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EXISTENCE OF SOLUTIONS FOR A NON-ISOTHERMAL
NAVIER-STOKES-ALLEN-CAHN SYSTEM WITH
THERMO-INDUCED COEFFICIENTS

JULIANA HONDA LOPES, GABRIELA PLANAS

ABSTRACT. This article aims to study the existence of solutions for a non-
isothermal Navier-Stokes-Allen-Cahn system with thermo-induced coefficients.
The system can be considered as a model describing the motion of a mixture
of two viscous incompressible fluids with viscosity, thermal conductivity and
interfacial thickness being temperature-dependent. This is a more general sys-
tem than the previous ones considered in the literature, involving temperature
dependence on all main coefficients. The strong non-linear couplings between
those equations because of the temperature dependence brings new mathemat-
ical difficulties that only allows working in two dimensions.

1. INTRODUCTION

We consider a non-isothermal Navier-Stokes-Allen-Cahn system where certain
coefficients are temperature-dependent. The system can be considered as a model
describing the motion of a mixture of two viscous incompressible fluids with viscos-
ity, thermal conductivity and interfacial thickness being temperature-dependent,
and matched densities. This system consists of Navier-Stokes equations coupled
with a phase-field equation given by a convective Allen-Cahn equation and an en-
ergy transport equation. More precisely, we investigate the existence of solutions
to the problem

u +u-Vu—V-(v(0)Du) + Vp

= )\(—V ((0)Ve) + LF’(@) Vo — aAOVo, (11)

e(0)
V.ou=0, (1.2)
bt u-Vo=(7 - (0)V0) - %F’(@), (1.3)
0, +u- V0=V (k(6)V), (1.4)
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in Q x (0,00), where € is a bounded domain of R? with smooth boundary 9. We
complement the system with the initial and boundary conditions

U(O) = Ug, (;5(0) = ¢0, 9(0) = 90, in Q,

1.5
u=0, %:0, ?:O, on 9Q x (0, c0), (1:5)
n

where 7 stands for the exterior normal to the boundary 0f2.

Here, u, p and 0 denote the mean velocity of the fluid mixture, the pressure, and
the temperature; the phase-field variable ¢ represents the volume fraction of the
two components. Du = 1 (Vu + (Vu)T) corresponds to the symmetric part of the
velocity gradient. v > 0 is the viscosity of the mixture, A > 0 is the surface tension
parameter, o > 0 is associated to the thermal expansion coefficient, ¢ > 0 is a
parameter related to the interfacial thickness, F'(¢) is the potential energy density,
~v > 0 is the relaxation time of the interface and k£ > 0 is the thermal conductivity.
We assume that v, € and k are temperature-dependent.

Isothermal Navier-Stokes-Allen-Cahn systems have been extensively investigated
in the literature, see, for instance, [13] 25] [14] [{1], 19] and references therein. Con-
cerning non-isothermal Navier-Stokes-Allen-Cahn systems, there are few theoretical
results available. This is because it is not a trivial question to include temperature
dependence in a way such that the obtained models are at the same time thermo-
dynamically consistent and mathematically tractable. For instance, [23] introduced
a non-isothermal model for a mixture of two fluids with thermo-induced Marangoni
effects. The mathematical analysis of that system was carried out in [27) 28]. See [0]
for the well-posedness of the one-dimensional non-isentropic compressible Navier-
Stokes-Allen-Cahn system with temperature-dependent heat conductivity and [26]
for the case with phase variable dependent viscosity. It is worth mentioning the
works [8],[9, 10} [I5] where a non-isothermal Navier-Stokes-Cahn-Hilliard system was
analysed.

The system under consideration was previously studied by the authors in two
different situations. When only the viscosity coefficient is temperature-dependent,
the problem was considered in [I6]. The well-posedness of the model was established
showing the existence of global weak solutions in dimensions two and three, and
existence and uniqueness of global strong solutions in dimension two, and local
strong solutions in dimension three. No restriction on the size of the initial data
was required. Later, in [I7], it was also allowed that the thermal conductivity to be
temperature-dependent. The existence and uniqueness of local strong solutions in
two and three dimensions for any initial data were proved. Moreover, the existence
of global weak solutions and the existence and uniqueness of global strong solutions
in dimension two were obtained when the initial temperature is suitably small.

As far as we know, there are no studies about the phase-field equation with
an interfacial thickness that develops with temperature. However, there are some
physical situations where the thickness of the interface between fluid phases could
depend on the temperature. We can mention [3], where is presented an atomistically
informed parametrization of a phase-field model to describe the anisotropic mobility
of liquid-solid interfaces in silicon. In this model, the interfacial mobility parameter
of the phase-field describing the relaxation dynamics of the interface depends on
temperature and also on interface orientation. See also [4], whereby using the
method of molecular dynamics, the thickness of the interface between the fluid
phases is determined as a function of temperature.
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From the mathematical point of view, a closer study about a interfacial thickness
variation is the analysis of sharp interface limit for phase-field models. In those
cases, the thickness of the diffuse interface tends to zero. We can mention [20] for
the Allen-Cahn equation, [2] for the Stokes-Allen-Cahn system, [B] for the Cahn-
Hilliard equation, and [I] for the Navier-Stokes-Cahn-Hilliard system.

The goal of this article is to consider the general system (1.1)-(L.5) involving
temperature dependence on all main coefficients. The strong non-linear couplings
between those equations due to the temperature dependence brings new mathemat-
ical challenges that only allow working in dimension two. Moreover, the existence
of solutions will be local in time; however, no restriction on the size of initial condi-
tions is imposed. Observe that lower and higher order estimates cannot be obtained
in a separate way. In order to prove the existence of local solutions, a novel higher
order differential inequality for the shifted functions is constructed and combined
with a small time argument, which was inspired by [I§].

This article is organized as follows. In Section 2, some notation, assumptions,
and the main theorem of this paper are introduced. In Section 3, the phase-field
equation with thermo-induced interfacial thickness is analysed. In Section 4, the
main theorem about existence of local in time solutions to — is proved.

2. NOTATION AND MAIN RESULT

Before we state the main result of this paper, we fix the notation used through
the text.

