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SCHOUTEN TENSOR EQUATIONS IN CONFORMAL
GEOMETRY WITH PRESCRIBED BOUNDARY METRIC

OLIVER C. SCHNURER

ABSTRACT. We deform the metric conformally on a manifold with boundary.
This induces a deformation of the Schouten tensor. We fix the metric at the
boundary and realize a prescribed value for the product of the eigenvalues of
the Schouten tensor in the interior, provided that there exists a subsolution.
This problem reduces to a Monge-Ampere equation with gradient terms. The
main issue is to obtain a priori estimates for the second derivatives near the
boundary.

1. INTRODUCTION

Let (M™,g;;) be an n-dimensional Riemannian manifold, n > 3. The Schouten

tensor (S;;) of (M",g;;) is defined as
_ 1 1
Sij = s (Rij — a1y R2945),
where (R;;) and R denote the Ricci and scalar curvature of (M", g;;), respectively.
Consider the manifold (M™, g;;) = (M™, e~?“g;;), where we have used u € C*(M™)
to deform the metric conformally. The Schouten tensors S;; of g;; and S;; of g;;
are related by
Sij = Ujj + U;u; — %|Vu\2gij + Sij,

where indices of u denote covariant derivatives with respect to the background
metric g;;, moreover |Vul?> = gYu;u; and (¢%) = (g;;)"'. Eigenvalues of the
Schouten tensor are computed with respect to the background metric g;;, so the

product of the eigenvalues of the Schouten tensor (5;;) equals a given function
s: M"™ — R, if
detlusy + uiw; = 3 Vul'gis +55) _ ) (1.1)
e det(gs5)
We say that u is an admissible solution for , if the tensor in the determinant in
the numerator is positive definite. At admissible solutions, becomes an elliptic
equation. As we are only interested in admissible solutions, we will always assume
that s is positive.
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Let now M™ be compact with boundary and u : M™ — R be a smooth (up to
the boundary) admissible subsolution to (|1.1)

det(u;; +u;u; — 1IVul?gi; + Sij)
e~ 2nu det(g;;)

> s(x). (1.2)

Assume that there exists a supersolution @ to fulfilling some technical con-
ditions specified in Definition 2.1} Assume furthermore that M"™ admits a strictly
convex function x. Without loss of generality, we have x;; > g;; for the second
covariant derivatives of x in the matrix sense.

The conditions of the preceding paragraph are automatically fulfilled if M™
is a compact subset of flat R® and u fulfills and in addition det(u,;) >
s(x)e *"det(gi;) with w,;; > 0 in the matrix sense. Then Lemma implies
the existence of a supersolution and we may take xy = |z|?.

We impose the boundary condition that the metric g;; at the boundary is pre-
scribed,

gij = 6_2ﬂgij on 8Mn
Assume that all data are smooth up to the boundary. We prove the following

Theorem 1.1. Let M", g;5, u, U, x, and s be as above. Then there exists a metric
Gij, conformally equivalent to g;j, with §;; = e~ *%g;; on OM™ such that the product
of the eigenvalues of the Schouten tensor induced by G;; equals s.

This follows readily from the next statement.

Theorem 1.2. Under the assumptions stated above, there exists an admissible

function u € CO(M™) N C*°(M™\ OM™) solving (1.1]) such that u =u on OM™.

Recently, in a series of papers, Jeff Viaclovsky studied conformal deformations
of metrics on closed manifolds and elementary symmetric functions Si, 1 < k < n,
of the eigenvalues of the associated Schouten tensor, see e.g. [4I] for existence
results. Pengfei Guan, Jeff Viaclovsky, and Guofang Wang provide an estimate that
can be used to show compactness of manifolds with lower bounds on elementary
symmetric functions of the eigenvalues of the Schouten tensor [I4]. An equation
similar to the Schouten tensor equation arises in geometric optics [18, [42]. Xu-Jia
Wang proved the existence of solutions to Dirichlet boundary value problems for
such an equation, similar to , provided that the domains are small. In [39] we
provide a transformation that shows the similarity between reflector and Schouten
tensor equations. For Schouten tensor equations, Dirichlet and Neumann boundary
conditions seem to be geometrically meaningful. For reflector problems, solutions
fulfilling a so-called second boundary value condition describe the illumination of
domains. Pengfei Guan and Xu-Jia Wang obtained local second derivative estimates
[18]. This was extended by Pengfei Guan and Guofang Wang to local first and
second derivative estimates in the case of elementary symmetric functions Sy of the
Schouten tensor of a conformally deformed metric [I6]. We will use the following
special case of it

Theorem 1.3 (Pengfei Guan and Xu-Jia Wang/Pengfei Guan and Guofang Wang).
Suppose f is a smooth function on M™ x R. Let u € C* be an admissible solution

of
log det(u;; + wiuj — %|Vu|2gij +Si) = f(z, u)
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in B,, the geodesic ball of radius r in a Riemannian manifold (M", g;;). Then,
there exists a constant ¢ = c(||ul|co, f, Sij, v, M™), such that

[ullcz2(m, ) < c

Boundary-value problems for Monge-Ampere equations have been studied by
Luis Caffarelli, Louis Nirenberg, and Joel Spruck in [4] an many other people later
on. For us, those articles using subsolutions as used by Bo Guan and Joel Spruck
will be especially useful [12], 13} [37, [38].

