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EXISTENCE RESULT FOR A SEMILINEAR PARAMETRIC
PROBLEM WITH GRUSHIN TYPE OPERATOR

NGUYEN MINH CHUONG, TRAN DINH KE

ABSTRACT. Using a varational method, we prove an existence result depending
on a parameter, for a semilinear system in potential form with Grushin type
operator.

1. INTRODUCTION

Let Q be a bounded domain in R™ x R™2 with smooth boundary 9 and
{0} € Q. We shall be concerned with the existence of solutions of the Dirichlet
problem

L,gU=AVF inQ,

U=0 on 09, (1.1)

where

U=(u,v), Lag= <_ga _g,ﬁ) , Gs=A, + \x|25Ay for s > 0,

N1 82 N3 62
A == —_— A = R
xT § 29 Yy E PRI
P Ox; = 3yj

F = F(x,y,u,v) is potential function, VF = (2—5, %—f), a>0,8>0and \is a
positive parameter. Denoting N(s) = N1 + (s + 1) Ny, we assume that Ny, No > 1
and N(a), N(B) > 2.

For s > 0,G; is a Grushin type operator [9]. Its properties (such as degeneracy,
hypoellipticity) were considered in [9],[I5]. A semilinear problem with G in scalar
case was studied in [I4]. Thuy and Tri [T4] pointed out the critical Sobolev exponent
and proved the existence theorem for subcritical case. Many authors investigated
the existence of solutions for scalar cases or potential system cases with Laplace and
p-Laplacian operator (see [2] 3] [4, 5] [7, [8], 10, 13] and references therein). On the
other hand, existence result for systems in Hamiltonian form with G4 was obtained
in [6] and [II]. Our main goal in this paper is using the Moutain Pass scheme and
Ekeland’s variational principle as in [I], [7] and [I3] to find the weak solutions for
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system in the suitable Sobolev space when A € (0,\*) and observe on the
behaviour of that solutions as A — 0. In particular, we consider the system
with some classes of homogeneous and nonhomogeneous nonlinearities. To state
our main result, we need some definitions and notations.

1.1. Definition 1. By S7(Q),1 < p < +00, we denote the set of all pair (u,v) €
LP(Q) x LP(Q) such that (%‘i, 59—;;, |z ag—;7 |x|5§—y“_ € LP(Q) for all i = 1,..., Ny,
and j=1,..., Na. ’ ’

For the norm in ST (), we take

1/p
It 0)lsgoy = [ [ (aP+1¥+1al? 9410419 op+[2l?? V01 o]

where

0 0 0 0
— iy m— ) Vy=(5—, ..+,
x4 o, )V (8y1 YN,
For p = 2, the inner product in S7(Q) is defined by

((u,v), (@, 1))
_ / (g + VouVap + |27V, uV o + v + Voo Vot + 220V, 0V, ) dz dy.
Q

Ve =( ).

The space ST () is defined as closure of Cj(€2) x Cj(€2) in space ST(€2). By
standard arguments, one can prove that S7(€2) and S7,(Q) are Banach spaces,
S7(Q) and 57 () are Hilbert spaces.

The following Sobolev embedding inequality was proved in [I4].

1/q 1/2
(/ juftddy) " < c[/(|vzu|2+ @ V,uP)dedy] . (12)
Q Q

where ¢ = 2N(s) . _ 7,C > 0,5 2 0 and N(s) = Ny + (s + 1)Ny, provided small

N(s)—2
positive number 7. Furthermore, the number %Ei;fz is critical Sobolev exponent

for the embedding in ([1.2)).
Denoting by

LP9(Q) = {(u,v) s u € LP(Q),v € LI},

and endowing this space with the norm

1/p 1/q
| (w, v)|| ragay = [/Q|u|pdxdy} + [/Q|v|qudy} ,

o 2N@) . 2N@)
we have the conclusion in view of (L2) that S7,(Q) C L¥@-2"""¥®m-2"7(Q)
and this embedding is a compact mapping for all small positive numbers 7 and 75
(see [14]).