Let  C R? be a bounded domain with smooth boundary 9§ and let |Q| denote
the measure of the set Q. By LP = LP(Q2), with 1 < p < oo, we denote the
standard Lebesgue spaces and H™ = W™2(Q), 0 < m < +oo, the Sobolev spaces.
H} = H(Q) is the closure of C§°(Q) in the H'-norm. The norms in L? or (L?)?
will be denoted by | - || and the inner product in R? and the tensor product in R’
are denoted by (,-); the norms on H™ and (H™)? are indicated by || - |[g=. We
write u € L?, even when u is a vector field, meaning that all of its components
are in L?, and so on, since no confusion arises. Given two Banach spaces X,Y, we
define the norm in X NY by || - [[xny = || - |x + || - [Iv-

For the mean velocity, we introduce the standard functional spaces of divergence-
free vector fields

V(Q) ={v e (CF(N)?: V- -v=0in Q},
2,2 1\2
H:W(L ) , V:W(Ho)
The duality product between V and V' will be denoted by (-,-), and by Poincaré
and Korn inequalities, ||[Vv| and ||Dv|| are equivalent norms in V. Let P be the
orthogonal projection from (L?)? onto H. We shall denote by w; and \;, respec-
tively, the eigenfunctions and eigenvalues of the Stokes operator A = —PA defined
in VN H?. We observe that w; are orthogonal and complete in the spaces H, V
and V N H?, see [24].
Let us highlight some inequalities that will be frequently used in the text. We
recall that we are considering the two-dimensional case. The Ladyzhenskaya in-
equality

lol s < V2IVoll lloll, Vv € Hg, (2.1)
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and the Gagliardo-Nirenberg interpolation inequality

D70 e < Cllv||Gymr o]z Yve€LINW™" 1<gq, r<oo (2.2)
where ) )
L_J a(%—ﬂ)—&—(l—a)l, i<oz§1,

2 q m
for some constant C' > 0 with the only exception: if 1 < r < oo and m — j — % is

a non-negative integer, then the above inequality holds only for i < a <1 (see,
e.g., [24, 12, 211).

For the potential energy, we consider the following conditions: F' € C?(R) and
satisfies

lim F'(s) =400, lim F"(s) = +o0, (2.3)
s—Foo s—Foo
F'(1)>0, F'(-1)<0. (2.4)
We observe that the classical double-well potential F(s) = 1(s? — 1)? satisfies

(2.3)-(2.4). We note that (2.3)) implies the existence of some positive constants
C;,i=1,2,3 such that

—C1 <F'(s), —Cy<F(s)<F'(s)s+C5 forallseR, (2.5)
where F(s) = [; F'(r)dr. Moreover, assumption (2.4) guarantees the maximum
principle for the phase-field equation, and with this, F, F’, F"" will be bounded.

We assume that the viscosity ¥ € C1(R), the interfacial thickness ¢ € C?(R),
and the thermal conductivity k € C?(R) satisfy

0<wv(s), 0<e(s), 0<k(s), VseR.

However, as the maximum principle for the temperature will be true, we can trans-

form equations (|1.1)), (1.3]), and (1.4)) into equivalent ones. This can be done by
suitably modifying v, €, and k outside the interval [—||0||L, [|0o] L], see, e.g.,
[18, 28]. Therefore, we can assume that v, €, and k satisfy

O0<wy<v(s), 0<e<e(s), 0<ky<k(s) forallseR,
v,e kv e k', ¢" k" are bounded for all s € R.

From now on, without loss of generality, we assume the constants A = o = v = 1.
Throughout this paper, C' will denote a positive constant which may vary from line
to line. Now we state the main result of this paper.

Theorem 2.1. Given uy € V, ¢o,00 € H?, with 90 — 9% — () op OO0 and

on__— 0O
ool < 1, there exists T* > 0 such that problem (1.1))-(1.4) with initial and
boundary conditions (L.5)) has at least one solution (u, ¢, 0) satisfying

we L®(0,T* H)N L0, T*; V), w, € L3(0,T* V"),
6,0 € L0, T*; H* N L>®) N L*(0,T*; H?), ¢4, 0; € L*(0,T*; L?),
lo| <1, 16] <[[follL= a.e. Qx(0,T7),
(ug, vy + (u - Vu,v) + (v(0)Du, Dv)

_ ((_v. (e(0)Ve) + %F’(@)V(ﬁ,v) — (AOVO,v),Yv €V,
1

e +u-Vo=V-(c(0)Ve) - %F’(@,
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0, +u- V0=V (k(O)V),

for a.e. (0,T*) x Q, and it fulfills the boundary conditions % = % =0 on 90 x
7 7
(0,T*), as well as the initial conditions in (1.5)).

We have stated the Theorem with the minimal regularity required to obtain
the existence of solutions to system —. However, with some additional
and long computations we can show that the solutions are more regular; indeed,
u € L*(0,T*; V)N L%0,T*; H?) and ¢,0 € L°(0,T*; H*) N L?(0,T*; H3). This
can be done similarly as in the proof of [I7, Theorem 4.3] (cf. Step 1), so we leave
the details to interested readers.

3. PHASE-FIELD EQUATION WITH THERMO-INDUCED INTERFACIAL THICKNESS

In this section, we investigate the existence of strong solutions to the phase-
field equation with thermo-induced interfacial thickness. We are going to apply
this existence result when treating the whole system. In this way, we can assume
enough regularity for v and 6. In particular, as v will be coming from the Galerkin
approximations, we assume that u is a smooth divergence-free vector field vanishing
on O and that § € L°°(0,T; H' N L>) N L?(0,T; H?) with §; € L?(0,T; L?).

Proposition 3.1. Let T > 0 and ¢g € H* N L> such that ||¢o||p~ < 1. Then, the
problem

b1+ u-Vo=V-((0)Ve) — ﬁF’(@ in Q x (0,T),
#(0) = ¢o in Q, g—: =0 on 00 x (0,T),

has a unique solution ¢ € L>(0,T; H') N L?(0,T; H?) with ¢; € L*(0,T; L?) and
o] <1 ae Qx(0,T).

(3.1)

Proof. We start by introducing an approximate function

sF"(1) + F'(1) — F"(1), s> 1,
Fl(s) = { F'(s), ~1<s<1, (3.2)
sF"(=1) + F'(—1) + F"(~1), s< L.

