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EXISTENCE, BOUNDARY BEHAVIOR AND ASYMPTOTIC
BEHAVIOR OF SOLUTIONS TO SINGULAR ELLIPTIC
BOUNDARY-VALUE PROBLEMS

GE GAO, BAOQIANG YAN

ABSTRACT. In this article, we consider the singular elliptic boundary-value
problem

—Au+fu)—u "= inQ, wu>0inQ, w=0onodN
Using the upper-lower solution method, we show the existence and uniqueness

of the solution. Also we study the boundary behavior and asymptotic behavior
of the positive solutions.

1. INTRODUCTION

In this article, we consider the singular elliptic boundary-value problem
—Au+ f(u)—u 7 =X in Q,
u>0 in (1.1)
u=0 on 01,

where € is a bounded domain in RY, N > 2, with C?# boundary 99, v > 0,
B € (0,1) and A > 0 is a real parameter. We use the following assumptions in this
article.

(A1) f:RT — R is a continuous function.

(A2) s1f(s) is strictly increasing for s > 0.

(A3) f:R*T — R is strictly increasing.
Existence, boundary behavior and asymptotic behavior of solutions for nonlinear
elliptic boundary value problems have been intensively studied in the previous
decades. Berestycki [1] considered the problem

Lu+ f(x,u) = Aau, in Q,

u=0, on 99, (1.2)

where L is a second order uniformly elliptic operator, a € C°(2), @ > 0 in Q and
under the conditions that f(z,0) =0, s — (f(x, s)/s) is strictly increasing for s > 0
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and limg_, o (f(x, s)/s) = 400, it is proved that (1.2)) has one and only one positive
solution uy € W2P(Q) for A > A\{, where \; denotes the principle eigenvalue of

Lo =Xapin Q, ¢ =0 on 9.
As a special case for , Fraile, Lépez-Gémez and Delis [6] studied
—Au = du+ f(u) —uP™ in Q,
>0 in (1.3)
u=0 on 0f,

and described the structure of the positive solutions of in detail. Some other
asymptotic behavior studies have been shown in [16, [17, [18].

Notice that in the above f needs to be continuous or differential at z = 0. On the
other hand, singular elliptic boundary value problems in various forms have been

studied extensively by many authors, see [2] [3, [4, 5] [7], (8, 10 1T, 12, [15] 19} 2T, 22].

For instance, for the problem
—Au—u" %= (A)? inQ,
u>0 in §, (1.4)
u=0 on 01,

by results in [4, [7, [8 [19], it follows that if A =0, possesses a unique classical
solution and at least one classical solution for A # 0 and p < 1. Coclite and Palmieri
[B] showed that if 0 < p < 1, . ) has at least one solution wuy for all A > 0; and if
p > 1, there exist \ € (0, 4+00] such that ( . ) has at least one classical solution for
all A € [0,A) and has no solution for A < \. See also results in [2, 12, 22]. A more
generalized work in [I5] is about for the singular problem

—Au+ K(z)u™% = P in Q,
u>0 in Q, (1.5)
u=0 ondQ.

If K(x) < 0 for all z € Q, then ) has one and only one solution wu) for any
A ER, crd(z) < ur(x) < ead() for any x € ) and some ¢y, c; > 0 independent of
z; if K(z) > 0 for all z € €, there exist a A > 0 such that (L5) has at least one
solution uy for A > )\ and ( . has no solution for A < A. Other results can be
found in [IZLIE,IZILIELIZI]

Up to now, there are only a few results on existence, boundary behavior and
asymptotic behavior of positive solutions for . Our goal in this paper is to show
existence, boundary behavior and asymptotic behavior of the solutions for singular
elliptic boundary-value problem . Using the upper-lower solution method, we
obtain that has at least one solution, and if 0 < v < 1, has one and
only one solution. In the meanwhile, the boundary behavior of the solution is
established for 0 < v < 1. Finally, we obtain the asymptotic behavior of solutions
under a special form of f(u).