1.2. Definition 2. A pair (u,v) € S7 () is called a weak solution of system (1.1)
if
20 oF
(VauVap + 2]V, uVp)de dy = X a—ugodx dy,
@ © oF (1.3)
/(vmuvxw + |2V WV ) da dy = )\/ —pdz dy
Q Q v

for every ¢, € C§°(Q).
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Since the system ((1.1)) is in the gradient form, we intend to get its solutions as
the critical points of the functional

1
Ix(u,v) =§/(|VxU\2+|$|2a|VyUI2+|va|2+ |V yv[?)dz dy
Q

(1.4)
7>\/ F(I7y7uav)dxdya
Q

defined on reflexive Banach space S7 ;(Q) with Fréchet derivative given by

(T (), (0, ) = / (VouVop + |22V uV o + Voo Vath + 225V 0V, ) da dy
Q

oF oF
- A — —)dx dy.
/Q(auswravw) x dy
(1.5)
et f = 5 and g = % be two Carathéodory functions satistying the following
Let f = 9 and 9E b Carathéodory functi isfying the followi

conditions:

(H1) There exist positive constants C;, for ¢ = 1,...,6 such that
|f(x7yv Svt)| < Cl + CY2|S|T1 + O3|t|r27

1.6
(a1, 0) < Ci+ Colsl™ + Colt ™ o)
for a.e. (z,y) € Q and for all s,¢t € R, where
N(a) +2 N(B) +2
—_; —_ 1.
0<T1,T2<N(a)_2, O<T3,’I’4<N(ﬁ)_2 ( 7)
(H2) F(z,y,0,0) = 0 and there are two positive constants p > 2 and M > 0
such that
0 < puF(z,y,u,v) <uf(z,y,u,v) +vg(z,y,u,v) (1.8)
for a.e. (z,y) € Q and for all u,v € R satisfying |u|, |[v| = M > 0.
(H3) For a.e. (z,y) € Q,
F
(@ywo) (1.9)

1m _—
Jul+lv]—oo |u]? + |v]?

The inequalities in (1.6)) and (1.7]) express the subcritical character of the system
(1.1) and guarantee the well-definiteness of the functional I. It’s now to state our
main result.

Theorem 1.1. Under hypotheses (H1), (H2) and (H3), there exists a positive
constant \* such that for any X € (0, \*), the functional Iy has a nontrivial critical
point (ux,vx) satisfying [|(ux, va)lls2 (@) — +o0 as A — 0.

Our work is organized as follows. In section 2, we prove some lemmas to establish
the analysis framework for the proof of the main theorem in section 3. We shall
make a note that, the operator L, g in system has some extensions preserved
our proofs. In the last section, we are interested in some cases of nonlinearity of

the system (L.1]).
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2. PRELIMINARIES

We first recall standard definitions and notations. Let X be a reflexive Banach
space endowed with a norm ||.||. Let (.,.) denote the duality pairing between X
and its dual X*. We denote the weak convergence in X by “—” and the strong
convergence by “—”.

Let I € CY(X,R). We say I satisfies the Palais-Smale condition, denoted by
(PS) condition, if every Palais-Smale sequence (a sequence {z,} C X such that
{I(2,,)} is bounded and I'(2,,) — 0 in dual space X*) is relatively compact.

Putting

1
Bu,0) = 5 [ (9o + P2 V0l + 9,0 + o290 dy

\II(U/)’U) :/F(x’yauvv)dxdya
Q

we can write

I\(u,v) = ®(u,v) — AV (u,v). (2.1)

Lemma 2.1. Suppose f and g are continuous functions satisfying (H2). Then
every Palais-Smale sequence of Iy is bounded.

Proof. Let {(un,vy,)} be a Palais-Smale sequence of I, that is,

D (Up, vp) — AU (Up, vp) — € (2.2)
and
(@ (i, 00), (6:m)) = M (i, 00), (€M) < €nll€Mlsz ypr (23)
for all (¢,m) € 574(€2), where €, — 0 as n — oo. From (2.2), we have
1P (U, vy) — AW (Up, vy) < pe+ 1. (2.4)

Subtracting (2.3)), with (£,7) = (un,v,), yields
(v — 2)P(up, vyn) — A[pY (Un, vyn) — <\Il/ (Un, Un), (Un, Up )]

