R?) and fixed € > 0, considering the linear
functional L,, defined in D*?(R?) by

Ly,(v) = / u?vdz.
R3
By the Holder inequality and the Sobolev inequality, we have
ILu(@)] < [uf3zls < Clul3a o] pra. (L.7)

Hence the Lax-Milgram theorem implies that there exists a unique ¢ € D%2(R?)
such that

62/ Vo Vudr = Ly (v) = / u?vdr, Vv e DV2(RY). (1.8)
R3 R3
Namely, ¢¢, is the unique solution of —e?A¢¢ = u?. Moreover, ¢¢ can be expressed
as
1 u?(y)
: = dy.

(@) 4me? /Rs |z — y|

Substituting ¢¢ into the first equation of (1.6, we obtain

— EAu+V(x)u+ ¢ (x)u = Q(z)u. (1.9)

Let .Z. denote the set of all positive ground states of (1.9). Now we state our main
results.

Theorem 1.1. Let (Al) and (A2) hold. Then for any € > 0 small we have:

(1) Equation has a positive ground state e = (we, ¢S, ) in H'(R3) x D2 (R3);
(2) &£. is compact in H'(R3);

(3) If additionally V and Q are uniformly continuous functions, then w, satisfies:
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(i) there exists a mazimum point x. € R3 of w., such that lim._q dist(z., Ay) =
0. Setting ve(z) := we(ex + x.), for any sequence x. — xg, € — 0, ve con-
verges in H'(R3) to a ground state v of

—Au+ V(2o)u + ¢y (x)u = Q(x0)u?,

'LLZ
where ¢ (z) = & [os Imf(i)l dy.
In particular, if VN Q # 0, then lim._dist(z.,V N Q) = 0 and up to a

subsequence, v, converges in H'(R3) to a ground state v of

—Au + Vmin® + ¢u(x)u = qmaxu37
(ii) |we(z)| < Cexp(—<|z — zc|), where C,c > 0.

Theorem 1.2. Suppose that (A1), (A3) hold. Then, all the conclusions of Theorem
remain true with Ay replaced by Ag.

Outline for the proof. Compared with the previous results [12, 13| 14} [24], the main
difficulty is the lack of the higher-order term and the competing effect of the nonlocal
term with three times growth term, which causes that the standard method of
Nehari manifold is invalid. Inspired by [I0], by restricting the functional in a set, the
functional has a unique maximum point along the nontrivial direction u in H'(R?).
Then we use the one-to-one correspondence of the functionals on the manifold and
an open set of the unit sphere to establish the new method of Nehari manifold.
We also would like to point out that, using the similar ideas, we [25] showed the
existence of classical ground states of system with € = 1 when the potentials
are asymptotically periodic. However, in this paper, we prove the existence and
concentration of semiclassical ground states for system with small enough e.
In addition, in the period of investigating the concentration behavior of ground
states, the competing effect of the nonlocal term ¢u and three times growth term
Q(x)u® makes that some estimations and verifications become complex. O

In this paper we use the following notation. For 1 < p < oo, the norm in LP(R3)
is denoted by |- |,. [gs f(2)dz will be represented by [os f(z). For any > 0 and
x € R®, B,(z) denotes the ball centered at x with the radius r.

This article is organized as follows. In Section 2 we introduce the variational
framework. In Section 3 we study the autonomous problem. In Section 4 we are
devoted to investigating an auxiliary problem. In Section 5, we give the proof of

Theorems [[.1] and [[.2

2. THE NEW METHOD OF NEHARI MANIFOLD

For the proof of our theorems, we shall consider an equivalent equation to (|1.9).
By making the change of variable z — ez, the problem (1.9)) turns out to be

— Au+ V(ex)u+ ¢y (2)u = Qex)u®, u € H'(R?), (2.1)
where H!(R?) is the Sobolev space with standard norm
Julf? = [ (Vul? + ).
R3

Let S; = {u € H'(R?) : ||lu[|> = 1}. From assumption (A1), it follows that

Jull? = [ (9P + Veaye?
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is an equivalent norm on H'(R3). The functional associated with the equation (2.1))
is
1 1 1
L(u) = =|lul? + = Ll — 4
(W =gl +5 [ o= [ Qe
Now we recall some standard properties of ¢, see [25].