Let Fy(s) = [ F{(r) dr and observe that properties are true for all s € R
and Fy is bounded. See, e.g. [7, 13, 16]. Once the maximum principle for the
unique solution ¢7 of (3.1) with Fj instead of F' is true, there will follow that
Fi(¢1) = F(¢1). Thenceforth, ¢; will be a solution of , which is unique. To
not overburden the notation, we will omit the subscript on F} and ¢;.

To show the existence of solutions we employ the Faedo-Galerkin method. Let
ag and ¥k, k € N, be the eigenvalues and eigenfunctions of —A with homogeneous
Neumann boundary conditions.

For each m € N, we look for a function ¢, (x,t) = > -, by (¢)Yy(z) such that,
fork=1,...,m,
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where ¢F' € span{wi, ..., w,} and ¢F' — ¢ in H' as m — co. Then, (3.3)-(3.4)
becomes a nonlinear system of ordinary differential equations for b™ = (b7, ..., b"),

—bm me (- Ve, ) me 0)Vi, Vi)
(3.5)

(ﬁ /( )7wk) = fk(t7bm)v
b (0) = k' component of ¢f. (3.6)

As g < g(-) < &1 and F” is a bounded function, it is not difficult to see that
f(t,6™) = (f,..., f™) is locally Lipschitz continuous with respect to b™. There-
fore, — has a unique maximal solution in [0,T;,) with T3, < T such that
b € H'(0,T,,). To show that T,,, = T, we multiply by b} and sum for
k=1,...,m, to find
1
535100l + 0l VoulP + [ P (@)onds <0,

where we have used that u is divergence-free and vanishes on the boundary.
Integrating from 0 to ¢ and using properties (2.5 of F' give us

T
lémll? + 0 / IV énmldt < CTIO| + (602, (3.7)
0

where C' is independent of m. Thus, we conclude that T, = T and that {¢.,} is
bounded in L>(0,T; L?) N L?(0,T; H') independently of m.

Next, we show that {¢,,} is bounded in L?(0,T; H?). By multiplying by
ob', and summing from k =1,...,m, we discover that

(O =61) = (1 Vb, D) + (V- (£0) Vi), M) = (5 P/ (). Adin) =0
from Which it follows that

L |96l + 2ol Adm
2 dt (3.8)

< (U Vém, Abp) — (€' (0)VO -V, Ay — (ﬁF’(%), A¢m).

We proceed to estimate the right-hand side of the above inequality. First, note that
[(w - Vo, Adm)| < [[ullLoe [V émll[| Adm]|
< b0l Adm|* + C V1,

for any ¢ > 0 that will be chosen later and C' depends on ||ul|pe.

For the next term, we recall that ¢’ is a bounded function and use Gagliardo-
Nirenberg interpolation inequality (2.2]) together with elliptic estimates to arrive
at

(E(O)VO - Vo, A )| < ClIVO|| L4 [V S| 4 | Ay
< 0e0l|A¢m|* + ClIVO 2 VOV dinll 111 [V i |
< 2020 Adw|* + C(I1011 72 + DIVOmI* + ClIONZ2,

where C' depends on ||0||z(,7;m1) and we have used that {¢,,} is bounded in
L>(0,T; L?).
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We define 81 = max{|F"(1)|,|F"(-1)|} and
52 = max{_maxx {IF/(<)[11F/(1) ~ F" (O], |F'(~1) + F'(-1) }.
Since €¢ < ¢(+), by using (3.2, we have that

1
|<mF'(¢m)aA¢m)| < C/Q(ﬁl|¢m| ¥ B2)| A | da
< CllgmlllAdmll 4 Cl| A (3.9)
< beol|Agm* + C,

where we have used (3.7]).
By plugging the previous estimates into (3.8) and taking § small enough, we
arrive at

%HW%H2 +eol Agml® < CI0IIF2 + DIVEm|® + CllOl- + C.
Since (||6]|%- + 1) is integrable on [0,T], by Gronwall Lemma, we conclude that
IVem* < CeT(IIVgoll* + T + 1),
and so .
Vol + [ 180, < C(T0. 00, (310)

We note that the constant C' is an increasing function on 7', so it can be chosen
independent of T for T in any finite interval. This estimate and imply that
{¢m} is bounded independently of m in L>(0,T; H') N L?(0,T; H?).

To guarantee some strong convergence for {¢,, }, we estimate {(¢,):}. For this,
we multiply by (b3")" and sum from k =1,...,m, to obtain

1(@m)ell® + (- Vo, (Sm)e) + (€(0)Vin, V(m)e)

+ (P @) () =0

(3.11)

Observe that

((0)V b, Y (6)e) = /Q o)L 2

- 2

28t|v¢m| dx

=5 [ 5 COFonPY = 5 [ L0010
- 2 Qat m x ) o t m €T,

so we can rewrite (3.11]) as

[@m)el* + 5 10 2T o
1 1 (3.12)
=~ Vo (6 + 5 [ LO0ITon Pl — (P (6). (00 ).

We estimate the right-hand side of (3.12)) term by term. For the first term,

(- Vo, ($m)e)| < lull Lo IV |l (@m)ell < 811 (dm)ell® + C,

for any ¢ > 0 to be chosen later and we have used (3.10). Next, as €’ is bounded,
Gagliardo-Nirenberg inequality (2.2)), and elliptic estimates yield

1
: / £ (0)0,V b2z < CJ|0,]|[V 2
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< Cl 0l dmll 2|V b
< CllAdm||® + C|10:)> + C,

where we have used that {¢,,} is bounded in L>°(0,T; H'). In a similar way to

13.9), it follows
1 _, )
= < '
‘(5(9)F ($m); (¢m)t> < 68)l(¢m)ell”+C
Therefore, taking § small enough, (3.12)) can be estimated by

d
[(m)ell® + E(0) 2V oml* < ClAdm | + Cl6:]* + C.

By integrating in time, we infer that {(¢,,):} is bounded in L?(0,T; L?) indepen-
dently of m and, by the compactness lemma [22] Cor. 4], that there exists a
subsequence (relabeled the same) of {¢,,} that converges strongly to a function ¢
in L2(0,T; HY).

Since F" is bounded, F'(¢,,) — F'(¢) strongly in L?(0,T;L?). Thus, we can
pass to the limit as m — oo in and infer the existence of a strong solution ¢
of .