(2.5)
< e+ 1+ e, va) 52
Assumption (H2) ensures that
B (U, V) = (T (i, V), (i, 0)) < 0. (2.6)
Therefore, implies
B2 vy — enllCtms 0l o < i+ 1
Consequently, {(u,v,)} is bounded in 57 (). O

Lemma 2.2. Let assumption (H1) hold and (un,vn) = (u,v) in S§o(2). Then

lim <\III(’U,n7'Un), (un — U, Vp — U)) =0.

n—oo

Proof. Tt suffices to prove that

lim [ [f(z,y, un, vn)(un —u) + g(z, Y, Un, vy ) (v, — v)]dz dy = 0. (2.7)

n—oo O
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‘We first show that there exists constant M; > 0 such that

2N
[ Ve vPdedy < b, for p= g n (28)
if 7 is positive and sufficiently small. By assumption (H1) and the fact that

pri;pra S 1\22\;()0:)2 — 6(7), we have

[ 1yt v)Pdedy < [ (€14 ColuP™ + Calun )i dy
Q Q

1\?(1\;(>a2 5(7)
<C(1 + H(umvn)n Q) )a

where C' > 0,6(7) is positive and 6(7) — 0 as 7 — 0. Slnce {(un,vn)} is a bounded
sequence, (2.8)) follows. Similarly,

2N (B)

W + 7, (29)

/ |g(x7yaunavn)|qd$ dy < MQ, for q=
Q

where My > 0, 7 is positive and sufficiently small.
We are now in a position to prove (2.7)). Let p’ be the conjugate exponent of p,
using Hélder inequality, we have

[ (176t )0 = 0]+ )0 =)

< (/Q|f(17,y,un,vn)|pdxdy>1/p(/ﬂ|un 7u|p’d:cdy>1/pl
+ (/Q|g(a:,y,un,vn)|qdzdy>1/q(/ﬂunu|q,dxdy)1/d

<M Pl = ull gy + My o = vl o 0
< M||(tn, vn) = (U, 0) || o0 (@)
where M > 0 and
, 2N(a) +7[N(a) +2]  2N(a)

V= N -2+ V@ +2 ~ N -2 7
51(r) >0 and d1(7) —0 as 7—0,
NG NG +Y NG

CN@)-2+7[NB) +2] N(B) -2
da(t) >0 and da(7) — 0 as7T — 0.

2N (8)
The compactness of the embedding S7 ((Q2) C LN<a> R NOR s 2_52(7)(9) im-
plies that there exists a subsequence, denoted also by {(uy,,v,)}, such that

1@, vn) = (u, V)| porar (@) = 0 as n— o0
The proof is complete. O
Lemma 2.3. If (un,vn) = (u,v) in S§,(Q) and

lim (D (un, vn), (Un — u, v, —v)) =0,

then (un,vn) — (u,v) in S74(€2).
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Proof. Let {(un,v,)} converge weakly to (u,v). Denoting

Jn = / [VouV,(u, —u) + |x\2avyuvy(un —u)]dz dy
Q

+ / VooV (vn —v) + |2*PV, 0V, (v, — v)|dz dy,
Q
we have lim,, . J, = 0. On the other hand,

(@'(un,vn), (U, — u, vy — 0))
- /Q (V. (ttn — 10) 2 + 222V (11, — 10) 2}z ly

+ / [[Va(vn —0)|* + \x|2ﬁ|Vy(vn —)|*dx dy + J,.
Q

Hence ||(uyn — u,vn — v)|s2 () — 0 as n — oo. The conclusion of Lemma is
proved. O

Lemma 2.4. Let assumptions (H1) and (H2) hold. Then I satisfies the (PS)
condition.

Proof. Suppose that {(un, v, )} is a Palais-Smale sequence of I. Lemma[2.1{ensures
that {(un,v,)} is bounded in Sf(€2). Then, there exists a subsequence, denoted
also {(un,vn)} converging weakly to (u,v) in Sf(€2). By the conclusion of Lemma

lim (U (up, vn), (Un — u, v, —v) =0,

and the fact that o
(I (tny vp)s (U, — Uy vy — 0))
= (D (tun,vn), (U — Uy v — V) — MY (U, v3), (U, — U, v, — 0)),
we obtain
nangO D (wp, V), (U, — u, v, — v)) = 0.

