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EXISTENCE AND ASYMPTOTIC BEHAVIOR OF GLOBAL
SOLUTIONS TO CHEMOREPULSION SYSTEMS WITH
NONLINEAR SENSITIVITY

YULIN LAI, YOUJUN XIAO

ABSTRACT. This article concerns the chemorepulsion system with nonlinear
sensitivity and nonlinear secretion
ut =Au+ V- (xu™Vv), €, t>0,
0=Av—v+u® =z€Q t>0,
under homogeneous Neumann boundary conditions, where x > 0, m > 0,
a >0, C R™is a bounded domain with smooth boundary. The existence and
uniform boundedness of a classical global solutions are obtained. Furthermore,

it is shown that for any given ug, if « > m or a > 1, the corresponding solution
(u,v) converges to (#o, 4 ) as time goes to infinity, where @ := ﬁ Jq uodz.

1. INTRODUCTION

Chemotaxis plays essential roles in various biological processes, which directs
the movement of cells or organisms in response to the chemical stimuli. The first
mathematical study of chemotaxis was the celebrated work by Keller and Segel in
the 70s [111, [12] where they proposed the model

up = Au— V- (xuVo)

T, = Av—v+u

(1.1)

to describe the aggregation of slime mold Dictyostelium discoideum and traveling
pulses of bacteria Escherichia coli, where u denotes the bacteria density, v repre-
sents the chemical concentration, respectively, and x is the chemotactic coefficient.
The case that y > 0 means that bacteria are attracted by the chemical stimuli
and the corresponding model is so called the chemoattractive model. The other
case that y < 0 means that bacteria are repulsed by the chemical stimuli, and
the corresponding model is so called the chemorepulsive model. The main feature
of the chemoattractive models is the blow-up of solutions in finite time in space
dimension greater or equal to two; see for instance [3, 4, [5 @, 10 17, 25]. Since
the blow-up is unrealistic in the real biological processes, various mechanisms are
introduced into the chemoattractive models to prevent the blow-up of solutions,

2010 Mathematics Subject Classification. 35K55, 35Q92, 35Q35, 92C17.

Key words and phrases. Chemotaxis; repulsion; nonlinear sensitivity;global solution;
asymptotic behavior.

(©2017 Texas State University.

Submitted April 7, 2017. Published October 10, 2017.

1



2 Y. LAIL Y. XIAO EJDE-2017/254

see [13] 18] 23], 19} [24], for instance. In particular, in [I4], the authors used a non-
linear form denoted by a function f(u) to describe the production of the chemical
cue, i.e, the second equation in was replaced by v; = Av — v + f(u), where
0 < f(u) < Ku® with some positive constant K and 0 < a < § (where n de-
notes the space dimension), and obtained the global existence of classical solutions
under some regularity assumptions on the initial data. For the chemorepulsive
models, since bacteria are repulsed by the chemical stimuli which may prevent the
aggregation of bacteria, the blow-up of solutions is not expected to take place for
these models. Indeed, for the chemorepulsive model under homogeneous Neumann
boundary conditions for u and v in a bounded domain 2 C R™ with smooth bound-
ary, when 7 = 0, it was shown in [I5] [16] that there exist global in time solutions
which are uniformly bounded and converge to the steady state exponentially. When
7 = 1, for the space dimension n = 2, based on a Lyapunov functional approach,
it was proved in [6] that there exists a unique global smooth classical solution, and
global weak solutions were also obtained in space dimension n = 3,4. Considering
the cross-diffusion term may be dependent on u nonlinearly, Tao in [20] studied the
chemorepulsive system

u=Au+V-(f(u)WVv), z€Q, t>0,

nw=Av—v+u, z€Q t>0 (1.2)
under homogeneous Neumann boundary conditions in a smooth bounded convex
domain £ C R™ with n > 3, where f(u) < K(u+ 1)™ with 0 < m < ni2' Under
some assumptions on the initial data, the uniformly bounded global solutions are
obtained and the large time behavior of solutions is also given. However, the global
existence of this repulsive model with m > n%rz is still open.

The purpose of this article is to study a repulsive system with nonlinear sensi-

tivity which also involves nonlinear secretion:

up=Au+xV- (u"Vv), ze€Q,t>0,
0=Av—v+u® z€Q,t>0,
ou  Ov (1.3)
—_— = — = Q
% oy 0, z€9Q,t>0,
u(z,0) = up(x), x €L,

where Q@ C R™ (n > 2) is a bounded domain with smooth boundary 99, % de-
notes the derivative with respect to the outer normal of 9Q2. We assume that the
chemotactic parameter y is positive, which shows that the chemical signal with
concentration v = v(x,t) is repulsive. We remark that, in this model, the equation
of v is an elliptic equation rather than a parabolic equation. Therefore, the global
existence can be expected to obtain for more general m and a.

