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ASYMPTOTIC BEHAVIOUR OF NONLINEAR WAVE
EQUATIONS IN A NONCYLINDRICAL DOMAIN
BECOMING UNBOUNDED

AISSA AIBECHE, SARA HADI, ABDELMOUHCENE SENGOUGA

Communicated by Goong Chen

ABSTRACT. We study the asymptotic behaviour for the solution of nonlin-
ear wave equations in a noncylindrical domain, becoming unbounded in some
directions, as the time ¢ goes to infinity. If the limit of the source term is
independent of these directions and ¢, the wave converges to the solution of an
elliptic problem defined on a lower dimensional domain. The rate of conver-
gence depends on the limit behaviour of the source term and on the coefficient
of the nonlinear term.

1. INTRODUCTION

In recent years, there is much interest in evolution problems set in time-dependent
domains. These problems arise in many real world applications when the spatial
domain of the considered phenomena depends strongly on time, see for instance the
survey paper [I4] and the references cited therein.

Let us denote the points in R™ x R™ as

— — / /
r=(X1,Xo) = (x1,..., 20, 27,...,2,),
where n; and ny are positive integers. Then we consider a time-dependent family

of bounded subsets in R™ x R™2 defined as
Q= (—eo —lt, by + ét)”l Xw, t>0,

where w is a bounded open subset of R™ with sufficiently smooth boundary, ¢35 > 0
and the speed of expansion £ is constant. In RT x R™* "2 we obtain the noncylin-
drical domain and its lateral boundary

Qt = UO<S<t{8} X QS) Zt = U0<S<t{8} X 895, t > O.
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We are interested in the asymptotic behaviour, as t — 400, of the solution of
the following nonlinear wave equation set in @y,

ull — Au+ ﬂu/ + V(t)|u|pu = f(t,$)7 in Qt,
u(t,z) =0, on Xy, (1.1)

uw(0,2) =u’(z), /(0,z) =u'(x), in Qo,

where the prime stands for the time derivative, A is the Laplace operator, 3 is a
positive constant and v is a nonnegative function.

This study is motivated by some recent works on the asymptotic behaviour of the
solutions of boundary value problems in a domain 2y, when the size of {2y becomes
unbounded in some directions, as the parameter ¢ — +oo (independently of the
time). See for instance [3 [4, 5 [TT] for elliptic and parabolic problems and [2], 10]
for hyperbolic problems. In the paper at hand, we give to £t the same role of the
parameter £ in these papers.

The existence and uniqueness of solutions for wave problems in noncylindrical
domains was considered by several authors, see [16} [I7, [0, [7, [8, @, 18] and related
works. To focus on the asymptotic behaviour, we considered Problem whose
existence and uniqueness can be established by arguing as in [9].

Many works dealt with the asymptotic behaviour in time for the solutions of
evolution problems in noncylindrical domains. Using the multiplier method, Bardos
and Chen [I] proved that the energy of the linear wave equation decays when
the domain is timelike and expanding. Nakao and Narazaki [18] and Rabello [19]
studied the decay of the energy for weak solutions of nonlinear wave problems in
expanding domains. There idea relays on the penalization method, introduced by
Lions [I6]. Another method consists in considering a suitable change of variables
that transforms the noncylindrical domain to a cylindrical one, establish energy
estimates for the new problem, then derive the desired energy estimates for the
noncylindrical problem, see for instance [13, [I5]. The drawback of this method
is that the differential operator of the transformed problem is, in general, more
complicated.

In this work, we study the problem directly in the noncylindrical domain, without
any change of variables. The idea is based on the use of some special cut-off
functions, depending on (¢, X1), to obtain local estimates of the difference between
the wave and its limit. This technique was recently introduced by Guesmia [12]
for a parabolic problem in a noncylindrical domain, see also [5]. Roughly speaking,
if f(t,z) converges to some fo(X32) and 7(¢) converges to 0, faster enough in a
sense to be made precise later, we obtain the convergence u(t) — u in interior
regions of the domain ;. Here us, is the solution of an elliptic problem defined
on w. Then, the rate convergence u(t) — s is analysed and improved under some
assumptions.

