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NONLOCAL CAUCHY PROBLEM FOR QUASILINEAR
INTEGRODIFFERENTIAL EQUATIONS IN BANACH SPACES

MARIAPPAN CHANDRASEKARAN

ABSTRACT. The aim of this paper is to prove the existence of mild solutions
of the nonlocal Cauchy problem for a nonlinear integrodifferential equation.
The results are established by using the method of semigroup and the Schaefer
theorem.

1. INTRODUCTION

The purpose of this paper is to study the existence of mild solution of the fol-
lowing nonlinear integrodifferential equation with nonlocal condition

dy(t !
WO — sty + [ Ses.p)ds, e T=00], (1)
0
y(0) +9(y) = vo, (1.2)
where f : AXE — Fand A: JxE — FE are continuous functions, g : C(J, E) — E,
Yo € E and F is a real Banach space with the norm || - ||. Here A = {(¢,s) : 0 <

s <t<b}.

Such problems with the classical initial condition or nonlinear boundary con-
ditions have been studied by Conti [8], Conti and Iannaccci [9], Kartsatos [I1],
Anichini [1], Anichini and Conti [2] and Marino and Pietramala [12].

The nonlocal condition, which is a generalization of the classical initial condition,
was motivated by physical problems. The pioneering work on nonlocal conditions
is due to Byszewski [6]. In the few past years several papers have been devoted to
studying the existence of solutions of differential equations with nonlocal conditions.
Among others, we refer to the papers of Balachandran and Chandrasekarn [4],
Balachandran and Illamaran [3], Byszewski [6] [7] and Ntouyas and Tsamatos [13].
The results generalise [5, Theorem 3.1].

In this paper we study the existence of solutions for the problem —) by
using the classical fixed point theorem for compact maps due to Schaefer [I4].
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2. PRELIMINARIES AND BASIC HYPOTHESIS

In the remainder of the paper C(J, F) is the Banach space of continuous functions
from J into E with the norm

1Yl = sup {lly(®)]| - ¢ € J}

and B(E) denotes the Banach space of bounded linear operators from E into F
with the norm

INlB2) = sup {[Nyl| : llyll = 1}.

The following lemmas are crucial in the proof of our main theorem.

Lemma 2.1 ([I0, p. 36]). Suppose that (bl,qbg € C(J,R), ¢p3 € L'(J, R), ¢3(t) >0
a.e. on J and ¢1(t) < ¢a(t) + fo ¢3(s)p1(s)ds. Then

b1(8) < 6 (1) /¢>3 oo (s xexp/¢3 )dr)d

Lemma 2.2 ([14] and [I5 p. 29]). Let X be a Banach space and let N : X — X
be a continuous compact map. If the set

Q:={ye X :\y=N(y) for some A > 1}
is bounded, then N has a fized point.

Let us list the following hypotheseses:

(H1) A:J x E — B(E) is a continuous function such that for all » > 0, there
exists 71 = r1(r) > 0 such that [[v|| < r implies ||A(t,v)||gm) < 71, for all
ve k.

(H2) f:Jx E— E, (t,u) — f(t,v) is a continuous function.

(H3) There exists a constant L > 0 such that ||g(y)|| < L for each y € E.

(H4) I & s, y)ll < p)Y(|lyll) for almost all ¢t € J and all y € E, where p €
LY(J,Ry) and ¥ : Ry — (0,00) is continuous and increasing with

* du
M/ d8<c m,

where ¢ = M||yo|| + ML and
M = sup{U,(t, s)||pr) : (t,8) € J x J}.
(H5) For each bounded B C C(J, E),y € B, and t € J the set

t s
(U (4. 00~ U(t.0)90) + [ Uy(t.5) [ f(simplrards)
0 0
is relatively compact.

Remark 2.3. From (H1) we are able to claim the existence for any fixed u €
C(J, E) of a unique function Uy, : J x J — B(FE) defined and continuous on J x J
such that

Uu(t,s) =1+ /t Ay (w)Uy(w, s)dw (2.1)
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where I stands for the identity operator on E and A, (t) := A(t,u(t)). From (2.1))
one has

Uun(t,t) =1, Uut,s)Uu(s,r) =Uult,r), (t,s,r)eJxJIxJ;
= A, (t)Uy(t,s) for almost allt € J, Vs € J.

Remark 2.4. From (H1) it follows that v € C(J, E') implies A4,, € C(J, B(E)) and
I, — u®]|oo — O implies

| Au, — Auslloo := max{||[| Ay, (t) = Aue (t)||BE) : t € J} — 0, asn — oo.

A continuous solution y(t) of the integral equation

t s
() = Uy(t.0)0 — Uy 6.0)9(0) + [ Uy(2.5) [ fs.mp(r)drds
0 0
is called a mild solution of f.

