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IMPROVED OSCILLATION CONDITIONS FOR THIRD-ORDER
NEUTRAL TYPE DIFFERENCE EQUATIONS

SRINIVASAN SELVARANGAM, MAYAKRISHNAN MADHAN,
ETHIRAJU THANDAPANI, SANDRA PINELAS

ABSTRACT. In this article, we study the oscillatory behavior of the third-order
neutral type difference equation
A(an(A%(@n + pnan—£))*) + anf(zn_1) =0

where a« > 0, ap, > 0, g > 0 and 0 < p,, < p < co. By using generalized
Ricatti type transformation we present some new criteria which ensure that
every solution is oscillatory. Also we provide examples that illustrate the
importance of our results.

1. INTRODUCTION

This article concerns the oscillatory behavior of solutions of the third-order neu-
tral type difference equation

A(an(AQ(xn + PnTn—k))") + @nf(Tn_1) =0, (1.1)

where n € N(ng) = {nog,no + 1,...}, ng is a nonnegative integer, subject to the
following conditions:

(H1) {an} is a positive real sequence with Y777 1/al/® = oo;

(H2) {p,} and {g,} are nonnegative real sequences, and 0 < p,, < p < o0;

(H3) f : R — R is continuous with uf(u) > 0 and f(u)/u* > M > 0 for all
u # 0

(H4) « is a ratio of odd positive integers, and k and [ are nonnegative integers.

Let 8 = max{k,l}. By a solution of equation , we mean a real sequence
{zn} defined for all n > ny — 6, and satisfies equation for all n > N(ng).
A nontrivial solution of equation is said to be oscillatory if the terms of the
sequence {x,} are neither eventually all positive nor eventually all negative, and
nonoscillatory otherwise.

The problem of determining oscillation criteria for neutral type difference equa-
tions have been receiving great attention in the last few decades since these type of
equations arise in the study of economics, mathematical biology, and many other
areas of mathematics, see for example [I} [4] [5] [§].
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In [I2], the authors considered the third-order neutral difference equation

Alen (A(dp ATy + PrnTn—r)))) + gnf(Tn—o) =0, n € N(ngp), (1.2)

and studied the oscillatory and asymptotic behavior of solutions of (1.2 subject to
the conditions

1 <1
Ac, >0, — = — =00, 0<p, <1 1.
20 ) =) gm=oc0 0<pu< (1.3)
n=no n=no

In [I0], the authors considered the equation
Alen (A(dp ATy + PrnTn—1))) + @ f(Tn—0) =0, n € N(ngp), (1.4)

and established conditions for the oscillation and asymptotic behavior of all solu-
tions under condition (1.3) without assuming Ac,, > 0.
In [I6, [15], the authors considered the equation

Alcn (A% (2 4 ppzn_s))*) + Ty, =0, neN(ng), (1.5)

and established sufficient conditions for the oscillation and asymptotic behavior of
all solutions under condition .

In [T4], the authors considered equation , and established sufficient condi-
tions for the oscillation and asymptotic behavior of all solutions under the condition

=1
Z e = 0<p, <p<oo.
n:nOCn

For further results concerning the oscillatory and asymptotic behavior of third-order
difference equations, one can refer to [2l B, @, 5] and the references cited therein.

From a review of literature it is found that all the results established in [14} 16
10}, 12} [15] for neutral type difference equations are guarantee that every solution is
either oscillatory or tends to zero monotonically, and to the best of our knowledge
there are no results in the literature which ensure that all solutions are just oscil-
latory for the third order neutral type difference equations. Therefore the purpose
of this paper is to present some new oscillation criteria for equation which
ensure that all solutions are oscillatory. Thus, the results obtained in this paper
improve those in [10} 12}, 14} [15] [16].

This article is organized as follows. In Section 2, we present the main results and
in Section 3, we provide some examples to illustrate the importance of the main
results.