The main features of this work can be summarized as follows:

o In [13] 18, [19], the size of the domain is assumed to remain bounded as ¢t — +oo
and the limit of the solution of the considered problem is zero. This situation arises
when the decay in the energy of the solution, due to the expansion of the domain
and damping terms, overtakes the contribution of the source term. In this work, €2,
becomes unbounded in n; directions and the limit of the solution, in interior regions
of the domain, is not necessarily zero, as t — +o00. To the best of our knowledge,
the asymptotic behaviour of such problems has not been considered before.
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e In contrast with [12], the source term f in this work depends on all the variables
(t,x) € RY x (—=Ly — bt, by + £1)™ X w and not only on X5 € w.

The rest of this article is organized as follows: In the next section, we state
an existence and uniqueness result for wu(t), solution of Problem . Then we
define uq,, the candidate limit u(t) as t — +oo, and the cut-off functions needed
in the sequel. In section 3, we give an energy estimate for u(¢) as well as a local
energy estimate for the difference u(t) — us. In the last section, we give the
convergence results and discuss some particular cases where the rate of convergence
is exponential.

2. PRELIMINARIES

2.1. Existence and uniqueness of solutions. First, let us state our assump-
tions:
e Concerning the speed of expansion, in the ny first directions, it satisfies

0<f<l (2.1)
This ensures that ¥; satisfies the so-called timelikness condition
[ve| < [ve| on X, for ¢ >0,

where v; = (14, v,) is the unit outward normal to ¥; and | - | denotes the usual
Euclidian norm.

e The nonlinear term in Problem is subject to the following assumptions
(Recall that 2 € R™172)

0<p< ifni+n,>2 0<p<oxifng =ny =1, (2.2)

(n1 + 712) — 27
720, 7' <0, 7,9 €L¥0,). (2.3)

e The initial data and the source term satisfy

W € HEQ0), '€ HY(Q0), fe HY(0,13(9,)). (2.4)

Then we have the following existence and uniqueness result.

Theorem 2.1. Let t > 0. Under the assumptions egreftlike—(2.4]) there exists a
unique solution for Problem (1.1)), in the sense that

u € L*°(0,t; Hy () N H?()), o' € L=(0,t; H(Qy)), u’ € L*(0,t; L*(Qy))

and we can take u' as a test function, i.e. the following identity holds
= s gl a9l )iz = [ Flp(s)da,
Qs Qs

for a.e. s € (0,1).

Proof. To express 2, using the notation of [9], we consider K(s) =1+ %s. Then
Q, can also defined as

QS = {(Xl,XQ) S R™ x w | X1 = K(S)Yl,Yl S (760780)711}7 CES (O,t)

The rest of the proof becomes similar to the proof of [9, Theorem 3.1], hence it is
omitted. (]
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2.2. Limit problem. We set

Vx,u=(0pu,... ,axnlu)T, Vx,u= (O, u,... ,ax;l2u)T,

_ (Vx,u A
V= (Vx2u>)’ Vit = (w)

and we assume that the source term becomes independent of the variables (¢, X1),
ie.
ft, X1, X0) = fo(X2), ast— +oo,
for some
foo € L*(w). (2.5)
To handle the nonlinear term, in the estimations below, we need to assume that

v(t) -0 ast— +oo.

The sense of these two convergences will be made precise below.

Passing formally to the limit in (|1.1)), one expects the limit problem to become
independent of (¢, X;), as t — +00. More precisely, the candidate limit of u(t), as
t — 400, is the solution of the elliptic problem defined on w,

—Ax,Uoo = foo Inw,

Uso =0 on Ow, (2:6)

where Ax, = 85,1 + .-+ 02 . It is well known that Problem (2.6) has a unique
ng
solution u € HE(w) and one can check easily that
|VX2UOOIL2(¢4;) S ‘foo‘L2(w)- (27)