Lemma 2.1. Let (Al) hold. For any e > 0, we have:
(i) If up, — u in HY(R?), then ¢y, — ¢, in DL2(R3).
(i) If up = u in H'(R®), then [gs du, unv — [gs duuv, for any v € C3°(R?).
Below we describe the variational framework for our problem. Firstly we give
the Nehari manifold N, corresponding to I:

Ne = {u € H'(R*)\{0} : (I{(u),u) = 0},
where
o) = v+ [ Ve + [ ot~ [ Qe
R3 R3 RS
and the least energy on N, is defined by c. := infy, I..
Lemma 2.2. Let (Al) hold. Then I, is coercive on N..

Proof. For all u € N, we have
1 1
Te(u) = T(u) = (T (u),u) = - [Jul?. (2.2)
Then I.|y, is coercive. O

Next we introduce a set to construct the new method of Nehari manifold as in
[25]. Define

O, :={uec H'(R?): / puu® < / Q(ex)u}.
R3 R3
As in [25], we can show that O, # () since infgs @ > 0 by (A1). Set

t2 tt
ho(t) = L(tu) = = |Julf? + f[/ bui— [ Qexyu?],
2 e R3
using the similar argument in [25], we obtain the following two lemmas.

Lemma 2.3. Let (Al) hold. Then for any e > 0, we have:

(i) For all u € O, there exists a unique t. := t(u) > 0 such that hL(t) > 0
for 0 <t <t and h.(t) <O fort >t.. Moreover, teu € N, and I.(t.u) =
maxsq Le(tu).

(ii) If u & O, then tu & N, for any t > 0.

(iii) For each compact subset W of ©. N Sy, there exists Cy > 0 such that
tw < Cw forallw e W.

Lemma 2.4. Under assumption (Al), for e > 0 we have:
(1) e >0;
(2) |Jul|? > 4c, for all u € N,.

From Lemma (i), we define the mapping . : O, — N, by m(u) = teu. In
addition, Vv € RTu we have 1. (v) = e (u). Let U, := ©.N S, we easily infer that
U, is an open subset of S;. Define m, := m.|y,. Then m, is a bijection from U, to
N,. Moreover, by Lemmas and as in the proof of [23] Proposition 3.1], we
have the following result.
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Lemma 2.5. If (Al) is satisfied, then the mapping m. is a homeomorphism between

U. and N, and the inverse of m. is given by m-1(u) = ﬁ

By Lemma the least energy c. has the following minimax characterization:
Ce 1= ulenjg I(u) = ulen[g max I (tu). (2.3)

Considering the functional ¥, : U, — R given by ¥ (w) := I.(m¢(w)), as in [23]
Corollary 3.3] we easily deduce the following statement.
Lemma 2.6. Let (Al) hold. Then the following results hold:

(1) If {wn} is a PS sequence for ¥., then {m¢(w,)} is a PS sequence for I..
If {u,} C N. is a bounded PS sequence for I., then {m '(uy)} is a PS
sequence for V..

(2) w is a critical point of V. if and only if m(w) is a nontrivial critical point
of I.. Moreover, infy,_ I. = infy;, U..

3. AUTONOMOUS PROBLEM

This section concerns the autonomous equation. Precisely, for any positive con-
stants v and ¢, we consider

— Au+vu+ ¢y (2)u = qu®, u € H'(R?). (3.1)
The functional of (3.1 is denoted by

1 1 q
Toaw =5 [ 0V e puP) s 7 [ o =4 [l
2 R3 4 R3 4 R3
The Nehari manifold corresponding to (3.1)) is defined by

Myq = {u € H (R)\{0} : (J], ,(u), u) = 0},

and the least energy on M, 4 is defined by m, 4 := infy, , Jy 4.
Denote
01 = {uc H'(R?): / puu® < q/ u'}.
R3 R3
Then as (2.3), m, 4 has the following characterization:

My q = Al/[r'lfq Jog = wegfzfmsl r{1>ag< Juq(tw). (3.2)

From [25] we have the following result.

Lemma 3.1. For any v,q > 0, problem (3.1)) has a positive ground state u,, 4 with
Ju,q(Uvg) =M q.

The following lemma describes the behavior of the least energy for different
parameters v,q > 0, which will play an important role in proving the existence

results for (2.1)).