The proof of the maximum principle, i.e., if the initial datum satisfies ||¢g|| L~ < 1
then |¢| <1 a.e. 2 x (0,T), can be done as usual. We multiply equation by
the positive part (¢ — 1), and integrate in Q to obtain
1 1
3l = 0P+ [ Om@-1.pas [ o

1
= | —F(1)(¢-1)4dz <0
| sF @@=
because F'(1) > 0 by (2.4). Next, we use the Mean Value Theorem to arrive at
1d 1
——|l(¢ — 1)4|? —F" —1)(¢ — 1)4dz <0.
5310 =D+ [ P00 Do 1de <
Finally, by (2.5) and the fact that eg < e(-) we deduce that
1d Cy
——l(p—1D)4|®> < =|l(¢ = 1)4]|*
5310 = DI < 226 - D4l

Gronwall Lemma and the fact that (¢o — 1)+ = 0 imply that (¢ — 1)1 = 0 and
therefore ¢ < 1. We proceed in analogous way by multiplying by the negative part
(¢ + 1)_ to obtain that ¢ > —1.
To finish, let ¢1, ¢o € L>=(0,T; H*NL>®)NL2(0,T; H?) be two solutions of (3.1]).
Then ¢; — ¢ solves
1
(81— d2)i +u- V(@1 = 62) = V- (£(0) V(01 = 62)) = 5 (F(61) = F'(2)
together with 3%((;51 —¢2) =0o0n 00 x (0,T) and (¢1 — ¢2)(0) =0 in Q.
Multiplying the above equation by ¢ — ¢2 and integrating in 2, we see
1d 1
29— @2l + <ollV (01 = 8P < — (5 (F'(90) = F'(82)), 61 — )
< O||F'(é1) — F'(d2)[1¢1 — ¢2]]
< Cligr — 2%,

(F'(¢) = F'(1))(¢ — 1) yd
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where we used that V - u = 0, the Mean Value Theorem for F’ and the fact that
F” is bounded.

Gronwall Lemma gives the uniqueness. This completes the proof. O

If we assume more regularity on the initial datum and that 6 € L>(0,7; H?) N
L?(0,T; H?), the solution ¢ to (3.1]) is more regular.

Proposition 3.2. Under assumptions of Proposition and, moreover, ¢y € H?
satisfying 85% =0 on 09, the solution ¢ of (3.1) satisfies

¢ € L>(0,T; H*) N L*(0,T; H?).

Proof. We derive further a priori estimates for the approximate solution. Multiply-
ing (3-3) by afby* and adding from k = 1,...,m, it follows that

1
(01 820 (0T 820, ) OV b, T2+ F (0, A%61,) = 0.
Note that 8(%7?;”) =0 and 6(857;’?7” = 0 on 0f2. Hence, we have that
1d
2 _ia 2
(G A%6m) = 5 5180

(- Vm, A2¢p) = —(VuV o, VAG,) — (D ppu, VAG,,),
(E(O)Vom, VA Gy) = —(£'(0)VO - Vi, A%hp) — (£(0) A, A%hy)
= ("(0)VOVEO - Vb, VAG) + ('(0) DOV, VAP,
+ (£(0)D?¢,, VO,V AP) + (€' (0)VOAPD,, VAD,)
+ (e(0)VAG, VAG,,),

1 / 2 51(9) , 1 Y
Therefore, as g9 < (+), one has

1d

§@IIA¢>mH2 + 0| VAG, |2

< (VuVrm, VAG,) + (Db, VAy) — (£"(8)VOVE - Vo, VAG,,)
— (£'(0)D*0V b, VAG,) — (¢/(0) D6, V0, VAG,,)

£'(6)

e2(6)

1 " . :
+ (P @n) Vo VA0) 1= 3 L.

(3.13)

~ (OIS, VAG) = (S35 VOF (6m). VAGy )

We estimate the right-hand side of @ term by term by using Holder, Young,
Gagliardo-Nirenberg interpolation @ , and elliptic inequalities together with the
fact that {¢,,} is bounded independently of m in L>(0,T; H')NL?(0, T; H?) which
was already proved in the previous Proposition.

We denote by ¢ a positive constant that will be chosen later. Then, we have

I < 0o|| VA, |+ C,
Iy < 60| [VAGw | + Cl A + C,
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where C' depends on u. Since €” is bounded,
I3 < 0eo||[VAGm||* + ClIVO| 18l fmll 22 [ Vbl
< 0eol|VAG |12 + Cll0N 2 (|AGwm | + lldmll)
< 0e0l|VAG|? + CllAdn|* + C,
where C' depends on [|6)| Lo (o,7;#2). Next, since ¢’ is bounded,

Iy < 020 |[VAGml* + ClNON 2 101l 22 [V bl 2 VS|
< deol|[VAGm 1 + Cll6]| 2 (1AGm | + [l )
< b0l VAG|* + CllA¢m|I* + Cll0]7s + C.
Similarly,
I5 < 8e0[[VAGmI* + CllOl2 | ¢ | 112 | S [ 12
< 020 VAGm|* + C(IVAGm| + [ Adm + 6m]) (1Adm + |ém])
< 3020 VAGm[* + C|Adm|* + C

and
I < 2060||[VAGy |2 + C| Ad | + C.

As in (3.9), using that &’ is bounded,

L < C/Q V0] (B1 || + B2) [V A da

< ClIVO|Lallfml| La [V Adm|| + CIVOIIV Ay |
< 2650||VAG, | + C.
Finally, as F” is bounded,
Iy < 00| VA2 + C.

By taking ¢ small enough and plugging the previous estimates into (3.13) we
arrive at

d
£\|A¢m||2 + 20| VAG[* < Cl[Adm* + C[I0]7s + C.
As 6 € L2(0,T; H3), it follows that

T
1AGwmII? + 2o / IV A2 dt < C(T, 8, b0, ). (3.14)
0

We note again that the constant C' is an increasing function on 7', so it can be
chosen independent of T for T in any finite interval. Hence, ¢,, € L>(0,T; H?) N
L?(0,T; H?). This completes the proof. |

4. PROOF OF THEOREM [2.1]

To show the existence of a local solution to —, we will use the semi-
Galerkin method. We split the proof into four steps. In the first step, we introduce
the approximate problem. In the second step, we show the existence of a local in
time solution for the approximate problem. However, the time of existence depends
on the approximate parameter. So, in the third step, we obtain a new differential
inequality for some norms of the approximate solution which allows concluding the
existence of small-time independent of the parameter. Finally, in the last step,
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we pass to the limit in the approximate problem showing the existence of a local
solution to —.

