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WELL-POSEDNESS OF DEGENERATE
INTEGRO-DIFFERENTIAL EQUATIONS IN FUNCTION SPACES
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ABSTRACT. We use operator-valued Fourier multipliers to obtain character-
izations for well-posedness of a large class of degenerate integro-differential
equations of second order in time in Banach spaces. We treat periodic vector-
valued Lebesgue, Besov and Trieblel-Lizorkin spaces. We observe that in the
Besov space context, the results are applicable to the more familiar scale of
periodic vector-valued Holder spaces. The equation under consideration are
important in several applied problems in physics and material science, in par-
ticular for phenomena where memory effects are important. Several examples
are presented to illustrate the results.

1. INTRODUCTION

In this article, we consider the following problem which consists in a second order
degenerate integro-differential equation with infinite delay in a Banach space:

t
(Mu') (t) — A/ (t) — % / c(t — s)u(s)ds
. - (1.1)
= yu(t) + Au(t) + / b(t — s)Bu(s)ds+ f(t), 0<t<2m,
and periodic boundary conditions u(0) = u(27), (Mu')(0) = (Mu')(27). Here,
A,B,A and M are closed linear operators in a Banach space X satisfying the
assumption D(A)ND(B) C D(A)ND(M), b,c € L*(R,), f is an X-valued function
defined on [0,27], and 7 is a constant. In case M = 0, the second boundary
condition above becomes irrelevant and we are in the presence of a first order
degenerate equation.

Equations of the form appear in a variety of applied problems. The case
where the memory effect is absent has been studied by many authors. The mono-
graph [32] by Favini and Yagi is devoted to these problems and contains meaningful
applications to concrete problems. Recently applications to inverse problems and
in the context of multivalued operators have been investigated (see e.g. [31]). The
book [44] by Melnikova and Filinkov also treats abstract degenerate equations.
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Evolutionary integro-differential equations arise typically in mathematical physics
by constitutive laws pertaining to materials for which memory effects are impor-
tant, when combined with the usual conservation laws such as balance of energy or
balance of momentum. For details concerning the underlying physical principles,
we refer to Coleman-Gurtin [24], Lunardi [43], Nunziato [45], and the monograph
Priiss [50] (particularly Chapter II, Section 9) for work on the subject. The latter
reference contains a wealth of results on general aspects of evolutionary integral
equations and their relevance in concrete models from the physical sciences. Equa-
tions of first and second order in time are of interest. Typical examples for b(-)
and c(-) are the completely monotonic functions Ke~“!t* where K > 0, w > 0 and
© > —1, and linear combinations thereof.

Several authors have considered particular cases of the above equation. Earlier
papers: Lunardi [43], Da Prato-Lunardi [25] 26], Clement-Da Prato [21I], Priiss
[51], Nunziato [45], Alabau-Boussouira-Cannarsa-Sforza [I] and [53] for example,
use various techniques for the solvability of problems of this type. In the case
of Hilbert spaces, the results obtained by these authors are complete. This is
due to the fact that Plancherel’s theorem is available in Hilbert space. When
X is not a Hilbert space, this is no longer the case because of Kwapien’s theo-
rem which states that the validity of Plancherel’s theorem for X-valued functions
requires X to be isomorphic to Hilbert space (see for example Arendt-Bu [7]). Be-
ginning with the papers by Weis [56], [57], Arendt-Bu [7], Arendt-Batty-Bu [6], it
became possible to completely characterize well-posedness of the problem in pe-
riodic vector-valued function spaces. Initially, Arendt and Bu [7] dealt with the
problem u'(t) = Au(t) + f(t), u(0) = u(27). Maximal regularity for the evolution
problem in L? was treated earlier by Weis [506] [57] (see also [21] for a different proof
of the operator-valued Mikhlin multiplier theorem using a transference principle).
The study in the LP framework (when 1 < p < co) was made possible thanks to the
introduction of the concept of randomized boundedness (hereafter R-boundedness,
also known as Riesz-boundedness or Rademacher-boundedness). With this, neces-
sary conditions for operator-valued Fourier multipliers were found in this context.
In addition, the space X must have the UMD property. This was done initially
by L. Weis [56, [57] for the evolutionary problem and then by Arendt-Bu [7] for pe-
riodic boundary conditions. For non-degenerate integro-differential equations both
in the periodic and non periodic cases, operator-valued Fourier multipliers have
been used by various authors to obtain well-posedness in various scales of function
spaces: see [12, [15], 18] B85 [36], 37, B8], 48] and the corresponding references. The
well-posedness or maximal regularity results are important in that they allow for
the treatment of nonlinear problems. Earlier results on the application of operator-
valued Fourier multiplier theorems to evolutionary integral equations can be found
in [21]. More recent examples of second order integro-differential equations with
frictional damping and memory terms have been studied in the paper [19]

We use the operator-valued Fourier multiplier theorems obtained by Arendt and
Bu [§] on B,,(0,27; X), and Bu and Kim [I7] on F}, (0,27; X) to give a charac-
terization of well-posedness of in these spaces in terms of operator-valued
Fourier multipliers and then we derive concrete conditions that allow us to apply
this characterization.

More recently, degenerate equations have attracted the attention of many au-
thors. Both first and second order equations have been considered. The first order
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degenerate equation
(Mu)'(t) = Au(t) + f(t), 0<t<2m, (1.2)

with periodic boundary condition Mu(0) = Mu(27), has been studied by Lizama
and Ponce [42]; under suitable assumptions on the modified resolvent operator
associated to , they gave necessary and sufficient conditions to ensure the
well-posedness of in Lebesgue-Bochner spaces LP(0,2m; X), Besov spaces
B;,(0,2m; X) and Triebel-Lizorkin spaces Fy, (0, 2m; X).

Recently Bu [I3] studied the following second order degenerate equation

(Mu')'(t) = Au(t) + f(t), 0<t<2m, (1.3)

with periodic boundary conditions w(0) = u(27), (Mu')(0) = (Mu')(27). He also
obtained necessary and sufficient conditions to ensure the well-posedness of
in Lebesgue-Bochner spaces LP(0,27; X), Besov spaces B, (0,2m; X) and Triebel-
Lizorkin spaces F, (0,2m; X) under some suitable conditions on the modified re-
solvent operator associated to . Operator-valued Fourier multiplier techniques
have been used recently, most notably by Bu and Cai for handling degenerate prob-
lems in various classes of function spaces (see e.g. [14] [I§].

For more references on degenerate equations and their relevance in concrete
problems, we refer to the book [32] by Favini and Yagi. Other references are Barbu
and Favini [32], Favaron and Favini [30] and Showalter [54], 55]. The latter author
has studied extensively the class of Sobolev type equations.

When more than one unbounded operators are involved in (L.1), a strengthening
of the definition of well-posedness is necessary. The resulting definition (Definition
below) which we provide, seems to be new in this context. In fact, our def-
inition is parallel to the usual one for partial differential equations, in the sense
of Hadamard, namely existence, uniqueness and continuous dependence of the so-
lution on the data of the problem. The definition given is consistent with the
previously adopted ones in the case where only one unbounded operator appears
in the equation.

We study equation in the spaces of 27-periodic vector-valued functions,
namely: Lebesgue-Bochner spaces LP(0,27; X), Besov spaces B;q(0,27r;X) and
Triebel-Lizorkin spaces Fy, (0, 2m; X).

This article is organized as follows: in Section 2 we collect some preliminary
results and definitions. In Section 3, we give necessary and sufficient conditions
for well-posedness of the in the Lebesgue Bochner spaces LP(0, 27; X ), Besov
spaces B, (0,2m; X) and Triebel-Lizorkin F};, (0, 27; X) spaces in terms of operator-
valued Fourier multipliers. In Section 4, we give concrete conditions on the data
ensuring applicability of the results established in Section 3. We stress that in the
LP case, the results use the concept of R-boundedness and require the space X to
be UMD (this is equivalent to the continuity of the Hilbert transform on L?(R, X),
1 < p < ). The the concept of R-boundedness first appeared in the context of
evolution equations in the papers [56, [57] of Weis (see also the article [34]).

In the other cases (namely Bj (0,27; X) and F},(0,27; X)), these restrictions
are no longer needed but one requires instead higher order boundedness conditions
on the “modified resolvents” involved.

In the final Section 5, we consider some examples where the results above apply.
We single out the following modified version of problem which is considered in
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Favini-Yagi [32, Example 6.1]

0 Ou(t, x) Ou(t, x)
o) ATy,
= Au(t,x) —|—/ b(t — s)Au(s,xz)ds + f(t,z), (t,z) €[0,27] x Q,
—o0 (1.4)
u(t,z) = a“(;t’” =0, ()€ ][0,27] x 09,
u(0, ) = u(2m, ), m(m)w = m(x)w, x €,

where €2 C R™ is an open subset and A is the Laplace operator. We consider the
problem in the space X = L"(Q2), 1 < r < oo. This is a degenerate wave equation
with memory and a damping term. We treat the problem for periodic boundary
conditions. The authors of the cited papers also study the evolutionary problem
as well, including asymptotic behavior of solutions. They consider only the case
when a = 0, that is they do not incorporate the memory term in the equation.
They restrict their study to the Holder spaces. For periodic boundary conditions,
we obtain complete characterization of well-posedness in the three scales of spaces:
LP, By, and F,,. We are also able to treat this problem replacing A with —A in

Pg’
the right hand side. The latter equation is the focus of the reference [32].

2. PRELIMINARIES

In this section, we collect some results and definitions that will be used in the
sequel. Let X be a complex Banach space. We denote as usual by L!(0,2m, X)
the space of Bochner integrable functions with values in X. For a function f €
LY(0,27; X), we denote by f(k), k € Z the kth Fourier coefficient of f:

f(k) = %/O ﬂe,k(t)f(t)dt,

where ey, (t) = e** t € R.

Let u € L'(0,27; X). We denote again by wu its periodic extension to R. Let
a € L'(Ry). We consider the the function

F(t)= /t a(t — s)u(s)ds, teR.

Since ,
Ft) = / a(t — s)u(s)ds = / a(s)ult — s)ds, (2.1)
—00 0
we have ||F|[z1 < |lal|1|lullzr = llall 1@, )llull L1 0, 2x;x) and F is periodic of period
T = 27 as u. Now using Fubini’s theorem and (2.1) we obtain, for k € Z, that

F(k) = a(ik)u(k), k € Z (2.2)

where a(\) = [ e *a(t)dt denotes the Laplace transform of a. This identity
plays a crucial role in the paper.

