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EXISTENCE AND REGULARITY OF SOLUTIONS TO 1-D
FRACTIONAL ORDER DIFFUSION EQUATIONS

LUELING JIA, HUANZHEN CHEN, VINCENT J. ERVIN

ABSTRACT. In this article we investigate the existence and regularity of 1-
D steady state fractional order diffusion equations. Two models are investi-
gated: the Riemann-Liouville fractional diffusion equation, and the Riemann-
Liouville-Caputo fractional diffusion equation. For these models we explicitly
show how the regularity of the solution depends upon the right hand side func-
tion. We also establish for which Dirichlet and Neumann boundary conditions
the models are well posed.

1. INTRODUCTION

In recent years nonlocal models have been proposed for a number of phenomena
whose behavior differ significantly from that predicted by usual local models, i.e.,
integer order differential equations. Several areas where nonlocal models have been
used include contaminant transport in ground water flow [5], viscoelasticity [14],
image processing [6] [10], turbulent flow [I4} 20], and chaotic dynamics [24].

Two nonlocal approaches that are currently being investigated as models for
anomalous diffusion are fractional differential equations [I7), 13] and equations in-
volving the fractional Laplacian [I8]. (For recent results on the regularity of the
solution to equations involving the fractional Laplacian see [2,[3].) The focus of this
article is on the regularity of the solution to fractional diffusion equations. Two
such models that have appeared in the literature,which we denote by rrcD- [8, 9],
and gD [19], are defined by

rrcDou(x) == —D(TD_(Q_O‘) +(1- T)D_(Q_O‘)*)Du(x) = f(x), (1.1)
riDou(z) == —D? (rD_(2_“) +(1- r)D_(Q_“)*)u(x) = f(x),  (1.2)

for 0 < < 1, where D denotes the usual differential operator, and D~ and D~#*
denote the left and right fractional integral operators, respectively (defined in Sec-
tion. We refer to rrcDy as the Riemann-Liouville-Caputo fractional differential
operator, and rr Dy as the Riemann-Liouville fractional differential operator

A variational solution, u € Hg‘/z(O,l), to and (L.2)), subject to u(0) =
u(1) = 0, and f € H=*/2(0,1) was established in [9]. A detailed analysis of the
existence and regularity of solutions to and (1.2) for r = 1 (i.e., one sided
fractional diffusion equations) was given by Jin, Lazarov, et al. in [I2]. Recently
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Wang and Yang [22] investigated the well posedness of solutions to and
for r = 1 subject to three different Neumann boundary conditions. They showed
that for at least one of the boundary conditions that the modeling equations were
ill posed. A physical interpretation of absorbing and reflecting boundary conditions
for for r = 1 was recently presented by Baeumer, Kovécs, et al. in [4]. Also, for
r = 1 the existence and regularity of solutions to having a variable diffusion
coefficient was analyzed by Yang, Chen and Wang in [23].

In this article we investigate the existence and regularity of the solutions to
and , subject to various boundary conditions. A goal of this investigations
is to provide engineers and scientists insight into determining which equation may
more appropriately model their problem of interest.

For clarity in our discussion we say that g(z), € (0,1) is algebraically regular if
g(z) ~Cx% asx — 0for0 <a<lorg(zr) ~C(l—z)’ asz — 1for0 < b < 1, and
algebraically singular if g(x) ~ Cx= asx — 0for0 < a < 1or g(z) ~ C(1—x)7?,
asx — lfor0<b<1.

From a course in differential equations we have that the general solution to the
linear differential equation Lu = f can be expressed as u = Unomog + Ups, Where
Unomog Satisfies the associated homogeneous differential equation (i.e., Uhomog €
ker(L)), and ups is a particular solution. The regularity of the solution u depends
on two factors: (i) the operator £, and (ii) the RHS function f. The regularity of
Uhomog 18 solely determined by the operator £. The regularity of u,, depends on f,
and also on the operator £. For (1.1]) we have that ker(grcD?) is algebraically reg-
ular (Section [3)), whereas for have that ker(r DY) is algebraically singular
(Section {4).

Equation represents the steady-state fractional diffusion equation derived
in [I9], assuming a heavy tail random walk process. Equation and only
differ in the location of one of the derivative operators: either before the fractional
integral terms or after them. A physical interpretation of the difference between
the two equations can be obtained by considering the 1-D heat equation, modeling
the cross sectional temperature along a bar that is insulated along its lateral surface
7.

—u(a:,t)—%q(a:,t):f(m,t), 0<z<l1,t>0. (1.3)

Here u(z,t), q(x,t), and f(z,t) represent the temperature (synonymous with en-
ergy), energy flux, and an energy source density, respectively, at cross section x at

time ¢. Corresponding to (|1.1)),
B 1 v 1 ou(s,t)
awt) = 2 -a) (r/o (z —s)*1 (- oz )ds

—e /; e ),

The first term in the parenthesis on the right hand side implies that if the local
temperature around s is not constant (i.e., % # 0) then energy flows from this
point. The contribution of this flow of energy to a point a distant (z — s) units
away is given by

1 1 (_8u(s,t)
I'2—a) (z—s)>t Oz

)As .
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A similar interpretation applies to the second term in the parenthesis. Hence, in
(1.1) the flux at a point is the weighted sum of local energy variations along the
bar, which may be interpreted as a nonlocal version of Fick’s Law.