Remark 2.2. By the Sobolev embedding theorem (Recall that w C R™?), we have:
e if ny € {1,2}, then H'(w) C LP*?(w) for 0 < p < oco.
e if ny > 3, then due to (2.2) we have 0 < p < m which implies that
0<p< 77122—2’ hence H'(w) C LP2(w).
Therefore, under assumption (2.2)), it holds that
|uoo ‘LP+2(w) < CS‘VUOO ‘L2(w)7

for no > 1 and some constant C's depending only on w. Combining this inequality

with (2.7)) we have
[Uoo|Lot2(w) < Cs|foolL2(w)- (2.8)

2.3. Special cut-off functions. To estimate the converge of u(t) towards uso, we
consider the functions

w(t,Xl,Xg) = u(t,Xl,XQ) — UOO(XQ),
F(ta X17X2) = f(thhXQ) - foo(X2)7

for (X1,X5) € O and t > 0. Since uo, depends only on X, then the function w
satisfies the equation

w” — Aw + Bw’ +ylulfu=F in Q, (2.9)
with the initial conditions

w(0,2) = 00 () — uoo(Xa),  w/(0,) = ul(x).
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Observe that if us # 0 on Xy, then w # 0 on X;. As a consequence w(t) ¢
H}(w), hence it is not a valid test function for equation . This motivates the
consideration of the next cut-off functions.

For a fixed t > 1, let m be a integer such that 0 < m <t — 1. On one hand, we
consider the sequence of sets

Stoi={(s,X1):t—-m<s<t, |z;| <lo+llm—t+s), fori=1,...,n1}.
This sequence is increasing in m, i.e. Sf, C St ., and satisfies
St C U mesct{s} x (—lo — €5, 0y + £s)™ C (t —m,t) x R™.

On the other hand, we consider a sequence of smooth cut-off functions, depending
on (s, X1),
Om = 0m(s,X1):(0,¢) x R"— R

)1 in St ,
=00 in {(0,8) x RMI\ S,

Og@mgly |VX1Qm|a|lel SH:

and satisfying

where 6 is a constant independent of ¢ and m. We have in particular g,,(0,X1) =0
and g, = 0 near the lateral boundary ¥;. The supports of Vx, 0, and o, are
included in S%,  ;\SE,.

3. ENERGY ESTIMATES

In this section, we establish some useful lemmas needed in the sequel. The first
one gives an estimation for u and its derivatives.

Lemma 3.1. Under the assumptions (2.1)-(2.4), the solution of Problem (1.1
satisfies,
(1)

21|
o ()] + Vut2+7utp+2dx+/ WP+ )Pt de ds
/Qt| O+ [Vu(t)] p+2| ()] th | p+2| |

SCO(1+|f|%2(Qt))’ fort >0,
where Cy is a positive constant independent of t.

Proof. Since the solutions wu satisfies u = 0 on X, then all the tangential derivatives
of u are also vanishing on >, so V, ,u = % v, on Y;, which implies that
,  Ou

U
u =—1v, VUu=—V;, On .

ov ov

Thanks to Theorem [2.1} we can take v’ as a test function and arguing as in [I], we
obtain
(1) '

1 10\ (2 2 +2 / 2 Y +2
t)|” + t)|” + t)|PTdx + %2 — ——|ulPT dxd
2/t|u()| [Vu(t)| 2|u()| € t/3|u| 2|u\ T ds

1
= 7/ lul|? 4+ |[Vul|? + m|u0|p+2alx +/ fu' dxds
2 Ja, p+2

t

1 ou ., 9 9
+5 LG v (el ) do
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for t > 0. Using the fact that |vy] < |v;| on ¥; and noting that v, < 0 for
expanding domains, we infer that the boundary integral term in the right-hand
side is nonpositive. Then applying Young’s inequality fu' < g(u' )2 + % 2, we
obtain

2|

t /
/ |u’(t)|2+|Vu(t)|2+:(+)2|u(t)p+2dx+/ ﬁ|u’|2+p_z2|u|p+2dxds
o

t

0 1
< / [ut]? + | Vul|? + ﬂ|uo|p+2dm +— | f*dxds.
Qo p+2 B Jq.