Lemma 3.2. Let v;,q; > 0, i = 1,2, with min{va — v1,q1 — g2} > 0. Then
Myt < Muy g, If additionally max{ve —v1,q1 — g2} > 0, then my, ¢, < My, q,-
In particular, my, ¢, < Muy,.q f 1 < V2 and my, g < My,;.q of @2 > Q1.
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Proof. We prove that m,, 4, < my, 4, for example. From Lemma choose u to
be a positive ground state of problem (3.1) with v = v5 and ¢ = ¢2. Then u € %
and

Myy,q0 = JV2,112 (u) = 1?35( JV27¢12 (tu)

With the use of ¢1 > g2, u € ©%. Then there exists tg > 0 such that J,, 4 (tou) =
max;>o Jy,,q (tu). By min{ve —v1,¢1 — g2} > 0, we obtain J,, 4, (tou) < Jy, g, (tow).
Then by (3.2) we have

My g1 = wE@lI‘lllfﬂsl 2133( Jui g (tw) < m>aX Jurgn (tw) = Jyy g (tou)

Juzqu (tou) < ‘]V27112( ) = Muyy,qa-

IN

4. AN AUXILIARY PROBLEM

Now, we are ready to introduce the auxiliary problem for (2.1). For any vmin, <
a g VOO? qOO g bg qmax~ Set’

Vf(a:) := max{a, V(ex)}, Qé(z) = min{B,Q(ex)},

and consider the auxiliary equation
— Au+ VA (@)u+ du(z)u = QP (x)u?. (4.1)
The functional is

2 =3 [ (ver +vi @)+ 1 [ o1 [ Qo

and the Nehari manifold is
N = {u e H'(R®)\{0} : (I*)' (), u) = 0},

and the least energy on ij’ is denoted by c‘z’g. Moreover, as in Section 2, denote
0 :={ue H'(R?): / buu? < / Q°(z)u*
R3 R3

and c‘;”; can be characterized by

@b = inf I3(w) = inf maxI®(tu). (4.2)
weNb ue@dns; >0

Lemma 4.1. m; j < c§=5.
Proof. For any u € @é N Sy, we have u € ©F N Sy since b > Qé(x). Then
a,b
mg 5 < max Sy 5(tu) < ng{]é’ (tu).

By the arbitrary of u, from we obtain that m_ ; < 35. O
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5. PROOF OF THE MAIN RESULTS

In this part, we only prove Theorem since the arguments for Theorem
are quite similar. Without loss of generality, we may assume that x,;, ;=0 € V in
(A2) or Zmin :=0€VNQif YN Q # (). Denote

di= Q(0) = maxQ(v) > Qv), Vial > R
and consider the functional I.

Lemma 5.1. imsup,_q ¢e < My (y,),0(51), where yy € R®. In particular, limsup,_o ce <
My (0),Q(0) *= Mumin,d-

Proof. Since (| has a positive ground state for each v,q > 0, we can take u €
My (y1).Q(1) Such that Jy(y,),Qun) (1) = . Then

/ (|Vul|* + V (y1)|ul?) / Guu? —/ Q(y1)|ul*. (5.1)
Then for small € > 0, it holds
/ (Vul? + V(ex + yo)[uf2) + / o = / Qlex + y)ut + o.(1).
R3 R3 R3
Set we(z) = u(z — £ ). Then

/ (Vawel? + V(ex)fuel?) + / bww?= [ Qexyw! +o(1).  (52)
R3 R3 R3
Since for small ¢ > 0,
Q(ex)w? — / bu, w2 >C >0, (5.3)
R3 R3
we have that w. € ©.. So there exists t. > 0 such that t.w. € N.. Then
2 / (Vuwel? + Vex)fwel?) + ¢! / G2 = 1! / Qeryul.  (5.4)
R3 R3 R3
By (5.2) and (5.4) we obtain
@2~ D[ Qexuw? - / b 2] = 0.(1).
R3 R3

Using (5.3) we have that t. — 1 as ¢ — 0. Since t.w, € N, one has
2

t€
e < Lltewd) =vau () + 5 [ (Vien) = Vin))o?