For equation (|1.2]), we let

E(z,t) = !

Te—a) (r/o s _i)a_lu(s,t) ds
1

This expression can be interpreted as the weighted sum of local energy distributed
throughout the bar, with the energy (temperature) at s contributing an amount
1 1
u(
r'2—a)(xz—s)1

s,t)As.

Then, as ¢q(z,t) = fa%E(:v,t), the flux at z is due to the variation in the weighted
energy at x. Note that each point s contributes to the weighted energy at x,
E(z,t), corresponding to a random walk process as derived in [19]. So, in
there is an underlying energy flow occurring throughout the bar, however there is
only a resulting flux at x if there is a local imbalance in this weighted energy at x.

In the next section we introduce notation and several key lemmas we use in the
analysis of the solutions to and . In Sectionwe present the existence and
regularity results for the solution of (1.1}, subject to various boundary conditions. A
shift theorem for is investigated in Section The analysis of the solution to
(L.2), subject to various boundary conditions, is presented in Section[d] A summary
of the difference in the solutions of and is given in the Conclusions. Proofs
of a number of the results used in Sections [3]| and (4] are given in the appendix.

2. PRELIMINARIES

Let u a function defined on (a,b) and ¢ > 0. We define the Left Fractional
Integral Operator as

1 x
D*O’ — _ o—1
a=x U(J?) F(J)/a (1‘ S) U(S) dS,
and the Right Fractional Integral Operator as
1 b
D¢ = — )7t .
Dy “u(x) (o) /z (s — )7 u(s)ds

For p > 0, n is the smallest integer greater than p (i.e. n—1<pu<n),c=n—p,
and D the derivative operator, we define the Left Riemann-Liouville Fractional
Differential Operator of order i as

1 dar [°
RLpky(z) := D" Dy "u(z) = mdx—n/a (x — 5)7 tu(s)ds
and the Right Riemann-Liouville Fractional Differential Operator of order u as

_1\n n b
RELDly(z) = (= D)™, Dy u(r) <F (2)) ;57 / (5 — 2)7Lu(s) ds.

Note that the Riemann-Liouville and Caputo fractional differential operators differ
in the location of the derivative operator.
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The Left Caputo Fractional Differential Operator of order p is

1 * dr
C o —o n — _ o—1
o DEu(x) := D% D™u(x) (o) /a (x—s) IS u(s) ds.

The Right Caputo Fractional Differential Operator of order p is

_1\n b n
ODiu(x) == (—1)". Dy, ° D"u(x) = (F(la)) / (s — x)“_lzg—nu(s) ds.

As our interest is in the solution of fractional diffusion equations on a bounded,
connected subinterval of R, without loss of generality we restrict our attention to
the unit interval I:= (0, 1).
For ease of notation, we use D™7 := ¢D;? and D~7* := ;D7 “. Let
Du(z) :=rD °u(z) + (1 —r)D™*"u(x). (2.1)
Then
rrcDu(x) = —DI* *Du(z), grrDYu(z) = —D*12%u(x).
For the RLC fractional diffusion equation, the fluz is rrcFu(z) = =127 Du(z),
and for the RL fractional diffusion equation, the fluzr is rpFu(z) = —DI2~“u(x).
Jacobi polynomials play an important role in the analysis. We briefly review

their definition and some of their properties [I}, 21]. Jacobi Polynomials are defined
as

PO (z) =" ppm(z — D" (@ + 1),

m=0

DPrym = 2% (n;;oz) (:—Fi) . (2.2)

0, k#j
NP2, k=

for —1 < x < 1, where

Orthogonality property:

/1 (1 _ x)a(l + x),BPj(a,ﬁ) (ZL’)PIEQ’B)(x) do = {
—1

where

|||P-(Q’B)H| _ ( 9(a+p+1) F(j—l—a—i—l)F(j—&—B—Fl))l/?.
J Qj+a+B+)IG+I(G+a+B+1)
To transform the domain of the family of Jacobi polynomials to [0, 1], let © —
2t — 1 and introduce G{*” (t) = P,(La’ﬁ)(x(t)). From (2.3)), we have

(2.3)

/ Cl—e)e+ ) PP () PP () d

-1

1
= /HJ 29(1 — 1)°2°t° P{*7 (2t — 1) P[P (2t — 1)2dt
- (2.4)

1
= gt /t - )7 G 0 (0GP (1) dt

0,
‘{2a+ﬁ+1||G§W’|||2, k=J.

where

|||G(047/3)|||:( : 1 F(]:"_O""_l.)r(j"'ﬁ'i‘l))lﬂ
J 2j+a+p+)TH+)TG+a+6+1)
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Note that
NG = 11161, (2.5)

and that from [ 21],

L(j+B+1)

G+OEB+1)

(@8) () — J
GO (0) = (1Y (2.