There are many papers addressing Schouten tensor equations on compact mani-
folds, see e. g. [3, B} 6l 14 15} 16l 17, 191 20| 211, 22], 23, 25], 26| 27, 28|, 29, B30, 31, 33
34, 36, [41]. There, the authors consider topological and geometrical obstructions to
solutions, the space of solutions, Liouville properties, Harnack inequalities, Moser-
Trudinger inequalities, existence questions, local estimates, local behavior, blow-up
of solutions, and parabolic and variational approaches. If we consider the sum of
the eigenvalues of the Schouten tensor, we get the Yamabe equation. The Yamabe
problem has been studied on manifolds with boundary, see e.g. [1I, 2] [7, 24 [35],
and in many more papers on closed manifolds. The Yamabe problem gives rise to
a quasilinear equation. For a fully nonlinear equation, we have to apply different
methods.

The present paper addresses analytic aspects that arise in the proof of a pri-
ori estimates for an existence theorem. This combines methods for Schouten tensor
equations, e. g. [16] 41], with methods for curvature equations with Dirichlet bound-
ary conditions, e.g. [4] [12].

We can also solve Equation on a non-compact manifold (M™, g;;).

Corollary 1.4. Assume that there are a sequence of smooth bounded domains )y,
k € N, ezhausting a non-compact manifold M™, and functions u, u, s, and x, that
fulfill the conditions of Theorem[I.3 on each Q instead of M™. Then there exists
an admissible function u € C>(M™) solving (1.1)).

Proof. Theorem implies that equation has a solution u; on every
fulfilling the boundary condition u = u on 0Q. In Qf, we have u < ug < @, so
Theorem implies locally uniform C2-estimates on u; on any domain ) C M"
for k > ko, if Q € Q,. The estimates of Krylov, Safonov, Evans, and Schauder
imply higher order estimates on compact subsets of M™. Arzela-Ascoli yields a
subsequence that converges to a solution. O

Note that either s(z) is not bounded below by a positive constant or the manifold
with metric e 2% gij is non-complete. Otherwise, [14] implies a positive lower bound
on the Ricci tensor, i.e. ]:Zi]- > %gij for some positive constant c¢. This yields
compactness of the manifold [I1].

It is a further issue to solve similar problems for other elementary symmetric
functions of the Schouten tensor. As the induced mean curvature of 9M™ is related
to the Neumann boundary condition, this is another natural boundary condition.

To show existence for a boundary value problem for fully nonlinear equations
like Equation , one usually proves CZ-estimates up to the boundary. Then
standard results imply C*-bounds for k& € N and existence results. In our situation,
however, we don’t expect that C?-estimates up to the boundary can be proved. This
is due to the gradient terms appearing in the determinant in . It is possible to
overcome these difficulties by considering only small domains [42]. Our method is
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different. We regularize the equation and prove full regularity up to the boundary
for the regularized equation. Then we use the fact, that local interior C*-estimates
(Theorem can be obtained independently of the regularization. Moreover, we
can prove uniform C'-estimates. Thus we can pass to a limit and get a solution in
CO(M™)NC>=®(M™\ OM™).

To be more precise, we rewrite in the form

IOg det(uij + uu; — %‘VU‘ZQZ‘]‘ + Sij) = f(x,u), (13)

where f € C°(M"™ x R). Our method can actually be applied to any equation of
that form provided that we have sub- and supersolutions. Thus we consider in the
following equations of the form (1.3)). Equation makes sense in any dimension
provided that we replace S;; by a smooth tensor. In this case Theorem @ is valid
in any dimension. Note that even without the factor ﬁ in the definition of the
Schouten tensor, our equation is not elliptic for n = 2 for any function u as the trace
g% (Rij — %Rgij) equals zero, so there has to be a non-positive eigenvalue of that
tensor. Let ¢ : M™ — [0,1] be smooth, ¢» = 0 in a neighborhood of the boundary.
Then our strategy is as follows. We consider a sequence 1t of those functions that
fulfill 45 (z) = 1 for dist(z, 0M™) > 2, k € N, and boundary value problems

log det(us; + Yusu; — 29|Vul’gy; + T;;) = f(z,u) inM",

1.4
w=wu onoM". (14)