The main result of this article is as follows.

Theorem 1.1. Let x >0, m >0, a > 0, Q C R" (n > 2) be a bounded domain
with smooth boundary. Then for any nonnegative ug € C°(Q) (ug # 0), problem
(1.3) possesses a global in time classical solution, which is nonnegative and bounded
in Q x (0,00). Furthermore, if a« > m or a > 1, then we have

u(-,t) = ap  and v(-,t) —ag in L®(Q) ast— oo, (1.4)
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where 1
ug = —— dx. 1.

Remark 1.2. If m = 1 and a = 1, the results obtained in Theorem are in
agreement with those in [15] [16].

As we know the proof in [20] heavily relies on 0 < m < niﬁ’ however, we only
require m > 0 in this paper. Moreover, the convexity of domain is not required,
which is indispensable in [20].

The condition x > 0 is crucial, otherwise, the system will become the chemoat-
tractive system, and then, the solutions may blow up in finite time.

This article is organized as follows. In Section 2, we state the local and global
existence, and then in Section 3, we deal with the large time behavior of solutions
to (1.3)) and give the proof of Theorem (1.1

2. EXISTENCE OF LOCAL AND GLOBAL SOLUTIONS

In this section, we first state the existence of classical local solutions to system
(1.3), then establish some a priori estimates which are the core of the argument
concerning the existence and boundedness of global solutions.

Lemma 2.1. Let x >0, m >0, a >0, Q C R™, n > 2, be a bounded domain
with smooth boundary. Assume that the initial datum uy € C°(Q) (ug # 0) is
nonnegative. Then there exist T* € (0,00] and a pair of nonnegative functions
(u,v) € CO(Q x [0,T%)) N C?1(Q x (0,T%)) solving classically in Q x (0,T%).
Moreover, if T* < oo, then

u(-,t)|| ooy = 00 ast /T (2.1)

Proof. The existence of a local classical solutions is based on a fixed point theorem.
One can refer to [2I, Lemma 2.1] for more details. Moreover, the nonnegativity of
u and of v follow from the maximum principle. O

The following L' estimates can be easily checked.
Lemma 2.2. The solution (u,v) of satisfies the mass conservation property
[u(, Ol ) = lluollzr@) for allt €10,T7). (2.2)
Proof. Integrating the first equation of with respect to space, we get
%/ﬂudm =0, forallte (0,77),

which implies (2.2)) directly. |

The following Lemma is the core of the argument concerning existence and
boundedness of global solutions.

Lemma 2.3. Let x >0, m >0, a>0. QCR", n>2, s a bounded domain with
smooth boundary. Then for any nonnegative ug € C°(Q) (ug #Z 0), any k > 1, the

solution of (|L.3)) satisfies
[l )lzr@) < lluollpe)  for all t € (0,17), (2.3)

t
k k .
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Proof. Testing (1.3); against ku*~!, substituting (1.3))> into the resulting equality,
and invoking Young’s inequality yields

d Ak —1
dt/ﬂukdz+(k)/ﬂ|vu’5|2dx

= —xk(k — 1)/ u™ P2V - Vude
Q

= L / Va1 Vode
m+k—1
xk(k —1) / +k—1
=422 =7 m A .
A Qu vdx (2.5)
_ Xk(k — 1) / uerkflvdx o Xk(k - 1) / um+k+a71dx
m + k—1 Q m + k—1 Q
_ an(k B 1) / m+k+a—1
mtk-—Dmikta—1) Jo" de
axk(k —1) / mikta—1
Tk )mtkra-1Jy" d

m+k—1

for all ¢ € (0,7*%). Next multiplying the second equation of (1.3) by v~ =
integrating by parts, and using Young’s inequality yields

/vm+kia—1dx+ da(m+k—1) / \vaﬂéiailﬁdx
Q Q

(m+k+a-1)>2
= / uy ™ d
Q

)

< @ / wmtEte=1g. o m+k—1 / et
m+k+a—1Jq m+k+a—1Jg
for all ¢t € (0,7*). Thus, we have
m a—1 4 k' m+k+a—1
#/v St de + am + /|Vv T 2y
m+k+a—1Jqg (m+k‘+a—1 (2.6)
« m+k+a—1 .
" m+k+a-—1 / b du
for all t € (O,T*) Combmmg and (2.6)), we have
k - ko 40[)(]6 m+k+a
dx 2|“d, dx <0
dt + 25 k KJV“‘ T +k+a—1 /| [
(2.7)
for all t € (0,7*), which, integrating with respect to ¢ over (0,¢), immediately leads
to (2.3]), (2.4). This completes the proof. O

We are now in a position to prove the boundedness result.