2. OSCILLATION THEOREMS

In this section, we obtain some sufficient conditions for the oscillation of all
solutions of (1.1). We may deal only with the positive solutions of equation (|1.1))
since the proof for the negative case is similar. We also introduce a usual convention,
namely, for the sequence {f,} and any m € N(ng) we put ZZZ;I fn = 0 and

m—1
Hn:m f’fL = 1'

We begin with some lemmas that will be used to prove our main results. In the
following, for convenience we denote

Zn = Tp + PnTn—k, and Qn = min{Qru ank}
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Lemma 2.1. Assume that « > 1, x1,x9 € [0,00). Then
1
xf +ag > W—_l(xl + x9)%.

Lemma 2.2. Assume that 0 < a <1, z1,29 € [0,00). Then
¢+ x5 > (1 + x9)”.
The proof of the above lemmas can be found in [7] and [14], Lemma 2.2], respec-
tively.

Lemma 2.3. Let {x,} be a positive solution of equation (L.1)). Then there are only
two cases for the sequence {z,}:

(i) zn >0, Az, >0, A%z, >0, A(an(A%z,)%) < 0;

(i) 2z, >0, Az, <0, A%z, >0, Aa,(A%2,)%) <0,
for alln > N € N(ng), where N is sufficiently large.

The proof of the above lemma is similar to that of [14, Lemma 2.1], and thus is
omitted.

Lemma 2.4. Assume that {z,} satisfies Case (i) of Lemma[2.3 for alln > N €
N(ng). Then
Py B(n — lv Nl)
L= T A(n, N)
n—1 n—Il—1 s—1
where A(n,N) = >"""x al% and B(n —1,Ny) = Y020 (XiZy ai%) for some
Ny > N.

Az, (2.1)

Proof. Since A(an(A22,)%) < 0, we have a,,(A?2,)® is nonincreasing for all n > N.
Then we obtain

n—1
s A2 $) 1/
Az, > Az, — Azy = Z %
as

s=N

> al/*A%z,A(n, N).

That is,
a; Ve Az, — A%z, A(n,N) >0
which yields

Az,
< 0. .
A(A(n,N)) =0 (2:2)
Since n — [ < n, we have
Azp_; _ Aln—1,N)
> .
Az, = A(n,N) ~’ (2.3)
and using , we obtain
n—1
Zn = ZN; + Z Azs
S:Nl
n—1 AZ
> _A(s,N )
B SZN A(S7 N) (8’ ) (2 4)
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It follows from and that
Znol  DAZny Znoy - B(n—1,Ny)
Az, Az, Az,_; — A(n,N)
for all n > Nj. This completes the proof. O

Lemma 2.5. Assume that {z,} satisfies Case (i) of Lemma[2.3 for alln > N €
N(ng). Then

Az, > (a}/O‘AQZn)A(n,N),
Zn > (at/*A%2,)E(n, N)
where E(n, N) = Z:;]{, (n-1-s)

1/
CLS/

The proof of the above lemma can be found in [I4] Lemma 2.5].

Lemma 2.6. Let a > 0. If f, >0 and Af, >0 for alln > N € N(ng), then
AfE>af* tAf, ifa>1,
AfE > afi i Af, if0<ac<l

foralln > N.

The proof of the above lemma can be found in [I4, Lemma 2.6]. Next, we state
and prove our main results.

Theorem 2.7. Consider the sequences A and B defined in Lemma[2. Let a > 1
and l > k. Assume that there exist a positive nondecreasing real sequence {p,} and
a nonnegative real sequence {d,} such that

n—1
. _ B(S —1 Nl) @
lim su [21 “Mps 8(7’) - Gs} =00 2.5
m sup S;VZ psQ AN (2.5)
for a sufficiently large N € N(ng), and for some No > Ny > N, where
A " a+1
Gn = L(an +paan—k) + A(pnanén +papnan—k5n,k)-

(a4 1)a+pg
If

lim sup 3= (i:( ! ZQOU(X) > (W)l/a (2.6)

Ag_—
n—oo t=n+k s=n s—k

for alln > N € N(ng), then every solution of equation (1.1)) is oscillatory.

Proof. Assume the contrary that equation has an eventually positive solution
{zn}, that is, there exists a n; € N(ng) such that x,, > 0, 2, > 0 and z,_; > 0
for all n > n;. From the definition of z,, we have z, > 0 for all n > N € N(ny),
where N is chosen so that two cases of Lemma hold for all n > N. We shall
show that in each case we are led to a contradiction.