This completes the proof. O

The second lemma, gives an estimation for the difference u(t) — uo in interior
regions of €; and Q;. For simplicity, we set

D(t,x) := |w'(t,x)|? + |[Vw(t, 2)|? + v(t)|u(t,z)|"T2, forxzecQ, t>0. (3.1)
Then we have the following energy inequality.

Lemma 3.2. Under assumptions (2.1)—(2.5)), the solutions of Problem (1.1) and
Problem (2.6)) satisfy

D(t)gfn(t)d:l:+/ D dzds

Q St xw

SCl/ Ddxds—|—01/ F? 4 y|uso|PT? dx ds,  for a.e. t >0,
(an+1\s7t1q,)><w Sk

m41 Xw

for some positive constant C; independent of t.

Proof. To derive local energy estimates, we use g,, and its proprieties.
e A local energy identity. Let us multiply (2.9) by 2we?,, it yields

0
g(ﬂgfnwz + 202 ww') — 260, omw? — 202 |w'|? — 40, omww’ + 2v|u|Puwe?,
s
+ 202, |Vw|? — 2V - (02, wVw) + 40w (V op, - Vw) = 2we?, F.
Then, multiplying (2.9) by 2aw’0?,, for some constant a > 0, yields

0 2ary
(bl + ach, [ Vwl + =5l 2},

Js +2
/ 2 o 2 20 P2 2 4oy P2 1
=200, 0m|W'|* + 2a80%, |W'|* — m|u| 05 — m|u| OmOm

—2a0,, 0m|Vw|? — 2aV - (03, w'Vw) + daonw (Vo - Vw) = 20w’ o2, F.

Summing the above identities, we obtain
0 2c

55 <ﬁg72nw2 + 202 ww' + ag?, |w'|* + a?, | Vw|? + o2 Jr’yQ |u|p+2972n)
=200, W' + 20807, [0 [P + 207, [Vw]? — 2007, 0m|Vw|?
200y |u|p+2Q2 3 dary
p+2 m™op+2
— 280, omw? — 40l omww’ — 200, om|w'|? — 2V - (02, wVW) + 40w (Vo - Vw)
—2aV - (3, w'Vw) + 4aomw (Vo - Vw) = 2we?, F + 2aw’ ¢%, F.

+ 29[ulPT2 02, — 2y|ulPuuce 02, — [u|P 20, 0m
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Collecting the terms with derivatives of g in the right-hand side of the above identity,
we obtain

0 2ary
s (ﬁ@iﬂu? + QQilww/ + OzQEn‘w/P + aQ?n|Vw|2 + m|u|p+2g72n)

o !
206 = Vel + 200, |Vl +2(y - =)l 20,
=260 omw? + 40), omww’ + 200, oW’ |2 + 200!, 0 |V |?
— 40, w(V o - V) — dagmw' (Vo - Vw) 4+ 2aV - (o2,w'Vw)
4o
+2V - (0}, wVw) + P P2y 0l 0m + 2v([ul u)use 03,

+ 2we? F + 20w’ 02 F.

Integrating on @; and taking into account the fact that g,, = 0 for ¢ = 0 and on
3¢, we end up with the identity
209(t)

/Qt (B02(0)+ 200/ (1) + ol OF + [Fut)+ =L fulo) ) 2 ()

/
+ [ 2ap— Dbl + 26 V0l +20y = )l dods

= / 280, omw?* + 40, omww’ 4 200, om|W'|? 4 200, 0m|Vw|?
t

4oy
p+2

+/ 27(\u|”u)uoog72ndxds+/ 2we?, F 4 20w’ 02 F dx ds.

t

+ |ul?2 0!, 0m d ds — / 40mw(V 0 - VW) — 400w’ (Vom - Vw) dz ds

t

e Estimate for the left-hand side of (3.2)). Using the inequality
1
2ww’ > —(ﬂwz + B\w’P),
then choosing « > 1/8, we obtain
Boz,w® + 205, ww’ + agh|w'|* + agl,|Vw|? > 6002, [w'|* + aol, [ Vw|?,

where §p = (o — %) > 0. Integrating on @, , and taking into account that v < 0,
we deduce that the left-hand side of (3.2)) is bounded below by
2 t
| (sobef @ + alvao)? + 22 ey 42 ()
o p+2