We dropped the index k to keep the notation simple. The tensor T;; coincides
with S;; on {z € M" : dist(z,0M™) > 2} and interpolates smoothly to S;; plus a
sufficiently large constant multiple of the background metric g;; near the boundary.
For the precise definitions, we refer to Section

Our sub- and supersolutions act as barriers and imply uniform C°-estimates.
We prove uniform C!-estimates based on the admissibility of solutions. Admissi-
bility means here that u;; + Yu;u; — %w|Vu|2 + T;; is positive definite for those
solutions. As mentioned above, we can’t prove uniform C?-estimates for u, but we
get C2-estimates that depend on 1. These estimates guarantee, that we can ap-
ply standard methods (Evans-Krylov-Safonov theory, Schauder estimates for higher
derivatives, and mapping degree theory for existence, see e.g. [10, 12} [32] [40]) to
prove existence of a smooth admissible solution to . Then we use Theorem
to get uniform interior a priori estimates on compact subdomains of M™ as ¢ =1
in a neighborhood of these subdomains for all but a finite number of regulariza-
tions. These a priori estimates suffice to pass to a subsequence and to obtain an
admissible solution to in M™\ OM"™. As u* = u = u for all solutions u”* of
the regularized equation and those solutions have uniformly bounded gradients, the
boundary condition is preserved when we pass to the limit and we obtain Theorem
E provided that we can prove ||u*||c1(amy < ¢ uniformly and [[u*||c2(amy < c(¥).
These estimates are proved in Lemmata and the crux of this paper.

Proof of Theorem[I.3. For admissible smooth solutions to , the results of Sec-
tion [3| imply uniform CP-estimates and Section [4| gives uniform C'-estimates. The
C?-estimates proved in Section |5 depend on the regularization. The logarithm of
the determinant is a strictly concave function on positive definite matrices, so the
results of Krylov, Safonov, Evans, [40, 14.13/14], and Schauder estimates yield
C'-estimates on M™, [ € N, depending on the regularization.



EJDE-2005/81 SCHOUTEN EQUATIONS WITH BOUNDARY 5

Once these a priori estimates are established, existence of a solution u* for the
regularized problem follows as in [I2], Section 2.2].

On a fixed bounded subdomain Q. := {z : dist(x, IM™) > e}, € > 0, however,
Theorem implies uniform C2-estimates for all k > ko = ko(¢). The estimates
of Krylov, Safonov, Evans, and Schauder yield uniform C'-estimates on ., [ € N.
Recall that we have uniform Lipschitz estimates. So we find a convergent sequence
of solutions to our approximating problems. The limit u is in C%}(M™)NC>(M™\
OM™). O

The rest of the article is organized as follows. We introduce supersolutions and
some notation in Section We mention C%-estimates in Section In Section we
prove uniform C'-estimates. Then the C?-estimates proved in Section [5| complete
the a priori estimates and the proof of Theorem

The author wants to thank Jiirgen Jost and the Max Planck Institute for Math-
ematics in the Sciences for support and Guofang Wang for interesting discussions
about the Schouten tensor.

2. SUPERSOLUTIONS AND NOTATION

Before we define a supersolution, we explain more explicitly, how we regularize
the equation. For fixed k € N we take 1, such that

0 dist(z,0M™) < &,
Yi(x) = ) ( n) A
1 dist(x,0M™) > £

and 1y is smooth with values in [0,1]. Again, we drop the index k to keep the
notation simple. We fix A > 0 sufficiently large so that

log det(u;; + Yusu; — 50|Vul*gi; + Sij + M1 —)gi;) > f(z,u) (2.1)

for any ¢ = v, independent of k. As logdet(-) is a concave function on positive
definite matrices, (2.1) follows for k sufficiently large, if

log det(u;; + wu; — 5|Vul’gi; + Sij) > f(z,u) on M"
and
log det(u;; + Sij + Agij) > f(x,u) near IM™,

provided that the arguments of the determinants are positive definite.
We define

Definition 2.1 (supersolution). A smooth function u@: M™ — R is called a super-
solution, if w > u and for any v as considered above,

log det(u;; + Yuu; — 39|Vullgi; + Si; + M1 —)gi;) < flz,u)
holds for those points in M™ for which the tensor in the determinant is positive
definite.
Lemma 2.2. If M™ is a compact subdomain of flat R™, the subsolution w fulfills
(1.2) and in addition
det(u;;) > s(x)e 2" det(gi;)

holds, where w;; > 0 in the matriz sense, then there exists a supersolution.
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Proof. In flat R”, we have S;; = 0. The inequality

det(u;; +Yusu; — 59(Vul’gy)
e 2nu det(gi;)

> s(x) (2.2)

is fulfilled if ¢ equals 0 or 1 by assumption. As above, (2.2) follows for any ¢ € [0, 1].
Thus (2.1)) is fulfilled for A = 0.
Let 4 = supu + 1 + ¢lz|? for € > 0. It can be verified directly that u is a
Mn

supersolution for € > 0 fixed sufficiently small. (]

Our results can be extended to topologically more interesting manifolds, that
may not allow for a globally defined convex function.

