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THE CAUCHY PROBLEM AND STEADY STATE SOLUTIONS
FOR A NONLOCAL CAHN-HILLIARD EQUATION

JIANLONG HAN

ABSTRACT. We study the existence, uniqueness, and continuous dependence
on initial data of the solution to the Cauchy problem and steady state solutions
of a nonlocal Cahn-Hilliard equation on a bounded domain.

1. INTRODUCTION

We are concerned with two different problems, the first being the Cauchy problem
for a nonlocal Cahn-Hilliard equation
% =A(p(u) —J*u) inR"™ x (0,7,

u(z,0) = up(x),

where p(u) = u + f(u), f is bistable (e.g. f(u) = au(u? — 1) for some a > 0), x is
convolution, and [, J = 1.
The second problem is for the steady state equation

/ J(& — y)dyu(z) - / J(@ — yuly)dy + fw) =C 9,
Q Q

/Q w(z)dz =0,

where 2 is a bounded domain, C' is a constant. The case when 2 = R or R™ has
been treated in [3] (5 [0 1] and references therein.
To derive equations 1 1)) and ., we consider the free energy

C// x —y)(u(z) — u(y)) da:dy—l—/F ))dx, (1.3)

where C' is a constant, F' is the primitive of f, and u represents the concentration
of one of the species of a binary material.

Following [I6], we consider the gradient flow for in Hy'(Q), where Hy ! is
the space of distributions in the dual space of H' and with mean value zero. We
do this since the total energy, F, decreases along the trajectories, and the average
of u should be conserved. We have

uy = — grad Ho—lE(U). (1.4)

(1.1)

(1.2)
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Since the representative of grad F(u) in H; ' is

ymH;Ew»:fAuugyquaf/Jm—ym@My+ﬂw»

(1.4) gives

% - A(/Q J(@ —y)dyu(z) - /Q J(z = y)uly)dy + f(u)). (1.5)

In (1.3)), making the approximation
u(z) —u(y) ~ Vu(z) - (z —y),
and assuming J to be isotropic, equation (1.4) leads to

N () (1.6)
which is the classical Cahn-Hilliard equation.

Equations and are important in the study of materials science for
modelling certain phenomena such as spinodal decomposition, Ostwald ripening,
and grain boundary motion.

There is a lot of work on equation (see for example [11 2] 4, @] T2, T3] 15}
T4l 20] and references therein). For equation , there are very few results. In
[6] and [7], we discussed the Neumann and Dirichlet boundary problems for (L5).
Here, we consider the Cauchy problem, where @ = R™ and [ J = 1. Note that
the steady state solutions for (1.5)) in a bounded domain with no flux boundary
condition satisfy the equation i without the constraint.

In this paper, we prove the global existence and uniqueness of solutions for
equation . Also we prove the existence of nonconstant solutions for equation
(1.2). The techniques used in the proof of the latter result can also be applied to
the nonlocal phase field system discussed in [§].

We organize this paper as follows. In section 2, we establish the existence,
uniqueness and continuous dependence on initial values for classical solutions of
equation . In section 3, we prove that under certain conditions, there exists a
discontinuous steady state solution for equation (1.2)).

2. THE CAUCHY PROBLEM FOR THE NONLOCAL CAHN-HILLIARD EQUATION

For T > 0, let Q7 = R™ x (0,T). We make the following assumptions:

(D1) f e C2tA(R) and ¢ (u) > ¢ for some positive constants ¢ and £,

(D2) J € C*A(R™), AJ € LYR™) N L>®(R"), and [5, J = 1.

First, we prove the uniqueness and continuous dependence of solutions on initial
data. We have

Proposition 2.1. Let u; (1 = 1,2) be two solutions of (1.1} with initial data w

(i =1,2). If conditions (D1)-(D2) are satisfied, if u; € C([0,T], L* (R™))NL>(Qr),

and if u;o € L*(R™) N L>®(R") (i = 1,2), then

sup / lur — ugldx < C(T)/ |uro — uggldz (2.1)
n R’n

0<t<T

for some constant C(T).
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Proof. For any 7 € (0,T), and ¢ € C*'(Q), with ¢» = 0 for |z| large enough, after
multiplying (L.1)) by v, integrating over [0, 7] x R™, we have

/ wi(x, 7)(x, 7)dx
:/ ui(x,O)w(x,O)dx—k/T/ (uiwt—kgo(ui)Aw)dxdt—/T VAT * u;dx dt.
n 0o Jrn o Jrn

Set z = w1 — ug, 20 = u1g — u2q, then the above equality gives

/n z(x, 7)Yz, T)dxr = /,, zo(x)(z,0)dx + /OT /n z(x,t) (Y + b(z, t) Ayp)da dt
- /OT | AT 2w, )

where

pur)—p(uz)
I
o' (uq) or Uy = Us.