Step 1: Approximate problem. Let w; and \;,i € N, be the eigenfunctions and
eigenvalues of the Stokes operator A. For m € N, we denote by P,, the orthogonal
projection from H onto H,, = span{ws,...,wm}. Fixed T > 0 and for m € N, we
consider the following approximate problem of finding

um((E,t) = Zgzn(t)wz(m)7 ¢m and ema
i=1

satisfying

(U 0) + (U + Vg, v) + (v(05,) D, Do)

= ((—V (e(0m)Vm) + @F/(Qbm))v‘ﬁma U) — (A0, VO, ), (4.1)
Yve H,,
(¢m)t + U Vo, =V - (g(em)vd)m) - %F/(d)m) in  x (OaT)v (42)
(Om)i + tm - VO, =V - (k(0,,)VO,y,) in Q x (0,7), (4.3)
um(o) = Ppuo, ¢m(0) = ¢o, Hm(o) =0y in Q, (44)
Obm D

o on 0 ondQx(0,T). (4.5)

Step 2: FExistence of local solutions to the approximate problem. We have the
following result.

Lemma 4.1. There exist 0 < T,, < T and uy € HY0,T; Hpy), Gm,0m €
L0, Ty H?) N L2(0, Ty; H3) such that (tm, &m,0m) is the unique solution to

ED-E).

Proof. The existence of a unique local solution to this approximate problem can be
done by using the Schauder Fixed Point Theorem. Indeed, given u,, € C([0,T]; H.,)
with up,(t) = 30, g (Hw; and (377, |g;”(1€)|2)1/2 < M, where M is a large
enough constant that will be chosen later, there exists a unique 6,,, € L (0, T; H?)N
L2(0,T; H®) with (6,,)¢ € L*(0,T;L?) and |0z < [|6o]| solution to (4.3).
The well-posedness to can be obtained by the Faedo-Galerkin method in the
spirit of Section [3| see also [I8] [28]. Moreover, it holds that

[10m | o< 0,1 12)nL2 0,7:13) < Cr,a- (4.6)

By Propositionsand there exists a unique ¢,,, € L>(0,T; H*)NL2(0,T; H3)
with (¢ )¢ € L2(0,T; L?) and ||¢p, | L < 1 solution to (4.2). Moreover, from (3.7),
(3.10) and (3.14) it follows that

|ém |l o= 0,752y L2 0,7;E3) < Cr,na- (4.7)

Once 0,,, ¢,,, are determined, we turn to look for functions @, = Y v, g7 (¢)w;(z)
satisfying , which is a system of m non-linear ordinary differential equations
for {g7(¢)}7 . From the assumptions on the coefficients v and ¢, it is standard to
show the local well-posedness of the initial value problem using the classical theory
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of ordinary differential equations. To see that @, is defined on the whole interval
[0,T], we take Uy, as a test function in (4.1]) to obtain

1d . _ ~
5 [Tl 4 0 D2 < ~(V (= (0) V) Vo, )
1 (4.8)
(S F(Om) V0T ) = (A0n V0, T

We proceed to estimate the right-hand side of (4.8)) term by term. For the first
term, by using that ¢ and & are bounded, Gagliardo-Nirenberg inequality (2.2]),
and elliptic estimates, we have

- ((El(om)vem : v¢m)v¢maam) - (5(9m)A¢mv¢maa\m)
< Ol V0 [Vl + CllTml| e [ A [V 6

Y ~
< LD + Conl V0|21 6mllFy2 + Conl| Ay 2 Vb

Using the fact that €9 < e(+) and that ||¢m]| L~ < 1 to estimate F’, it follows

1 , ~ Oima (12 2
[ < = .

Finally, rewriting the last term we have that
—(A"VO™ ™) = (VO™ @ VI, Vu™) < %HDﬂmH2 + OV |*

Therefore, (4.8) becomes

d . 2 o ~ 2
— —||D
dtllumH + 9 | DT ||

< Con(IVOmlI*dml1Frz + 1AGm| PV Eml® + 1V dm 1 + (VO ]*)-
Integration in time, (4.6) and (4.7)) allow us to conclude that

t
[ ()] + Vo/o 1Dt |*dt < Jluoll® + Con aa T (4.9)

Hence, U, € L>(0,T; H) N L?(0,T; V).

In this way, we obtain a well-defined operator

o C([0,T); Hy) — (LO"(O,T; H?)nN LQ(O,T;H3))2 - HY0,T;H,,)

We next show that the operator @7 is continuous. As it was shown in [28] pp.
432;433], we can assure that 6,, is continuous with respect to w,,. More precisely,
let 0,, = 0 — 62 and %, = u}, — u2,, then it holds

10| o< (0,752 020711y < Con [ || £2(0,7511) -
To show that ¢, is continuous with respect to w,,, let ¢l and ¢2, be two solutions
to [(4.2)). So, ¢,, = ¢, — ¢2, satisfies
ey + (U — ) - Vb, + iz, -V,
1

=V (e(0,)VP,,) + V- ((e(6,) — e(02,))Ve2,) — mON

1
e(07.)

F' () + F'(¢7,)-
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Multiplying by ¢,,, integrating over € and denoting % = G(s), we obtain

1d — —
§$||¢m||2 + &0V, |I°

< (s - Vs 6) — ((£(6L) — c(62))V 2., V)
F e / IGOL)|[G 2 + |G / /(621818 e
Q Q

where we have used the Mean Value Theorem to estimate the last two terms as
follows

1 14l 1 / -
= —(G(0,.)(F'(¢5,) = F'(07,)), 6m) — ((G(0;,) — G(67.)) F' (67, Orm)
< F” e /Q GO |d|*d + |G| /Q [E (@) ||0m] 6, |dex.
Then, we have

Ld
2 dt
< N@mllIVémlllldmllz + CligmlI* + Cllml® + el Lo /Q 0l [V &V by | deo

161 ]I + 0l VY I

IN

I _ i — — — _
ZOHV%II2 + C(|[Emll? + 0m 1 + 10m 1 + 10m [V 4V, [])
I _ i — _
< FIVERIP + CUm1* + Gl + [18omll51)
and conclude that

d _ _ _ 7 _
%II%H2 + 20V l1? < CUSmll” + I[Eml® + 11 72)-
Gronwall Lemma and the continuity of 6, with respect to u,, yield

- 12 — 2 0 12 = 12
16m " < CUTmlz2(0,1:) + 10mlIZ200,251)) < ClltmlIL2(0,750)
which implies the continuity of ¢,, with respect to u,,.