Remark 2.3. Assume that all assumptions of Theorem [I.2] are fulfilled, but the
convex function yx is defined only in a neighborhood of the boundary. Then the
conclusion of Theorem [[.2] remains true.

Proof. We have employed the globally defined convex function x only to prove
interior C2-estimates for the regularized problems. On the set

{z : dist(z, OM™) > e}, >0,
Theorem implies C?-estimates. In a neighborhood
U= {z:dist(z, OM™) < 2e}

of the boundary, we can proceed as in the proof of Lemma If the function
W defined there attains its maximum over U at a point x in OU N M", i.e.
dist(x, 9M™) = 2¢, W is bounded and C?-estimates follow, otherwise, we may
proceed as in Lemma [5.4] d

Notation. We set

wij =uij + puguy — 59[VulPgi; + Sij + A1 — 1) gs
=Uij + ¢uiu]' — %1/)|Vu|2gij + Tij

and use (w*) to denote the inverse of (w;;). The Einstein summation convention
is used. We lift and lower indices using the background metric. Vectors of length
one are called directions. Indices, sometimes preceded by a semi-colon, denote
covariant derivatives. We use indices preceded by a comma for partial derivatives.
Christoffel symbols of the background metric are denoted by Ffj,
U5 — I‘fjuk. Using the Riemannian curvature tensor (R;jx;), we can interchange
covariant differentiation

SO Ui]‘ = u;ij =

b
Uijh =Ukij + Uag” Riijk, (2.3)
b b :

Uiklj =Uikjl + Ukag™ Roitj + Uia 9™ Rokij-

We write f, = % and trw = w%g;;. The letter ¢ denotes estimated positive
constants and may change its value from line to line. It is used so that increasing
c keeps the estimates valid. We use (c;), (c¥), ... to denote estimated tensors.
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3. UNIFORM CO-ESTIMATES

The techniques of this section are quite standard, but they simplify the C°-
estimates used before for Schouten tensor equations, see [41] Proposition 3]. Here,
we interpolate between the expressions for the Schouten tensors rather than between
the functions inducing the conformal deformations.

We wish to show that we can apply the maximum principle or the Hopf boundary
point lemma at a point, where a solution u touches the subsolution from above or
the supersolution from below.

Note that u can touch u from below only in those points, where @ is admissible.
We did not assume that the upper barrier is admissible everywhere. But at those
points, where it is not admissible, u cannot touch @ from below. More precisely, at
such a point, we have Vu = Vu and D?u < D?*u. If @ is not admissible there, we
find ¢ € R™ such that 0 > (T;; + ¢u,u; — %1/)|Vﬂ|gij + T;;)€'¢7. This implies that
0 > (ug+ypuiu;— 59| Vulgij+T;;)E'¢7, so u is not admissible there, a contradiction.
The idea, that the supersolution does not have to be admissible, appears already
in [9].

Without loss of generality, we may assume that u touches u from above. Here,
touching means v = u and Vu = Vu at a point, so our considerations include the
case of touching at the boundary. It suffices to prove an inequality of the form

0<a’(u—mu)y;+b(u—mu)+du—u) (3.1)

with positive definite a®. The sign of d does not matter as we apply the maximum
principle only at points, where v and u coincide.
Define

S;/Jj [v] = vi; + Yov; — 29|VPgi; + T

We apply the mean value theorem and get for a symmetric positive definite tensor
a* and a function d

0 <logdet 5};[u] — log det S} [u] — f(z,u) + f(z,u)
1 1
:/%bgdet{tb’;ﬁ[@]+(1—t)5;"j[u]}dt—/%f(x,wﬂl Bt

=a" ((w;; + Yuu; — 39Vul?gij) — (uij + Yusuy — 59[Vul®gi;))
+d-(u—u).

The first integral is well-defined as the set of positive definite tensors is convex. We
have |Vu|? — |Vu|? = (V(u —u), V(u + u)) and

1
aij(yi% i) al:/% + (1 = ui) (tu; + (1 — t)uy))dt
0
1
2a”/ (tu; + (1 = t)uy)dt - (w — u);,

0

so we obtain an inequality of the form (3.1]). Thus, we may assume in the following
that we have u < u <.
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4. UNIFORM C'-ESTIMATES
Lemma 4.1. An admissible solution of has uniformly bounded gradient.
Proof. We apply a method similar to [38, Lemma 4.2]. Let
W = Llog|Vul?> + pu
for ;1 > 1 to be fixed. Assume that W attains its maximum over M™ at an interior
point xg. This implies at xg
ulug

[Vul?

for all 4. Multiplying with u’ and using admissibility gives
0 =u'ulu;; + p|Vaul?
> — | Vul* + 39| Vul* — | Vul? = A\|Vul® + p|Vul'.