Lemma allows us to conclude that {(u,,v,)} converge strongly to (u,v) in
57 (€). Hence, the functional Iy satisfies the (PS) condition. O

3. PROOF OF THE EXISTENCE RESULT

Lemma 3.1. Assume that the hypotheses of Theorem [I_1] hold. Then there exist
positive numbers ny and py such that ny — 400 as A — 0 and,

In(u,v) =y for all (u,v) € 57(Q) satisfying ||(u,v)l|s2 (@) = px
Moreover, Ix(tu,tv) — —oo as t — +oo for some (u,v) € S7,(2)\{(0,0)}.

Proof. Let
2N(a) 2N(ﬁ)

Using the same arguments in the proof of Lemma [2.2] we obtain

/‘f(xall,Uw)Ipdxdy Cp(1+|(u, U)”N(a) S 71(7))7
; (3.1)

2N (B

2N(8)_
/ lg(z,y,u,v)|%dxdy < Cy(1+ ||(u, U)Hé\r;ﬁ)mz) —72(7 ))’
Q
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where 1 (7),v2(7) are positive and ~v1(7),72(7) — 0 as 7 — 0. Now, from the
inequalities in (3.1)), one can estimate

/ F(a,y,u,v)de dy
Q

<C / uf (2,9, 4, v) + vg(2, . u, )] de dy
Q
1/
/lf vy, u,0)Pdedy). /|u|p d dy)

+C’ /|gwy,uv|dzdy /\v|qdzdy

oz —71(7)
<e(1+ 10155l

—v2(7)
F (Ul 300 ) ol

2N (a)

)y (r)\ /P B —ya(r)\ M4
<c[(L I3 ) (i1 )
X ([lull o () + V]l Lo’ ())-
Nz~ (1)) /P Rz —12(7)
<e[(t 1o E ) (ol ) i lsz, 0
for some positive constant C. Note that, the Young inequality gives
11 11
Av <-4+ -A, Bi < -+ -BforA,B>0.
q p P oq

From these facts, we have

2N 41—y (7) . +1—72(7)
/Q F(a,y,uv)dedy < CF + G5 (wv)|37g) " +C3l(w. >|\g;ﬂ}g 2,

for some C5,C5,C5 > 0. Using the last inequality and taking (2.1]) into account,
we get

() 2501w 0)2 o)

DO =

(3.2)

2N (@) 2N (B)

" # 5=z t1-n(7) % +1—v2(7)
= ACT + G5l 0)l1 &) " ) + 03 (u, )||N([’) )
Choosing (u,v) € 57 4(€2) such that H(U,U)HSI%O(Q) = A%, with s satisfying

N(a)—2 N(B)— 2)
N(a)+2 N(B) +2

O<3<s*:min(

we have
N< )+2 JN@)+2

O ] A

In(u,0) > /\‘23[ oAl

Taking py = A7%,n\ = %)\ 2 we conclude that Iy(u,v) > ny if X is sufficiently
small and || (u, ’U)||520(Q) P

Our task is now to show that Iy(tu,tv) — —oo as t — +oo, for some (u,v) €
ST o(\{(0,0)}. Tt follows from (H3) that, given M > 0, there exists K (M) > 0
such that

F(z,y,s,t) > M(s*> +t?), forall s,t € R satisfying |s| + |[t| > K(M).
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Let (u,v) € 57 ,(Q) with [|(u, v)[ls2 () =1 and Jo(u? +v*)dx dy = a. Then

1
Iy (tu, tv) = §t2 — )\/ F(z,y,tu, tv)dzx dy
Q

and
/ F(z,y,tu,tv)dedy > Mtz/ (u? +v¥)dxdy — b, (3.3)
Q QN{(2,y) €Q:|ul+]v| > EGFD}

where b is a constant depending on a.
For t sufficient large,

1
/ (u? +v¥)dzdy > ~a.
AN (2,) €l + o] > KP0} 2
From this and (3.3]), we arrive at the conclusion
1 1
Iy(tu, tv) < 5t? — 5aAMt2 +b,
for ¢ sufficient large. Choosing M = % leads to
1
I (tu, tv) < b— §t2, for ¢ sufficient large.
Hence, I (tu,tv) — —oo as t — 4o0. O