Let g(z) € C§°(R™) have compact support, 0 < g(z) < 1, and take A > 0.
We will choose 1, above, to satisfy certain conditions. First, consider the follow-
ing final value problem on a large ball Br(0)

% _

5t =b(x,t)Ap+ X p for || <R, 0<t<T

=0 onlz|=R,0<t<T (2.4)
Y(z,7) =g(z) |z[ <R

There exists a unique solution ¢ € C%1(Bg(0) x (0,7)) of of (2.4) which satisfies
the following properties:

0 <y <M=, (2.5)
/ / b(x, t)| Ay de dt < C, (2.6)
0 JBr(0)
sup / |V|?dx < C, (2.7)
0<t<r BR(O)

where the constant C' depends only on g. To extend ¢ to be zero outside of Br(0),
we define £ € C§°(R™) such that
0 < fR < ]-7
tr=1 iflzg|<R—1,

1 2.8

[VEr(2)|, [AR(2)] < C

for some constant C' which does not depend on R.
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Let v = &g, where ¢ satisfies (2.4) in Br(0) and is zero outside. Using v
instead of ¢ in (2.2, we have

/ z(x, 7)g€rdr — Er(x)zo(2)h(z,0)dx + // (AT % z — Az)Eppdx dt
n R™ -

_ / b(a, £)2(x, 1) (2VER - Vib + b AER)dz dt = Gz, R).
Q-

Since uq and us belong to L>°(Qr), and since b is positive, from estimates (2.5))-(2.7))
and (2.8]), we have

G2, R)| < / /B (s =l (CIVERIVY] + [1AERD)

< 0// b(lua| + |us|) (V| + 1)dz dt (2.9)
0 Br\Br-1

SC/ / (Jur| + |uz|)dx dt.
0 BR\BR71

Since u; and uy belong to LY(Qr), letting R — oo we have G(z, R) — 0. This
implies

/ z(m,T)g(a:)de/ |z0(x)\e_’\7dx+/ / (AT % z — Xzt dg dt.
n n 0 "

Letting A — 0 and g(z) — sign z*(z,7), we obtain

/ (ug —ug)tdz < / |u1o — ugoldz + C/ / |up — usldx dt. (2.10)
n R™ 0 Jre

Interchanging u; and uq yields

.
/ |u1—u2|dx§/ |u10—u20\dx+0/ / |uy — usldz dt.
R Rn 0o Jre

Inequality (2.1]) follows from the above inequality and Gronwall’s inequality. O
Next we prove the existence of a solution to (|1.1)).

Theorem 2.2. For any T > 0, if up(x) € C’§+6(R"), and if ¢ and J satisfy
assumptions (D1) — (D2), then there exists a unique solution of which belongs

to C2+9%5 (Qr) N LMQr) N L¥(Qr).
Proof. Since ug(x) = 0 for |z| large enough, we consider
ou .
O~ Alp(w) — Ju) i Br(0) x (0.7),
u(z,t) =0 on dBx(0) x (0,T), (2.11)
u(z,0) = up(x).
From [7, Theorem 2.4], there exists a unique solution u(z,t) € C’Hﬁ’#(BR(O) X

(0,7)) of (2.11). Let u(z,t) = ve' in (2.11), we have

elvg +vet = o' (u)e! Av + " (u)|Vo2e?t — et AJ % v. (2.12)
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Multiplying (2.12)) by v and using vAv = $Av? — |Vv|?, we obtain

%(UQ)t +0? = %cp'(u)&vz + %cp”(u)Vv -Vo2el — ¢ (u)| Vo> —vA(J xv). (2.13)