The estimate follows for sufficiently large p as A, see , does not depend on . If
W attains its maximum at a boundary point x(, we introduce normal coordinates
such that W,, corresponds to a derivative in the direction of the inner unit normal.
We obtain in this case W; = 0 for ¢ < n and W,, < 0 at zg. As the boundary
values of u and u coincide and uw > u, we may assume that u, > 0. Otherwise,
0 > u, > u, and u; = u,, so a bound for |Vu| follows immediately. Thus we obtain
0 > u'W; and the rest of the proof is identical to the case where W attains its
maximum in the interior. Il

Note that in order to obtain uniform C'-estimates, we used admissibility, but
did not differentiate (L.3]).

5. C2-ESTIMATES

C?-Estimates at the Boundary. Boundary estimates for an equation of the
form det(u;; + S;;) = f(x) have been considered in [4]. It is straightforward to
handle the additional term that is independent of u in the determinant and to use
subsolutions like in [12} 13} 37, [38]. We want to point out that we were only able
to obtain estimates for the second derivatives of u at the boundary by introducing
1 and thus removing gradient terms of u in the determinant near the boundary.
The C?-estimates at the boundary are very similar to [38]. We do not repeat the
proofs for the double tangential and double normal estimates, but repeat that for
the mixed tangential normal derivatives as we can slightly streamline this part. Our
method does not imply uniform a priori estimates at the boundary as we look only
at small neighborhoods of the boundary depending on the regularization or, more
precisely, on the set, where ¥ = 0.

Lemma 5.1 (Double Tangential Estimates). An admissible solution of (1.4) has
uniformly bounded partial second tangential derivatives, i.e. for tangential direc-
tions 11 and T, u7ij7'f7'§ is uniformly bounded.

Proof. This is identical to [38, Section 5.1], but can also be found at various other
places. It follows directly by differentiating the boundary condition twice tangen-
tially. O

All the remaining C?-bounds depend on ).
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Lemma 5.2 (Mixed Estimates). For fized ¢, an admissible solution of (1.4) has
uniformly bounded partial second mized tangential normal derivatives, 1. e. for a tan-
gential direction T and for the inner unit normal v, u ;T'V7 is uniformly bounded.

Proof. The strategy of this proof is a follows. The differential operator T', defined
below, differentiates tangentially along 0M™. We want to show that the normal
derivative of Tu is bounded on OM™. This implies a bound on mixed derivatives.
To this end, we use an elliptic differential operator L that involves all higher order
terms of the linearization of the equation. Thus, we can use the differentiated
equation to bound LTu. Based on the subsolution u, we construct a function 9 > 0
with LY < 0. Finally, we apply the maximum principle to

0% := AY + Blz — x> + T(u — u)

with constants A, B. This implies that ©F > 0 with equality at xzo. Thus, the
normal derivative of Tu at xg is bounded.

This proof is similar to [38] Section 5.2]. The main differences are as follows. The
modified definition of the linear operator T in clarifies the relation between T
and the boundary condition. The term T;; does (in general) not vanish in a fixed
boundary point for appropriately chosen coordinates. In [38], we could choose such
coordinates. Similarly as in [38], we choose coordinates such that the Christoffel
symbols become small near a fixed boundary point. Here, we can add and subtract
the term Tj; in as it is independent of u. Finally, we explain here more
explicitly how to apply the inequality for geometric and arithmetic means in .

Fix normal coordinates around a point z9 € OM™, so g¢;;(zo) equals the Kro-
necker delta and the Christoffel symbols fulfill ‘Ffj‘ < edist(s,zg) = clx — x|,
where the distance is measured in the flat metric using our chart, but is equiva-
lent to the distance with respect to the background metric. Abbreviate the first
n — 1 coordinates by & and assume that M™ is locally given by {2 > w(&)} for a
smooth function w. We may assume that (0,w(0)) corresponds to the fixed bound-
ary point 2o and Vw(0) = 0. We restrict our attention to a neighborhood of z,
Qs = Qs(x9) = M™ N Bs(xg) for § > 0 to be fixed sufficiently small, where ¢ = 0.
Thus the equation takes the form

log det(u;; + T;;) = logdet(u ;; — I‘fjuk +T;;) = f(z,u). (5.1)
Assume furthermore that § > 0 is chosen so small that the distance function to
OM™ is smooth in 5. The constant J, introduced here, depends on ¥ and tends

to zero as the support of ¥ tends to OM™.
We differentiate the boundary condition tangentially