Let X,Y be Banach spaces. We denote by £(X,Y) the set of all bounded linear
operators from X to Y. When X =Y, we write simply £(X).

For results on operator-valued Fourier multipliers and R-boundedness (used in
the next section), as well as some applications to evolutionary partial differential
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equations, we refer to Amann [2], Bourgain [10, [IT], Clément-de Pagter-Sukochev-
Witvliet [22], Weis [56, 57], Girardi-Weis [33], [34], Kunstmann-Weis [39], Clément-
Priiss [23], Arendt [4] and Arendt-Bu [7]. The scalar case is presented for example
in Schmeisser-Triebel [52, Chapter 3]. This reference also considers the case where
X is a Hilbert space (Chapter 6). Here, we will merely present the appropriate
definitions.

We shall frequently identify the spaces of (vector or operator-valued) functions
defined on [0, 27] to their periodic extensions to R. Thus, in this section, we consider
the spaces:

Lebesgue-Bochner spaces. For 1 < p < oo, we denote L5 _(R; X) (denoted also
L?(0,2m; X), 1 < p < o0) of all 27-periodic Bochner measurable X-valued functions
f such that the restriction of f to [0, 27] is p-integrable, usual modification if p = oco.
The space is equipped with the norm

27 1 .
(& Jom @) 5edt) " i1 < p < oo,

1fllp = I1fllLe (0,22, x) = (2.3)

esssup; (o 20 |1/ (B x  if p = oc.

Besov spaces. We briefly recall the the definition of 27-periodic Besov space in
the vector-valued case introduced in [§]. Let S(R) be the Schwartz space of all
rapidly decreasing smooth functions on R. Let D(0, 27) be the space of all infinitely
differentiable functions on [0, 27] equipped with the locally convex topology given
by the family of seminorms

Iflla = sup |F()]
z€[0,27]
for « € Ng := NU{0}. Let D'(0,27,X) := L(D(0,27),X) be the space of all
bounded linear operators from D(0, 27) to X (X-valued distributions). In order to
define the Besov spaces, we consider the dyadic-like subsets of R:

Iy={tcR:|t| <2}, I = {t e R: 271 < Jt| < 2F}

for k € N. Let ®(R) be the set of all systems ¢ = (¢r)ren, C S(R) satisfying
supp(¢y) C Iy for each k € Ny, > ken, Pk(z) =1 for x € R, and for each o € No,

SUD, R keN, 2k°‘|¢5,(fa) ()] < oo. Let ¢ = (dr)ken, € P(R) be fixed. For 1 < p,q <
o0, s € R, the X-valued 27-periodic Besov space is denoted by B, (0,27, X) and
defined by the set

{reD0.2mx) Il = (T2 e e 0,0iwlg) " < oo}

§>0 kEZ

with the usual modification if ¢ = oo.

It is known that B, (0,2, X) is independent of the choice of ¢, and different
choices of ¢ in the class ®(R) lead to equivalent norms || - Equipped with the
norm || - [|5., By, (0,27, X) is a Banach space.

It is also known that is 51 < sg, then B;2(0,27, X) C ByL(0,27, X) and the
embedding is continuous [§]. When s > 0, it is proved in [§] that By (0,27, X) C
L?(0,27, X) and the embedding is continuous; moreover, f € Bf,;}‘l (0,27, X) if and
only if f is differentiable a.e on [0,27] and f" € B; (0,27, X). In the case where

I5q-
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p=g¢q=o00and 0 < s < 1 we have that B (0,27, X) corresponds to the space
C*(0,2m, X) of Holder continuous functions with equivalent norm
1f(t2) — f(t1)llx

s .x) = Sup + .
||fHC (0,2m;X) frsits |t2 — t1|s Hf”oo

Triebel-Lizorkin spaces. Let ¢ = (¢r)ren, € ®(R) be fixed with ¢ and ®(R)
as above. For 1 < p < oo, 1 < ¢q < o0, s € R, the X-valued 27-periodic Triebel-
Lizorkin space with parameters s, p and ¢ is denoted by F;q(O, 27m; X) and defined
by the set

{FeD0.2m. %) 1115, = | (2271 Y en @ 65 (M FR)%) ], < o0}

§>0 keZ

with the usual modification if ¢ = co.

It is known that set ng(O, 27, X) is independent of the choice of ¢, and again,
different choices of ¢ lead to equivalent norms || - Equipped with the norm
[l ll5gs Fpg(0,2m, X) is a Banach space.

It is also known that if s; < sg, then Fj2(0,2m, X) C F;1(0,27, X) and the
embedding is continuous [I7]. When s > 0, it is show in [17] that F};, (0,27, X) C
L?(0,27, X) and the embedding is continuous; moreover, f € Fpsjl((), 2, X) if and
only if f is differentiable a.e on [0,27] and f" € F};, (0,27, X). The exceptional case
p = oo will not be considered in this paper. We refer to Schmeisser-Triebel [52]
Section 3.4.2] for a discussion. Note that F};,((0,27); X) = B;,((0,27); X) by an
inspection of the definitions.

We give the definition of operator-valued Fourier multipliers in each of the cases
that will be of interest to us. First, in the case of Lebesgue spaces, we have: (See
[, 8, [1°7]).

Iq-

Definition 2.1. Let X and Y be Banach spaces. For 1 < p < oo, we say that a
sequence (My)rez C L(X,Y) is an LP-multiplier, if for each f € LP(0,2m; X) there
exists u € LP(0,27;Y") such that

a(k) = My f(k) for all k € Z.
In the case of Besov spaces, we have the following concept.

Definition 2.2. Let X and Y be Banach spaces. For 1 < p,q < oo, s > 0,
we say that a sequence (My)rez C L£(X,Y) is an B, -multiplier, if for each f €
B;,(0,2m; X) there exists u € B, (0,27;Y") such that

a(k) = My f(k) for all k € Z.
Finally, in the case of Triebel-Lizorkin spaces, we have the following concept.

Definition 2.3. Let X and Y be Banach spaces. For 1 < p < o0, 1 < g < o0,
s >0, and let (My)kez C L(X,Y), we say that a sequence (My)rez C L(X,Y) is
an Fj -multiplier, if for each f € F};, (0,2m; X) there exists u € F};, (0,27;Y’) such
that

a(k) = My f(k) for all k € Z.

From the uniqueness theorem of Fourier series, it follows that u is uniquely
determined by f in each of the above mentioned cases.
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We denote by Y = Y(X) any of the following spaces of X-valued functions:
LP(0,2m; X), 1 < p < oo; By (0,2mX), 1 < p,g < 00, s > 0; F,,(0,2m; X),
1<p<oo,1<qg<00,s>0. We define the sets

y[” = {u € Y : u is almost everywhere differentiable and u € Y},
Y ={ueY:Ive), such that o(k) = iki(k) for all k € Z}

In the case that I = LP(0,2m; X), YU is denoted by WP(0,2m; X) and Y5 by
WLE(0,27; X). In the case that Y = Bs (0,2m; X), Y = B5F1(0,27; X). In the

per

case that Y = F3 (0,2m; X), Y = F5H1(0, 2m; X).
Remark 2.4. Using integration by parts, the fact that ) C L*(0,27r, X) and the

uniqueness theorem of Fourier coefficients, we have
Y = {w € Y- u(0) = u(zm)},

YU = fue YU . 7 (k) = ika(k) for all k € Z} @4
per . - .

Therefore, if u € y},ﬂr, then v has a unique continuous representative such that
u(0) = u(27). We always identify v with this continuous function.

Remark 2.5. It is clear from the definitions that:

(a) if (My)rez, (Ni)rez C L(X,Y) are Y-Fourier multipliers and «, 3 are con-
stants, then (aMy + BNi)kez C L(X,Y) is a Y-Fourier multiplier as well.

(b) if (Mk)rez C L(X,Y) and (Ng)kez C L(Y, Z) are Y-Fourier multipliers,
then (N My)rez C L(X, Z) is a Y-Fourier multiplier as well. In particular,
when X =Y = Z, if (Mg)kez, (Ni)rez are Y-Fourier multipliers, then
(N M) ez is a Y-Fourier multiplier as well.

Proposition 2.6 ([7, Fejer’s Theorem]). Let f € LP(0,2m; X)), then one has

' 1 n m )
f= i g 2 2 el

m=0k=—m

with convergence in LP(0,2m;Y)).

Remark 2.7. (a) If (kMy)rez is a Y-Fourier multiplier, then (M} )kez is also a
Y-Fourier multiplier.

(b) If (My)rez C L(X,Y) is a Y-Fourier multiplier, then there exists a bounded
linear operator T € L(Y(X),V(Y)) satisfying (T'f)(k) = Myf(k) for all k € Z.
This implies in particular that the sequence (My)gez must be bounded.

For j € N, denote by r; the j-th Rademacher function on [0,1], i.e. r;(t) =
sgn(sin(2’wt)). For z € X we denote by r;®z the vector valued function ¢ — r;(t)z.

The important concept of R-bounded for a given family of bounded linear oper-
ators is defined as follows.

Definition 2.8. A family T C £(X,Y) is called R-bounded if there exists ¢, > 0
such that

1D 75 © Tywjllnaoax) < call Y5 © 25l La,x) (2.5)
j=1 j=1
forall Ty,..., T, € T,z1,...,2, € X and n € N, where 1 < g < co. We denote by
R,(T) the smallest constant ¢, such that (2.5) holds.
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Remark 2.9. Several useful properties of R-bounded families can be found in the
monograph of Denk-Hieber-Priiss [28, Section 3|, see also [4 [7, 22, [47, 39]. We
collect some of them here for later use.

(a) Any finite subset of £(X) is is R-bounded.

(b) If SC T C £L(X) and T is R-bounded, then S is R-bounded and R, (S) <
R,(T).

(c) Let S, T C L(X) be R-bounded sets. Then S-T:={S-T:5€8S,T T}
is R-bounded and

R,(S-T) < R,(S)- R,(T).

(d) Let S, T C L(X) be R-bounded sets. Then S+T :={S+T:5¢€8S,T €T}
is R- bounded and

RBp(S +T) < Ry(S) + By(T).