+ 2/ (ﬁ60|w’|2 + [Vl + (v + M)WH)Q; dz ds.
Qq P+ 2

e FEstimate for the right-hand side of (3.2). Given that the supports of gf,
and |Vop,| are included in the set S, ,\S% , the right-hand side of (3.2) can be
estimated above by

Co/ [w'|? + |w]* + [Vw|* + y|ul|**? dz ds
(S’:IL+1\S'le)Xw

—|—/ 27(\u|pu)uoogfndxds+/ 2we?, F 4 2aw’ 02 F dx ds.
t

t
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Here and in the sequel, ¢; denotes positive constants depending (at most) on 6, «
and w, but not on ¢t. To estimate the second integral, containing (|u|?u)uco, we
apply Young’s inequality ab < i + ® for p = Zﬁ, g=p+2ande € (0,1).
We obtain

Eq/p q

(P + 1)5 ‘u|p+2
p+2
The same inequality, for p = ¢ = 2, yields

(lulPu)use < [+,

1
(12D oo

1 2
2w, F + 20w'F < e(w? + |w'|?) + iF27
5

2uww’ < w? + |[w')?,
2uw|Vw| < w? + |Vw|?.
Then, the right-hand side of ([3.2)) is bounded above by

co/ [w'[? + |w|? + |Vw|? + y|u|? dz ds
( m.+1\st )XUJ

+ClE/ (|w |2+ |w|2+f}/|u|P+2)dexds+ D) +1) / (F2+'Y|uoo|p+2)ggnd$ds‘
Qt Qt
Since w is bounded, then Poincaré’s inequality in the Xs-direction yields

/Qt OIAC CU<C/|VX2 ()22, x<c/|Vw (t)202, (t)da

where c,, is the Poincaré constant. Thus the right-hand side of | is bounded
above by

02/ \w’\2+|Vw|2+fy|u|p+2 drds
(141 \SE) X

+ 026/ (‘w ‘2 + |V’w|2 +’7|u|p+2)gm drds + ( +1) / (F2 + 7|u00|p+2)Q$n dx ds.
e End of proof. The estimations of the two sides of (3.2)) yields

| (ol + aivuey? + mu@)v”)gmtm

+ 2/ (ﬁéo\w’\2 + |[Vw* + (v + aly' )|u|p+2>gfn dx ds
Qt
< 62/ [w'|? + | Vw|?* + 7|u\p+2 dx ds
mJFI\St ) Xw

+ 026/ (Jw'[* + [Vw|* + y|ulP?) 02, dz ds
Qt

C2 2 +2\ 2
—_ Fe+ ! dx ds.
€(P+1) /Qt ( /y|u ‘ )Qm €L as

For € small enough, we end up with
/ (' @) + [Vw ()] + () [u(t)|"+?) o, (t)dz
Q

*/ (lw']? + |[Vw]® + y[ul??) 02, du ds

t
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< 03/ |w'[? + |Vw|* + v|ul’t? dx ds
(St \Sh ) Xw

m+41

+c3 / (F% + y|uoo|P2) 02, da: ds.
This completes the proof. (I

Remark 3.3. Thanks to Inequality (2.8)), we obtain

2
/t Voo |2 05, d ds = |u00|/£t+2(w)/t V0, dX1ds
S Xw

m-+1
+2 2
< C§ folThi / 705, dX1ds
an+1
and since 0 < p,,, < 1, we obtain

t

/ Vool P2 03, dmdsﬁCé“lfool’z??w)?"l(fo+€t)'“/ Y(s)ds.
t

t—m—1

Thus
t

/ V|too |PT202, dx ds < Cy(ly + ££)™ / ~(s)ds (3.2)
St i Xw

t—m—1

where Cs is a constant independent of ¢t and m.