It is not difficult to see the continuity of the solution 1, to the system of ordinary
differential equations (4.1)) with respect to ¢,, and 6,,. Indeed, we can consider
Uy = Uk, — U2, where 4! ,i = 1,2 are two solutions to ([4.1)). Writing the system
that @, satisfies and taking u,, as test function, we can deduce that

= 12 -2 702
||um||L°°(O,T;H) < Cm(||¢m||L2(O7T;H1) + ||9m||L2(07T;H1))'

We only sketch how to deal with the higher-order nonlinear term since the other
terms are easier. Notice that, by integrating by parts twice, we can rewrite

(V- (£(0},) V0, )Vh, )
= (=(03) V0, D0}, ) + (=(03)V 6}, © VoL, Vi)
= (<(61) 5 VIVOh ) + (2(03)V 0}, © Vb, Vi)

1 _ _
= —5(5'(9#)V9#|V¢3n|2, Un) + (£(0n) Ve, @ Vo, Vin),
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where we have used that V - %,, = 0. We proceed similarly for i = 2. Hence,
rearranging terms,

— (V- (e(0) V) Vb, Um) + (V - (e(05,) V) Vi, tim)

1 — 1 _ _
=5l e'(0y,) — €' (02,))V0,, [V by, *, Uim) — 5(6'(9371)V9m\v¢71n|2ﬁm)
1 — 1 _

5( (H%L)VGZ vd’m vd)ma U’Tn) - 5(5/(ai)ve3nv¢gn ' vd)ma aﬂ’L)

+ ((e(0) = €(07)) Ve, @ Vor,, Vi) + (£(65,) V6, @ Ve, Vi)

+ (e(6?, )V¢ @V, V).

Since ¢’ and €” are bounded and, thus, ¢ and &’ are Lipschitz continuous functions,
the terms on the right-hand side can be estimated by using Holder, Young and
Gagliardo-Nirenberg inequalities. For instance, for the first term

[((£"(01,) — €' (02)) V05,V g, 12, Ui )| < CllOmll IV 03, N1 4 [V by 17 [ || L
< Con|Orm |1 110701 22 | 0, || 212 [ | 2
< Cm7M(||0m||H1 + ”um”L?)a

where we have used , and the fact that all norms on a finite-dimensional
vector space are equivalent. The remainder terms are treated similarly.

Thenceforth, ®77 is a continuous operator. Since H,, is a finite dimensional
space, H'(0,T; H,,) is compact in C([0,T]; H,). Moreover, as ®J is a bounded
operator from C([0,T]; H,,) into H(0,T; H,,), we conclude that ®J is a compact
operator from C([0,T); Hy,) into itself.

From (£.9), by taking M? = |luo||*/2, we can choose T, small enough such
that we are able to apply the Schauder Fixed Point Theorem and conclude that
there exists (U, Gm,m) solution to the approximate problem (4.1} . ) defined
on [0,Ty,]. The proof of the uniqueness of the solution is standard so we omit the
details. d

Step 3: Local existence time independent of m. We will construct a new differ-
ential inequality and combine it with a small data argument for the shifted approx-
imate solution U, (£) = U (t) = Um (0), Gm(t) = dm () — o and G, (t) = b, () — 6o
to show the existence of small time 7™ > 0 such the solution (uy,, ¢m, 0m) to —
is defined on [0,T].

First, we rewrite the approximate problem in terms of the shifted approximate
solution. Starting with the equation for the mean velocity,

(U, ) + (@, + 1w (0)) - Vi, v) + (v (§m+90>Dam7Dv)
~((@m + 1 (0)) - Vi (0),0) = (B + 09) Dy, (0), Do)

~ 1 L~ ~
+((-V (O + 00)V (¢m+¢o))+mF (¢m+¢0))v(¢m+¢o)ﬂ})
— (MG V(61 + 00),v) — (AOV (B1n + 00),v),¥ v € Hyp,
T (0) = 0.

(4.10)
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For the phase-field, we have that

Obm + (U + 1w (0)) - Vo — V- (£(0n + 00) V)
=V (B + 0)V0) — (@i + 4 (0)) - Vb — ——————F (G + )
8(9m + 90)

with %m(o) = 0 and homogeneous Neumann boundary condition.
For the temperature, it holds

0B + Ty - V(O + 00) — V- (k(Brn + 00) Vi)
=V - k(B + 00)V0o) — 1 (0) - V(B + o),

(4.11)

(4.12)

with gm(O) = 0 and homogeneous Neumann boundary condition.
Next, we take v = 1y, in (4.10),
5l i

<~ ((Um + um(0)) - Vg, (0), ) — (v(0m + 00) Dt (0), Dy, )
— (V- (B + 00)V D)V b, i) — (V- (€0 + 00)V0)V b, i)
— (V + (£(0m + 00)V ) Vb, lim) — (V - (£(0rm + 00) Vo) Vo, U )
F’(gm-i-d)o) 5 F’(<Z~5m+¢0) =

( (B, + 6) Vém, ’”) +< (O + 60) Véo, ”‘>

— (A, V (O + 00), i) — (A (B + O0), T

(4.13)

We estimate the right-hand side of (4.13) by using Hélder, Young, Ladyzhenskaya
(2.1), Gagliardo-Nirenberg interpolation (2.2]), and elliptic inequalities. Recall that
¢m and 0, satisfy the maximum principle, i.e., ||¢m]lre < 1 and ||Op|pe <
6ol Lo, s0 [[¢mll < CligollLoe and [0 || < Cl6o] Lo ; hence,

IVhmllzs < Clldmll i 1dm |12 < CUIAGM[IY2 + 1).