(e) If T C L(X) is R- bounded, then TU{0} is R-bounded and R,(TU{0}) =
R, (T).
(f) If S, T C L(X) are R- bounded, then T U S is R-bounded and

R,(TUS) < Ry(S) + Ry(T).

(g) Also, each subset M C L(X) of the form M = {AI : A € Q} is R-bounded
whenever 2 C C is bounded (I denotes the identity operator on X).

The proofs of (a), (e), (f), and (g) rely on Kahane’s contraction principle.

We sketch a proof of (f). Since we assume that S, T C £(X) are R-bounded,
it follows from (e) (which is a consequence of Kahane’s contraction principle) that
SuU{0} and TU{0} are R-bounded. We now observe that SUT C SU{0}+TuU{0}.
Then using (d) and (b) we conclude that SU T is R-bounded.

We make the following general observation which will be valid throughout the
paper, notably in Section 4. Whenever we wish to establish R-boundedness of a
family of operators (My)kez, if at some point we make an exception such as (k # 0),
(k ¢ {—1,0}) and so on, then later we recover the property for the entire family
using items (a), (c) and (f) of the foregoing remark. The corresponding observation
for boundedness is clear.

Remark 2.10. If X =Y is a UMD space and My = myI with m; € C, then the
Marcinkiewicz condition supy, |my|+supy, |[k(mr1+1 —mg)| < oo implies that the set
{ My }rez is an LP-multiplier. (see [7] or [2, Theorem 4.4.3]).

Another important notion in Banach space theory is that of Fourier type for a
Banach space. Conditions for Fourier multipliers are simplified when the Banach
spaces involved satisfy this condition. The Hausdorff-Young inequality states that
for 1 < p < 2, the Fourier transform maps LP(R) := L?(R;C) continuously into
)i (R) where % + 1% = 1, with the convention that p’ = oo when p = 1. In
particular, when p = 2, Plancherel’s theorem holds. When X is a Banach space
and one considers LP(R; X), the situation is no longer the same. It is known
that Plancherel’s theorem (here we mean L?—continuity of the X —valued Fourier
transform) holds if and only if X is isomorphic to a Hilbert space (see e.g. [2] 6,
7, [34]). For every Banach space, the Hausdorff-Young theorem holds with p = 1.
A Banach space is said to have non-trivial Fourier type if the Hausdorf-Young
theorem holds true for some p € (1,2]. By aresult of Bourgain [I0,11], UM D spaces
are examples of spaces with nontrivial Fourier type (see [34] [5]). More generally,
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B-convex spaces, in particular superreflexive Banach spaces have nontrivial Fourier
type ([I1 Proposition 3]). However, there exist non reflexive Banach spaces with
nontrivial Fourier type. The implications of the property of having non trivial
Fourier type are studied in Giradi-Weis [34].

For Banach spaces with non trivial Fourier type, in particular for UM D spaces,
the conditions for the validity of operator-valued Fourier multiplier theorems are
greatly simplified.

3. CHARACTERIZATION IN TERMS OF FOURIER MULTIPLIERS

In this section, we characterize the well-posedness of the problem

(MY (1) — Al () — 2 / oft — s)u(s)ds

- -

— yult) + Au(t) +/t b(t— 5)Bu(s)ds + (1), 0<t <2, D

u(0) = u(27r)_ and (Mu)'(0) = (Mu)'(2)

in the vector-valued Lebesgue, Besov, and Triebel-Lizorkin spaces. Here A, B, A
and M are closed linear operators in a Banach space X satisfying D(A) N D(B) C
D(A)ND(M), b,c € L*(Ry), f is an X-valued function defined on [0, 27, and ~ is
a constant. The results are in terms of operator-valued Fourier multipliers.

Let b,c be complex valued functions and v a constant. We define the M, A-
resolvent set of A and B, p, ), ; ;(A, B), associated to by

{A € CIM(N\) : D(A) N D(B) — X is bijective and [M(X\)] ™! € £L(X)}
where M(\) = X2M — A —b(\)B — A — Aé(A\) —~I. Thus, A € Panrape(A B)if
and only if [M())]~! is a linear continuous isomorphism from X onto D(A)ND(B).
Here we consider D(A), D(B), D(A) and D(M) as normed spaces equipped with
their respective graph norms. These are Banach space since all the operators are
closed. For a € LY(R.), u € ), we denote by a * u the function

(axu)(t) := / a(t — s)u(s)ds (3.2)

Since Y C L'(0,27; X), it follows that axu € L1(0,27; X) and (a*u)(0) = (a*u)(27)
by . With this notation we may rewrite (1.1)) in the following way:

d

- ﬁ(c*u)(t) = vyu(t) + Au(t) + (bx Bu)(t) + f(t), 0<t < 2m.

If b, c € LY(Ry) and u € LY(0,2m; D(A)) N LY(0,27; D(B)), then ¢ xu, b* Bu €

LY(0,2m; X) by [2.1) and (c*u)(k) = é(ik)a(k), (a* Au)(k) = a(ik)Ada(k) and

(bx Bu)(k) = b(ik)Ba(k) by [@2.2). If additionally we have that %(c x u) €

dt
LY(0,2m; X), then ¢+ u € WH(0,2m; X) and (¢ * u)(0) = (c * u)(27). Then

o —

L (exu)(k) = iké(ik)a(k) by @4).

In what follows, we adopt the following notation:
by, := b(ik), ¢ := é(ik) (3.3)
Remark 3.1. By the Riemann-Lebesgue lemma, the sequences (by)kez and (ck)kez

so defined are bounded. In fact limy|_o bx = 0, and similarly for (cx)rez. More-
over, (bgl)kez and (cxl)kez define a Y-Fourier multiplier.

(Mu')'(t) — Au/(£)
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We now give the definition of solutions of (3.1)) in our relevant cases.

Definition 3.2. A function u € ) is called a strong Y- solution of (3.1) if u €
Y(D(A))NnY(D(B))N yper, u € Y(D(A)NY(D(M)), Mu' € ype” and equation
holds for almost all ¢ € [0, 27].

Lemma 3.3. Let X be a Banach space, and A, B, A, M be closed linear operators
in X such that D(A) N D(B) C D(A) N D(M). Suppose that v is a constant,
b,c € LY(Ry), and consider by, ci as in (3.3). Assume that u is a strong Y-solution

of (3.1). Then
[—k2M — A — by B — ikA — ke —~yI)a(k) = f(k).
for all k € Z.

Proof. Let k € Z. Since u is a strong Y-solution of (3.1)), u € Y(D(A))NY(D(B))N
Vhér, w' € Y(D(A)) N Y(D(M)), Mu' € Y and

(MY (6) — Aol (1) — & (e ) (1)
= ~yu(t) + Au(t) + (b* Bu)(t) + f(t), for a.et € [0,2n].
Since u € Y(D(A)) N Y(D(B)), we have
a(k) € D(A)ND(B) and Au(k) = Aa(k), Bu(k) = Ba(k).

by [{, Lemma 3.1]. Since u € yﬁ}e}m we have @'(k) = ika(k) by (2.4). Since
W' € Y(D(A) N Y(D(M)), it follows that (Aw/) = Aa'(k) = ikAa(k), Mu'
M (k) = ikMa(k) by [7 Lemma 3.1]. Since Mu' € YU, it follows that (Mu/) =
ikMu'(k) = —k2Ma(k) by [2:4). Since u € Y(D(A)) C LY0,2m; D(A)), u €
Y(D(B)) c LY0,2m; D(B)) and b, ¢ € LY(Ry), it follows that ¢ * u, b * Bu €
L}(0,2m; X), (exu) (0) = (cvu)(2r) by @) and (c+ w)(k) = é(ik)a(k), (b Bu)(k) =
b(ik)Bi(k) by ([2:2). Since Y C L'(0,2m; X), we have u, Au/, (Mu') and f €
LY(0, 27r X). So u, Au, Bu, b* Bu, Au’, (Mu') and f all belong to L'(0,27; X).
Then (c x u) must be in L'(0,2m; X). Therefore ¢ x u € W1(0,2m; X) and

per
;lt(c * u)(k) ike(ik)a(k) by (2.4).
Taking Fourier series on both sides of (1.1)) we obtain

[—k2M — A — by B — ikA — ikep I —AIli(k) = f(k), keZ.

O

When (3.1) is ) well-posed, the map S : Y — ), f — u where u is the unique
strong solution, is linear. We adopt the following definition of well-posedness.

Definition 3.4. We say that (3.1)) is Y-well-posed, if for each f € Y, there exists
a unique strong Y-solution u o which depends continuously on f in the sense
that the operator & : J) — ) defined by S(f) = u where v is the unique strong
Y-solution of is continuous.

Remark 3.5. We note that, according to Section 2, [7, 8 [I7], all the spaces of
vector-valued functions ) concerned in this paper are continuously embedded in
LY(0,27, X). Tt follows that: If f, — f in ), then f, — f in L'(0,27, X) and
consequently for each k € Z, lim,,_, fn(k) = f(k) in X.
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Our definition imposes an additional condition to that given in the previous
works such as [13], [42] that allows us to establish the following characterization of
well-posed of in terms of Fourier multipliers. Actually, the above definition
stems from the Hadamard concept of well-posedness in partial differential equations.
We refer for example to [29] and [6] for the presentation of this fundamental concept.

Theorem 3.6. Let X be a Banach space and A, B, A, M be closed linear operators
in X such that D(A) N D(B) € D(A) N D(M). Suppose that v is a constant,
b,c € LY(R,), and consider by, c; as in . Then the following assertions are
equivalent.