Proof of Theorem[I1.1 By Lemma[2.4]and Lemma[3.1} we may apply the Mountain
Pass Theorem [12]. It follows that there exists A* > 0 such that for all A € (0, \*),
the functional I has a critical point (uy,vy) satisfying Ix(ux,vy) > nx > 0 and
[(ux, va)llsz o) = Pa =A7" — +00 as A — 0. 0

Remark. (1) The operator G, can be extended to the more complicated form
Ag + [ Ay + |22 A,

in the domain Q € R x RNz x RN2. Following [14], the critical exponent for this

case is
Ny +(s1+1)No+ (s2 +1)N3 + 2

N1 —+ (81 —+ 1)N2 —+ (82 —+ 1)N3 — 2
Generally, G4 has the form

m
Auy + ) lwol** A,
i=1

in the domain Q = {(wo,w1,...,wm)} C [ty RYi. The associated critical expo-
nent is given by

N() + Z;Zl(si + 1)N1 +2

No+ > (si+1)N; — 2
Putting w = (wo,w1, - - -, wm ), we can preserve the hypotheses (H1)-(H3) and pro-
ceed with the functional

1 = v
Iy(uv) =3 /Q(|Vwou|2 + 3 o2 Ve u

i=1

%Y dw

1 m
+§/(|Vw0v|2—&-Z\wO\QSi\VMMQ)dw—)\/ F(w,u,v)dw.
Q Q

i=1
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(2) Using the same argument used above, we can deal with the system of m un-
knowns

LU = AVF in Q,

U=0 on 09,
with U = (uy, u2, ..., um) F = F(z,y,u1,ug, ..., un) and
Gs, 0 ... 0
0 Gs .. 0
L= . . .
0 0 ... G

Sm

For this system, hypotheses (H1), (H2) and (H3) are replaced by
(H1’) All components of VF are Caratheodory functions satisfying

OF - ’
5.7”(55,3/7[])’ < Cipo + Zcij|ui|m,
j=1
N(s;)+2 . .
0 < Tij < W, 1= 1..’/7,, J = 1..m,

for a.e, (z,y) € Q and for all U € R™.
(H2’) For a.e. (z,y) € Q and for all U € R™ satisfying |U| > M, F(z,y,0) =0
and 0 < uF < VF.U, where u, M are real numbers, u > 2 and M > 0.

(H3’) F(x,y,U) is superlinear, i.e. limy|—os F(ﬁﬁém = 400. The associated
functional is represented by
1 - 2 254 2
L) =5 [ [ S 090uil? + 221V, dedy = & | Fla,y,U)dzdy.
Q Q

i=1
4. SOME SPECIAL CASES OF NONLINEARITY

Homogeneous cases. Let ¢ € R, ¢ > 1. The potential function F(z,y,u,v) is
called g-homogeneous in (u,v) if F(z,y,tu,tv) = t7F(x,y,u,v) for a.e. (x,y) € €,
for all t > 0 and (u,v) € R?.

Assume that F(x,y,u,v) > 0 and F is g-homogeneous in (u,v). Furthermore,
for fixed (z,y) € Q, F(x,y,.,.) € C*(R?) and for fixed (u,v) € R?, F(.,.,u,v) €
L>(Q). Then the following properties of F'(x,y, u,v) are verified:

(1) For a.e. (z,y) € Q and for all (u,v) € R?

m([ul? + [v|*) < F(z,y,u,v) < M(Jul? + [0]?), (4.1)
where
M = esssup max {F(z,y,u,v):|ul?+ |v|9 =1}, (4.2)
(z,y)eq (u,v)ER?
m = essinf min {F(z,y,u,v): |u|?+ |v|? =1} (4.3)

(z,y) €N (u,v)ER2
(2) For all (u,v) € R? and a.e. (z,y) € Q,
F F
Ua (337247%“) +Ua (x,y,u,v)

ou v = qF($>y7uaU)~ (44)

3)
VF is (¢ — 1)- homogeneous in (u,v). (4.5)
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It is easy to see that, for ¢ > 2, the condition (H2) is followed from (4.4)), the g¢-
homogeneity of F' implies the condition (H3). Moreover, we deduce from properties

([@.5) and (4.1) that
Ju
ov
where Mj, My are positive constants. Then, the condition
., 2N(a)  2N(pB)
2 4.

| < Ml 4 o),

| < Mol + ol ),

ensures the validity of (H1).