0=(u—u)+(Z,w(®))+ (u—1uw) (Z,w(@))w (), t<n. (5.2)
Differentiating (5.1]) yields
w9 (g — Thuw) = fr + foup + w07 (T pur — Tijg)- (5.3)

This motivates the definition of the differential operators T' and L. Here t < n is
fixed and w is evaluated at the projection of x to the first n — 1 components
Tv :=v; + vpwy, t<n,
Lv ::wijvﬂj - wijféjvl. (54)
On OM™, we have T'(u — u) = 0, so we obtain
IT(u—u)| < c(8) |z — 20> on 9. (5.5)



10 0. C. SCHNURER EJDE-2005/81
As in [38, Section 5.2], [, 12], we combine the definition of L, (5.4), and the
differentiated Equation
|LTu| < c-(1+trw) inQs.
Derivatives of u are a priorily bounded, thus
LT (u—w)| <c- (1 +trw?) inQs. (5.6)

Set d := dist(-,0M™), measured in the Euclidean metric of the fixed coordinates.
We define for 1 > o > 0 and g > 1 to be chosen

9= (u—u) + ad — pd?.

The function 9 will be the main part of our barrier. As u is admissible, there exists
€ > 0 such that

U5 — Féjgl + T35 > 3egij.
We apply the definition of L
LY =w" (ui; — Tijug + Tij) — w? (u g — Tijuy + Tij)
+awd;; — aw T d, (5.7)
— 2udwd ;; — 2pw did; + 2pdwV T d,

We have w' (u ;; — Fﬁjul +T;;) = wYw;; = n. Due to the admissibility of u, we get
—w' (u ;= Thuy + Ti) < =3etrw” . We fix o > 0 sufficiently small and obtain
awijdvij — awijFéjdl < etrw".

Obviously, we have
—Qudw’jd’ij + 2udwijfﬁjdl < cpdtrw'.
To exploit the term —2uw®d;d;, we use that |d; — 67" < ¢+ |z — x| < ¢+ 6, so

—2uwijdidj < —pw™™ + cud max |wkl’ .

By kk Kl
As w" is positive definite, we obtain by testing <w”” tUU ) with the vectors (1, 1)
1
and (1, —1) that |w*| < trw”. Thus (5.7) implies
LY < —2etrw® — pw™ + ¢+ cud trw (5.8)

We may assume that (w®); j<n is diagonal. Recall that our C-estimates imply
that f is bounded. Thus

wll 0 .. 0 wln
el = det(w') =det 0
0 0 wnflnfl wnfln (5 9)
,wln wnfln wn™
n ) n
_ H w — ‘wnz‘ H wjj < H w'
i=1 <n J#i =1
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implies that trw® tends to infinity if w™" tends to zero. So we can fix u > 1 such
that the absolute constant in (5.8)) can be absorbed. Note also that the geometric
arithmetic means inequality implies
1 . 1 LA oo \1/n
ﬁtrw”:;zwuz (Hw”) ,
i=1 i=1

so (5.9) yields a positive lower bound for tr w®. Finally, we fix § = 6(u) sufficiently
small and use (5.8) to deduce that

LY < —etrw™. (5.10)

We may assume that ¢ is fixed so small that ¢ > 0 in Q.
Define for A, B > 1 the function

0% := AV + Blz — 20> £ T'(u — w).

Our estimates, especially and , imply that ©F > 0 on 085 for B > 1,
depending especially on (1), fixed sufficiently large and LOT < 0 in Qs, when
A > 1, depending also on B, is fixed sufficiently large. Thus the maximum principle
implies that ©F > 0 in Q5. As ©%(x() = 0, we deduce that @,ﬂ,:l > 0, so we obtain
a bound for (T'u) , and the lemma follows. O

Lemma 5.3 (Double Normal Estimates). For fized v, an admissible solution of
(1.4) has uniformly bounded partial second normal derivatives, i.e. for the inner
unit normal v, u;;v'v7 is uniformly bounded.

Proof. The proof is identical to [38] Section 5.3]. Note however, that the notation
there is slightly different. There —u ;; + a;; is positive definite instead of u ;; —
Ffjuk + T;; here.

Interior C?-Estimates.

Lemma 5.4 (Interior Estimates). For fized 1, an admissible solution of (L.4)) has
uniformly bounded second derivatives.