(i) (3.1) is Y-well-posed.
(il) iZ C pyarje(As B) and (K*MNy)kez, (BNp)kez, (kANk)rez, (kNk)rez
are Y-Fourier multipliers, where

Ni = [k*M + A+ b B + ikA + ikep I + 1)1

In this case the following mazimal regularity property holds: The unique strong Y-
solution u is such that Au, b* Bu, Au, Au/, c*u, %(c xu), Mu, Mu' and (Mu')’
all belong to Y and there exists a constant C' > 0 independent of f € Y such that

lully + [l Aully + 1o+ Bully + [[Aully + [Au'|y + e ully
d
Iz (e xw)ly + [Mully + [ Mu'|ly + [|(Mw') [y < Cl ]l

Proof. (i) = (ii). Let k € Z and y € X. Define f(t) = e**y. Then f(k) = y. By
assumption, there exists a unique strong Y-solution u of (3.1). By Lemma we
have that for all k£ € Z,

[—k*M — A — b.B — ikA — ikep I — ~yI)a(k) =y

It follows that

[~k*M — A — b, B — ikA — ikep I — ~I]
is surjective for each k € Z. Next we prove that for each k € Z,

[~k*M — A — b, B — ikA — ikepI — ~I]
is injective. Let € D(A) N D(B) such that

[~k*M — A — b, B — ikA — ikcpd — vz =0 (3.4)

Define u(t) = e**z when t € [0,27]. Then 4(k) = z and @(n) = 0 for all n € Z,
n # k. By we have

(VY () — Kal (n) — (e # u)n) = i) + Fu(n) + (6= Bu)(n),

for all n € Z. From uniqueness theorem of Fourier coefficients, we conclude that u
satisfies

(Mu')'(t) = Au'(t) — %(C *u)(t) = yu(t) + Aw(t) + (b+ Bu)(t)
for almost all ¢t € [0,27]. Thus u is a strong Y-solution of with f = 0. We

obtain x = 0 by the uniqueness assumption. We have shown that
[~k*M — A — b.B — ikA — ikepI — 1]
is injective for each k € Z. Now we show that
Ni = [K*M + A+ b, B +ikA +ikep I +~I)71 € L(X)
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Let k € Z and (x,)nen be a sequence in X such that x, — z. For each n € N
we define f,(t) = e**z,, and f(t) = e’**2. Then f,,f € Y, for every n € N and
fn— fin Y. Since is Y-well-posed, for each f,, f € ) there exists a unique
strong Y-solution S(fy,) = un, S(f) = w. Since f,, — f in Y, we have u,, — u in Y
by continuity of S. Therefore 4, (k) — (k) by Remark Since

—k*M — A — b, B — ikA — ikep I — 1

is bijective, we obtain 4, (k) = — Nz, 4(k) = —Nia by Lemma then Npz,, —
Nyz. Thus by the Closed Graph Theorem, Ny, € L£(X). Thus iZ C p, ,, 5 s(4, B).
We now set for each k € Z:
M, = k*MN, Bj; = AN,
Sy = BNy, Hj = kNg.
Next we show that (My)rez, (Bk)kez, (Sk)kez, and (Hy)gez are Y-Fourier multi-
pliers. Since Ny € L(X), B, A, M are closed, My, By, Hy and S), are bounded for

all k € Z. Now let f € Y, then there exists a strong Y-solution u of (3.1). Then
(k) = =Ny f(k) for all k € Z by Lemma Therefore

u(k) € D(A)ND(B) C D(A)ND(M),
for all k € Z. Since B is closed,
Bu(k) = Bi(k) = — BNy f (k) = —~Bif (k)

for all k € Z by [7l, Lemma 3.1]. Since A, M are closed, u € yEJ,, u € Y(D(A) N
Y(D(M)), and Mu' € yl[,ﬂr, we have

' (k) = ikii(k) = —ikNy f (k) = —iHy f (k),
A (k) = AT (k) = ikAa(k) = —ikAN,f(k) = —iSi f (k),
(M) (k) = ikMu/ (k) = ikM@ (k) = —k*Ma(k) = k2MNy,f(k) = My f(k)

for all k € Z by (2.4) and [, Lemma 3.1]. It follows that (My)kez, (Bk)kez,
(Sk)kez, and (Hy)gez are Y-Fourier multipliers. Therefore the implication (i) =
(ii) is true.
(i) = (i). Since
k*M N, + ANy, + b, BN, + ikAN}, + ikc Ny + YNy, = I,

we have
ANy, =1 — (K*M Ny + ANy, + b BN + ikcp Ny + 7Ny

for each k € Z. Therefore, (AN )rez is a Y-Fourier multiplier by Remarks
and Since (k‘QMNk)kez, (kJANk)kez, (ka)k627 (BNk)k€Z7 and (ANk)keZ are
Y-Fourier multipliers, it follows that (Ny)rez, (ikck Ni)kez, (ceNg)kez, (ikNk)kez,
(ikANk)kez, (ANk)kGZ; (7k2MNk)k€Z (ikMNk)kez, and (MNk)kEZ are also y—
Fourier multipliers again by Remarks and From the fact that (ANy)kez,
(BNk)kez, (ANg)kez, (MNy)gez, and (¢, Ni)gez are Y-Fourier multipliers, then
for all f € Y, we conclude that exist u, vy, va, v3, v4, and vs € Y such that

a(k) = N f(k), (3.5)
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and
o1(k) = AN f(k) = Aa(k
(k)

i5(k) = ci Nif (k) i(k) = cxu(k),
for all k € Z by the closedness of A, B, A, M, and (2.2). Since iZ C pA,Mj;,a(A? B),

it follows that
(k) € D(A)ND(B) C D(A)ND(M),

for all k € Z by (3.5). Since A, B, A, and M are closed,

u(t) € D(A) N D(B)
and Au(t) = v1(t), Bu(t) = va(t), Au(t) = vs(t), Mu(t) = va(t) and (¢ * u)(t) =
vs(t) a.e. t € [0,27] by (3.6) and [7, Lemma 3.1] (here we also use the fact that

Y C LP(0,27, X)). Therefore
u e Y(D(A) NY(D(B)),

and ¢ x u, Au, Mu € Y. Since (ikNy)rez is a Y-Fourier multiplier, there exists
vg € Y such that
b6(k) = ikNy. f(k) = ika(k) € D(A) N D(M). (3.7)

for all k € Z. Therefore by ([@-4) and B7), u € Y, @ (k) = ika(k) and
@' (k) € D(A) N D(M),

for all k € Z. Since (tkANy)rez and (tkM Ny )rez are Y-Fourier multipliers, there

exist v7, vg € Y such that
7(k) = ikAN, f (k) = AGika(k)) = A (k) = A/ (k), .

bs(k) = ikMN,f(k) = M(ika(k)) = M@ (k) = Mu'(k),
for al k € Z. Since A and M are closed,
u'(t) € D(A) N D(M)
and Au/(t) = v7(t), Mu/'(t) = vg(t) a.e. t € [0,27] by and [7, Lemma 3.1] (here

again, we also use the fact that J C L?(0,2n, X)). Therefore
u’ € Y(D(A)) N Y(D(M)).

Since (—k?M Ny)rez is a Y-Fourier multiplier, there exists vg € ) such that
(3.9)

to(k) = —k*kMN,f(k) = ik(ikMa(k)) = ikMa (k) = ikMu (k),
for al k € Z by (3.8). Then Mu' € y}}e]r. Since (ikck Ni)kez is a Y-Fourier multi-
plier, there exists v1g € ) such that

iro(k) = iker Ny f(k) = ikepa(k) = ik(c* ) (k), (3.10)

for al k € Z by (3.6). Then c *u € Vs by ([24). Since a(k) = Nif(k), we have
[—k2M — A — by B — ik A — ikep ] —~I)(—a(k)) = f(k),
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this means that

(Wt (k) — K (K) — & (e w)() = 700 (k) + Au(k) + (5% Bu)(k) + F(R),

for all k € Z where w = —u. From the uniqueness theorem of Fourier coefficients,
we conclude that w satisfies

(Mw')'(t) — Aw'(t) — %(C *w)(t) = yw(t) + Aw(t) + (b+ Bw)(t) + f(1)

for almost all ¢ € [0,27]. Thus w is a strong Y-solution of (3.1)). To prove unique-
ness, let u be a strong Y-solution of (3.1)) with f = 0. Then
[~k?M — A — by, B — ikA — ike, I — yIla(k) = 0

for all k € Z by Lemma Since ik € pA,M,E,E(A7B) for all k € Z, it follows that
4(k) = 0 for all k € Z. From the uniqueness theorem of Fourier coefficients we have
that v = 0. Now we show the continuous dependence of u on f. Let f €Y, then
the unique strong Y-solution of (3.1)), u, is such that (k) = —Ny f(k) for all k € Z
by Lemma and iZ C pA7M,575(A, B). Since Ny is a Y-Fourier multiplier, there
exists a bounded linear operator T € £(),)) such that ﬂ(k) = (k) for all k € Z
by Remark [2.7] Then T'f = u, so u depends continuously on f.

The last assertion of the theorem is a direct consequence of the fact that Au,
b* Bu, Au, A/, cxu, 4 (cxu), Mu, Mu' and (Mu')’ € Y are defined through the fol-
lowing operator valued Fourier multipliers (— ANy )kez, (—bx BNg)kez, (—ANk)kez,
(=kANR) ez, (—ckNi)rez, (=kckNi)rez, (—M Ni)rez, (kM Ni)rez, (k* M Ng)rez
(here we use the Remarks and [3.1)). O

The last assertion of the previous theorem is known as the maxzimal reqularity

property for (3.1)).

Remark 3.7. We can construct the solution u(-) given by the above theorems using
Propositionand the fact that Y is continuously embedded in LP(0, 27; X). More
precisely,

W) == tim —— 3 S eu(INf(R), (3.11)

with convergence in LP(0, 27; X).

Remark 3.8. If at most one operator of those that appear in (1.1)) is unbounded,
then the additional condition in our definition of well-posedness is obtained auto-
matically. In that case the operators

—k*M — A — b, B — ikA — ikep I — I

are closed for all k € Z and once we show that they are bijective, continuity follows
from the Closed Graph Theorem.

4. CONCRETE CHARACTERIZATION ON PERIODIC LEBESGUE, BESOV AND
TRIEBEL-LIZORKIN SPACES

In this section, we give concrete conditions that allow us to apply Theorem
Specifically we obtain conditions under which the sequences (k*M Ny)iez,
(BNp)kez, (kANg)kez, and (kNg)rez are Fourier multipliers in the scale of spaces
under consideration by use of the operator valued multiplier theorems established in
[5l 7, [8] [I7]. Versions of the multiplier theorems on the real line can be found in [3|
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33, 34] (the reference [34] contains concrete criteria for R-boundedness of operator
families), [50, 67]. The LP-case is much different from the other scales of spaces in
that it involves the notion of R-boundedness and one has to restrict consideration
to UM D Banach spaces. Fortunately, many Banach spaces, for example LP(Q, u),
1 < p < ooare UMD spaces. In addition, the R-boundedness condition holds for
resolvents of many classical operators in the analysis of partial differential equations
of evolution type (see for example Kunstmann-Weis [39] and Girardi-Weis [34]).