<% [ (@) - Qe

t?
=Jv(41),Qun) (tewe) + 5 /Rs(V(fw +y1) = V(y))u?

té
+% [ (@) - Qea )l

Therefore,

Ce < v (y),Qun) (tewe) +0e(1) = Jv ), Q) (tet) +0e(1) = Jv (), Q) (1) + 0c(1)-
Then
limsup ce < Jv(y,),Q(1) (W) = My (y1),Q1)-

e—0
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In particular, we take y; = 0, it follows that

limsup ce < my(0),Q(0) = Mumin,d-
e—0

(]

Lemma 5.2. The minimazx value c. is achieved if € is small enough. Hence, problem
(2.1) has a positive ground state if € is small enough.

Proof. Assume that w, € U, satisfies that ¥.(w,) — infy, ¥.. By the Ekeland
variational principle, we may suppose that U/ (w,) — 0. Then from Lemma (1)
it follows that I/(u,) — 0, where u,, = m¢(w,) € Ne. By Lemma [2.6] (2), we have
I (uy) = Ve(wy) — ce. By Lemma we obtain that {u,,} is bounded in H'(R3).
Up to a subsequence, we assume that u, — . in H'(R?), u,, — . in L} (R?) and
Up — T a.e. on R3. Then I’(i.) = 0. Below we discuss for two cases.

(i) e # 0 if € is small enough. Then @, € N.. So I.(@.) > c.. On the other
hand,

1 1 1
— (T, 1) = {132 <l + 0a(1)

1

= I.(uy) — E(Ié(un), Un) + 0n(1) = ce + 0, (1).

Then I (@) < c.. Therefore, I. (i) = ¢, and then u,, — . in H'(R3) by .

(ii) There exists a sequence €; with ., = 0. For each fixed j, there exists a
sequence u, € Ne,; such that u, — @, =0 in Hl(R?’). By c; > 0 in Lemma
it is easy to see that {u,} is non-vanishing. Then there exists x,, € R? and &y > 0
such that

I (i)
(5.5)

/ u? (z)dx > do. (5.6)
Bl(xn)
Select @ € (Vmin, Voo ). Since u, € Ne;, we know that
Vi [ Vigond+ [ ouid = [ Qe
R3 R3 R3

It is easy to see that

| i@ - vigana - | @=Viga)d =o,(). (57

RS {2V (e;2)<a}
Similarly,

/ ( fj (z) — Q(ejx))uy = / (Q(ejx) — d)up, = 0, (1). (5.8)

R3 {z]Q(e;z)>d}
Then

Vuli+ [ Vi@ [ ouid= [ Q4 @l o.),

By (5.6), we obtain that

Qi_ (z)ud —/ bu, u> > / Vf; (z)u? 4+ 0,(1) > C | u2 +o0,(1) > 6> 0.
R R3 R3 R3
(5.9)
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Hence, u,, € ®§j. Then there exists t, > 0 such that t,u, € Nf]ﬁ‘i. We claim that
t, is bounded. Otherwise, assume that t,, — co. By t,u, € Ng’d, we know that

Vi [ Vit + e [ o=t [ @it (510)
R3 R3 R3 7
By (5.9)), there is a contradiction for (5.10) if ¢, — oco. Therefore, ¢, is bounded.
Then

cfj?d < Ifj’d(tnun)

= I (tun) + 5 [ VE@) = Vi@l - 7 [ 040 - Qeoltiu.

By the boundedness of ¢, (5.7) and (5.8)), we obtain
a,d
Ce; < I€j (thun) +o0n(1) < Iej (un) + on(1).
Hence cszd < c; as n — oo. However, from Lemma it holds

a,d

€5

Mgq < C
leading to mg 4 < c;. Taking the limit j — oo and using Lemma we obtain
Ma,d < My ds

which is a contradiction to Lemma [3.2] since @ > vmin.
Now we find the ground state @, for (2.1]). Using the standard argument, we can
further find a positive ground state for (2.1). This completes the proof. ([

Denote _Z. as the set of all positive ground states of (2.1)).

Lemma 5.3. Let (Al), (A2) hold. Then 7. is compact in H'(R®) for all small
€ > 0.

Proof. Let the bounded sequence {u,} C e N N, be such that I.(u,) = ¢ and
I’(uy) = 0. Without loss of generality we assume that u, — u € H'(R3). As done
in the proof of Lemma we obtain that w, — u > 0, v € N, and I.(u) = c..
Then u € _Z.. O

Lemma 5.4. Suppose that (Al), (A2) are satisfied, and V,Q are uniformly con-
tinuous. Let u. be the positive ground state obtained in Lemma[5.3 Then there
is ye € R3 such that lim._qdist(ey., Ay) = 0, and for each sequence ey. — yo,
V() := uc(x + ye) converges in H*(R®) to a ground state v of

—Au~+ V(yo)u + ¢y (z)u = Q(yo)u3, u > 0.