Case (i): From equation (1.1) and (H3), we have
A(an(Azzn)a) + paA(anfk(A?znfk)a) + Magpxy )+ Mp®gn—rzy g <0,

and then using Lemma [2.1} we obtain

Qn

A(an(A%2,)) + p* Aan_r (A2 1)) + M2a—1 zp ;1 <0, n>N. (2.7
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Define
an(A%z,)”
= - 7 > N. .
won (S an) e e
Then w,, > 0 for all n > N, and from (2.8) and Lemma we have
Aw, = Wnt1 + pnA(andn) + pn——" 0
it 11+ P A( )+p (Azn)e
. an+1(A22n+1)a a
Aow A(an(B720)%) 29
p a z
W any1(A%2,41)% A2z,
Pn (Azpi1)® Az,
It follows from (2.8]) and (2.9)) that
Ap,, apy, [ Wy 1+1/a
Awn S P Wp+1 — 1[;(1 ( 1 - an+15n+1) + pnA(angn)
Pn+1 an Pn+1 (2.10)
A A2 «a :
tp 2B s

(Azy)> 7 -

1/« . . . . .
where we used an/ A2z, is nonincreasing, and Az, is nondecreasing for all n > N.

From (2.10)) and (2.8)), we have

apn
al/a

n

A(an(Azzn)a)
(Az,)®

Aw, < Appty, — u}fl/a + A(pnandn) + pn (2.11)

where u,, = Zj:: — Gpy10n+1 > 0. Now using the inequality

Cu—Dutti/e < @ C0 H g 2.12
u u 7(0[—1—1)0""1 Do ’ > ( )

in (2.11)), with C = Ap,, and D = 2= we obtain

1/«
An

an(Apn)aJrl
(a+1)*+(py)*

Define another function v,, by

A(an(Azzn)a)

Aw, <
Wn = (Azp)™

+ A(pnandn) + pn (2.13)

v, — (an—k:<A22:n—k)a
n n (Azn_k)a

Then v, > 0 for all n > N, and from (2.14) and Lemma we obtain

+ an,kén,k). (2.14)

an,k(Aan,k)a>

(Azp—g)®

an_k(AQ,zn_k)o‘ )
(Azp—)>

Apy,
Avn = L Un+1 + pnA(anfkénfk) + pnA(
Pn+1
< =P
Pn+1

Uit + prdA(@n—pbni) + pnA( (2.15)

Pn Wyt 1 1+1/a
o = G 1-kOn41—k , n>N,
a,’ Pn+1
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. 1 . . . . .
where we have agam used an/ A2z, is nonincreasing, and Az, is nondecreasing for

all n > N. From and -7 we have
QpPp A(an—k(AQZn—k)a)
a/®

Ay (Aznik)a

where u, = 2 — a1 10,11 > 0. Now using the inequality (2.12) to (2.16)

Pn+1
we obtain

Avy < Appun — =l TV + A(prtn—k6n—r) + pn (2.16)

anfk:(Apn)cH_l
CESVEIPAES

It follows from (2.13]), (2.17) and (2.7) that

Aw, + p*Av,

A(an(AQZn)a)+paA(an— (AQZn— )o/)
<o (Az)e . )

+ A(pnan(sn + papnan7k5n7k) +

A(an,k(Azzn,k)“)

Av, <
(Azn_k)a

+ A(pnan,kén,k) + pn (2.17)

(Apn)a—i-l (e
R

Lo
Zn—1

—-M
—2a 1ann( Az, )e +G,, n>N;>N.

Now using Lemma [24] in the above inequality, and then summing the resulting
inequality from No > Nj to n — 1, we obtain

n—1

—a B(S — l, Nl) o «

Z [le Pst(W) _Gs:| < wn, +pTun, <00
S:N2

which contradicts (2.5]).