Let {ay : k € Z} C C be a scalar sequence, we denote by Aay = ag41 — ag. It
is obvious that A is linear: A(ag + bg) = Aag + Aby; A(Xar) = AMay. Another
property used frequently is A(apby) = apAby, + (Aag)by. Define A" oy = AA™ay
for all n € N, k € Z. A" is the n*" order difference operator:

Alay = zn:(q)“*j (?) s ;.

j=0
We will use the following hypotheses:

(HO) {ax : k € Z} is bounded.

(H1) {ak : k € Z}, {kAay : k € Z} are bounded.

(H2) {ak : k € Z}, {kAay : k € Z}, {k*A%ay, : k € Z} are bounded.

(H3) {ay : k € Z}, {kAay : k € Z}, {k?A%ay, : k € Z}, {k3A3ay, : k € Z} are

bounded.

Clearly (HO) is weaker than (H1) which in turn is weaker than (H2), and the latter is

weaker than (H3). In our cases (HO) is obtained automatically from the Riemann-

Lebesgue Lemma. The condition (H1) will be used for LP well-posedness, while

(H2) and (H3) are needed for Besov spaces and Triebel-Lizorkin spaces respectively.

Some variations to this rule will occur when the Banach space X satisfies a special

geometric property such as being UM D or having nontrivial Fourier type.
Examples of functions a(t) such that aj, = a(ik) satisfies (H3) are a(t) = Ce™“'t”

where w > 0, v > —1 and C is a constant. We give a class of functions which

discriminate between the above conditions in the following example.

Example 4.1. Let 8 > 0, w > 0, ¢ € R and consider the family of functions

o if0<t<p,
b = {Ce_“’t(t - B ift>p

br, = b(ik). Then
(a) For —1 < v < 0 and 8 ¢ 27Z, by, satisfies (HO) but not (H1).
(b) For 0 <v <1 and (§ ¢ 27Z, by, satisfies (H1) but not (H2).
(¢) For 1 <v < 2and (¢ 2nZ, by satisfies (H2) but not (H3).
(d) For v > 2 or 8 € 2nZ, by, satisfies (H3).

In the following theorem, we characterize well-posedness in the vector-valued L?
spaces.

Theorem 4.2. Let X be a UMD Banach space, 1 < p < oo and A, B, A, M be
closed linear operators in X such that D(A)ND(B) C D(A)ND(M). Suppose that
7 is a constant, b,c € L' (R ), and consider by, ci, as in such that {b, : k € Z}
and {ci : k € Z} satisfy (H1). Then the following assertions are equivalent.

(i) (3.1) s LP-well-posed.
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(il) iZ C py ar5.o(A, B) and {k*MNy, : k € Z}, {BNy, : k € Z}, {kANjy : k €
Z}, and {kNy : k € Z} are R-bounded, where

Ny = [F2M + A+ by B + ikA + ikep I + I

Proof. (i) = (ii) Assume that is LP-well-posed. Then by Theorem (3.6 iZ C
pA,M,B,E(A’B) and (kzMNk)kez, (BNk)kGZ» (kANk)kez, and (ka)kEZ are LP-
Fourier multipliers. The R-boundedness of {k?M Ny, : k € Z}, {BNy, : k € Z},
(kANy)kez, and {kNy, : k € Z} now follows from [7, Proposition 1.11].

(ii) = (i) In view of Theorem 3.6] it suffices to show that (k? M N)rez, (BNk)kez,
(kANK)kez, and (kNg)gez are LP-Fourier multipliers.

For each k € Z we define M;, = k> M N, B, = BNy, H, = kNj, and S, = kAN},.
These operators are bounded because iZ C pA,Mj;,e(Av B). Since {kNy : k € Z} is
R-bounded, {N}, : k € Z} is R-bounded by Remark We observe that

N iNe = [(k+1)°M + A+ b1 B+i(k + 1A +i(k + 1)cppr I + 1] Ny
=[NP+ (2k + )M + Aby B + ikAcy I + icg1 ] + iA] Ny
=1+ (2k + 1)M Ny, + Aby. BNy + ikAc Ny + ick 11Ny + iANy,
2k +1 '
=1+ T—;Mk + AbyBj, + iAc Hy, + k1

for all k € Z, k # 0. If we define

1
Hy + Esk

2k +1 '
Ty = == M + Ab By + i Hy +i 5L Hy + 25, (4.1)

then N, !\ Ny = I + T}, for all k € Z, k # 0. Define
Qr = —kT},
_ 2kl

for all k € Z, k # 0. Since {b;, : k € Z} and {cy, : k € Z} satisty (H1), {Qx : k € Z}
is R-bounded by Remark and We observe that

My, + kAb By, + ikAcgy Hy, + icpr1 Hi + ’LSk]

kAN, = k(Npt1 — Ni) = kN1 (I — Nt Ny)
= kNg1[I — (I +Tx)] = kNgy1[~Ti] = Ne+1Qx

Thus, we have

kAB), = kA(BNy) = B(kANy) = BNy11Qx = Bii1 Qs
kAHy = k[(k + 1) N1 — kNy]
= k[(k + 1) Nis1 — (k + )Ny, + (k + 1)Nj, — kAN
= k[(k + 1)AN, + Ni| = (k + 1)(kANg) + kN,
= (k+ 1)Ngs1Qr + kNy, = Hy11Qy + Hy,
kASk = A(K[(k + 1) Niq1 — kNk])
= A[Hp1Qr + Hy] = Sk41Qr + Sk,
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EAMy = k((k 4+ 1)2M Ny — k>MNy,)
(k+ 1)’ MNy1 — (k+1)2MNy + (k+1)2MN, — K2MNy,)
[(k+1)>MANj + (2k + 1) M Ny,
= (k+ 1)’M[kAN,] + k(2k + 1) M Ny,
= (k+1)2MNy1Qr, + k(2k + 1) M N,
2k +1

=k
=k

= Mp11Qk +

for all k € Z, k # 0. Then {kABy, : k € Z}, {kAHy, : k € Z}, {kAS) : k € Z}, and
{kAMj}, : k € Z} are R-bounded by Remark Therefore by [7, Theorem 1.3] we
obtain that (Bk)kez, (Hk)kez, (Sk)rez, and (My)rez are LP-Fourier multipliers.

O

M,

From the proof of Theorem we deduce the following result for B, -solutions
in case X has nontrivial Fourier type.

Theorem 4.3. Let X be a Banach space with nontrivial Fourier type and A, B,
A, M be closed linear operators in X such that D(A) N D(B) C D(A) N D(M).
Suppose that v is constant, b,c € L*(Ry.), and consider by, ci as in such that
(bi)kez and (ck)kez satisfy (H1). Then for s >0 and 1 < p, ¢ < oo, the following
are equivalent.

(i) (3.1) is By ,-well-posed.

(il) iZ C pp pr5.o(A, B) and {k*MNy, : k € Z}, {BNy, : k € Z}, {kANy : k €

7}, and {kNy, : k € Z} are bounded, where

Ny = [F*M + A+ by B + ikA + ikep I + 1)1

Proof. (i) = (ii). Assume that is B, -well-posed. Then by Theorem
iZ C pparpe(A B) and (K*MNy)kez, (BNi)rez, (KANk)kez and (kNy)gez are
B, -Fourier multipliers. The boundedness of (k>M Ni)rez, (BNp)rez, (kAN rez,
and (kNy)rez now follows from Remark

(ii) = (i). In view of Theorem [3.6, it suffices to show that (kM Ny)rez,
(BNi)kez, (kAN)kez, and (kNi)kez are By -Fourier multipliers. By [8, Theo-
rem 4.5] the proof follows the same lines as that of the preceding theorem. O

We now consider the problem of well-posedness in Besov spaces Bj, (0,2, X)
for arbitrary Banach spaces X. For this, assumption (HO) and (H1) are no longer
sufficient. It is proved in [8, Theorem 4.2] that for any sequence (My)rez C L(X),
the so-called variational Marcinkiewicz condition; that is,

sup [ M +sup (30 [AM]) < o0 (4.2)
kez 320 %95 < |k|<2it1
implies that (My)rez is a B, -Fourier multiplier if and only if 1 <p < oo and X is
a UMD space.
For Banach spaces with nontrivial Fourier type, a condition which implies that
(My)rez is a Fourier multiplier for the scale B, ,, s € R, 1 < p,q¢ < oo is the
Marcinkiewicz condition of order one:

quZ)(HMk” + [[EAM||) < oo, (4.3)
S
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see [8, Theorem 4.5], which is used in the proof of Theorem
For arbitrary Banach spaces, a Marcinkiewicz condition of order two is needed,
namely,
21112(IIM/«|| + [RAM || + K[| A% M) < oo, (4.4)
€

see [8, Theorem 4.5]. Our next result uses this condition to obtain maximal regu-
larity of (3.1)) when X does not necessarily have nontrivial Fourier type.

Theorem 4.4. Let X be a Banach space and A, B, A, M be closed linear operators
in X such that D(A) N D(B) C D(A) N D(M). Suppose that v is a constant,
b,c € LY(R,), and consider by, ci as in such that (bg)kez, and (ck)rez satisfy
(H2). Then for s >0 and 1 < p, ¢ < 00, the following statements are equivalent.
(i) is By, -well-posed.
(il) iZ C pp pr5.o(A, B) and {k*MNy, : k € Z}, {BNy, : k € Z}, {kANy : k €
7}, and {kNy : k € Z} are bounded, where

Ni = [K*M + A+ b B + ikA + ikep I + 1]

Proof. (i) = (ii). Assume that is B, -well-posed. Then by Theorem
17 C pA,M,E,E(A’B) and (kQMNk)kez, (BNk)kEZn (kANk)kEZ and (ka)keZ are
Bs -Fourier multipliers. The boundedness of {k*MN}, : k € Z}, {BN}, : k € Z},
{kNy, : k € Z}, and {kNy, : k € Z} now follows from Remark [2.7]

(i) = (i). By Theorem [3.6] it suffices to show that the families (k*M Ny)rez,
(BNp)kez, (KANg)kez, and (kNg)gez are B, -Fourier multipliers. Let M) =
k®M Ny, By, = BNy, H, = kN, and S, = kAN,. Since (H2) implies (H1),
the verification of the Marcinkiewicz condition of order one is similar to what was
done in the proof of Theorem It remains to prove that sup,cy [|[k? A2 M || < oo,
supyez [[K2A%By|| < oo, supyey, [|K2A2Sk|| < oo, and supyez [|k?A2Hy || < .