3. AN EXISTENCE THEOREM

Theorem 3.1. Let g : C(J,E) — E be a continuous function and assume that
(H1)-(H5) are satisfied. Then problem (1.1)-(1.2) has at least one mild solution on
J.

Proof. We transform the problem (1.1)—(1.2) into a fixed point problem. Consider
the map N : C(J, E) — C(J, E) defined by

(Ny)(t) == Uy (£, 0)yo — U, (£, 0)g(y) + / U, (t.5) / s ry(r)drds, teJ

We remark that the fixed points of N are mild solutions to (1.1))-(1.2)). We shall
show that IV is a continuous compact map. The proof will be given in several steps.
Step 1. U,(t, s) is continuous with respect to u; i.e., ||u, — ©®||oo — 0 implies

[Uu,, = Uuslloc := sup  {[|Uu,, (t,8) = Uus (t,8) By} — 0 as n — oo.
(t,s)eJxJ

Indeed, let ||u, — u®]|cc — 0. Then there exists r > 0 such that ||uy|co, [|u®]|co < 7
Moreover, if s <t we have

||Uun - Uu*

t
o0 S/ 10w, (w, 8)|| ()| Au, () = A= ()] 5y d0
S

t
+/ | A~

t
< [, (@)~ A (@)l du
S

t
+/ | A~

B(B)|Uu, (0, 5) = Uy (w, 8)| () dw

B(E) IUu, (w, ) = Uy (w, 8) | B(mydw -
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Using Lemma [2.3] we obtain
HUun — Uy»

oo

t t
< [ A, () = Aue ()l + M [ 14w ()

X [/S ||Aun (7’) . (T)||B(E)d7-} exp(/w ||Au* (Z)HB(E)dz)dw

< bM|| Ay, — Ay- ur floc)
< ||Aun - Au*

oo T b2M||Au* ||00||Aun - Au*
o Mb(1 4 bry exp(bry)).

The conclusion follows from Remark 241
Step 2. N maps bounded sets into relatively compact sets; i.e. N is a compact
map. Let B, = {y € C(J,E) : ||y]lcc <r}. Then for each ¢ € J we have

(V) = Uy 0000 = Uy (.09 + | Uyft5) [ Fsmp(rdrds, te s
0 0
By (H3) and (H4), for each t € J, we have
INyll < Uy (£, 0) (s lyoll + Uy (£, 0) lg (W)

/nU /fSTy r))drlds

t
< Mol + ML+ Mb sup () / p(s)ds)
y€e(0,r 0

or

t
INylloo < M||yoll + ML + Mbsup(/ p(s)ds) max sup ¥(y):=1.
teJ Jo YEB ye(o,r]

Now let t1,t0, € J,t1 <ty and y € B,.. Then

[(Ny)(t2) — (Ny) (1)l
< ||Uy(t2,0) — Uy(t1,0)l| B llvoll + |Uy(t2,0) — Uy (t1,0)| Bz L

o / J(2,5) — Uy (1, )] / " F(s,my(r))drds]
+ Uy(ta, s / f(s,m,y(r))drds||

ty

< Uy (t2,0) = Uy (tr, 0) [ ) 9ol + [|Uy (t2,0) = Uy (t1, 0)l| () L

o / J(2,5) — Uy (1, )] / " Fls,my(r))drds]

+ Uy(ta, s / f(s,m,y(r))drds||
ty
< |Uy(t2,0) = Uy(t1,0)|| e llyoll + [[Uy(t2,0) — Uy(t1,0) | ey L
t1
+/O 1U, (b2, 8) — Uy (b1, ) [p(s)(ly(s)]) ds+M/ (ly(s)l)ds

This string of inequalities is bounded by K (t3 — t1) for some K > 0; hence N(B,)
is an equicontinuous family of functions. Therefore by the Ascoli Arzela theorem
N(B,) is relatively compact.
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Step 3. Theset Q = {y € C(J,E) : \y = N(y), A > 1} is bounded. Let y € Q.
Then Ay = N(y) for some A > 1. Then

y(t) = A"1U, (£, 0)go— AU, (£, 0)g () + A" /0 U, (t, s) /0 " (somy(r))drds te

By (H3) and (H4) this implies that for each ¢t € J we have

HWMSMMWMM+MAp@MMMW&

Let us take the right-hand side of the above inequality as v(t); then we have v(0) =
Ml|yo|| + ML and |y(t)|| < v(t), t € J. Using the nondecresing character of ¢ we

get

v < Mp(t)v(v(t), ted

This implies for each t € J that

v(t) du b % du
< M d _—
Amww— AP@S<A@wm

This inequality implies that there exists a constant d such that v(t) < d,t € J, and
hence ||y||oc < d where d depends only on the functions p and . This shows that
Q is bounded.

Set X := C(J, E). As a consequence of Lemma [2.2] we deduce that N has a fixed

point which is mild solution of (|1.1)-(L.2). O
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