From [15, equation (2.19)] we have

d* (n+k 1) (a
Pleod)(q) = Tt kot B4 1) platisin ) (2.7)

dzk™ " 25T(n+a+ B +1)
Hence,
d* F'n+k+a+p+1)
(@8) (4) — (a+k,B+k) 9
dtk G I'n+a+p+1) G ®)- (2:8)

Also, from [I5] equation (2.15)],

dF o a+k k
(=) )RR (@)}

2.9)
—1)k2Fn! (
- W(l —2)*(1+2)’ PP (), n>k>0,
from which it follows that

d oty Bk (ot B4 ) (=1)n! ay8 r(cB)

ﬂ{(1 — )tk t)} = (n—k)'(l — )P GIP) (). (2.10)
For compactness of notation we introduce

PP = pl@B) () .= (1 — x)*aP. (2.11)

We use y,, ~ n? to denote that there exists constants ¢ and C > 0 such that, as
n — 00, cn? < |y,| < CnP. Also, from Stirling’s formula we have

T
lim 7(71 +0)

=1
n—oo I'(n)n°

, foroeR. (2.12)

Function spaces L2 (I) and H/lj(a),,) A

ate for studying the existence and regularity of solutions. For w(z) > 0, z € (0,1),
let

(I). The weighted L?(I) spaces are appropri-

L2(0,1) := {f(z): / w(z)f(z)?dz < oo}.
0

Associated with L2 (0,1) is the inner product, and norm

<ﬂmm:Acd@ﬂ@%wM7HMw:«ﬁﬁd

Following [I1], we introduce the weighted Sobolev spaces

1/2

Hll)(a,b) (D) := {v|v is measurable and [|v]|; jr 4 < oo}, [€N, (2.13)

with associated norm and semi-norm
: P12 1/2 l
ol ponsa = (S UDT 0 wrinen) o [olgion = D] ostaso.
=0

Throughout this article we assume that «, 8, and r satisfy a fixed relationship.
Additionally a constant defined by o and 3 occurs sufficiently often that we denote
it by c¢f. We refer to these relationships as follows
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Condition (A1l). The parameters «, 8, and r and constant ¢ satisfy: 1 < a < 2,
a—1<B,a-pB<1,0<r<1

. sin(ma)
= sin(m(a — B)) + sin(wf3)’ (2.14)

where 3 is determined by

_ sin(mf3)
sin(m(a — B)) + sin(nf)

The following three lemmas are useful in determining the solutions of (|1.1)) and

(1.2).
Lemma 2.1. Under Condition (Al),

(2.15)

ker(DI2~%) = span{p(®#=1A=D ()}, (2.16)

Additionally,
DI (2pl* P10 (2)) = —ciT(a) = ur Gy (), (2.17)
DE((1 = 2)pl* =10 () = —p_1 G (), (2.18)

where p_1 := —cil(a).

Proof. The proof of (2.16) is given in [8]. Properties (2.17) and (2.18) follow from
Lemma (in the appendix), and that G (z) = 1. O

Lemma 2.2. Under Condition (Al), forn=0,1,2,...

(1 - )0 PG (0) = 0, GP T @), (219)
where
0= —¢T(n+a—1)/T(n+1). (2.20)

The proof of this lemma is given in the appendix.

Lemma 2.3. [16] Under Condition (Al), for n=0,1,2,...

DIZ=(1 — 2)* PP G PP (2) = 1, GO (), (2.21)

where
I'(n+ «)
= 2.22

3. EXISTENCE AND REGULARITY OF THE RLC FRACTIONAL DIFFUSION MODEL

In this section we investigate the existence and regularity of the solution of the
steady state RLC fractional diffusion model subject to various boundary conditions.
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3.1. Dirichlet boundary conditions. From [8] we have

ker(rrcDY) = span {1 /0 (1-9)” —B-1gh-1 ds} = span{ko(z), k1(z)} (3.1)

where
1 xr
ko(x) ::/ (1 — 3)0176713,371 ds, kl(x) ::/ (1 . s)afﬂflsﬁfl ds .
v 0

The singular endpoint behavior of the kernel at both endpoints, i.e., (1 — z)*~ "
and 2, is more apparent using the basis ko(z) and k; ().

With C; and Cy appropriately chosen, the change of variable @(z) = u(z) +
Ciko(x) + Cakq(z) transform the problem

rrcDiu(z) = f(z), 0<z <1, subjectto a(0)=A4, u(l) =B, (3.2)
to the problem
rrcDiu(z) = f(x), 0<z <1, subjecttou(0)=0, u(l)=0. (3.3)

Note that f(z) € Li(ﬁ‘a,m (I) may be expressed as

fa) =3 — gy,

G2
where
Y Ban (Bra—p)
fiim [ #0006 a) da (3.4)
0
Let
N f
INGOEDY MGEB’“_B) (2),
=0 (3.5)
uy(z) = pl* 7P (z Zc G (g
where

Lii+1+a) . 1
w+w’ CoAlle e

Theorem 3.1 ([§]). Let f(z) € B s (I) and un () be as defined in [3.5)). Then

/\i = —C: fi~ (36)

u(z) = lim un(z) = ZC G(a e €Lp( (o=, (I)-

N—o00
Jj=0

In addition, u(x) satisfies (3.3).
The regularity of Du is given by the following corollary.
Corollary 3.2. For f(z) € Li(ﬁya,ﬁ)(l) and u(z) satisfying we have that
Du e Li(—(a—awl,—ﬁﬂ)(l)-
Proof. Consider

| Dunr — DUNH?)H(Q—B)H,—&H)
M+1 M+1

:<¢ S8 () S 6 iGN @), S Gl ())