4. MAIN RESULTS

In this section, we establish the convergence u(t) — oo, in bounded interior
region of ; and @, under some assumptions involving the asymptotic behaviour
of f and v as t — +o0.

4.1. Convergence theorems. Let us consider the nonnegative real function

[t]-1

golt) = 3 (k / = ool ¥ lusc P dads), t>2,  (41)

t
j=1 S].Jrlxw

where [-] denotes the integer part and k := C;/(1 + C1), (C1 > 0is the constant
considered in Lemma . Then, we have the following convergence on St x w.

Theorem 4.1. Assume (2.1)—(2.5) and

go(t) = 0, ast— +oo,
t|f‘%2(Qt) = (6'“’015)7 ast — 400

where po = In(1 4+ C%) Then we have
u' —0, Vxau—0, Vx,u— Vx,us inL*(S%xw), (4.4)
’yﬁu — 0 in LPT2(S! x w), (4.5)

as t — +o0o0. Moreover, if f = foo and v = 0, the above convergences are exponen-
tial.
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Proof. The main idea is an iteration technique on the increasing sequence of sets
St x w. First, we observe that

/ Ddxds = /
(S;L+1\an)><w S,

and therefore Lemma [3.2] yields in particular

(1—|—C’1)/ D da:dsSC’l/
St xw s

C1
1+Cl,

/ D dxds < k/ Ddxds+k F? 4 y|uso|PT? dxds.  (4.6)
St Xw S,

t t
7n+1><w Sm+1><w

deds—/ D dxds
St Xw

t
g Xw

Dda:ds—l—C’l/ F? 4 y|ue |P? da ds.

t t
m41 X S Xw

Since k = then 0 < k£ < 1 and we can rewrite the precedent inequality as

This is an inequality that we can iterate for m = 1,...,[t] — 1. It follows that

/ D dxdsgk/ D dxds+k/ (F2+'y\uoo|p+2) dz ds
Stxw Shxw Sxw

2
< k2/s D dxds+Z(kj/ F? 4 N|uoo |PT2 dx ds)
I xw

t
j=1 Sl+j><w

[t]—1

< k[tH/ D dxds+ Z(kj/ F? 4 y|use|PT2 da ds).
St xw St xw

[t] j=1 T+j

Note that t—1 < [t] < t and pp = —Ink > 0. Then kIl = (=D Ink — c—po(t]=1)
and it follows that

/ D dxds
S{' X w
[t]—1 (4.7)

< cse_”ot/ Ddxds+ Z (kj/ F? 4 y|uo|PT? da ds).
Sty xw J=1 St xw

To estimate the first integral term in the right-hand side of , we write

/ Ddxds < Ddxds
Syxw Q:
< [P IV VPl de ds

= / o' [2 + [Vul? + y[ul**? da ds
Q¢

t
T Vstisel20) / ( / 4X,)ds.
0 (—lo—Ls,Lp+Ls)m1

Taking into account Lemma [3.1] and (2.7), it follows that

n1
/ D dzds < ct(1 + |f|2Lz(Qt)) t7 \foo|2Lz(w)(€o + o)t
St Xw
[t

(n1+1)

< er(t™ foolfa () + 1 f172(00)
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for large t. Substituting this in (4.7) and expending the expression of D(t,x), we

obtain
/2 + [V x,ul® + [V, (u = uoo) * + y[ul* da ds
Stxw (4.8)
<cg (tn1+1|foo|%2(w) + t|f‘%2(Qt))€7“0t + go(t)

where gg is the function given by (4.1]). Since (4.2)) and (4.3]) ensure that the left-

hand side of (4.8)) tends to zero, as ¢ — 400, then the convergences (4.4) and (|4.5))
follow.

If f = foo and v = 0 then go = 0 and |f|2L2(Qt) grows polynomially in time, hence

the claimed exponential convergences are a consequence of (4.8). This completes

the proof. O

Remark 4.2. (i) The source term f satisfies for example when |f[72(q,) is
bounded or grows polynomially in time.