Case (ii): Let n > N € N(ng) be fixed, and summing the inequality (2.7)) from n

to j, we have

2

aj11(A%2j11)" = an(A%z,)" +Paaj+1—k(A22j+1fk)a

—p*an— k(A Zn— k 2a IZQtZt <

Since {a; (Azzj)o‘} is positive and decreasing, the above inequality implies that, as
J — 09,

_Azzn7k+(2°‘*1(];4+p )1/a(an kZQtZt l) <o,

Summing again from n to j and rearranging, we obtain

~Azjy1 g+ Az g+ (2a‘1(]1\t4+p“))1/ 3 ( 1 5 Qs)l/ 21 <0.
t=n n

At—k =

Since {Az;} is negative and increasing, as j — oo, we have

Azn-i+ (Mﬂm)l/ag( : in@s)l/az” <0

At—k =
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Summing the above inequality from n + k to j and rearranging, we obtain

Zj41—k — Zn + (Mﬂﬂ_pa))l/ th;l [;(al ;Qi)l/ Zt—l} <0.

s—k

Since {z,} is positive and decreasing, we have from the last inequality as j — oo,

t t

i [Z( ! ZQi)l/a]thl < (W)l/azm

t=n+k s=n As—k i=s
or
n+l t t 1 o1 ayy 1/
As—k © o M
t=n+k s=n 1=s
which contradicts ([2.6)) as n — oo. This completes the proof. a

By using the inequality in Lemma [2.2] instead of Lemma [2.I] we obtain the
following result.

Theorem 2.8. Consider the sequences A and B defined in Lemma[2.]} Let 0 <
a<1andl > k. Assume condition (2.6) holds. Further assume that there exist
a positive nondecreasing real sequence {p,} and a nonnegative real sequence {0}
such tat

s 5 [ (Bi) - 6]
s=N» ’

for sufficiently large N € N(ng), and for some Ny > N1 > N, then every solution
of equation (1.1)) is oscillatory.

The proof of the above theorem is similar to that of Theorem and hence it
is omitted. Next, we present an easily verifiable oscillation condition for equation

[T).

Theorem 2.9. Let > 1, and assume that condition (2.6) with | > k. If there
exists a positive nondecreasing real sequence {p,} such that

i {Pn+1 (ZT]\{lQn —d(1 +p")> +d(1 —i—pa)pn} =00 (2.18)

n=N;

for every d > 0, and for some N1 > N, then every solution of (1.1)) is oscillatory.

Proof. Let {x,} be a positive solution of equation . Then there exists a ny €
N(ng) such that x,, > 0, &, > 0, and x,,_; > 0 for all n > ny. From the definition
of z,, we have z, > 0 for all n > N € N(n;), where N is chosen so that Lemma
holds for all n > N.

Case(i): Define

Wy, = pnw, n> N. (2.19)
Zn—1
Then w, > 0 for all n > N, from (2.19), we have
A n A2 n)e " A2 )e
A < prgy 208720 | anlB720)7 S (2.20)

n—I n—I
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Define another function

n— A2 n—k)”
vy = pnM7 n > N. (2.21)
Zn

Then v,, > 0 for all n > N, and from ([2.21)), we have
A(an—k(Azzn—k)a) an—k(AQZn—k)

Av, < prta = + Ap, = , n>N. (2.22)
n—l n—l
Combining ([2.20) and (2.22]), and then using (2.7)), we obtain
-M an(AZzn) an—_k(AZzn_p)®
Awn +paAU" S ﬁpn+1Qn + ApnM +paApn N k( «@ = k)
2 AN-1 AN-1

—M
S Fﬂn-&-l@n + d(l +pa)Apna n Z Nl 2 Na

an_k(A%zn_p)*
ZQ
N—1

to m, we obtain

where d = > 0 is a constant. Summing the last inequality from N;

m

> [pn+1 (1;47(:2? —d(1 +p°‘)) +d(1 +pa)pn} < wp, + o, -
n=N;

which contradicts condition (2.18) as m — oo.
The proof of Case(ii) is similar to that of in Theorem and we omit it. The
proof is complete. O

From Lemma similar to the proof of Theorem [2.9] we obtain the following
result.