Lemma 2.4. Let x >0, m>0,0<a <1 QCR", n>2, s abounded domain
with smooth boundary. Then for any nonnegative ug € CO(Q)( ug # 0 ), there
exists a positive constant C such that the solution of system (1.3)) satisfies

”u('vt)HLOO(Q) <C fOT’ allt € (OvT*)7 (28)
lo(, ) lwimq@y < C for allt € (0,T7). (2.9)
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Proof. Integrating the second equation of (1.3) with respect to space, we get

/vdx:/uo‘dx.
Q Q

By Holder’s inequality and (2.2)), if 0 < o < 1, we have
lv(- )l L) < |Q|17a||uo||L1(Q)-

Invoking (2.3), if @ > 1, we also have |[v(-,?)||11(q) < [uollZaq)- That is, for any
a > 0, it holds that

ol )l < 101 uglmded - for all £ € (0,7°).
Moreover, in view of and 7 one may easily derive

[[o(-1)

for any k£ > 2. By passing to the limit as k — oo, yields

I mesgans o < Dl oneisans oy < lolfnsansiay
[v(-s )l Lo (@) < ||u(-,t)||‘foo(9) < ||U0||(Eoo(9)-

Furthermore, one may invoke the Agmon-Douglis-Nirenberg L* estimates [I}, 2] on
linear elliptic equations with the (zero) Neumann boundary condition to obtain

HU(Ht)HW?"V(Q) S C'1||u°‘(-,t)HLk(Q) S Cg for all t € (0,00)

with some positive constants C7, C5. This, in conjunction with the Sobolev em-
bedding [7]: W2k(Q) — CL(Q) := {u € C1(Q)|Du € L>®(Q)} if k > n, yields

[Vo(-,t)| Loy < C forall t € (0,00).
We thus complete the proof of (2.8) and ([2.9). O

Lemma and the extensibility criterion (2.1) yields directly the existence a
global solution.

Corollary 2.5. Let x >0, m >0, a > 0. Q CR", n > 2, is a bounded domain
with smooth boundary. Then for any nonnegative ug € C°(Q) (ug # 0), there ewists
a pair of nonnegative bounded functions (u,v) € C°(Q x [0,00)) N C*(Q x (0, 00))
solving classically.

3. LARGE TIME BEHAVIOR

In this section, we mainly focus on the large time behavior of the global classical
bounded solution of (1.3)). We first note that Vu and Vv converge to zero in the
following sense:

Lemma 3.1. Under the same assumptions as Corollary the solution of (1.3
satisfies

oo
1

If we further assume o > m or o > 1, then we also have

o 1
/ / Vol de dt < luol[32(a- (3.2)
0 Q
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Proof. Since T* = oo, (3.1) results from (2.4) with & = 2 directly. To establish
(13.2), we divide it into two steps.

Step 1. In the case a > 1, we first test (1.3)2 against —Aw, then apply the
integration by parts and Young’s inequality to obtain

/|Av|2dx+/ |VU\2dx:/Vu°‘-Vvdx
Q Q
/|Vua| dx + = /|VU\ dx

= a—/ o)\ Gy 2de + = /|Vv|2dx
2 Ja

Integrating with respect to ¢ over (0, 00) and invoking (3.1) and ( ., we deduce

2/ /|Av|2dmdt+/ /|Vv|2dxdt<a2||u|\L§(Ql)/ /\Vu|2dxdt
0 Q

a? 1
< 7”“0”1,00(9

I /\

Mol 0,

which implies (3.2).
Step 2. In the case of & > m, we can take k = 14+ « — m in (2.7), then integrate
with respect to ¢ over (0,00) to deduce

1 _ _ o0
X( + « m)(a m)/ /|VU|2 dxdtﬁ/u(l)+a_7n,
«Q 0 Q Q

which also implies (3.2)). We thus complete the proof. ([l

Inspired by an argument developed in [22], we next give a weak stabilization
property for u.

Lemma 3.2. Let the assumptions in Corollary hold. Then the solution of (1.3
satisfies

/0 lu-,) = tollfyn(-dt < C (3.3)

for some positive constant C, where g is as defined in (L.5), (W™2(Q))* is the
dual space of W™2(Q).