In particular, if VN Q # 0, it follows that lim._,q dist(ey.,V N Q) = 0, and up to
subsequences, v. converges in H'(R?) to a ground state v of

— AU+ Vipint + ¢y (z)u = Gmaxt®,  u > 0.

Proof. Let u, be the positive ground states of problem ({2.1)) with parameter €,, — 0.
It is easy to see that w, is bounded and non-vanishing. Then there exists § > 0
such that

/ [, |2dx > 0. (5.11)
Bl(yn)
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Setting v, () = un(z + yn), ‘7671, (z) = V(en(z + yn)) and Qen (z) = Qen(z + yn)),
we see that v, solves the below problem

—Au+ V., (2)u+ ¢u(z)u = Q., (z)u?,

with energy functional

~ 1 1 ~

Ien,(”n) = (/ |an| Jrve / ¢Un n T Qen(x)vi

2 4 Jps

Since v, is also bounded in H'(R?), from , we may assume that v, = v # 0
in HY(R?).
Claim 1: The sequence €,y, must be bounded. Otherwise if €,y, — 0o, then we
may suppose that V(e yn) — Vo > Voo > Vi and Q(e,yn) — Qo < d := Q(0).

Since V' and @ are uniformly continuous functions, it follows that for R > 0 and
|z < R,

Voo (2) = Vol < IV (n(@ + 9)) = Veaya)] + [V (eatin) — Vol — 0.
Similarly,
Qe (@) — Qo] — 0, V|z| <R.
Then for each n € C§°(R?), we infer that

lim f/%(x)vnn :/ Vovn, lim Qen nn—/ Qov’n. (5.12)
R3 R3

n—oo n—oo

Moreover, by Lemma (ii), we have

lim (bvnvnn_/ 7.

n—oo

Thus, v solves
— Av + Vou + dy(z)v = Qov®  in R3. (5.13)

From Fatou’s lemma and Lemma [5.1] it follows that

1
Mypin,d > liminf ¢, = iminf{I, (u,) — Zgé” (un), (un))]

n—oo n—oo

= timinf[7, (vn) {77, (), (v0))]

n—

n—oo

1 ~
=liminf — [ (|Von|* + Ve, (@)[va]) (5.14)
4 Jgs
1
> 1 [ (9o + Vo)
R3

1
= JVO»QO (v) - Z<J{/07Qo (U)7U> > MVy,Qo-

However, from the fact that vy, < Vo and d > Qo, Lemma implies that
Mypin.d < Mvy,Qo- This is a contradiction. Hence {e,y,} is bounded and we
suppose that €,y, — yo-

Claim 2:
yo €Ay ={r eV :Q(z) = Q(xmm)} U{z €V : Q(x) > Q(zmin)}-
If yo & Ay, then it is easy to see that

Mninsd < TV (30),Q (o) - (5.15)
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Repeating the arguments of Claim 1 again, we have m,, .. a4 = My (y0),Q(yo)- This
contradicts with (5.15). Therefore, yo € Ay. Namely, lim,, o dist(e,yn, Av) = 0.
In particular, if VN Q # (), it follows that lim._¢ dist(ey., VN Q) = 0.

Claim 3: v, converges strongly to v in H*(R?®). Following the arguments in the
proof of Claim 1, we know that v is a solution of the equation

—Av + V(yo)v + o ()0 = Q(yo)v’.
Moreover, as (5.14) we obtain

1
oo < 7 [ (9o + Vi)

1 ~
< liminf f/ (|Vop |2 + V., (z)|v,|?) = liminfe,,.
4 Jrs n—oo

n—oo

By Lemma we know that liminf, . ce, < My (y),Q(y)- Then
lim |V, |* = / |Vol?, (5.16)

lim xzn(x)|vn|2:/ V (yo)v?. (5.17)
n—oo R3 R3

In addition, since V' is uniformly continuous, we know that

lim f/ﬁn(x)|v\2:/ V (yo)v?.
RS

n—0o0 R3
This combining with ((5.17) we obtain v, — v in L?(R3). By (5.16]), we know that
v, — v in HY(R3). Hence, if VN Q # (), up to subsequences, v, converges in
H'(R3) to a ground state v of
— AU+ Unint + Gu () U = graxu®,  u > 0.
([l