We now show some examples of F(z,y,u,v), which by their homogeneity, one
can obtain the solutions of problem (|1.1)).
Example 1. Let F(z,y,u,v) = a(z,y)|u|*|v|* where

2<k+b<q" = min{z\?(JZ)(Oi)Q, ]\?(];)(6)2},

a(z,y) € LT (Q) denoted the set of all nontrivial nonnegative functions in L*°(Q).
Obviously, this class of potential functions satisfies all our conditions and yields the
existence result.

More generally, we can apply the polynomial function given by

F('r7y7u7v) = Za'l($7y)|u

Fi |yt (4.7)

v

to nonlinearity of problem (1.1]), where i € O(#0 < o), k;,¢; are nonnegative
numbers satisfying 2 < k; +¢; = ¢ < ¢* and a;(x,y) € L (Q).
Example 2. Let us denote

Pq('rayau7v) = Zai(x7y)‘u

%

ki

’Uei7 2<k¢+€i:q,ai€Lf(Q).

Our potential function F' may be the following functions and some possible combi-
nations of them:

Pq-ﬂ,—»,«(ﬂ?, Zl; U, U)

F(m,y,u,v)z \ Prq(x7y7uav)a F(x,y,u,v)z P(.’E Y, U U) ’

where r is a positive real number.

Nonhomogeneous cases. In this part, we assume that the nonlinearity in (1.1))
has the form

F(x,y,u,v) = Gz, y,u,v) + H(z,y,u,v), (4.8)
where G and H are nontrivial nonnegative functions such that: G(x,y,u,v) is p-
homogeneous with 1 < p < 2, H(z,y,u,v) is g-homogeneous with 2 < ¢ < ¢* (¢*
is denoted in example 1). It’s not difficult to check that F(z,y,u,v) satisfies the
hypotheses (H1)-(H3), so by Theorem one can obtain the solution (ui x,v1,x)
of system with behaviour that [ (u1x,v1,0)s2 ) — +o0 as A — 0. Now
suppose 1 < p < 2, we will use the Ekeland’s variational principle to get another
nontrivial solution named (ug x, v2 1) such that ||(ug,», U27>\)||S%,O(Q) —0as A — 0.
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Firstly, following the arguments in the proof of Lemma[3.1] we have the inequality

1
In(u,v) 251w ) s o)

4.9)
£ o 21—y (1) | w2z 12 (7) (
— ACT + C3I(u, U)||gf(0)(g2) + G5l (w, U)Hgf(?(gg) I

Choosing (u,v) € S7 () such that [[(u,v)|s2 ) = N/2.0 <7 < 1, we deduce

In(u,v) > %)\T > 0, (4.10)

for A sufficiently small. On the other hand, under the assumptions on G and H,
the following inequalities hold for all (u,v) € R?, (z,y) € Q:

me([ul” + [v|?) < G(z,y,u,v) < Mg (|ul” + [v]?),

my ([ul? + v|!) < H(z,y,u,v) < Mg ([ul? + |v]?),

where Mg, My, mg and my are defined in (4.2) and (4.3)). This fact allows us to
estimate

I\ (tu, tv)

1
< 5205t o) = ' [ (ul? + o)z dy sy [ (uf? + ol .

for all ¢ > 0. Taking (u,v) € S§ (), [(w, v)lls2 () = 1 we have

(4.11)

In(tu, tv) < C1t? — Cot? — Cst?,
where C1, Cy and C5 are positive constants. Since 1 < p < 2, we can state that
I\ (tu, tv) < 0, (4.12)

for small positive ¢.
We now consider the functional I in the ball B(0,\") C Sf,(€2). Using Eke-
land’s variational principle and arguments similar to those used in [I], we have

Iy = _inf I)(u,v) <0

B(0,A")

and there exists a (PS) sequence {(un,v,)} of I in B(0,\"). Since I satisfies (PS)
condition, one can conclude that {(un,v,)} converges to a critical point named
(u2,x,v2,2) € B(0,A") up to a subsequence.
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