Proof. We first assert that
/0 lu(-,t) — u0||Ln ; (Q)dt <C (3.4)

for some positive constant C', which along with the fact that L7 (Q) < (W™2(Q))*
yields (3.3)). In fact, invoking Sobolev’s inequality and Poincaré’s inequality, we
have

Ju(-,t) — Uol| = F @) < C1||Vu(-,t)|[piq) forall > 0.

Integrating with respect to ¢t over (0, 00) and invoking Hélder’s inequality and (3.1),

we have
o0
— 2
|t =l

2 [ 2
e AT

<ctiol [ [ vutof
0 Q
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< 5CE1llluollZ2 o),

N | =

which implies (3.4) with C := %C%|QH|UOH%2(Q) > (0. This completes the proof. [

The following decay property of u; shows that u; decays at least in some weak
sense as the time goes to infinity, which will be used to improve the stabilization
property of w in the sequel.

Lemma 3.3. In addition to the assumptions in Corollary[2.5, we further assume
a>m ora>1, then the solution of (1.3) satisfies

| IOl st < € (35)
for some positive constant C.

Proof. Take ¢ € W™2(Q) and test (1.3); against ¢ to get

/utgadx:/Augpdw—l—/v-(xuva)godx

=— | VuVpdr — / xu" Vv - Vodz
Q Q

for all ¢ > 0. Next we will estimate each term on the right hand side. For the first
term, by Holder’s inequality, we have

| = [ VuTde] < [Vulizio Velloe) < Vel Velwoae: (37
For the second term, by Hoélder’s inequality and (2.8]), we have

| - /qumeV@da:\ < xlluC Ol T @) IVVllz2@) Vel 220

(3.8)
< Cof|[ V|22 IV ollwn2(a)
with Cp := x[[u(-, ?)[|7% ) > 0. We thus obtain
2
||’U,t(',t)H%Wn,2(Q))* = ) sup ‘/ ’U,thdiE’
PeW™2(Q),llellyn,20)<1 ' J/Q (39)

<2||VulZ2q) + 2C3 [ Voll72(q)

for all ¢ > 0. Then(3.5) may result from an integration (3.9)) over ¢ € (0,00) in
conjunction with (3.1)) and (3.2)) directly. O

We next state a regularity estimate of the solution.

Lemma 3.4. Let the assumptions in Corollary[2.5 hold, and further assume o > m
ora > 1. Then there exist a positive constant C' and vy € (0,1) such that the solution

of (1.3)) satisfies
lue()lcvqy < C forallt > 1. (3.10)

Proof. The proof is similar to that of [20, Lemma 4.3]. We just outline the idea
here. We first invoke (2.8]) and (2.9)) to obtain

[xu"" V|| o) < C forallt>0
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with some positive constant C. Then applying the operator A’ with some 6 € (0, 1)

2
to the Duhamel formula for u in the form

t

u(-,t) = ey +/ e=IAY . (xu™ V) (-, s)ds, t>0,
0

where A? denotes the fractional power of the realization of —A + 1 in L9(f2) with

q > 1 large enough satisfying 26 — % > 0 under homogeneous Neumann boundary

conditions, yields

[A%u(-,t)|| Loy < C forallt >0 (3.11)
with a positive constant C. This, along with the fact that D(A%) — C7(Q) for all
7€ (0,20 - 2) ], yields (B:10). 0

Now we are ready to prove the stabilization property of v and also v.

Lemma 3.5. Let the assumptions in Corollary[2.5 hold, and further assume o > m
or a> 1. Then the solution of (1.3) satisfies

llu(-,t) — tol| oo (@) = 0 ast— oo, (3.12)

lv(-,t) — gl L) — 0 ast — oo, (3.13)
where ug is as defined in (|1.5)).

Proof. The proof of the stabilization property (3.12) of w is similar to that of [20}
Lemma 4.4], we omit it here. To achieve the stabilization property (3.13)) of v, we
set w(z,t) := v(x,t) — af, then it satisfies

0=Aw—-—w+u*—ay, ze€,t>0,

314
0 0. weon t>o. (3.14)
ov

Applying the elliptic maximum principle [7] to (3.14)), we obtain
H’U(',t) — ﬂOHLoo(Q) = ||w(,t)||Loo(Q) S ||u°‘(~7t) — ’ELSHLOQ(Q) fOI’ all t> 07
which in conjunction with (3.12)) yields (3.13)) directly. O

Now we can prove our main result by collecting what we have found so far.
Indeed, Theorem [I.] follows from Corollary 2.5 and Lemma [3.5]
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