2. EXISTENCE AND UNIQUENESS OF A SOLUTION FOR (|1.1))

First, we introduce notation and present some lemmas. In the next lemma,
Wk4(Q) denotes the usual Sobolev space.
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Lemma 2.1 ([4]). Let 9g, ¥ be bounded open domains in R™ with 9y C 9. Suppose
L is a second order uniformly elliptic operator with coefficients continuous in 9 and
q > n. Then there is a constant K such that

”wHW?wfl(ﬂo) < K(||Lw||m(19) =+ ||w|qu(q9))

for all w € W24(9). The constant K depends on n,q, the diameter of 9, the
distance from ¥g to 09, the ellipticity constant of L, and bounds for the coefficients
of L (in L>=(9)) and the moduli of continuity of the coefficients.

We consider the nonlinear elliptic boundary-value problem
Lu+ f(z,u) =0 in Q,
Bu=g on 09,
where L is a second order uniformly elliptic operator
— _ 1 n
and B is one of the boundary operators
Bu = u,
or 5
U
Bu=— , € 09.
u= o + B(x)u, =

Here 0/0v denotes the outward conormal derivative, and we assume 3 > 0 every-
where on the boundary, 0€.

Lemma 2.2 ([14]). Let there exist two smooth functions ug(z) > vo(z) such that
Luog + f(z,ug) <0, Bug>g,
Lvg + f(z,v9) >0, Buy<g.
Assume f is a smooth function on minvg < u < maxug. Then there exists a reqular
solution w of
Lw+ f(z,w) =0, Bw=g,
such that vg < w < ug.
Let ¢1 denote an eigenfunction corresponding to the first eigenvalue A; of
—Au = AXu in Q,
u=20 on Jf.
As is known, qﬁl belongs to C?#(Q), ¢1 > 01in Q and \; > 0.
Lemma 2.3 ( fQ Vdx < oo if and only if s < 1.

Assume that ( . ) has a positive solution uy and let zg € € be the point where
uy reaches its maximum. Thus, —Awuy(z¢) > 0, which concludes that

flur(wo))

A2 = o) + T

Define
G(s) = —s~OFD 4 ®,S > 0.
s
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Theorem 2.4. If f(u) satisfies (A1) and (A2), then (L.1) has at least one solution
uy € C(Q) N C?P(Q) for X > X1, and there exist a constant C > 0 such that
uy > Cop1. Moreover, if 0 < v < 1, (1.1) has one and only one solution for A > A;.

Proof. (i) (Existence) First we consider the solution of the nonlinear elliptic bound-
ary-value problem
—Au+ f(u) —u™? =y inQ,

u>0 in§, (2.2)
u=1/k on 09,
where 1/k < G7Y()\), k € N4. Set

then

—aa® 4 p) —uP T = G ) - (@)
_ 1 F(GI (V) 1 —(y+1
=G WGy — @ o0
=G NG(GTIN)
= AGI () = AP,

So
a1 @) — 0 > i,
W = G7L() on 99

Therefore, uE\k) (z) is a super-solution of (2.2). Put
ul (x) = heG™H A = M) (1 () + k),
where 6 = 1/k, by = 1/(6; + 1), hx G71(A — \1)d, < 1/k. Since
g\k) <1/k on 09,

and
- )+ 5l
= MG A = M) () + F(hG ™ A = A1) (¢1(2) + 6k))
= [PG ™ A = M) (1 () + 65)] 77

F(hG7H A = M) (¢1() + 0k))
th'*l()\ — )\1)((#)1(%) + 5k)

— (G A = M)( () + )] "0V}

HGT A= A1)
G-1(A—\1)

= heGH A = A1)(01(2) + 6) (A1 + A — A\p)

= MpG7HA = M) (1) + 63)

< hRGTH = M) (91 (2) + 6) {1 +

< heG7HA = A)(d1(2) + 0){ M1 + — G\ - /\1)]—(7+1)}
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we obtain that u( )( ) is a sub-solution of (2.2)).

When k£ = 1, standard elliptic arguments imply that there exist a solution ug\l) €

C() N C?P(£) such that
u <uf <o, Q.