A similar estimate holds for 6,,,. Moreover, it holds ||, (0)||v < |luo|ly. We denote
by § a positive constant that will be chosen later. Then we have

Iy < luollv [[tm 175 + Clluoll3 [t | s
< C(IVum || [[tm| + [Vl
< 261| Dty || + Cl[ti ||* + C.
For the next term, we use that v is bounded,
Iy < Clluollv || Dt || < 61]| D |* + C.
Rewriting I3 and using that € and &’ are bounded, it follows that
Is = ~((¢' (B + 00)V (B + 60) - V1) Vo, Tim) — (O + 00) A1V b, i)
< OVl 22 + [V60]| L) [Vl 4 [ Ton 22 + CNAG IV Gl 1 [ [ 20
< C(| A0 + 1) (|G | + VI V| [T |2
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+ ClAGm ([ AGm M2 + 1) | Vg |2 i |2
= Cl| A ||| Ay ||V |2 [T |12 A+ C| A2 | Vg |2 T |2
+ ClAG IV T |2 [T |12 + CY |2 T |
+ ClAGm P2 Vi |2 i |
< 3610 || D || + 300[| A |1 + 28K0| Ay |2 + Clftim|? (| Dt || + 1) + C.
Similarly for the next three terms
I = —(('Om + 00)V (O + 00) - V)V, i) — (£ + 00) AoV b, Ui )
< OV 24V b | pil[TEml| 5 + ClIV Gl 4| | 1
< C|AGIM2 + 1) (| AGm |12 + 1)V || /2] |2
+ C([Agm "2 + 1) V|
< B0ug|| Dt ||? + 3020 ]| A |2 + 20k0[| Ay 1> + C [t ||* (| DT |2 + 1) + C,

Is = —((£' (Bm + 00)V (O + 60) - V) Vb0, im) — (£(Brm + 00) Aoy V bo, Tim)
< ClOmll52 Gl 2 1V |2 [ |2 + C | 12 [V i
+ Cll AGm [T |2 (Vi |/
< 400 || Dty ||* + 4020 ]| A |2 + 20k0 || Ay 1> + C [t ||* (| DT |2 + 1) + C,
and
Is = —((¢'(Bm + 00) V(0 + ) - Vo) Vb, i) — (€(0rm + 00) AoV b0, i)
< ko || Aby |12 + 3616 || Viim ||? + Cltim||? + C.
Since ||ém || < Clldollz=, |0mll < C||bo]|z~ and eo < e(-) it follows that
I < C|[Vmlll[iim]| < ClIVGmlI? + Cllitm 12,
Is < Clltim|? + C.
We observe that Iy will be canceled later. So, for the last term
o < [|A0||(IV0rm| s + V00| ) [T |
< C([| A2 + 1)[| VL |
< k| AG||? + dvo|| Dty + C.

Now, we multiply (4.11) by —Agm, integrate over 2 and sum up, to arrive at

1d,_~ ~
§&IIV¢mH2 +eol| A

< ((am + um(O)) : ng, Agm) + ((am + Um(o)) - Vo, Agm)
— (&' (O + 00)V (O + 00) - Vrn, Ay (4.14)
— (&6 + 00)V (61 + 00)V o, Ad) — (£(61m + 00) Ay, Ay

F' (¢ + b0) Ag ) - ‘
+(7€(§m+90) , qu). 1;111.
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We proceed to estimate (4.14) term by term in an analogous way as the previous
estimates. We start with

Ly < ([t ot + et O 2) [V | 24 | A
< C(IVam |V [ + D) (1AGm Y + 1) A |
< ClAGm P2 Va2 [ |2 + CIAG V[ [T |2
+ ClAGw [P + Cl| Adml|
< 4820 ]| A ||* + 600 || Diign |* + i |* (|| Dt |* + 1) + C,
and similarly
Lz < C| Vit |2 [[iom |2 + 1)| Ao
< 820l AGml|* + v || D ||* + Cl[tim |* + C.
Since €’ is bounded, it follows
iz < (V8| s + 1Vl 1)V Sl 4 [ Al
< C (VO 12190 ]2 + D) (| Al + 1) A
< CUIAG]> + DIVl (1 AGm P + |AGm ) + ClAGH [P + CllAGH|
< 6320/ AGu | + Skol| Ay | + ClIV O > (| AGm||* + 1) + C.
By using again that &’ is bounded, one has
Ls < (V80|24 + V60 24)| Vol 4| A
< O(| A" + 1) AGm|
< 320 | A |* + ko | A0 |* + C.
As ¢ is bounded,
Lis < 62| Adm||? + C.
For the last term, we use that ||¢m | < C and that ¢ < £(-) to obtain
Ig < 0eo[| Adw |1 + C.
We multiply by —Agm, integrate over {2 and sum up, to arrive at

1 d g 2 ~ 2
§@||V9m|| + Ko || A8y ||
< (Up, - V(O + 6p), Aby) + (44 (0) - V(0. + 60), Ab,)
— (K O+ 00)V (O + 00) - VOr, A, (4.15)

— (k' (B + 00)V (O + 00) - V0, Aby,) — (kO + 00) Ablg, AD,)
21
i=17
We note that I;; = —1Iy, so it will be canceled later.
Lis < [t (0) 124 (198l s + 80 )| AG,0
< C(|AG I +1)[[ A,
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< 26ko|| Al |1 + C.
Since k' is bounded, in a similar way as for I3, we have that
g < (I V0mllzs + [V00] )V 00 | 4[| AGm |
< OV V072 + 1)([| A0 /2 + 1) A |
< 50kol| A0 |* + Ol V00> (| A |1* + 1) + C.
Using again that &’ is bounded, it follows, analogously to Ig,
Iz < 8kol| Ay || + C.
Finally, as k is bounded, B
121 < 5k0||A9m||2 +C.
By adding (4.13 , and , using estimates for Iy to Is1, and taking ¢

small enough, we 1nfer that
%A(t) +B(t) <CAW)(BH)+1)+C (4.16)
where
A(t) = [[im | + 1V Sm > + VO,
B(t) = vo| Dt |* + 20| A > + kol A 1>
We will prove that

1 *
At) < 20 for ¢ € [0,T7], (4.17)

where L
T < (4.18)
AC(3+C)’
Since A(0) = 0, (4.17) holds for small times. Suppose by contradiction that
[

there exists .5, € [0, T7*) such that

A(t) < 70 o [0,Ty) and A(T)) = 50" (4.19)

Using (4.19) into (4.16)), it follows that
d 1
—A(t)+ B(t) < C— (B(t 1
LA+ B(1) < Oos (B +1) 4O,
which implies
iA(t) + 1B(t) < 1 +C
dt 2 -2 '
Consequently, by (4.18)), for t € [O T,

rTm

.1 1
A(t) < ( +O)T" < 10 < — 20"
leading to a contradiction with the definition of T, given by (4.19). Therefore,
holds for any t € [0,7*] and T* is independent of m.
Step 4: Passing to the limit as m — +o0o. From the previous step, it follows
that

{t,} is bounded in L>°(0,7*; H) N L*(0,T*; V),
{ém}, {0} are bounded in L>=(0,T*; H' N L>=) N L*(0,T*; H?),
independently of m.
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To pass to the limit on the nonlinear terms, it is necessary to obtain some strong
convergences. To this end, observe that from (4.1))

ICum)ellvr < CllumlZs + 1Dum |l + 1V dmll 241D G|
+IVmllzs + 1Vomll + [IVOmll74).