We recall from the proof of Theorem that the family (7} )kez defined through

2k +1 1
T = T—;Mk -+ Akak -+ ZACka -+ iCkkjrl H; + ZES]C, k 74— 0
is such that Nk__&lNk =1+4+Ty, Qr = —kTy, kAN, = Ny 1Q for all k € Z, k # 0,
and {kT}, : k € Z} is bounded.
‘We observe that

AT, = A(

2k+1
k2
1
+iA(EELH) +iA(75))

However,
2% +1 2%k +3 2k +1
AT MY = G M — T M

2k + 3 2k +3 2k +3 2k +1
= 20 My — M M, — M,
G2 e G2 o G T T
_ 2k+3 _2k2+4k+1M
T+ 102T T TR2(k+1)2 F

2k +3 2k? + 4k +1
= 2 _(kAM,) — ="M,

k(k+1)2( ) 2(k+1)2
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A(%Sk) = %HS;HJ — %Sk
- %4—15’”1 B %HS’C + %_Hsk - %Sk
1 1
BRE e
— Ty (880 = o S
A(Ck];rl Hy) = %Hkﬂ — CkTJrlHk
= ]:k-:21 Hypyq — I:k_:Ql Hy, + Ijk-:zl H, — Ck]:—Q o+ Ck;:Z H, — Ck+1 1,
- s S
- g ) + I e,

A[k(Abg)By] = (Abgs1)Besr — (Aby) By
= (Abk+1)Bk+1 — (Abk+1)Bk + (Abk+1)Bk - (Abk)Bk
= (Abg11)ABy, + (A%b;) By,

1 1
= — HA AB —(K*A%b,)B
k(k+1)((k+ JAbi11)(kABy) + 15 (k" A%) By,

and
A((Ack)Hy)) = (Ack41)Hi+1 — (Acg) Hy
= (Ack+1)Hi+1 — (Acgs1)Hy + (Acky1)Hi — (Ack)Hy
= (Ack+1)AHk + (Azck)Hk
1 1
= m((k + 1)Ack41)(kAH) + ﬁ(kQAQCk)Hk

for all k € Z, k # 0,—1. Since {b; : k € Z} and {c : k € Z} satisfy (H2),
we have (My)rez, (Bk)kez, (Sk)kez, (Hi)rez satisfy the Marcinkiewicz condi-
tion of order one, and {c; : k € Z} is bounded by Remark It follows that
bz (AT} < oc.

We observe that from we have

E2A2Ny, = k*[ANy 1 — ANy
= kQ[ka—&-QTk-i-l + Ni1Ty]
= —k*Nigo[Tir1 — Ny Nia T
= —k*Nyso[Thr1 — (I + 1) T
= —k’Nyyo[Thr1 — Tx — T1T]
= —k?Np o[ ATy — Ty 1T
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k
k+1

where we have set Ry, = —[k2AT} — ﬁQkHQk] for all k € Z, k # 0, —1. Since
{Qr : k € Z} and {k?ATy, : k € Z} are bounded, {R}, : k € Z} is bounded.

Now, we have

k*A’By, = k*A%(BNy) = B(k*A?Ny,) = BNy 2Ry = By 2Ry,

= —Njp2[k*AT), — Qr+1Qk] = Npt2Ry

E*A%H), = k*A?(ENy,)
= k*[(k + 2) N2 — 2(k + 1) N1 + kN]
= k?[kNpyo — 2kNi 1 + kN + 2k Ny y o — 2k* Ny
= k* A’ Ny, + 2k* AN 44
2k?
kE+1
2
me+2Qk+l
k 2k?
= et ey

= k(E2A2N,) + [(k+1)ANg 1]

= kNgyo Ry +

Hyy2Qp1,

E2A2S, = K> A%(EANy) = k*AA?(ENy) = A(K2A%Hy,)

k 2k
=A H —H
(k:+2 k2R + Gk +2) k+2Qk+1>

2k? 1190
(k‘+1)(l€+2) k+2<k+1-

k
=i 25k+2Rk +

Finally,
E2A2 My, = K2 A% (KM Ny,)
= k*[(k +2)>M Nyj2 — 2(k + 1)> M Nj11 + k> MN,]
= k?[k*M Ny 1o — 2k* M Nyyy + KM Ny + k*(4k + 4) M Ny o
— 2k?(2k + 1)M Ny 4
242(2k + 1)

k+1
2k%(2k + 1
%MNwszﬂ + 2k* M Ny 1o

k2 2k2(2k + 1) 2k?

= —— MRy + ——i—M ———M
(ot 22 Mo K+ 1)k 12 k+2Q@k+1 + o+ 22 M2

for all k € Z, k # 0,—1,—2. Since {By : k € Z}, {Sk : k € Z}, {Hy : k € Z},
{My : k € Z}, {Q : k € Z}, and {Ry, : k € Z} are bounded, {k*A2By, : k € Z},
{k?A%Hy : k € Z}, {k®A2Sy : k € Z} and {k?A2Mj, : k € Z} are bounded. This
completes the proof. O

= kK*M(K*A*Ny,) + M][(k+ 1)ANy1] + 2k M Ny i o

= k*>MNy 2Ry +

From the proof of Theorem and using [I7, Theorem 3.2], we deduce the
following result for Fj -solutions in the case that 1 <p < 00,1 < ¢ <ocoand s> 0.
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Theorem 4.5. Let X be a Banach space and A, B, A, M be closed linear operators
in X such that D(A) N D(B) C D(A) N D(M). Suppose that v is a constant,
b,c € L*(Ry), and consider by, ci as in such that (bk)kez and (ci)rez satisfy
(H2). Then for s >0 and 1 <p < 0o, 1 < q < 00, the following are equivalent.
(i) is I, ,-well-posed.
(il) iZ C py ar5.o(A, B) and {k*MNy, : k € Z}, {BNy, : k € Z}, {kANjy : k €
Z}, and {kNy : k € Z} are bounded, where

Ny = [E*M + A + by B + ik A + ikepI +~I]7"

Proof. (i) = (ii). Follows from Theorem and Remark
(ii) = (i). Follows from [I7, Theorem 3.2] using the same lines as the proof of
the preceding theorem. O

We now consider the problem of well-posedness in the vector-valued Triebel-
Lizorkin spaces Fj, (0,27, X) with parameters 1 < p < oo, 1 < ¢ < oo and s > 0.
For this, assumption (H2) is no longer sufficient.

A condition which implies that (M})gez is a Fourier multiplier for the scale Foos
seR, 1< p<oo,1<q< o isthe Marcinkiewicz condition of order two which is
used in the proof of Theorem

For 1 <p<oo,1<g<o0ands e R, aMarcinkiewicz condition of order three

is needed, namely,

Sup([| M| + [RAME| + KMy || + |k | A My |)) < oo. (4.5)
€

Our next result uses this condition to obtain characterization of Fj -well-posedness

of the Problem (3.1)).

Theorem 4.6. Let X be a Banach space and let A, B, A, M be closed linear
operators in X such that D(A) N D(B) C D(A) N D(M). Suppose that v is a
constant, b,c € LY(R,), and consider by, cp as in such that (by)kez and
(ck)kez satisfy (H3). Then for s > 0 and 1 < p < 00, 1 < g < oo, the following
assertion are equivalent.

(i) is F; ,-well-posed.

(i) 9Z C pp pr5.:(A; B) and {kMNy, : k € Z}, {BNy, : k € Z}, {kANy : k €

Z}, and {kNy : k € Z} are bounded, where

Ny = [F®M + A+ by B + ikA + ke I + 1]

Proof. (i) = (ii). Assume that is F -well-posed. Then by Theorem
7 C pA,M,l;,E(A’B) and (kQMNk)kez, (BNk)kGZ; (kANk)keZ, and (ka)keZ are
F -Fourier multipliers. The boundedness of {k*M Ny, : k € Z}, {BN}, : k € Z},
(kANg) ez, and {kNj, : k € Z} follows of Remark [2.7]

(i) = (i). In view of Theorem 3.6} it suffices to show that the families (k2 M Ny,) ez,
(BNk)k€Z7 (kANk)keZa and (ka)kEZ are Flfq—Fourier multipliers. Let M, =
k?M Ny, B, = BNy, H, = kN, and Sy = kANy. Since (H3) implies (H2) and
(H2) implies (H1), the verification of the Marcinkiewicz condition of order two and
one is equal to what was done in the proof of Theorem [£.4]

It remains to prove the following inequalities:

sup ||E* A3 My || < 0o, sup ||k*A3By|| < oo,
keZ kEZ
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sup || k> A3 Sy || < oo, sup ||KPA3Hy|| < oc.
kezZ keZ

But we obtain this using the same technique as used in the proof of the previous
theorems. O

The following remark concerns the independence on the parameters regarding
the results of Section 4.

Remark 4.7. e In Theorem if the problem is well-posed for some p € (1, 00),
then it well-posed for all p € (1, co).

e Likewise, in Theorems 44 and if the problem under consideration
is well-posed for one set of parameters in the range afforded by the corresponding
theorem then it is well-posed for any set of parameters in that range.

This is a direct consequence of statement (ii) in each of the mentioned theorems.

5. EXAMPLES AND APPLICATIONS

A large number of partial differential equations arising in physics and in applied
sciences can be written in the form of equation ; among them there are some
famous examples, such as the pseudo-parabolic equations and the Sobolev type
equations. Sobolev type equations have the form

A = Au+ f, (5.1)

generally denoting equations or systems in which spatial derivatives are mixed with
the time derivative of highest order. Showalter [54] [55] studied Sobolev type equa-
tions of the first and second order in time. Specifically, Equation [5.1] is called
strongly regular if A='A is continuous, weakly regular if A is invertible but does
not dominate A and degenerate if A is not invertible. Strongly regular Sobolev
type equations are also widely known as pseudoparabolic. The Sobolev type equa-
tions are of interest not only for the sake of generalizations but also because they
arise naturally in a variety of applications (e.g. in acoustics, electromagnetics, vis-
coelasticity, heat conduction etc., see e.g. [40]). A general theory in the context of
generalized semigroups is developed in the monograph [44].