1=N-+2 1=N-+2
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M+1

. a—F—-1,0—1
= Y LGl @),

i=N+2

From (5.9),

1 —1l,a—pB-1 a—p,

NG @)P < G @)l )P,
thus

[Dunr — DUNH?,(—(a—ﬂ—l),—(@—l))

M+1 2 )
<2 3 &2 =1 NG ()12
S A 1G5 ()4

i (i + 1) 2
2 _
S A 1G T (@)|2

M .
_ +1)? fi (B,a—B)
— oy D) 3 (i o G (4,
( S NI @))12

M

Y G w).

S NG @))12

1) .
Using Stirling’s formula , (1; is bounded as ¢ — oo. Hence
2
| Dupr — DUN||p(—<a—/3)+1,—ﬂ+1>
M

- fi (B,a—B)
<o(pPef@) N — LGPy,
( S NG @)))12
M

i (B,a—B)
— -G (z)

; G ()] |12 )
= Cllfu(z) - fN(x)”i(B,a—B))'

As f € L*(I) jp.a-m , then {f,} is a Cauchy sequence in Li(rm—m (I). Thus we can
conclude that Du € L2 (. 541,54 (). O

3.2. Regularity of u(z). Next we investigate if f(z) is “nicer”, i.e., a more regular
function, does that increased regularity transfer over to the solution w(x). The
following lemma is useful in helping to provide an answer to that question.

Lemma 3.3. Forj €N, if DI=1f ¢ Li(ﬂj_lﬂ_ﬁ“_l)(l), then Djmu(x) €
Li(“*ﬁi’jwﬁ#’j) (I)
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Proof. From ([2.8)), and (3.5)),

1

N
J(___ - I oY (a=B,8)
D (p(a—ﬁ,B)(x)uN(m)) = D E ¢iG; (x)
=0
O T(i+2+a+1)
(a—B+34,8+7)
= g Citi — : ), 3.8
P +JP(Z+]+O¢+1) [3 () ( )
N—j ) .
j— i+j F(Z +2j+ Oé) (B+j—1,a—p+j—1)
DJlfoE: fits A (B+i—1, =D ().
v S NG DT+ +at 1) @

Then, for M > N,

, 1
107 ((O‘TB)()(UM —un)) 2a-stime0

p
M
o ZJ ( Z+2J +a+ 1))2|||G(a*3+]75+3)”|2
- ’LJrj 7
i=N—j+1 P@+j+at+l)
M— . .
B —j I (F(z +2j+a+ 1))2|||G(_a75+j,ﬁ+j)|||2 (3.9)
AT MG DA T+ G+ a+ 1)
N 12 T(i + 2j 2
> i+ ( (i+2j+a) ) [ GLETI—bamAti=1) 2
e NG P AL+ G+t 1)

= CHDj_lfM - D lfNH,Q)(BJrjfl,afﬁJrjfl)

where we have used (3.6)), (5.11]), and (3.8) . Assuming D/~1f € Liwﬂ-,l,a,gﬂ-,l) (1),
then {D7~1f,} is a Cauchy sequence in Li(ﬂﬂ,m,ﬁﬂ,l) (I). Thus we conclude that

Djmu(x) € Li(wﬂﬂﬁﬂ)(l)' U

Combining Lemma with the definition of H' p(a.b) A( ), (2.13), we have the
following theorem.

Theorem 3.4. For j € N, if f(x) € prﬁla o (D), then

1 .
mu(m) € H) s (D)

In the theory of linear differential equations a shift theorem typically establishes
that if the regularity of the right hand side is improved by one order then the
regularity of the solution also increases by one order.

As pl@=PB)(z) € C®(a,b), for 0 < a < b < 1, then u(x) := mu(x) will
have the same regularity as u(z) on (a,b). Theorem shows that away from the
endpoints if the regularity of f is improved by one order than the regularity of the
solution also improves by one order.

It is worth to note that, even though rrcDy is a nonlocal operator, Theorem
[3:4) shows that f may be singular at the endpoints without affecting the regularity
of the solution away from the endpoints.
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Summary of solution to (3.2). For 0 <r <1 and f € HZ&}Q,B%A(I) the RLC
fractional diffusion equation is well posed for all Dirichlet boundary conditions.
The solution @(x) is decomposable into three pieces. Two pieces are explicitly
determined by the values of the boundary conditions, whereas the third piece u(x)
is determined by f(x) and satisfies mu(x) € HZ(Q_ﬁﬁ),A(I).

3.3. Dirichlet and Neumann boundary conditions. Of interest in this section
is the solution 4(x) of
rrcDru(z) = f(x)v 0<z <1,
subject to rroFu(0) = (1) = B.
(z

For 0 < r < 1, we consider u(z) = ) + Clko( ) + B, with u(x) given by
Theorem and ko(z) by (1). Then gprcDeu(z) = f(z), 0 < = < 1, and
(1) = B.