By Gagliardo-Nirenberg interpolation inequality (2.2]) and the fact that ||¢p, || L~ <
1 and ||0]|n < ||60||1o, it follows that

IVémlza < Cligmllmzllomlre < Cliomlluz  and  [VOnlZs < Cll0m ] =

Ladyzhenskaya inequality (2.1)) together with the previous estimates, give us

3/2
| Cum)ellve < Clamllv + IVwmllllwmll + [ 6mll373 + Il + 16l 22)-

Therefore, {(um,):} is bounded in L%(O, T*; V') independently of m.
From (4.2)), Ladyzhenskaya inequality (2.1)), Gagliardo-Nirenberg interpolation
inequality (2.2)), [[¢m||L~ < 1, and the fact that ¢ and &’ are bounded, we see that

[(@m)ell < lumllLalVémlls + 1Vomll Ll VOmllLs + [| Adml| + C
< ClumllVumll + lémllzz + [10mll = + 1),
hence, {(¢):} is bounded in L?(0,7*; L?). Similarly, from (4.3)), it follows that
10m)ell < C(llum I Veumll + 10m ]l 12 + 1).

Thus, {(0,,)¢} is bounded in L?(0,T*; L?).

By the uniform estimates in m and the compactness lemma, there exist functions
u € L>(0,T*; H) NL2(0,T*; V), ¢,0 € L>(0,T*; H' N L>) N L?(0,T*; H?) such
that, up subsequences, as m — oo,

Uy — u  in L2(0,T%;V);
Up = in L(0,T*; H);
U —w  in L2(0,T*; H);
Gy, Om — ¢,0 in L*(0,T*; H?);
Gy O — ¢,0 in L0, T H);
Gm,Om — 0,0 in L2(0,T*; H)nC([0,T*]; LF), 1 < p < 0.

All the previous convergences allow us to pass to the limit in —, noting
that v(0,,) — v(0), €(0.,) — €(8), k(0) — k(0), and F'(¢y,,) — F'(¢) strongly in
C([0,T*]; LP),1 < p < o0.

We only show the convergence of the terms involving £(6,,) in the velocity equa-
tion , since the convergence of the other terms is standard. We observe that

—(V - (e(0)Ve)Vo,w;) = (e(0)Vo @ Vo, Vwy) + (£(0)VoD?¢, w;).
For any ¢ € C§°([0,T*]), we can write

-
/0 (—(v (e(O)V)Ve, w;) + (V- (5(9m)V¢m)V¢m,wj))w(t)dt

.
_ /0 ((O)V) © Vo — £(00) Vb @ Vb, Vi) th(t)dt
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-
+ / (e(0)VOD*¢ — &(010) Ve D by, wj ) (£)dlt
0
= J1 + JQ.

For the first term, as ¢ is bounded, we have that
—
3= [ (=0 = (0 V6 © T, T )ote)
.
+ /0 ((0m) (V6 — Vo) ® Vb, Vi, )b 1)t

.
+ /0 [(£(0m) Vb © (Y — V), V) ob(1)|dt

< Clle(9) - E(Qm)HLw(O,T*;L2)H(b”%?(O,T*;Hz)
+ Cllom = dllz2 0,7+ 19l 20,7411
+ CliémlliL2 0,710 |om — dllL20,7+511)

which converges to 0 as m — oo. For the second term,
-
|Jo| < j/o (e(0)Vo(D?*p — D2¢>m),wj)1/)(t)dt‘
-
+/0 |(£(0) (Vo — V) D? Gy, w; ) 1b(t) |dt

.
+ / ((2(60) — £(0,0))V da Do, ;) (1) |
= Jo1 + Jog + Jos.

Since ¢ is bounded and V¢ € L2(0,T*; L?), it follows that J; — 0 as m — co. For
the next term,

Joz < Cllom — Ol z2(0,7+51) | PmllL2(0,7;12)
80, Jog — 0 as m — oo. Finally,

Jag < Clle(0) — E(Hm)”Lw(o,T*;H)||¢m||2L2(o,T*;H2)v

which implies that Jo3 — 0 as m — oo.
We treat now the other term in the velocity equation concerning with €. We
have that

‘/OT* (ﬁF’(@V(b, wj)w(t) - (%F/(Q%)V(ﬁm,wj)w(t)dt‘

< [ |~z @ oo

* /OT* ‘ (5(0m) (F'(¢) = F'(¢m)) V¢, wj)l/}(t)‘dt

—_ —

* /OT* ‘ (a(elm) F'(¢m) (Vo = Vo), wj)w(t)‘dt.

Since g9 < g(+), € and F’ are bounded (because ||¢m||L~ < 1), we can pass to the
limit as m — oo and show that the integral converges to zero.
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Thus, we conclude that (u, ¢, 8) is a local solution to (1.1))-(1.5). The proof of
Theorem [2.1] is complete. O

5. CONCLUSION

We have considered a general system — involving temperature depen-
dence on all main coefficients. We have proved the existence of local in time so-
lutions in the two-dimensional case without any restriction on the size of initial
conditions. This is due to the strong non-linear couplings between those equations
due to the temperature dependence which brings new mathematical challenges.
Since lower and higher order estimates cannot be obtained in a separate way, we
have derived a novel higher order differential inequality for the shifted functions
and combine it with a small time argument.

It will be interesting to consider the three-dimensional case. However, our argu-
ment fails in this case and other techniques should be developed.
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