Theorem 2.10. Let 0 < a < 1, assume condition (2.6 with | > k. If there exists
a positive nondecreasing real sequence {py} such that

oo

> o1 (MQy = d(1+p*)) + d(1 + p*)p,] = o0

n=N;
for every constant d > 0, then every solution of equation (1.1) is oscillatory.
Next, we present some oscillation criteria using Lemma [2.5]

Theorem 2.11. Consider the sequences E defined in Lemma [2.5 Let a > 1,
assume that condition (2.6|) with | > k. If

I—k >l—k+1 20=1(1 + p*)

n—1
lim sup Z QSEO‘(Sfl,N)><l_k+1

n—oo s=n—I+k

(2.23)

then every solution of (1.1) is oscillatory.

Proof. Let {z,} be a positive solution of equation . Then there exists a ny €
N(ng) such that 2, > 0, 2, > 0, and x,,_; > 0 for all n > n;. From the definition
of z,, we have z, > 0 for all n > N € N(n;), where N is chosen so that Lemma
holds for all n > N.

Case(i): From Lemma we have
2% > an_1(A%2,_)*E%(n—I,N), n>N. (2.24)

n—I
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Using (2.24) in (2.7), we obtain
A(an(AQZn)a) +paA(an—k(A22n—k)a)

M (2.25)
+ FQHEQ(H - laN)an—l(AQZn—l)a <0

for all n > N. Set
Wy = ap(A%2,)% + p%an_p(A%2, )%, n > N.
Then w,, > 0, and

wy < (14 p*)an_p(A%2, )%, n > N. (2.26)
Combining (2.26)) with (2.25)), we have
M
A’U)n + anngthn«kal < 0. (227)

In view of [T, Theorem 6.20.5], condition implies that the inequality
has no positive solution, which is a contradiction.

The proof of Case(ii) is similar to that of Case(ii) of Theorem[2.9] This completes
the proof. O

From Lemma [2.2] similar to the proof of Theorem [2.11] we obtain the following
result.

Theorem 2.12. Let 0 < a < 1, and assume that condition (2.6) with | > k. If

(z _l;-ky 1)l_k+1 - Lpa)

n—1
lim sup Z QsE“(s—1,N) >

n—oo
s=n—Il+k

then every solution of equation (1.1) is oscillatory.

Our final result is concern with the case when
D Qn < o0 (2.28)
n=N

Theorem 2.13. Let a > 1, and assume that condition (2.6) with I > k. If (2.28)),
and
- 2071 (1 +p%)
li E*(n—1I,N § > ———=
im sup (n );Q i

hold, then every solution of equation (L.1|) is oscillatory.

(2.29)

Proof. Let {x,} be a positive solution of equation (L.I)). Then there exists a n; €
N(ng) such that z,, > 0, x,,— > 0, and x,,_; > 0 for all n > n;. From the definition
of z,, we have z, > 0 for all n > N € N(n;), where N is chosen so that Lemma
holds for all n > N.

Case(i): For this case, we define w,, as in Theorem [2.9| with p,, = 1, to obtain
2 e 2 e
A(an(A Zn) ) < Alan(A%z,)%)

(o3 @
Zn—1 Zn—1

, n>N. (2.30)

Next we define v, as in Theorem 2.9 with p,, = 1, to obtain
A(an—k(AQZn—l)a> < A(an—k(Azzn—k)a)

o o ?
Zn—1 Zn—1

n> N. (2.31)
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Multiplying inequality (2.31]) by p® and adding with (2.30)), and then using (2.7]),
we obtain

2 [ (e 2 e} _
A(“"(A 2n)” + P an—k(A72n-1) )g Mo, n=N.
2o 2&—1

n—1
Summing the last inequality from N to m, and then using the nonincreasing prop-
erty of {a,(Az,)*}, we obtain

m 2 o
an—1(A%n—_1)
ot 2L Qe s (APt ) —————.
5aT Z )
Since the right-hand side of the last inequality is independent of m, we have
an—1(A%zy )
ST Z Qs < (2.32)
N-I
In view of condition , it follows from ) that
M - nAV‘A2 n— o
S Q< AT s (2.33)

Zp—1

2a71(14,pa)s:n
Now using Lemma in (2.33)), we have

20-1(1
(=1, N) ZQg_iﬂ’), nz N,

which contradicts (2:29). The proof of Case (ii) is similar to that of Theorem
This completes the proof. ([l

From Lemma similar to the proof of Theorem [2.13] we obtain the following
result.