If there exists (Py,t) € Br(0) x (0, T] such that v?(Py,ts) = maxv?, then we have
A’UQ(Pmt()) < O, V'UQ(P07tO) = O, V’U(P(),to) = 0, U?(Po,to) > O, and " yields

v} (Po,to) < — | AJ(Po = y)o(y, to)dyv(Po, to). (2.14)
Br

This yields
max [v| < M lv(y, to)|dy (2.15)
Br

for some constant M which does not depend on R.
Since u = 0 is also a solution of ([2.11)) with initial data uy = 0, by [7, Theorem
2.5], we have

/ lu(z,t) — Oldx < C(T)/ lug — 0]dx (2.16)
Br

Br
for some constant C'(T) which does not depend on R. Inequalities (2.15]) and (2.16)
imply
max |v| < C’(T)/ |uo|da. (2.17)
Br
Since ug € L*(R™), we have
max |v| < B(T) (2.18)
for some constant B(7') which does not depend on R. This yields
max |u| < B(T)e” (2.19)

for some constant B(T') which does not depend on R. We have proved the solution
of (2.11)) is uniformly bounded, i.e.,

max _|u(z,t)| < C
Brx[0,T]
for any R > 0, where C does not depend on R. A similar argument to that in the
proof in 7, Theorem 2.2] yields

lurll2+s < C(K,T) (2.20)

for any R > K = constant, where up is a solution of in B x (0,7) and
C(K,T) is a constant which does not depend on R (|| - |24 is a Hdélder norm
defined in [19]).

By employing the usual diagonal process, we can choose a sequence {R;} such
that ug,, Dug,, and D?ug, converge to u, Du, and D?u pointwise, and u satisfies

equation (1.1). From (2.16]) and (2.19)), we also have u € L*(Qr) N L>(Q7).

Uniqueness follows from Proposition [2.1 O
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3. STEADY STATE SOLUTIONS FOR THE NONLOCAL CAHN-HILLIARD EQUATION

In this part, we study equation (|1.2)).

Proposition 3.1. Suppose Q C R™ is a closed and bounded set, J(x) > 0 and is
continuous on R™, suppJ D Bs(0) for some positive constant §, and f is nonde-
creasing. Then the only continuous solution of equation s zero.

Proof. Without loss of generality, we assume that f(0) = 0. If f(0) # 0, we may

use f(u) — f(0) instead of f(u) in (1.2)).

Case 1: C' <0 in equation ([1.2). If the conclusion is not true, since [udz = 0, and

u is continuous on {2, there exists Py € €2 such that u(Py) = maxu(z) > 0. Let
A={yeQ:uly) =maxu(x)}.

We claim: There exist Py € dA and r > 0 such that K := (Q\ A) N B,.(F)
has positive measure. If this is not true, we have meas(2\ A) = 0. This and
u(z) = maxu on A imply [, u = [, u > 0. This contradicts [, u = 0.
Since supp J D Bs(0) implies supp J(Py — +) D Bs(Fy), choosing r = min{d,r}
gives
meas(K N By, (Fy)) > 0, (3.1)
J(Py—y)>0 on KnNB, (F),

u(Po) —u(y) >0 on KN B, (P).
Inequalities — imply
AJU%—ymm%»—mwmyz/’ T(Py — ) (u(Po) — u(y))dy > 0.

KNB,, (Po)
This and f(u(FPp)) > 0 imply

/Ja— w(Po)dy = [ (P = wu)dy+ fu(P) >0, (.4)
contradicting (1 .
Case 2: C' > 0in (1.2). In this case, taking Py such that u(FPy) = minu < 0 leads
to a contradiction in a similar way. O

If f'(u) changes sign, we make the following assumptions:
(E1) Q= (-1,1)ifdimQ =1, 2 = (-1,1) x ' if dim Q > 1.
(E2) J(z) = J(|z|), J(x) >0, and
MZsup/ J(x —y)dy > inf/J(m—y)dy2m>O
xeQ JQ zeQ Q
for positive constants M and m.
(E3) f € CY(R) is odd, f(1) = 0, there exist § > 0 and a € (0,1) such that
f'(u) > 6 on [a,00), and f(—a) > (14 a)M.
(E4) C =0in (L2).
Remark 3.2. Condition (E3) implies that f(—1) =0, f/(u) > 6 on (—o0, —al, and
—fla) = (1 +a)M.
Let j(z) = [, J(z — y)dy. From (Es), we have
m < j(x) < M. (3.5)
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Dividing (1.2)) by j(z), we consider
/Jz_ W)y +f(U($)):O7