Proof. Note the admissibility implies that w;; is positive definite. This implies a
lower bound on the eigenvalues of w;;.
For A > 1 to be chosen sufficiently large, we maximize the functional

W = log(wi;n'n’) + Ax
over M™ and all (n°) with g;;n'n = 1. Observe that W tends to infinity, if and
only if u;jn'n’ tends to infinity. We have
2uin' ¢ =2win"' ¢ — 2wy — 30| VulPgi; + Tij)n'¢?
<wiin'n’ +wi¢'¢ + ¢,

so it suffices to bound terms of the form w;;n'n’ from above. Thus, a bound on W
implies a uniform C?-bound on wu.

In view of the boundary estimates obtained above, we may assume that W

attains its maximum at an interior point zg of M™. As in [8 Lemma 8.2] we
may choose normal coordinates around zy and an appropriate extension of (n*)
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corresponding to the maximum value of W. In this way, we can pretend that wi;
is a scalar function that equals w;;n*n’ at xo and we obtain

1
0=WwW,; = — Wiy + AXi, (5.11)
w11
1 1
02> Wi = —wi15i5 — —5 Wi1;W11,5 + AX4j (5.12)
w11 w1y

in the matrix sense, 1 < 4, j < n. Here and below, all quantities are evaluated at
xo. We may assume that w;; is diagonal and wy; > 1. Differentiating (L.4) yields

wijwij;k = fk + fzuka (513)

wijwij;ll - wikwjlwij;lwkl;l = fi1 + 2f12ur + foouiug + fouig. (5.14)

Combining the convexity assumption on x, (b.12)) and (5.14]) gives

1 .. 1 .. »
0 >—w" w1 — 5w wiwin; + Atrw?
w11 w1y
1 ..
1
=—w" (w115i; — wij11)
w11
1 ) . 1 .
ik ! 7
+ —w wj Wij:1WEl;1 — T’LU ij;iwu;j (515)
w11 w1y

1 .
T (fir +2frur + fozurun + frunn) + Atrw?,
11

1

(Py+ Ps+ R) + Atrw™,
w11

where

Py = wij(wll;ij - wij;11)7

ik, jl i
Py = w"w wij. wrn — p— Twyw11s4,
11

R= fi1 +2f1u1 + foougug + fougn.
It will be convenient to decompose w;; as follows

Wij = Uiz + Tij,

5.16
rij = Yuiu; — 59| Vul’gij + Tij. (5.16)

The quantity r;; is a priorily bounded, so the right-hand side of (5.14)) is bounded
from below by —c(1 + w11),

R 2 —C- (]. +w11). (517)
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Let us first consider P3. Recall that w;; is diagonal and w1 > wy, 1 <3 < n.
So we get w’! > —L-gi'. We also use ([5.16)) and the positive definiteness of w®

w11
P =ikt L
3 =W W Wi 1 W1 — ——— W W11;W11;5
w11
y
>—w* (Wi Wit — WitWi1,5)
w11

L 5.18
:wiw”((uill +71.1) (w1 + 1) — (Wi + i) (Wi + 711y5)) ( )
11

1 .
1,
Ziw w j(uillujll —U113U115 + 2“1‘117"3'1;1 - 2U11ﬂ"11;j - 7‘11;7:7“11;j)
11
=P31 + P33 + Ps3,

where

1 ..
1,
Py = —w ]<Uilluj11 - Ulli”llj)y
w11
2 i

P3y = —w"u;117511,
w11

2 1 ..

? ?
P33 = ——w ‘7U11ﬂ“11;j - ——w '77“11;2'7”11;]'.
w11 w11

We will bound Ps;, P32, and P33 individually. The term 717,; is of the form ci+cFuy;
or, by (5.16)), of the form ¢; + cFwy;.

1 .. .

1 1

Py3=—-2—w ]UlliTll;j - w ]7’11;1‘7’11;3'
w11 w11

. 1 ..
2, 1,
=—2—w" (w11 — r11;)rin; — —— W
w11 w11

22>\winirll;j by (5.11])
:2>\wini(Cj + ckwkj)
> — A1+ trw?).
To estimate Ps2, we use ([2.3)), (5.16)), (5.11), w*wy; = 5;, and the fact that r;1.1
is of the form c¢; + ¥cjwi1 + c’“wkj
2 ..
Pio =——w" (u11; + uag® Rori1)7j151
w11
2

i ab
= v T(wity — 115 + ag® Ryrin) 75151
11

=- 2)‘wini'f’j1;1 + wlnwij(—ru;i + uagabRle)rjl;l
= — 22w x;(¢j + ejwiy + Fwyy)

+ winwij(ci + Fwi) (¢ + ey + Fwgg)
> — A1+ trw” + dwn trw”) — ¢(1 + trw').