Now taking u( )( ) and ug\ (z) as a pair of super and sub-solutions for (2.2, we

obtain a solution u\” € C(€) N C*#(Q) such that
ﬁ < ug\z) < ug\l) in Q.
In this manner we find a sequence {ug\k)}, such that
ug\k) < uf\k) < ug\k_l) < @ in Q.
Therefore limy,_, o u&k) (7) = ux(x) exists everywhere in €, where uy > 0 in Q and
uy = 0 on OQ. It remains to see that uy € C?(2) and
—Auy + f(uy) —u,” = Auy, in Q.
Choose open subsets 91,9 of  so that ¥ C ¥, C 97 C Q and ¢ > N. By Lemma
2.1 there is a constant K = K(N, ¢, 91,92, A) such that
k k k
[l lwaon) < KA [zaoy) + 103 zoco,)
k k) — k k
= K(F@s?) = @) = 2l pagon) + 1l o).

which implies that {uf\k)| k € Ny} is bounded in W:2%(Q). Therefore ug\k) — uy

loc
weakly in W24(€). Choose o € (0,1) and ¢ > N(1 — a)~!. If follows from the
Sobolev embedding theorems that {ug\k)} is compact in CL%(€). Thus we have
uy € I/Vlic (©). The L7 regularity theory for A now implies uy € WI?;(?(Q) and

hence u) € C>*(Q) C C2(Q). Notice that Lemma 2.2 ensures that u\" (z) is a
bY

loc

solution of (2.2)), so
—Aug\k) + f(ug\k)) — (ug\k))“Y = )\ug\k) in Q.
In conjunction with the results above, let £ — oo, therefore
—Auy + f(un) —u, " = Auy in Q.
Consequently, has at least one solution uy € C(Q) N C*A(Q) for A > A;.

Furthermore, since limg_, ug\k)(x) = uy(x) and

MG O = A (61() + ) = w0 (@) < ul (@), i Q,
G *A=X)>0,0, =1/k = 0,h = 1/(6 +1) — 1 as k — o0, so there exist a
constant C' > 0 such that C¢; < uy in Q.
(ii) (Uniqueness) If 0 < v < 1, we put
h(s)=As— f(s)+s7, s>0,
hence s~1h(s) is strictly decreasing for s > 0.

Assume that v(z) is another solution of ([1.1). Then we argue by contradiction.
Notice that

Au+h(u) =0, Av+h(v)=0,
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and u,v > 01in Q, u = v on 9N. Since C¢1(x) < uyr(z), it is easy to see that
Au € LY(Q) by Lemma 2.3. If u(z) = v(z) is not true, we can assume that
u(z) > v(z), then there exist g, g > 0, and a ball B € Q such that

u(z) —v(zr) > e, € B,

/ uv(M - M)dw > 0.
B

v u
Let

o
M = max{1, [[Aul|z1(q)}, €= min{l,eo, 4M}

and 6 be a smooth function on R, such that §(t) = 0 if ¢t < 1; 6(t) = 1if t > 1;
0(t) € (0,1) if t € (3,1), '(t) > 0 for t € R. Then for ¢ > 0, define the function
0-(t) by
t
0:(t) = G(E), teR.
It follows from 6.(t) > 0 for t € R that

(VAU — uAv)l.(u — v) = uv(%v) - @)Qs(u —v) inQ.

On the other hand, by the continuity of u,v and 6., and the fact that « = v on 9.
It is easy to see that there exist a subdomain Q) such that B ¢ Q € Q satisfying
that u(z) —v(z) < § for all x € O\Q. Then

/Q(vAu — uAV)B(u— v)di = / (MY 0 0~ vy

a v u
Denote .
O.(t) = / s6.(s)ds, tER,
0
It is easy to verify that 0 < ©.(t) < 2¢ fort € R, and ©.(t) = 0 for t < §. Therefore

/ (vAu — uAv)l.(u — v)dz
O

= /{m 0 (u — v)g—uds — /Q(Vu - V)0 (u — v)dx

n

- / vVub(u —v)(Vu — Vo)dz — / ube(u — U)@dS
a 19) In

+ /fz(Vv - V)0 (u —v)dr + /Q uVl, (u —v)(Vu — Vu)dz
= / udl(u — v)(Vv — Vu)(Vu — Vo)dz + / (u—v)0.(u — v)Vu(Vu — Vv)dz
Q Q
< /Q VuV (0L (u —v))dx
ou
= /s O (u — U)%ds - /Q AuB.(u — v)dx

< 25/ |Au|dx
Q

<2eM < %0.
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However,
h(v) — h(u) h(v) — h(u)
_ _ > —_ _
/qu( » ” )0 (u — v)dx > /Buv( » ” )0 (u — v)dx
:/ w0 W4 s,
B v u
which is a contradiction. Thus the uniqueness is proved. O

Our method to prove the uniqueness of the solution is similar to and motivated
by the proof of Shi and Yao [I5] Lemma 2.3].