Theorem 2.14. Let 0 < a < 1, and assume that condition (2.6) with | > k. If
(2.28), and

. N (1+p%)
1 E¥(n—1I,N § > ———
im sup (n—1,N) g Qs > %

s=n
hold, then every solution of (1.1)) is oscillatory.
3. EXAMPLES
In this section, we present some examples to illustrate the main results.
Example 3.1. Consider the third-order neutral type difference equation
A(n(A%(xn + prn_1))®) + Anad_, =0, n > 1. (3.1)

Here ap, =n, ppn =0>0,¢, =An, A>0,k=1,1=2,m=1and Q, = A\(n—1).
Since A(n,1) < (n —1) and B(n,2) > (n — 2), and by taking p, = 1 and §,, = 0,
we see that condition ({2.5)) is clearly satisfied. Further, we have

n+2 t

> ()"

t=n+1s=n

nt+2 ¢ 1) (s — 1
-2 X))

t=n-+1s=n
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n+2 t E
A/t(t—1) 1/3
li (7( _ 2)) —\(2 1/3 4 94/3y
171Lri)solipsupz Z 5\ s+ A2437° 4+ )
t=n+1s=n
Therefore if
A(1 +p°)
(24 24/3 4-31/3)3°
then condition (2.6) is satisfied. Hence by Theorem every solution of equation
(3.1) is oscillatory provided A > 0.0189(1 + p3).

A >

Example 3.2. Consider the third-order neutral delay difference equation
A((n+ 1) (A% (2, +22,1))%) +64(2n +3)23 =0, n>1. (3.2)

Here ap, = (n+ 1), pp = 2, go = 642n+3), a =3, k=1,1 =3, M =1
and Q, = 64(2n + 1). By taking p, = 1, we see that condition is clearly
satisfied. Further it is easy to verify that condition is also satisfied. Therefore
by Theorem every solution of is oscillatory. In fact {x,} = {(-1)"} is
one such oscillatory solution of .

Example 3.3. Consider the third-order neutral type difference equation

1 A
A(————(A?(z, o))+ ————22 =0 > 1. 3.3
((n+1)3( (27 +px 1)) )+ n(n_i_l)xn—Q , N Z ( )
Hereanzﬁ,pn2p>0,qn=ﬁ,k>0,k:17l:2,M:1and
Q. = ﬁ Since E(n,1) = %7 it is easy to see that condition ([2.24)) is
satisfied. Further, we have
n+2 t t n+2 t
A 1/3 1 1\1/3
e 3 ()
S (S ) Syt h"
t=n+1s=n 1=s t=n-+1s=n
or
n+2 t
1 1\1/3
I 1/3 (7—7) = .
1yrln_)solip Z Z)\ s p— 0
t=n+1s=n

Hence condition (2.6]) is also satisfied. Therefore by Theorem every solution
of (3.3) is oscillatory provided A > 0.

Example 3.4. Consider a third-order neutral delay difference equation

1 128
A(W(AQ(mn —+ 233”_1))3) + mxi_s = 0, n Z 5 (34)
Herean:ﬁ,pn:an:%,az&k:l,l:&M:land

Q.= (nlfg)3. Since E(n,5) = M7 it is easy to see that condition ([2.30))
is satisfied. Further, one can easily that condition (2.6)) is also satisfied. Therefore

by Theorem every solution of (3.4) is oscillatory. In fact {z,} = {(=1)"} is
one such oscillatory solution of (3.4)).

Remark 3.5. From the results given in [I4] [16] 10, 2] 15], one cannot conclude

that all solutions of (3.1)—(3.4) are oscillatory.
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3.1. Conclusion. In this article, we have established some new oscillation the-
orems for when 0 < p, < p < o0, and a € (0,00). These results en-
sure that all solutions are just oscillatory. Therefore our results improve those
in [14), [T6] 10, 12| [15] since the results in these papers will not ensure that all solu-
tions are oscillatory. Also one can extend the results in [0, 13| IT] to neutral type
difference equations, and the details are left to the reader. It is also interesting to
extend the results of the equation when —1 < p,, <0 and {p,} is oscillatory.
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