Noting that, as u(0) = u(1) = 0, groFu(z) = rrFu(z), and using (2.21) and
(2.19) we obtain

RLC]:u Zulchiﬁlla h- 1)( )+010'0. (311)

(3.10)

Therefore, rrcFu((0) = A implies
1 — am
C = o (A + ZMCZGE?A hai- 1)( ))» (3.12)
i=0

where convergence of the series is established in Lemma for 0 <r < 1.

For r =1 (for which 8 = a—1), and for f € Li(u,lyl) (I) we have that a necessary
and sufficient condition for @(z) satisfying rrcDu(z) = f(x),x € I, a(l) = B to
satisfy rrcFu(0) = A is that the series in , with 8 = a — 1, converges.
However, we consider

S fi (a—1,1) 1
f(z) = Z TGi “(z), where f; = (-1)" .
ZIGE log(i)
Using (2.4),
G2 = 1 Pi+a)l(i+2) 1 it1 1
Z 2ita+1l(i+)(i+a+1) 2ita+lita = 2
Note that
o0 0o 1
17112 ~ 2/ —— s
Li(a—l z:; |||G a— 1 ,1) H|2 9 I'Z(IOg((E))z
— 2
= 2(—-1) (L © __ 7
(—1) (log(x)) ™" 32, og(2) < 0

However, corresponding to the series in (3.12)) we have

= (B—La—B—1) . (—1)if;
E Mz‘chH-l (0) = E ; o
= = i+ a)|Ge Y2

oo 1 N
- / Tlog(a) 1 = los(log(x) [z — oo
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Hence we conclude that for r = 1 and arbitrary f € L%, ._, (I) = L3 _, . (I)
P 14 i
the problem (3.10)) is not well posed.

Summary of solution to (3.10). For 0 <r <1 and f € HZJ;L,B)7A(I) the RLC

fractional diffusion equation is well posed for mixed Dirichlet and Neumann bound-
ary conditions. The solution @(x) is decomposable into three pieces. Two pieces are
explicitly determined by the values of the boundary conditions, whereas the third
piece u(z) is determined by f(x) and satisfies mu(z) € H’ (I). For

A ple—8.8) A
fe Hz(fal,m) 4(I) and 7 =1 problem (3.10)) is not well posed.

3.4. Neumann boundary conditions. Of interest in this section is the solution
a(x) of

RchffL(iE) = f(l‘), O<a<l, 313
subject to rreFu(0) =4, grcFu(l) = B. (3.13)

Integrating the differential equation we have

1 1
/ rreDru(s)ds = greFu(l) — greFu(0) =B — A = / f(s)ds, (3.14)
0 0

which gives the usual compatibility condition between the flux and the right hand
side function for a diffusion problem subject to Neumann boundary conditions.

For 0 < r < 1, assuming the compatibility condition is satisfied, from Section
we have that, for C'; given by , solutions to (3.13)) are given by

u(x) = u(x) + Crko(x) + Cs,

for any C5 € R.

From (3.11)),
rLoFu(l) — greFu(0)=B - A

—1l,a—p—1 —1l,a—p—-1
= = > e (G ) - G (0)
=0

e o] 1
i fi d (s-1,a—8-1)
- _ e Jr i) ’ (s)ds
i a— 1+1
S o ds
1 oo .
; ; TG+1 o
:/ f\i (ﬂﬁ—m (12+ ) s
o SN IGTT |2 T+ a)

[ se)as

confirming the compatibility condition.

For r = 0 and r = 1, analogous to the discussion for the mixed boundary
condition problem discussed in Section for r = 0: (for which g = 1) for
fe Li(m,l) (I) the problem is not well posed.

For r =1 (for which f =a —1) for f € L,2,<a71,1>(1), problem is not well
posed.
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Summary of solution to (3.13). For 0 < r < 1 and f ¢ H’ _Bla 5 A() the
RLC fractional diffusion equation is well posed for Neumann boundary condltions,
subject to the boundary conditions satisfying the usual compatibility condition
(3.14]). The solution is only determined up to an additive solution. Additionally,
the solution @(z) is decomposable into three pieces, an undetermined constant, a
piece explicitly determined by the values of the boundary conditions, and a third
piece u(z) determined by f(z) satisfying mu(m) € Hszﬂ:ﬁ),A(I)' Forr =0
anddf € Li(l,a,l)(l), orr=1and f € Lim,l,l)(I) the problem (3.13)) is not well
posed.

4. EXISTENCE AND REGULARITY OF THE RL FRACTIONAL DIFFUSION MODEL

In this section we investigate the existence and regularity of the steady state RL
fractional diffusion model subject to various boundary conditions. From Lemma
2.1 we have

Ker(ru D) = span {(1 — 2)° #1271, (1 — )01
= span{(1 —2)* 7 ~a?, (1 - 2)* P21}

The singular endpoint behavior of the kernel at both endpoints is more apparent
in representation (4.1)). From [8] we have, as p(*=#8)(0) = pl@=F8)(1) = 0,

re D pl P (@) G (@) = rpe Dy p PP (@) G P () = A G (a).
For r1Dg- we have the following result.