Lemma 5.5. Suppose that (A1), (A2) are satisfied, and V,Q are uniformly con-
tinuous. Set vy := un (T + ypn), where u, is the positive ground state obtained in

Lemma and y, 1s given in . Then:
(i) there exist &' and M > 0 such that 0’ < |vp|ee < M for allm € N.
(i)
lim wv,(x) =0 wuniformly in n € N.

|z|— o0

Moreover, there exist C,c > 0 such that
v (x) < Ce™®l v e RS
Proof. As in the proof of Lemma [5.4] we have that v,, is the solution of
—Av, + Vo (2)n + by, (2)0n = Qe, ()02,
and v, — v # 0 in H'(R3). Then

lim ( (v2 +18)) =0, uniformly for n € N. (5.18)
R—oo |z|>R

Using [13] Proposition 3.3], we obtain that v,, € L(R?) for all ¢t > 2 and

"Un|t § Ct||vnHH1(R3)a
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where Cy does not depend on n. Then for ¢ > 3, [v;|. < C for all n. Thus by [I1}
Theorem 8.17], we infer that for all y € R3,

sup vy () < C(|vnlr2(my(y)) + V5] (5.19)

Bi(y)

This implies that |v,|eo is uniformly bounded. Recall that by (5.11)),

L%(Bm))‘

6s/ g d < |By[vn 2.
Bl yn

Then |v, |00 > ¢, for all n. Combining (5.19) with (5.18]), we obtain

lim v, (z) = 0 uniformly for all n € N.

|z]— o0

Then we can take pg > 0 such that

for all || > pg. Consequently,

—Av, + 7\/;2(1‘)% leqQ., (x)v? — == (2)

for all |x| > pg. Let s and T be positive constants such that

Vmin _
s < Ry, (x) < Te 5,

2
for all |z| = pg. Hence, the function ¢(z) = Texp(—s|x|) satisfies
f/e min
A+ "Q(x)w > (’/2 — %) >0,

for all x # 0. Thereby, taking = max{v, —,0} € H}(|z| > po) as a test function,
we obtain

0> / (V’UnV’I] + Mvnn)
R3 2

Z ~/]Rs ((vvn - Vﬂ))Vﬂ + ‘4”2(1.) (Un - 7/})77)

Z Vmin / ('Un _ ¢)2 2 07
2 Ji{zeR3w, >y}

for all |z| > po. Therefore, the set Q, := {z € R3 : |z| > py and v,, > ¥(z)} is
empty. Then we know that there exists C,c > 0 such that

vn () < Ce™®l Vo e R3.

This completes the proof. O

Proof of Theorem[I.1]. Going back to with the substitution of variables x — %,
Lemma implies that has a positive ground state we = ue(Z) for € > 0 small.
Lemma implies that .Z, is compact in H*(R3). Set €, — 0 as n — oo. If b,
denotes a maximum point of v,, then from Lemma (i), it follows that it is
bounded. Then we assume that b, € Br(0). Thereby, the global maximum point
of u, is z, := b, + y, and then x, := €,2, is the maximum point of w,,. From the
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boundedness of b,,, by Lemma 5.4 we obtain that lim, .. , = yo, which together
with the continuity of V gives

nh—{r;o V(zn) =V(yo), nh_{lgo Q(zn) = Qyo).
Then from Lemmal5.4] the proof of the conclusion (3)(i) in Theorem[I.1]is complete.
Moreover, from Lemma by the boundedness of b, we obtain

wp(z) = un(z) = vn(ifyn) = vn(ifx—nfbn) < Ce =Tl < e el

€n €n €n  €n

Thus, for small € > 0, we have that
we(x) < Celz=ael,

O

Proof of Theorem[I-3 If the potential functions V and @ satisfy condition (A3),
we can assume that Tyax ;= 0 € Q in (A3) or Zpayx :=0€ VN QiIf VN Q # (.
Denote

e:=V(0)=minV(z) <V(x), V|z|>R.

z€Q
The rest is similar to the proof of Theorem [I.1] a
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