3. THE BOUNDARY BEHAVIOR OF THE SOLUTION TO ([1.1]

Theorem 3.1. If f(u) satisfies (A1)—(A3) and 0 < v < 1, then the solution uy of
(1.1) is strictly increasing with respect to A. Furthermore, there exist two positive
constants c1,co > 0 depending on A such that c1d(z) < up(z) < cod(x) in Q.

Proof. (i) (Dependence on A) We assume 0 < A; < A, and wuy,, uy, are corre-
sponding unique solution to (L.1)). Since C¢i(x) < ux(z), it is easy to see that
Auy € L1(Q) by Lemma Thus,
0= A’ZL)\Z — f(’LL)\2) + u;J + )\Q’U,,\2
= Auy, — flur,) +uy + Ay,
< Au}q - f(u)\l) + ’LL;? + >\2u>\1
for x € Q and uy, (r) = ux, () on 9NQ. Therefore, similar to the proof of Theorem
5.4 (i),
uy, (7) < up,(z), €.
Moreover, by the maximum principle,
ux, (2) <up,(x), €.
So wu) is increasing with respect to .

(ii) (Bounds for the solution) Fix A > 0, let uy be the unique solution of (1.1
There exists a unique nonnegative solution ¢ € C?#(Q) of

—Af=1 inQ,
£E=0 on 99.

By the weak maximum principle (see [9]), £ > 0 in Q. Put z(z) = ¢£(z). Consider
that we can find ¢ > 0 small enough such that

Az(z) + (2(2)) 77 2 Aél|€]loc + (€l[€llo0) ™7,
and ¢ > 0 small enough such that

é[_f(é”guoo);é @lelloc)™ 4

Select 0 < ¢ < min{¢, ¢}. Then
Az(x) + Az(z) — f(2(2)) + (2(2)) 7
> =+ A€l = flell€lloo) + (cll€lloo) ™

—f(@ll€lloo) + (EllEllo0) ™
2¢[€ll o

] + éll€] oo +A]>0.
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—f(cll€llo) + (cll€llo0) ™

- C[ 2c - 1]
— —y
+elléfeol = (C”f||o;2|lz”<c||f|oo> iy
>0

for each z € Q. Therefore, 2(z) is a sub-solution of (L.1)) for ¢ > 0 small enough.
Since ¢ € C*P(Q), ¢ > 0in Q, and & = 0 on 99, by Gilbarg and Trudinger [9),
Lemma 3.4],

23
—= Q.
61/(3/) <0, Vyeo
Therefore, there exist a positive constant ¢y such that
¢ £(y) — ()

= < - Yy € 0f.
31/( ) zeQa—y |z —y| T ¢, VY€

So for each y € Q, there exist 7, > 0, such that

|f(_x)y| > %0 Va € By, (y) N Q. (3.1)

Using the compactness of 9, we can find a finite number & of balls B,,, (y;) such
that
N C Uf:lBTyi (yz)
Moreover, assume that for small dg > 0,
{x € Q:d(x) <do} C U By, (yi)
By (3.1) we obtain
£(z) > %Od(:z:), Ve € Q with d(z) < do.
This fact, combined with £ > 0 in 2, shows that for some constant ¢ > 0,
&(x) > ed(x), VYxeQ.

Thus, z(z) > c1d(z) in Q for some constant ¢; > 0 follows by the definition of z.
Since
Auy — flun) +uy " +Auy =0 < Az — f(z) + 277 + Az,

and uy,z > 0 in Q, uy = z on 9, Az € L'(Q). It follows that uy > z in Q.
Therefore, from the above proof, c1d(z) < uy(x) for all z € Q, where ¢; is a
positive constant.