Theorem 4.1. Under Condition (A1), forn=0,1,2,...,

(4.1)

reDE I (@) Gl AT (2) = e, GEN T V@), (4.2)
where ( )
Jn+a+1 ) .
KJ"ZC*W G] (1‘):0, fOT]<O.
Proof. From we have
LG(ﬁ 1,a—B— 1)( ) = F(n+a+1)G(ﬂ+1a ,3+1)( ). (4.3)

dax? Fn+a-1)
Combining (4.3)) and Lemma we obtain . O

Note that for n =0 and 1 p *5*1 A= (z )G(a_ﬁ_l’ﬁ_l)( ) € ker(rr.DY).

For f(z) € i““‘ 5 ( aep.—p (1) satistying rrDu(x) = f(z) can
be expressed as given in Theorem @ Usmg Theorem 1] in a similar fashion
as was done in [8], f(z) € Li(ﬁﬂ,a—sﬂ) @), w(z) € Lp<f<afﬁfl>,f<6—1>)( ) satisfying
rrD2w(zx) = f(z) can be expressed as

w(x) = p@ AN (2) 3w G (), (4.4)
1=2
where

1 1
Tk, +lLa—pg+1
R llGT T

1
| e s G ) fs)ds,

Note that L2 o s (I) € L2511.0-p41) (D).
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To contrast the solutions of the RLC' and RC diffusion equations, in this section
we will assume that f(z) € Li(ﬁ"’*ﬁ) (D).

4.1. Dirichlet boundary conditions. For f(z) € Li([m_m(I), we consider the
RL diffusion equation with Dirichlet boundary conditions

rrDYu(x) = f(x) 0<z <1, subjecttoa(0)=A, a(1) =B. (4.5)
Using (4.1) and Theorem the general solution of (4.5 can be expressed as

() = C1(1 —2)* 7P + Co(1 — 2)* PPt 4 pla=FF)(z) ZqGEaiﬁﬂ) ().
7=0

Now, we have
w0)=A = A=Cylim 2Pt
i(1)=B = B=Clim(1 - x)* P,
For A, B € R, in order that defines a finite value for C; and Cs we must have
A=B=0 = (C; = Cy =0. Recall that in the case of homogeneous Dirichlet
boundary conditions problems and coincide.
In place of 7 if we consider the problem

riDru(z) = f(z) 0<z <1,

. S s L AB—=l sy _ a—B-1
subject to mhi%u(x) Az’ 311_}mlu(ac) B(l—x) ,

(4.7)
then the solution is well defined, satisfying

i(x) = A(1—2)° P 2P+ B(1—2)° P2 4 p =0 (2) 3" e, G P (). (4.8)

i=0

Summary of solution to (4.5). For 0 <r <1land f € Hi&fwM 4(I) in order for
the the RL fractional diffusion equation to be well posed the solution must have a
specific, prescribed singular behavior at the endpoints of the interval. In that case,
the solution @(x) is decomposable into three pieces, two singular pieces that are

determined by the boundary conditions and a regular piece determined by f(z).
This regular piece is the same as discussed in Theorem [3.4]

4.2. Dirichlet and Neumann boundary condition. In this section we consider
the problem

riDyu(z) = f(z), 0<z <,

subject to rrFu(0) = A, Jll_}m1 a(x) = B(1 —z)* P71 (4.9)
For 0 < r < 1, it is convenient to express the solution as
a(z) = C1(1 — )2 PP 4 Cy(1 — )@ P 1Pt
(4.10)

+ p(a—Bﬂ)(x) Z CiGZ(-aiﬁ’ﬁ)(l‘).
i=0
Using Lemmas [2.1] and 2.3} we have

reFu(z) = =Cip—y + 0— ZMiCiGz('Bil’aiﬂil)(x)'
i=0
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Therefore gy, Fu(0) = A implies

H—1

where convergence of the series is established in Lemma for 0 <r <1
The boundary condition at x = 1 implies

(C1 +Cs) lim (1 —2)* A~ = Blim (1 — 2)* 1,
rz—1 rz—1

Cr=——(a+ S picGE (), (4.11)
1=0

which gives C3 = B — (. The solution is then given by
a(z) = C1(1 —2)* P12 (B - C))(1 — ) P 1Pt

4 p(afﬁ,ﬁ) (z) Z CiGZ(-a_B’B) (2),
i=0

with Cy given by (4.11]).

For r =1 (for which 3 = a— 1), analogous to the discussion in Section [3.3] (4.9)
is not well posed for r = 1 and arbitrary f € Li(Q_M) (I).
Summary of solution to (4.9). For 0 <r <1, f € Hg:ﬁ*l“*m,A(I)’ a flux bound-
ary condition imposed at z = 0, and a prescribed boundary condition behavior of
the form (1 —x)*#~! at z = 1, the RL fractional diffusion equation (4.9) is well
posed. For the case r = 1, and arbitrary f € Lim_m) (1), (4.9) is not well posed.