It is crucial for the rest of the argument that the highest order error term contains
a factor . We interchange third covariant derivatives and get

Py :wiwij (uillujll - (uill + uagabRblli)(ujll + chCdellj))
11



14 0. C. SCHNURER EJDE-2005/81
1 .. 1 g
> — 2—wu1uag " Rpriy — c— trw'
w11 w1

:2)\U}Z]XiuagabRb11j + 2w7wljri1;1uagabRb11j - Cwi tr w*?
11

11
by (5.11)) and (5.16]). Now, we obtain that
Py > —c(1+ A)(1 + trw?).
Recall that trw® is bounded below by a positive constant. We employ (5.18)) and

get the estimate

o 1 .. A L
w”kwﬂwij;lwkl;l — —Qw”wn;iwn;j Z —C(A’(ﬂ + 7) tr w”. (519)
w11 w1y w11

Next, we consider P;. Equation implies
Ur1ij =uiji1 + Ua19"° Roinj + uag™ Rpinja + w109 Roiji + tia g™ Ro1j1
+ aj g™ Rpr1i + uag™ Rp11i
>uiji1 — Cij(1 4+ wir).
We use
wij (wll;ij - wij;ll) = wij(ullij - uijll) + wij('rll;ij - Tij;ll)
Zwij(rll;ij — Tji11) — CW11 tr w'
=w" (Yijul + dhiugurj + 20ugjuy; + 2purug;)
+ W (—pryuuy — dbruug — 20ugug — 2y
+ w”(**@/}Z]\th g1 — 2ty g1 — 7/1U ukigrr — YuFugijgn)
+ w7 (211 |Vulgi; + 21uPug gi5 + Yufugigij + Yutugingiy)
+w(Ty1.4j — Tijin) — cwyy trw®
=Py + Py — cwyy trw',

where
Py =w" (ijuf + dpuru; + 29husju;)
+ wij(_'(/)lluiuj — druu; — 29ugiu )
w (=35 VulPgi1 — 2¢u urjgi1)
”( ¢11|VU| 9ij —|—2’¢1U uklgz])
ZJ(TII Y l],ll)
and
Py =w" (2¢ugui; — 2puiujig — Yulugignn + puturgi;)
+ w (—pufurigry + Yufurgi;).

The last term in the first line and the last term in the second line of the definition
of P41 cancel. Note once more, that

Yo — 0 (o ) — 8§ oy
w9y = w (Wi — 1K) = 0, — WY
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Moreover, w;; is positive definite, diagonal, and wi1 > wy;, 1 <4 < n, so |w;;| < w1y
for any 1 <, j <n. We obtain

P41 2 —CW11 trw*.

Note that this constant depends on derivatives of ¥. So our estimate does also
depend on . We interchange covariant third derivatives and employ once
again
w9 (w11, — wija1) 2w (2pururi; — 2uugin — YuFugiigin + PuFuggi;)
+ wij(*wug?ukign + pufug1gi;) — cwy trw
:27/)U1wijuij1 + 21/)U1’wijuagabRbnj
— PpgruFwug, — hgruFwuag™ Ry
- 2¢iniju11j - 2¢inijua9abRb1j1
+ YuFugp trw + YpuFueg®™ Ry trw®
— pgriw” (wir — ri) (wjr — rj1) g™
+ h(wig — rip)(wy — 717) g trw® — cwyy trw
>Py3 + Pya — cwry trw',
where
Pz = 2puyw gy — YgriuFwugy, — 29uwug + uFuggg trw',
Py = —hgriw (wi, — i) (wis — r51) g + Y(wig — rig) (w1 — r1g)gF trw'.
As above, we see that
Py > ww% trw — cwyq trw”.

We continue to estimate P, and replace third derivatives of u by derivatives of w;;.

Equations (5.13)) and (5.11)) allow us to replace these terms by terms involving at
most second derivatives of u

w' (w155 — wij11)
>2purwwia — 2Purwrja — YgruFwTwgg + YgruFeeg,
— Qwuiw”wn;j + 21/)uiwij7‘11;j + wukwu;k trw® — wukrn;k trw®
+ wwfl trw® — cwqq trw™
> — 2¢uiwijw11;j + ¢ukw11;k trw® + wwfl trw¥ — cwqq trw¥
22)\1/)w11wijuixj — )ﬂbwnuk)(k trw™ 4+ ¢wf1 trw¥ — cwqq trw¥
> — cA\pwyg tr w4 zbwfl trw® — cwqq trw.
This gives
1

w—w”(wn;ij — Wi 1) > —CAY trw® + Ywpp trw” — ctrw®. (5.20)
11

We estimate the respective terms in (5.15)) using (5.17)), (5.19), and (5.20) and

obtain \
0> {Y(wi —cA)+(A—c— c—)}trw”. (5.21)
W11

Recall once more, that ¢ = ¢(¢), ...) depends on the regularization.
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Assume that all ¢’s in (5.21)) are equal. Now we fix A equal to ¢+ 1. Then (5.21))

implies that wq; is bounded above. O
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