For the periodic case initially, Arendt and Bu [7] deal with the problem u'(¥) =
Au(t) + f(t), u(0) = u(2m). This problem corresponds to with M = B =0,
A= -1, ¢=0, and v = 0. The additional condition of our definition of well-
posedness is obtained automatically by Remark In this case their result are
equivalent to our result by Remarks [2.5 and 2.7]

Arendt and Bu [7] (see also the review paper [4]) consider the problem u” () =
Au(t)+ f(t), u(0) = u(27), v'(0) = v/(27r). This problem corresponds to with
M=I,A=B=0c¢c=0, and v = 0. Here again the additional condition of our
definition of well-posedness is obtained automatically by Remark In this case
their result are equivalent to our result by Remarks [2.7]

Keyantuo and Lizama [35, B6] considered well-posedness of when B =
M = 0 and A is a scalar operator. As noted earlier, this problem is relevant for
viscoelasticity and was previously studied in the framework of periodic solutions
by Da Prato-Lunardi [25] among other references, and on the real line by [23] [26].
Second order equations are considered in this context in [37) [48]

The additional condition of our definition of well-posedness is obtained automat-
ically by Remark Their results can be deduced from ours. Some additional
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papers on the subject are Bu [12], [13] [15]. Delay equations are considered in [16], [49]
with the method of operator-valued Fourier multipliers.

Bu [13] considered the well-posedness of when B=A =0, ¢ =0, and
~. His results follow from ours. With our definition of well-posedness we do not
need the a priori the estimate [I3] (2.2)]. Thus, in the reference [I3], the author
considers the problem

(Mu)'(t) = Au(t) + f(t), 0<t<2m,
uw(0) = u(2m), (Mu')(0) = (Mu')(2r).

It follows from Theorem that this problem is LP-well-posed if and only if
iZ C poaro5(A;0) = pu(A) and {K*MNy, : k € Z} and {kN}, : k € Z} are R-
bounded, where Nj, = (kM + A)~!. In a similar way, we deduce the results in
B, , and FJ  using Theorem and Theorem respectively.

We introduce some facts on uniformly elliptic operators on domains of R™ to
discuss the examples that follow. Let @ C R™ be open, n > 1. We consider
measurable functions «;k, Ok, Yk, and ap (1 < j,k < n) on . We assume that
the following uniform ellipticity condition holds: The functions ag;, Bk, vk, oo are
bounded on €, i.e., akj, Bk, Yk, @0 € L®(Q,C) for 1 < j,k < n and the principal
part is elliptic; i.e., there exists a constant 1 > 0 such that

Re( Z o (2)€;€) > n|€|*  for all € € C", ae. z € Q. (5.2)
Jok=1
The largest possible n in is called the ellipticity constant of the matrix
(ajk)1<jk<n. Then we consider the elliptic operator L : I/Vlicz(Q) — D(Q) given
by

Lu=— Z Dj(ax;Dru) + Z(ﬂkau — Di(vru)) + apu.
kj=1 k=1
With the help of bilinear forms we will define various realizations of L € L?(£2)
corresponding to diverse boundary conditions. Let V be a closed subspace of
W12(Q) containing W, (). We define the form ay : V x V — C by

ay (u,v) = /Q [ Z ag;Dru(Djv) + Z(,@k@Dku + yruDpv) + aoui} dx.
k,j=1 k=1

Then ay is densely defined, accretive, and closed sesquilinear form on L?(Q) (see
[46, Chapter 4 p. 100-101]). Denote by Ay the operator on L*(Q) associated
with ay. Then —Ay generates a Cp-semigroup Ty on L?(Q) (see [46, Proposition
1.51]). It follows from the definition of the associated operator that Ay u = Lu for
all u € D(Ay). We will say that we have:

e Dirichlet boundary conditions if V = W, *(Q);
e Neumann boundary conditions if V = W12(Q);

We consider Dirichlet boundary conditions with  bounded and we assume the
following additional conditions: ay; is real-valued with ax; = aji, B = v = 0,
ag > 0. Then, in this case the semigroup Ty is positive, ||Tv(t)||z(z2()) < 1 for
all t > 0, and Ty is given by an integral kernel py (¢, z,y) such that there exist
constants C' > 0, b > 0, and § > 0 such that

x—y|?

Ipv (L, 2, y)| < Ct"/2e =% (5.3)
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for every t > 0 and a.e. x,y € Q, see [46, Theorem 4.2, Corollary 6.14 and Theorem
4.28] and [27]. For every r € (1,00), the Cy-semigroup Ty extends to a bounded
Co-semigroup T;. on L"(Q2) with ||T,.(t)| z(Lr(q)) < 1 for all ¢ > 0, by [46, Theorem
4.28]. By there exist M, > 0, and 4, > 0 depending only on r such that
I Tl cpr)) < Mre " for all t > 0 and r € (1,00). Denote now by —A,
the corresponding infinitesimal generator on L"(Q2). If A € C, ReA > —4, then
A€ p(—A4,) and

R\, —Ay)u = / e MT.(t)udt for all u € L7 (Q), (5.4)
0

by [6, Theorem 3.1.7].

Let r € (1,00). The Cy-semigroup 7, extends to a bounded holomorphic semi-
group on the sector X, /5, where ¥y is the sector in the complex right half plane
of angle § € (0,7]. By [6l Theorem 3.7.11] we have that X, C p(—A,) and
supyex, . [AR(A, —A;)|| < oo for all e > 0. Denote by o(A,) the spectrum of
the operator A, on L"(2). By [46, Theorem 7.10], we have that o(A,) = o(A42) C
(0,00) for all » € (1,00). By [, Section 7.2.6] we have that AR(\, —A4,) is R-
bounded for all A € ¥, /549, with 0 < 6, < 7/2. Since A — R(\,—A4,) is an-
alytic on ¥ U{X € C : ReA > —4,}, it follows that R(A, —A,) is R-bounded
on every compact subset of ¥, U{A € C : ReA > —d,} by [28] Proposition
3.10]. By Remark we have that R(A\,—A,) and AR(\, —A,) are R-bounded
on X /549, U{A € C: ReX > —4,/2}. Using Kahane’s principle, we obtain that
R(\ A;) and AR(), A,.) are R-bounded on C\ Xy U{X € C:Re X < 4,/2}.

We conclude, with some examples using uniformly elliptic operators in L"(2)
just discussed. General references on uniformly elliptic operators in LP—spaces and
the associated heat kernel estimates are [27] and [46].

Example 5.1. Let us consider the boundary value problem (in which L is a uni-
formly elliptic operator as defined above)

0 Ou(t, ) ou(t,x)
A T R
= —Lu(t, x) —/ b(t — s)Lu(s,z)ds + f(t,x), (t,x)€]0,2n] x Q,
e (5.5)
u(t,z) = a“gf) —0, (t2) € [0,27] x 99,
u(0,x) =u(2m, x), m(zx) au(a()t, 2) = m(x)w, x €,

where f € LP(0,2m; L™(Q2)) for 1 < p,r < oo, m is a real-valued measurable function
on  such that m € L*°(Q). This is the degenerate wave equation with fading
memory. The non-degenerate equation is studied in [I], and the reference list of this
paper contains additional works on that topic. Maximal regularity for the damped
wave equation in the absence of memory effects has been studied in [20] and [37].
The problem can also be considered as a modified version of a problem which
is considered in Favini-Yagi [32] Example 6.24 p. 197]. They do not incorporate
the delay aspect of the equation. They restrict their study to the Holder spaces.
The authors are considered with the evolutionary problem as well. For periodic
boundary conditions, we obtain complete characterization of well-posedness in the

three scales of spaces: LP, By, and F},.
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We can rewrite problem (5.5)) in as follows (where A, was defined above):

0 Ou(t, x) ou(t, x)

a(m(x) 5 )+ Ari@t

= —A,u(t,z) —/ b(t — s)Apu(s,z)ds + f(t,x), (t,x)€0,2n] xQ, (5.6)
u(0,x) =u(2m, x), m(z) 8u(80t ) = m(x)w, x €.

If we suppose that by, defined by (3.3|) satisfies (H1) and the additional condition

|Imby| < 1 for all k € Z, it follows that 1’1;}:% ¢ (0,00) for all z € Q and

all k € Z. Therefore iZ C p_, MB()(*AM —A,), where M is the multiplication

operator by m. By Remark we have that there exists N € N such that — +"f(+wb) €

(C\Eg u{recC: Re)\<5/2}foralleQandallkEthlt |k|] > N. Then

{(zk+1+bkM A;)t ik € Z,]k| = N} and {1k+1+bkM(zk+1+b M—-A)t: ke
Z,|k| > N} are R-bounded. Since
k k2
A, M—A)""
ik+ 1+ by (ik+1—|—bk )

. i i M( i M—A)!
T k4140 ik+1+bgik+1+0b, ‘ik+1+0bg o

it follows that {4 A, (55— M — A,)"' : k € Z,|k| > N} is R-bounded as

well by Remark Since Nj = m(zkﬂﬂm M — A,)~!, we have shown that
{k°MNy, : k € Z,|k| > N}, {kA, Ny, : k € Z,|k| > N} and {ka :keZ,k| > N}
are R-bounded. Also by Remark [2.9] we have that {kNj, : k € Z}, {k;A Ny keZ}
and {k?M Ny, : k € Z} are R-bounded. Therefore, by Theorem |4.2] it follows that
is LP(0,2m; L™ (2))-well-posed for all 1 < p < oco. Since R- boundedness implies
uniformly boundedness, if we suppose that f € B,,(0, 277 LT(Q)) and by, satisfies
(H2) with |Imbg| < 1 for all k € Z, then we have that is B,,(0,2m; L"(Q2))-
well-posed for all s > 0, 1 < p,q < oo by Theorem [4.4] - Observe that here we
include the scale of vector-valued Holder spaces C%, 0 < s < 1. In the F,, case if
f e (0, 27r L7(9)) and by, satisfies (H3) with |Imby| < 1 for all k € Z, then we
have that is £y, (0,27 L7 (£2))-well-posed for all s > 0, 1 <p < 00,1 < ¢ < o0,
by Theorem Observe that if s >, 1 <p<ooand 1 < g < oo we only need the
(H2) condition for this scale. As a particular example we have that b(t) = e~¢¢ t;(;;
with € > 0 and v > 0 satisfies the required conditions for b, for all the cases.