4.3. Neumann Boundary Conditions. Of interest in this section is the solution
u(x) of
rrDou(x) = f(z), 0<a<l1,
subject to rroFu(0) = A, greFu(l) = B.
Again we have the usual compatibility condition between the flux and the right
hand side function

/ RLDS@(S) ds = RL]:a(]-) - RL]:’INL(O) =B—-A= / f(S) ds, (413)
0 0

(4.12)

which we assume is satisfied.

For 0 < r < 1, from Section we have that the solution to is given by
([4.10), with Cy determined by (4.11)) and C5 € R an arbitrary constant.

For r = 0 and r = 1, analogous to the discussion for the rrcDY operator in
discussed in Sectionﬂ7 for r = 0 (for which § =1) for f € Liu,a,l) (I) the problem
is not well posed. For r = 1: (for which § =« —1) For f € Li(a,lvl)(l) the

problem (4.12)) is not well posed.

Summary of solution to (4.12). For 0 < r < 1 and f € H/Z(_‘**l“*‘*> 4 () the
RL fractional diffusion equation is well posed for Neumann boundary conditions,
subject to the boundary conditions satisfying the usual compatibility condition
(4.13)). The solution is only determined up to an additive solution. Additionally,
the solution @(z) is decomposable into three pieces, an undetermined constant, a
piece explicitly determined by the values of the boundary conditions, and a third
piece u(z) determined by f(z) satisfying mu(x) € HZ((X*B,B)’A(I)' Forr =0
and(]; € Li(l,a,m(l), orr=1and f € Lim,l,l)(I) the problem (4.12)) is not well
posed.
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CONCLUSIONS

In this article we have investigated the well posedness and regularity of the
solution to fractional diffusion equations and . In the case of homogeneous
Dirichlet boundary conditions or Neumann boundary conditions the solutions to
and agree. However, for nonhomogeneous Dirichlet boundary conditions
that is not the case. Specifically, for nonhomogeneous Dirichlet boundary conditions
the solution to is bounded on (0, 1), whereas for the problem to be well
posed specific singular behavior at the endpoints must be specified. Regarding
the regularity of the solution, we have shown that the solution, away from the
endpoints, satisfies a shift theorem with respect to the regularity of the right hand
side function.

5. APPENDIX: ANCILLARY PROPERTIES AND PROOFS

In this section we presents some ancillary results used in establishing the exis-
tence and regularity properties given above.

Lemma 5.1. Under Condition (Al), forn=0,1,2,...,
271 — )2 A 1gh-1gn = Zan’kxk, (5.1)
=0

where
(—DFT(a — 1+ k)
(a—B—n+kIn+1-kKI(k+1)
Proof. With u(z) = (1 — x)* #~1zf~1z" using Maple we obtain that
D_(Q_a)u(x)

T'(8+n) ais
— n @ _ 1.2_
F(2foz+ﬁ+n)$ oFiln+8,6—a+1;2—a+8+n,x),

anp = (-1 o - f)=

and
D7(27a)*u(z)

Ta-fB—-n—1
- (@—f—n )x”H*O‘*BQFl(n—i—ﬂ,ﬁ—a—|—1;2—a+5+n,x)

r1-38-n)
" (=1)*ese(n(a — B) + kn)sin(ma 4+ km)T(a — 1 + k)
~1 n+11-w . ( k
(=1 (a B)kzzo Ma—B-—n+k)T(n+1-kI[(k+1) o
where o F (-, -; -, ) denotes the Gaussian three parameter hypergeometric function.
Using the identity
0 1
I(1—z) = —
(1-2) sin(mz) ['(2)’
it follows that
(-D)rr 1
ri—-pg—n)= 2
(1=f=n) sin(7B8) T'(8 +n)’ (5:2)
—1)n L 1
P@—atfin) =D (5.3)

sin(m(a = B)) T(a—=B—-—n—-1)
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From the two equalities above we obtain
P(+n)  sin(rla—B)T(a—f—n—1)
re2—-a+pB+n) sin(m ) ri-pg-n)
Using (5.4)), the coefficient of z"+1=*+#, F (-) in the linear combination (rD~ (2~ 4+
(1 —r)D~C=)")y(z) is
T'(8+n)
'2—a+pB+n)

(5.4)

PNa—B8—-n-—1)
'1-—pg—-n)

+(1-r)

_Tla-p—-n—-1) _Tsin(ﬂ'(a—,@)) .
- T(1-8-n) ( sin(wB) 1 )
MNa—-p8—-n-1) sin(7f3) sin(m(a — )

N(1—-p8—n) (  sin(w(a— B)) +sin(xB)  sin(xpB)
sim(r(a—B)  \
+ sin(m(a — 8)) + sin(wﬁ)) =0
Next, it is straightforward to show that

sin(ma)
sin(m(a— B))’
Then, as (1 — r)sin(ra)/ sin(w(a — 5)) = ¢, we obtain

2—a . n+1 _x - (71)kr(a -1 + k)
I %u(z) = (-1)" el (a — B) kzz;) Ta—B—n+kIDn+1—kI(k+ 1)xk'

cse(m(a — B) + km) sin(ra + km) =

Note that in an analogous manner as in Lemma [5.1} we have that
o1 000 = 3 bt 55
k=0
where
(—DFT(a—1+k)
rB—n+kI'(n+1-kTk+1)
Lemma 5.2. Under Condition (Al), forn=0,1,2,...,
B 0PN )G () = 0, GP ), (56)
where oy, is given by (2.20)).
Proof. Using the orthogonality of {G%aiﬁ*l’ﬂfl)(x)}nzo
function p(®=A=1.A=1)(z), we have that for any p(z) € P,_1(z),