(ii) The function go satisfies if the convergences f(t) — foo, 7(t) — 0, as
t — +o00, are strong enough. Some examples are given below.

(iii) If foo = 0, and by consequence uo, = 0, then go does not depend on . In
this case, Theorem holds without any convergence assumption of v(t) towards
0.

The next corollary gives the convergence on the domain 2.

Corollary 4.3. Under assumptions (2.1)—(2.5), (4.2) and (4.3), we have
u'(t) =0, Vxu(t)—0, Vxu(t)— Vx,us in L*(Qy),

)7 u(t) — 0 in LPT2(Qy),

as t — +o00. Moreover, if f = foo and v = 0, the above convergences are exponen-
tial.

Proof. Using Lemma [3.2] we have in particular for m = 1,

D(t)dx < | D(t)oi(t)dx
Q4 Q

gcl/ Ddxds+C’1/ F? 4 y|uoo| 2 da ds.
Stxw Sxw

Then we can estimate the integral |, st % D dx ds by using the above iteration tech-
2

nique for m = 2,...,[t] — 1. Arguing as in the proof of Theorem [4.1} we end up
with
D(t)dw < co(t™ M fool T2y + t172(0,))e " + g0(1).
1951
Hence the corollary follows. (Il

4.2. Convergence in arbitrary interior regions. The assumptions and
(4.3) can be considerably weakened to involve only the asymptotic behaviours of
f and v for large t. Moreover, we show that the above convergences hold for an
arbitrary interior bounded region of €; and Q.

Let O be a bounded subset of R™ x w and a be a positive constant. Since {2, is
increasing in time and becomes unbounded in the X; direction, as t — +oo, then
there exists mg > a such that

(t—a,t) x O € (t — mo,t) X Qg (4.9)
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and we can check that
(t —mo,t) X Qmy € S5, X w, for t > 2my.
Let us consider the function

(t/2]
ao®i= > (W[ U sl e ds). (4.10)
Si+j><w

Jj=2mo+1

Then, we have the following convergences on (t — a,t) x O.
Theorem 4.4. Under the assumptions f and
Gme (1) — 0 and t\f|2L2(Qt) =o(e??), ast— +o0, (4.11)
we have
u —0, Vx,u—0, Vx,u— Vx,usx nL*((t—a,t)xO0),
’yﬁu — 0 in LPT3((t —a,t) x O),

as t — +oo. Moreover, if f = fo and v = 0, the above convergences are exponen-
tial.

Proof. Let us take t > 4mg +2, i.e., [t/2] > 2my. Since (t—a,t) x O CC S}, X w,
then iterating Inequality (4.6) for m = 2my,..., [t/2] — 1, we obtain

/ D dxds
(t—a,t)xO

g/ D dxds
S. w

t
2mg X
(4]

< k[t/ﬂ*?mo/ D dzds+ ) (kao/ F? 4 y|use |2 da ds)
St, xw S
3l

j=2mo+1 § X

hence
/(t o Ddxds < Clo<(tn1+1|foo|2L2(w) 1] [2ag0,))e E +gm0(t)> (4.12)
—a,t)x

where ¢19 > 0 and gy, is defined by (4.10). Under the assumption (4.11)), the
right-hand side tends to zero, as t — +00, and the theorem follows. ([l

Remark 4.5. In contrast with go defined in (4.1)), by a sum that involves the values
of f — foo and vy on S[tﬂ X w (which is identical to @, if ¢ is an integer), the function

gm, involves only the values of f — fo, and v on Sft /241 X W included in the strip

(£ —1,t) x R™ X w.
Corollary 4.6. Under the assumptions 7 and , we have
u'(t) =0, Vxu(t) —0, Vx,u(t)— Vx,us in L*(0),
’yﬁu(t) — 0 in LPT%(0),

as t — +o0o. Moreover, if f = foo and v = 0, the above convergences are exponen-
tial.
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Proof. Using Lemma [3.2] we have for m = 2mg and t > 2mg + 1
/ D(t)dx < D(t) 02m, (t)dx
o Q