Example 5.2. Let us consider the boundary value problem

0 du(t, x) Ou(t, x)
A e e
= Lu(t,x) +/ b(t — s)Lu(s,z)ds + f(t,x), (t,x) € [0,27] x £,
e (5.7)
u(t,z) = a“gf) —0, (t2) € [0,27] x 09,
u(0,x) =u(2m, x), m(zx) au(a()t, 2) = m(x)w, x €,



26 R. APARICIO, V. KEYANTUO EJDE-2018/79

where f € LP(0,2m; L"(Q2)) for 1 < p,r < oo, m is a complex-valued measurable
function on Q such that m € L*°(Q2), m(z) € >, U{0} for all z € Q. Here, as in
the previous example (and similarly in Example below), L is a uniformly elliptic
operator.

Following Example we can rewrite the problem in the form

0 Ou(t, x) ou(t,x)

7M@) —, =) + A4 —p,

= Ayu(t,x) —l—/ b(t — s)Ayu(s,z)ds + f(t,x), (t,z)€[0,2n] xQ, (5.8)
u(0, z) = u(2m, z), 7”rL(ac)aug)t7 2) = m(x)w, x € Q.

If we suppose that by defined by satisfies (H1) and the additional condition
Reby > —1 for all k € Z, then - <_}k € Srjare, U{0} for all z € Q and all
k € Z. Therefore iZ C p_, M7b70(AT,AT) and {(ku =M+ A)7t ke ZY,
{ku =M ( ku? M + A,)"!: k € Z} are R-bounded, here M is the multiplica-

tion operator by m. By Remarks and we have that {m(l%k =M +
A,)7' k€ Z} is also R-bounded. Since
k k2
A, M+ At
Tt ik T A
k k k2 k2
= I- M M+ A)™!
14 b — ik 1+ b, —ik 1+ by — ik (1+bk—i/€ A7

it follows that {1+bf7ikAT(l+bk:7ikM + A,)7' : k € Z} is R-bounded as well

by Remark (2.9). Since Nj, = m(l%k =M + A,)~!, we have shown that
{K°MNy, : k € Z}, {kA.Ny, : k € Z} and {kNy : k € Z} are R-bounded.
Therefore, by Theorem we have that is LP(0,2m; L"(Q))-well-posed for
all 1 < p < co. Since R-boundedness implies uniformly boundedness, if we suppose
that f € B (O 27T L™(2)) and by, satisfies (H2) with Reby, > —1 for all k € Z, then
we have that is By, (0,2m; L"(2))-well-posed for all s > 0, 1 < p,q < oo by
Theorem [4.4] Observe that here we include the scale of vector-valued Holder spaces
C*®, 0 < s < 1. Inthe Fj, caseif f € F};, (0, 27r L’"( )) and by, satisfies (H3) with
Reb, > —1 for all k£ € Z then we have that is F5,(0,2m; L"(§2))-well-posed
forall s >0,1 <p<oo,1<qg< o0, by Theorem- Observe that if s > 0,
1< p<ooand 1< g < oo we only need the (H2) condition for this scale. As in

the Example a particular example of b(t) we have b(t) = e‘e% with € > 0

and v > 0 that fulfills the required conditions for by in all the cases.
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Example 5.3. Consider another initial-boundary value problem.
0 ou(t, ) Ou(t, x)
2 () 25—y )
t
~ Lu(t,x) + / bt — s)Lu(s, 2)ds + f(tx), (t,x) € [0,27] x O,
o 5 (5.9)
u(t, ) = 22 o) e [0,24] x 09,

ot
uw(0,z) = u(2m,z), ma(x) aui‘)ot’ z) W7

where my and my are real-valued measurable functions on € such that m € L>(Q),
mo(z) > 0, 7 < |mi(x)] < p for some 7,u > 0, and f € LP(0,2m; L"(?)) for
1 <p,r<oo.

Following the Example we can rewrite the problem in the form

0 Ou(t, ) ou(t, )
oM@ ) T

= Ayu(t,x) + /t b(t — s)Ayu(s,x)ds + f(t,z), (t,z) € [0,2n] x Q, (5.10)

= ma(x) x €1,

—o0
ou(0 Ou(2
u(0,2) = u(2m, ), ma(z) w0, z) = mg(x)m, x € Q.
ot ot
If we assume that Reby, > —1 for all k¥ € Z, then M ¢ (—00,0)

for all z € Q and all k € Z. Therefore iZ C p, MbO(A,«,A ), where A and M
are the multiplication operators by my and ms respectively. By Remark we
have that there exists N € N such that M € X, /249, for all z € Q

br+1
and all k € Z whit [k| > N. Then {£ma(@itibm (o) Mmalntikm() 4 4 -1

k € Z,|k| > N,x € Q} are R-bounded. Since {m k€ Zx €

Q} is bonded, {zhq(Fme@ttmi@) g )1k € 7|k > N,z € Q} are R-

bounded by Remark [2.9] . Since m; is bounded, by Remark [2.9] we have that

{ngﬂrf)(Mmﬂblffml +A.)7t ik €Z, |kl > N,z € Q} are R-bounded. There-

fore, {&mate)( ’“sz(ﬂgiﬁml(” +A) ik eZ |kl > N,z e Q} are R-bounded.

Since Ny = 3- +1(bk+1M+zb ’fHA+A )~1, we have show that {kNy : k € Z, |k| >
N}, {kANy, : k € Z,|k| > N} and {k:QMNk :k €Z,|k| > N} are R-bounded. By
Remark. we have that {kNy : k € Z}, {kANy : k € Z} and {k*M Ny, : k € Z}
are R-bounded. Under the same conditions over by in the Example b-2and f €Y
we can apply Theorems |4.2] H 4.4] and [4.6] - to obtain that the is Y-well-posed.
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Example 5.4.

Let us now consider the boundary-value problem

0 ou(t, x) ou(t,z) o [*
a(mQ(I’) T ) — mq(x) ranie %/ c(t — s)u(s,x)ds

— 00

= Lu(t,z) + /1t b(t — s)Lu(s,x)ds

—|—/t b(t — s)mo(z)u(s,z)ds + f(t,z), (t,x) € [0,27] x Q, (5.11)
u(t,z) = a“gt’ ) _y, (t,z) € [0,27] x D9,
uw(0,z) = u(2m, ), m2(x)8u(0,m) = mg(x)iau(%r’ 2) x € Q,

ot o
where mg, my, and my are real-valued measurable functions on €2 such that 0 <
mo(x) < p, 7 < |mi(x)] < p, 0 < mao(x), for some p,7 > 0, all z € €, and
feLr0,2m; L"(Q)) for 1 < p,r < 0.

Following the Example we can rewrite the problem (5.11]) in the form

0 Ou(t, ) ou(t,x) o [*

5y (ma(@) ) () 0 - 2

t
:Aru(t,x)Jr/ b(t — s)mo(x)u(s, z)ds + f(t,z), (t,z) € [0,2n] x Q, (5.12)

— 00

c(t — s)u(s,x)ds

— 00

0u(0, ) ou(2m, x)

ot ot
If we suppose that Reby > 0 and kImc, < 0 for all £k € Z, we then have that
k*mo(x) 4 ikm (z) + bgmo(z) + ikeg ¢ (—00,0) for all z € Q and all k € Z. There-
fore iZ C p, M,E,é(AT’ B), where B, A, and M are the multiplication operators by
mo, M1, and mg respectively. In the similar way that in the Example we can
show that {kNy, : k € Z}, {kBNy : k € Z}, {kANy, : k € Z} and {k*M Ny, : k € Z}
are R-bounded where Ny, = (k*M + ikA + by B + ikex I + A,.)~1. Typical cases of
functions b and c is the function e=%%, ¢ > 0. With f € ) and the appropriate b,
and ¢ we can obtain that the is Y-well-posed.

In the case of Neumann boundary conditions, the operator A, is not invertible.
To apply the results to this case, we can add in the right side of each of the above
equations the term nu(¢,z) for some nn > 0. Then the above conclusions hold in
this case as well.

z € Q.

u(0,2) = u(2m,x), ma(x) = mg(x)

Example 5.5. The following equation is a modification of the one studied by Chill
and Srivastava [20]. Here we have include memory term.

t

W)+ a AR () = — Au(t) + / bt — 5) Au(s, z)ds + f(1), 513
te[0,2n], w(0)=u(2w), ' (0)='(27),

where A is a invertible sectorial operator in a Banach space X which admits a

bounded H> functional calculus of angle 3 (see for example [20], [28]) with 8 €

(0,7 — 2tan~' Y0%) if 0 < @ < 2 0r B € (0,7) if @ > 2, f € B3, (0,2m X),

(1<p,qg<o0,s>0),and b e L'(R,) is such that by = b(ik) satisfies |CQby| < i
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where @ is a constant provided by [20, Lemma 4.1] and C is a constant provided
by the H®° functional calculus.

In the same way as in the proof of theorem [20, Theorem 4.1] we have that
for k € Z, |[k2(k* — akiAz — A)~Y|| < CP, |kAz (k* — akiAs — A)~Y|| < CP,
and ||A(k? — akiAz — A)~!|| < CP. In this case for k € Z, we have that Nj =
(k% — akiAz — A+ b, A)~". Since ||byA(k? — akiAz — A)~|| < L, we have

Ny = (K — akid® — 4)71 37 (=1)" (b A(K? — akiA? — A)*)",

n=0

which implies that [|k2N| < CP and ||akAZNg| < CP for k € Z. Now if by,
satisfy (H2), then we have that the problem is By, -well-posed. This gives in
particular well-posedness in the Holder spaces C*(0,2m; X), 0 < s < 1.

In a similar way, one can handle the case of the vector-valued Triebel-Lizorkin
spaces Iy (0,275 X), 1 <p,q < o0, s> 0.
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