Next, we prove that uy(z) < cad(x) for some constant ¢o > 0. Our method
is similar to that by Gui and Lin [10]. Using the smoothness of 92, we can find
d € (0,1) such that for all

zo € Q5 = {z € Q;d(z) < d},

there exists a y € RN \ Q, with d(y, Q) = 6, and d(xg) = |xo —y| — 5. Let K > 1
be such that diam(£2) < (K —1)d and let w be the unique solution of the Dirichlet
problem

—Aw = w — f(w) +w™7 in Bg(0)\ B1(0),
w >0 in Bg(0)\ B1(0),
w=0 ond(Bk(0)\ Bi(0)),
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where B,.(0) is the open ball in RY of radius r and centered at the origin. By
uniqueness, w is radially symmetric. Hence, w(z) = ©(|z|) and

N—-1
o+ T@’+A&z—f(@)+&;‘” =0 forre(l,K),

©>0 in (1,K), (3.2)
w(l)=w(K)=0.
Integrating in (3.2)) yields

t

' (t) = &' (a)aN N — tlfN/ rNTUNG(r) — f(@(r)) + (@(r) 7 ]dr

=& ()N TN N /ber[)\d;(r) — f@(r) + (@(r)~"dr,
t

where 1 < a <t <b< K. Since —f(©) + @ € L'(1,K), we deduce that both
@'(1) and @' (K) are finite. Then @ € C?(1, K) N C'[1, K] and

w(z) < Cmin{K — |z|,|z| — 1}, for any z € Bk (0) \ B1(0). (3.3)
Let us fix 2y € Qs. Then we can find yo € RV \ Q with

d(yo,00Q) =48, d(xo) = |zo —y| — 0.

Thus,  C Bges(yo) \ Bs(yo). Define

v(z) = cw(x _(Syo),x € Q.
We show that v is a super-solution of (1.1)) provided that ¢ is large enough. Indeed,
if ¢ > max{1, %}, then
Av+ v — f(v) +v77

© @) + SR () + M@d(r) — Fled(r) + (ea(r) 7,

where

= 7|5U—51/0| € (1,K).

Using assumption (A2) we obtain
Alew) = f(ew) + (cw) 7 < (Mo = f(@) + (@) 77)  in (1, K).
The above relation leads us to

Av+ v — f(v)+v7 7

c . N -1
Sﬁ(w//+

Since Auy € LY(Q), then uy < v in Q. This combined with (3.3 yields

G AN — f(@) +@7) =0.

[T0 = ol |xo = yo
)
Hence uy < (C'\ 0)d(z) in Qs and the last inequality follows. O

ux(zo) < wv(zg) < Cmin{K — -1} < %d(xo).
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4. ASYMPTOTIC BEHAVIOR OF THE SOLUTION

In this section, we consider the asymptotic behavior of the positive solution of
under the assumption that f(u) = uP*l p > 0, which satisfy (A1)—(A3).
Thus,

—Au+uPtt —uT =X u in Q,

u>0 in (4.1)
u=0 on 0.
Notice that the function g(u) defined by
gu) =u O —wP u>0, (4.2)

is continuous. Thus lim,_, .+ g(u) = —oo. In terms of g(u) problem (4.1]) can be
written as

—Au =M+ g(u))u.
In the next two theorems we collect some general features and estimate the positive
solutions of (4.1 for X large.
Theorem 4.1. The following assertions hold

(i) un < ¢y for any positive solution uy of (4.1)), where ¢y > 0 is the largest
real number such that

A+g(en) =0, (4.3)
and g(u) is the function defined by (4.2)). Moreover,
e

(i) Given e > 0 arbitrary, there exists A\(g) > of} such that
1 1
|7 1 | <e (4.5)
A
for all X > X(g) on any compact subsets of (2.
Proof. (i) Assume that (4.1) has a positive solution and let zy € Q be the point
where u) reaches its maximum. Obviously, —Auy(zo) > 0, and
A+ g(ux(zo)) > 0.

Consider that A 4+ g(u) is strictly decreasing for u > 0 and A + g(cy) = 0. Then,
any positive solution uy of (4.1) satisfies uy(xg) < ¢y, where x is the point at

which uy reaches its maximum, hence uy < ¢x. As limy,—, 1 g(u) = —00, we have
limy—, 400 ¢y = +00. From (4.2)) and (4.3) it follows easily that
1
A\/p . %—H }1 /p,
e ™

and since ¢y — 00 as A — 00, one has
\/p

Im ——— =0 and lim — =1.
A—o00 c’)\y+p+1 A—o00  C)