/ u(z)dz = 0.
Q

Theorem 3.3. If assumptions (E1)— (E4) are satisfied, then there ezists a solution
of equation (@ such that

> M; =(0,1) x &
w(z) 42 a forx e My =(0,1) x (37)
< —a forxze My=(-1,0)x Q.
Moreover, we have
-1 <uz) <1 (3.8)
Proof. Following [3], we let
B={ue L) :u(-x1,2') = —u(z1,2’), u(x) € [a,1] for z € M;}.
The definition of B implies that u(z) € [—1, —a] for & € M5. Define
1 1
Tu(x) = u(x +h,—/Jx—yuydy—uz — —f(u(x))].
() = u(x) [J(x)ﬂ( Ju(y) ()j(x)(())]
We want to show T : B — B is a contraction map if h is small enough. In fact,
since j(z) = [, J(x — y)dy, with assumption (E2), we have j(—z1,2’) = j(z1,2).
And if u( ) € B, we have
T(u(—z1,2"))
=u(—z1,2") + —— / J(—z1 —y1, 2" =y )ulyr, v )dyrdy’
(=1, o
h
—hu(—z1,2") + ———— f(u(—z1,x
(—x1,2) j(xl, )f(( 1,7"))
= —u(z1,2’ iz / / —a1+ 21,8 =y )u(z1,y ) dzdy’
+ hu(xy,2') — 7/f(u(m1,x )
= —u(z1,2’ / / — 21,2 =y )u(a,y)dady’
.’L'17 ’
h o /
+ hu(zy,2') ]<x po )f( u(z1,2'))
= —(u<.'L'1, SU / / 217.%'/ - y/)u(zhyl)d'zldy/
13 ’
—h - !
u(er, o) + j(xhx,)ﬂu(xl,x ")
= —T(u(z1,2")).
Choose h small enough such that
1
h——f'(u)<1—nh (3.10)

j(x)
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for u € [-1,—a] U [a, 1] and = € Q.
This implies that u — h[u + ﬁf(u)] is increasing in w on [a, 1]. Since u(y) > a
for y € My, and u(y) > —1 for y € My, we have for z € M;

Tu(z)

= hos | I = g)utw)dy -+ u = hluc+ < o)

> his [ I = wuls)dy+ a = ha— =2 f(a)

= hees | I =y s [ -ty - ha - b gta)
> haﬁ /Ml Tz — y)dy hﬁ /M2 J(x — y)dy +a — ha — hﬁ f(a)

1 1 "
—a— ham /M2 J(x —y)dy — hm /M2 @ =y)dy = mf(“)

>0 isli+a) [ 96—y ) >0

Tu(z) = hﬁ / T(z — y)uly)dy +u — hlu+ ﬁf(u)]
0 h (3.11)
< hm/ﬂJ(:c—y)u(y)dy—i— 1—h-— hj(—g:)f(l) <1

for x € M;. Estimates (3.9)-(3.11)) imply that 7" maps B to B.
For u,v € B, choosing h small enough so that 0 <1 — h(1 + ;) < 1, we have

ITu — Tl oo
== o)+ =5 [ I =) (atn) = o)y
- hule) = v(2) = =5 (W) = S0
=1 - n= SO EZ I 0y e ) - o)l

1
< (A=A +057))lu = vl +All(w =~ v)lls
1
< (1= B = vl
where 6(x) € (0, 1) for all x € Q. Here we used (E3) and the fact that for any z € Q
either u(zx), v(x) > a or u(x), v(z) < —a.
Therefore, T is a contraction map from B to B. There exists a unique fixed

point u(z) such that Tu = u. Estimates (3.8]) follows from the definition of B. O

Remark 3.4. If we just consider the solution to

/ J(xz — y)u(z)dy — / J(x—y)u(y)dy + f(u) =0 inQ (3.12)
Q Q
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without the condition [, udz = 0, then the conditions that f is odd and J(z) =
J(|z|) are not necessary. In this case, we can use a similar method to that in [3] to
prove the existence of a discontinuous solution under conditions (E2), (E3)’, and
(E4), where
(E3) f € CYR), f(=1) = f(c) = f(1) = 0 for ¢ € (—1,1), there exist § > 0,
€ (0,1), b € (—1,0) such that f'(z) > 6 on [a,00) U (—00,b), f(a) <
—(1+a)M, and f(b) > (1 4+ b)M, where M is defined in (E2).
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