SC’l/ deds—l—C’l/ F? 4 y|uso|P T2 da ds.
S

t t
2mg+1 XW S2m0+1

The integral |, St D dx ds in the right-hand side can be estimated as above

2mg+1 XW
by iteration for m = 2mg + 1,...,[t/2] — 1. The rest of the proof is similar to the
proof of Theorem [4.I] and hence is omitted. O

4.3. Exponential convergence. We give now some assumptions on the asymp-
totic behaviour of v and f for large ¢, other than the trivial case f = fo, and v =0,
that ensure an exponential rate of convergences.

Theorem 4.7. Assume (2.1)—(2.5)), and that
'y(t), |f(t) — fool%z(ﬂt) S K2€_p‘1t7 (413)
or large t and some positive constants Ko and py. Then we have
[ g I
W] L2 ((t—a,t) x0)s |V x1UlL2((t—a,t)x0)s |V X5 (U = Uoo)| L2 ((t—a,tyx0) < Me™H,
1 _2u
W”“U|LP+2((t—a,t)xo) <M e w3t

for some positive constants M and ', such that 0 < p' < min{po/2, p1}/2.
Proof. On one hand, |f|3. (Q,) 8rows polynomially since (4.13) yields

It / oo ([ 0X) + 265017 ds
L2(@) = LPw (—bo—Ls,0o+Ls)™1 ) (4.14)

<ecppt™ Tt

for large t. On the other hand, by Remark [3.3] we derive

/ F? 4+ y|uoo |2 dz ds
s

t
145 %

t
< / / F?dxds + Co(lt + £o)™ / v(s)ds
t—(1+7) t—(1+5)

t
< Ko(1+ Cot + zo)"l)/ et s
(147)

< Ko(14 Co(lt 4 L) )(1 4 jle 1t x err(1+7)

< et Tlemmt g1l

for large t. Since k7 = e~#°J then we have

kj/ F? 4 y|uo|? du ds < cpot™ TlemH1t x elki=ro)i,
S, Xw

for 2mo +1 < j < [t/2]. Summing the above inequalities from 2mg + 1 to [t/2], we

obtain
[t/2]

9Imo (t) < Cl2tn1+1(3_ﬂlt Z e(Ml—Mo)j.
j=2mo+1
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If 1 < po, then the sum term in the right-hand is bounded independently of ¢. If
p1 2 fio, then
[t/2]
Z e(ﬂlfﬂo)j < Clgte(”lf'u“)%.
Jj=2mo+1

Therefore, in both cases it holds that
gmg(t) < 014tn1+267 min{ P‘O;“l ’/“}t’ (415)
for large t. The estimations (4.14) and (4.15) means that Assumption (4.11)) is

satisfied.
Going back to (4.12) we derive that

/ D(t,x)dxds
(t—a,t)xO

__ ko in{ POTH1
< clO(t7L1+1|foo|%2(w) + clltn1+2)€ 2t + Cl4tn1+2€ min{£95 ,ul}t.

Expending the expression of D(t,x), we end up with

S T T 0w s
t—a,t)X
< CIStn1+2 e—min{%o,ul}t.
This completes the proof. O

Remark 4.8. (i) Under assumption (4.13)), the convergences in Corollary [4.6] are
also exponential.
(ii) Theorem also holds if we replace the assumption (4.13)) by the following

one
t t
/ ~(s)ds, / / If — fool?dzds < Kze 2!,
t—1 t—1.Ja,

for large t and some positive constants K3 and us.

Remark 4.9. As long as the existence result of Theorem holds, we can obtain
the same results as in this article for more general domains, e.g.

n1

= ([[(=as®).8:)) xw, >0,

i=1
where o;(t) and (;(t) are smooth functions satisfying
Bi(0) + a;(0) > 0 and o (t), Bi(t) — +o0, ast— +00
and their derivatives satisfy

0<aj(t), Bi(t) <1, fori=1,...,n.

3

Of course, the definitions of S’, and g, must be adapted to this case.
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