Hence (4.4) holds.
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(ii) Since G™H(A = A1)¢1(x) < up(z) from the proof of Theorem [2.4] (i), it is easy
to see that uy — oo as A — 0o on any compact subsets of 2. Let € > 0. There

exists Aq(g), if A > Aq(e) such that
1 €
|l <5

As limy o % = 1, there exists Aa(g) > 0, if A > A2(e) such that

a3
A T2
Set
Ae) = max{Ai(e), Aa(e) }.
Let A > A(e) and assume that (4.1]) has a positive solution uy. Then
11 |7{uk(x)}17§ ;|<§fff
Auy(x)r i cx Ay (z)vetlt = 23 2
because uy < ¢y. Thus, (4.5) holds. O
Note that 0 ., is the unique positive solution of the problem
1
——Au=mu—u"Tt inQ,
u=0 on 0.
Theorem 4.2. For each & > 0 arbitrary, there exists A(e) > o3 such that
APOy G <uy < AVPOL . (4.6)
for all X > X(g) on any compact subsets of Q. In particular,
Lux
375 = “n
uniformly on any compact subsets of €.
Proof. The charge of variable u = A/Py transforms ([4.1]) into
1 1
_ = _ = aptl
)\AU =uT Aot/ Y in €2,
v>0 inQ, (4.8)
v=0 on 09,

where p > 0, v > 0 and A > 0 is a real parameter.
By Theorem [2.4] (see [6]), to prove this theorem it is sufficient to show that

Oxi1—e <vx <014
for all A > A\(¢) on any compact subsets of €.
Fixed ¢ > 0, we first show that there exists A\ (¢) > 0% such that Ox,1— < vy for
all A > A1(e) on any compact subsets of Q. Let vy be a positive solution of (4.8).

If 05 1—c = vy for A large we have concluded. If 0 1_. # vy, then

U§+1 o 0;;7\+1
,1—¢
= 0?175 + Q(JL‘),

vy —Ox1-¢
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with Q(z) > 0 for some x € 2 and hence

1 p+1 _ p+1 1
01[_XA —1+4+e+ %] > Ul[_xA —lte+05, ]
AT UN1-¢

By the definition of 0y,_., we find that

1
o[-TA-1+e+65, ]=0.

A
Thus,
1 §+1_9?\-&11
ol[-=A—14e4+ 22— 27°] 50,
il A vy — Ox 1 ]

On the other hand, after some straightforward manipulations it follows from (|4.8))
that

1 1;+1 _ §+1 1 1
——-A-1 REAEE S S —Or1-c) = ————|ux. (4.9
[ A et vA — O 1 } (03 = fr1—) [E " A ()\1/va)7+1}%\ 9

Moreover, it follows from (4.5 that there exists A;(g) > o$? such that

1 1
€+ X ()\1/pv)\)'y+1 >0

for all A > Aq(e) on any compact subsets of 2. Therefore, applying the maximum
principle to we find that 6 1_. < v for all A\ > Ay (¢) and any positive solution
vy of on any compact subsets of Q (see [L3] 20]).

We now prove that there exists Ao (g) > o{? such that vy < 01, forall A > Ay (e)
on any compact subsets of ). Let vy be a positive solution of . If 0 146 = v
for X large we have concluded. If 8 ;1. # vy for A, then

9p+1 _ Uerl
A 1+e A ep A
=05 .+ Q)
Ox14+e — U te

with Q(m) > 0 for some x € ). Thus, arguing as above we find that

p+1 _  p+l
A\ld+e — U

Ox14e — U

On the other hand, after some straightforward manipulations it follows from (4.8)
that

1 1 .
—yL—-1- —ye—l- M+el =Y
01[ )\A 1—e+ ]>01[ )\A 1 5+9’1+] 0

p+1 p+1

Nlte — Ux 1 1

1
I:_XA_I_€+ ](9)\714_5—’[1)\) = [g—xw}l})\. (410)

Ox,14c — U
Moreover, it follows from (4.5 that there exists \2(g) > of such that

1 1
g — X ()\1/7”0)\)74‘1 >0
for all A > Ay(e) on any compact subsets of Q. Therefore, applying the maximum
principle to (4.10) we find that vy < 6014 for all A > Ay(¢) and any positive
solution vy o on any compact subsets of Q (see [13] 20]).
Taking A(e) = max{A;1(g), A2(e)}, the proof of is completed. The rest of
the proof follows from [6, Theorem 2.1]. O
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