(Gl =150 @), p(w) ) = 0. (5.7)

pla—f=1.8-1)

bnk = (=1)"1eT(B)

o0

with respect to the weight

Up to a constant, (5.7), defines the n'* order polynomial Gﬁfx—ﬁ_l’ﬂ_l)(x).
For p(z) € Pp_1(x), from (5.5)), there exist p(z) € Pp_1(z) such that

10 plP 1o (g)p(a) = p(). (5.8)
Then
(B @) Gl (@), () )

p(/ifl,cwﬁfl)
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B @) G @), 0T (a) )

p(afﬁfl,ﬁfl)(I)G%afﬁfl,ﬁfl)(x)’ﬁ(x)> (using (5.8))

= (PN @) Gl A ), Ty A () )
0, (using (5-7)).

Hence If_ap(a_ﬁ_l*ﬂ_l)(x)G%aiB*l’ﬂfl)(x) = CGgﬂfl’af’Bfl)(x) for C € R. As

the coefficients of 2" in G 77V (z) and G¥ 1?7V (z) are the same, then
from Lemma [5.1]

Jh+a-1)

C= St

=0op.

The bound obtained in the following lemma, is used in establishing the regularity

of Du in Corollary [3.2]in Section

Lemma 5.3. For j =0,1,2,...

(a=5,8) )12 :
1 G; 1
L L S (5.9)
IG5 e
Proof. From (2.4)),
G(a—ﬁaﬁ) 2 . . .
G 1 1 FG+a— B+ +B+1)2+a+1
|||G§/i—1170‘—5—1)|”2 2j+a+1 FrG+1)I(Gj+a+1) 1
PG+2I(G+a+1) (5.10)
PG+B+1I(G+a—-B+1)
_ I+t
Jta
O
The following lemma is used in the proof of Lemma [3.3]
Lemma 5.4. For j € N, there exists C' > 0 such that
194 2 G\ B+iB+3)) 12

2. B+i—la—B+j—1 =
Mg lGS T Ar D 2
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Proof. From ([2.5) and (2.4),

|||G(a—,3+j7ﬂ+j) | ”2
7

|||G(§-{j—1,04—5+j—1)|“2
i

(a—B—34,8-7)
G

- |GlePHi—LATI=D) 12

41
1 Fi+a—B+j+1)GE+8+5+1) (5.12)
(Zi+a+2j+1) i+ DI+ a+2j+1)
(i +2)L(i + o+ 25)
F'i+a—-pB+j+1DIGE+p+75+1)

X (20 +a+2j+1)

(i+1)
(i+a+2j)

Using Stirling’s formula,

1 (i +j+1)
:C N N
|/\i+j‘ F(Z—Fj + o+ 1)

Combining (5.12)) and ([5.13)) we obtain

~ (4 1)~ (5.13)

G52+ NG TN e iy g (4D
N (BriLa BtiD 2 J (i+oa+2j)
i+J |||Gi+1 ||| J
~i72eD 500 as i — oo,
from which (5.11)) follows. O

The following result is used in the discussion of a Neumann boundary condition

in Section 3.3

Lemma 5.5. For f € Li(a,wm(l) and p; and c; given by (2.22)) and (3.6)), respec-
tively,

> eGP (0) < oo (5.14)
=0

Proof. Note that for f € Li(ﬂ,a,ﬁ)(l),

- /01 p BB () f(2)? do = i fif (5.15)

00 > £l -
=G e

-8

From ([2.22) and (3.6) we have

P+ 1+a) o2

HiCi = — (516)
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Combining (28), (5-15) and (5-16),

DITel i ()]

SZIMGEZ“’ 7D (0)]

-3 |er £
r z—i—l—i—a |||G(5a 5)|||2

2\
: (Z ||G§ﬁ7”>||2>

=0

(=1

(5.17)

i+1r(i+l+af,3)’
i+ 2)T(a—8)

X(i( I'(i+ ) 1 I‘(i—l—l—i—a—ﬁ))?)l/?
L(i+1+a) 22 T(i+2)0(a — ) '

From (j5.15)), the first term on the right hand side of is bounded. Let us denote by
S the second term on the right hand side of (5.17). Using (2.4)), we have

2_ Z 2i+a+1)T6E+ 1) (i+a+1)
)? +a2Fz—|—ﬂ+1) Ni+a—-0+1)

y F(z+1+a76) 2
I'(i+2)
Using Stirling’s formula ,
I'(i+1)
I'Gi+p+1)
i+ a+1) .
S S M L e N - 1)8
Tita—pgrn ~Uta-A+17
I'i+14+a-p)
I'(i+2)

~(i+1)77,

~ (i +2) L
Therefore,

S2 ~ 7@(& i ﬂ))Q Ziilﬁ(&fﬁfl) <o, (assa—p—-1<0)
i=0

from which the stated result then follows. O
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