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SOLUTIONS TO SINGULAR QUASILINEAR ELLIPTIC
EQUATIONS ON BOUNDED DOMAINS

ZHOUXIN LI, YOUJUN WANG

Communicated by Claudianor O. Alves

ABSTRACT. In this article we study quasilinear elliptic equations with a singu-
lar operator and at critical Sobolev growth. We prove the existence of positive
solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

In this article, we study the existence of solutions for the quasilinear elliptic
equation

—Au — ro(A(ul2)u)?* %0 = [u|9 %0 + [u)? "2u, in Q,
u>0, inQ, (1.1)
u=0, on 01,

where 2 C RY (N > 3) is an open bounded domain with smooth boundary 952,
0<a<1/2 2<qg<2% 2" = 13—]_\[2 is the critical Sobolev exponent.

Equation comes from mathematical physics and was used to model some
physical phenomena. Let us consider the following quasilinear Schrédinger equation

introduced in [13} [14]
10z = —Az +w(x)z — 1(|2[*)z — kAK(|2|?)R (|2]?)z, = € RV, (1.2)

where w(z) is a given potential, k > 0 is a constant, N > 3. h,l are real functions
of essentially pure power form.

Note that if K = 0, then is the standard semilinear Schrodinger equation
which has been extensively studied, see [Il 2] for examples. For x > 0, it is a
quasilinear problem which has many applications in physics. The case of h(s) = s
was used for the superfluid film equation in plasma physics by Kurihura in [I0]. It
also appears in plasma physics and fluid mechanics [12], in the theory of Heisenberg
ferromagnetism and magnons [0 [I7] in dissipative quantum mechanics [8] and in
condensed matter theory [I5]. The case of h(s) = s*,a > 0 was used to models the
self-channeling of high-power ultrashort laser in matter [3].
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The study of standing waves to ((1.2) of the form z(z,t) = exp(—iet)u(z) can
reduce to find solutions u(z) to the equation

— At e(@)u— ra( AU (u)u = (luP)u, @€ RY,  (13)

where ¢(x) = w(x) — e is a new potential function.

In recent years, problems with h(s) = s have been extensively studied under
different conditions imposed on the potential ¢(z) and the perturbation I(u), one
can refer to [5], [0l [7, 14] and some references therein. Note that when h(s) = s,
the main operator of the second order in is unbounded. In order to prove
the existence of solutions, Liu and Wang etc. [14] defined a change of variable
v = f~!(u) and used it to reformulate the equation to a semilinear one, where
f is defined by ODE: f/(t) = (14 2f%(t))"Y/2, t € (0,+00) and f(t) = —f(—t),
t € (—00,0). This method can also be found in some papers about such kind of
problems thereafter, e.g. [5l 6] [7].

For problems with h(s) = s*,«a > 0, it is worthy of pointing out that when
a > 1/2, the number 2*(2a)) = 2* X 2a behaves like critical exponent for (see
[13]), while when 0 < v < 1/2, the critical number is still 2*.

Besides the references mentioned above, there are some papers study such kind
of problems with nonlinear terms at critical growth. In [19], Silva and Vieira
considered the problem with h(s) = s, I(ju[*)u = K(z)u?*@)~! + g(z,u), and
proved the existence of solutions of (L.3). In [I6], Moameni studied the prob-
lem with h(s) = s*,a > 1/2 and l(u) at critical growth under radially symmet-
ric conditions. Recently, Li and Zhang in [II] proved the existence of a posi-
tive solution for the problem that h(s) = s®, I(s) = s(@=2/2 4 5(2"=2/2 " where
a>1/2, 2(2a) < g < 2*(2a).

There are two main difficulties in the study of problem . The first one is
the main operator of the second order is singular in the equation provided that
0 < o < 1/2. Another one is caused by the nonlinear term |u|? ~2u since the
Sobolev imbedding from H () into L™ (£2) is not compact.

Recently, the authors in [20] 2T] studied the existence of standing waves of
with h(s) = s%,0 < a < 1/2 in RY. We mention that can be deduced from
by choosing I(s) = s(172/2 4 5(2°=2)/2_ Inspired by [I1], in this paper, we
consider on bounded domain Q C R¥.

We denote X := Hj(€2) endowed with the norm [ul®* = (u,u) = [, VuVuda.
Let f(u) = |u|?2u + |u|> ~2u. We want to find weak solutions to (L.I). By weak
solution, we mean a function u in X satisfying that, for all ¢ € C§°(2), there holds

/QVqupdx—F/-104/9V(|u\2a)V(|u|2a72u¢)dx:/Qf(u)gpdx. (1.4)

According to the variational methods, the weak solutions of (1.1 corresponds
to the critical points of the functional I : X — R defined by

1
I(u) = 5/0(1+zmﬂ|u\2<2@—1>)|vu|2dgc—/QF(u) dz, (1.5)

where F(t) = [ f(s)ds. For u € X, I(u) is lower semicontinuous when 0 < a <
1/2, and not differentiable in all directions ¢ € X. To overcome this difficulty, we
use a change of variable to reformulate functional I. This make it possible for us
to use the classical critical point theorem.
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Let g(t) = (1 + 2ka?|t|>?*=D)1/2 then g(t) is monotone and decreasing in
€ (0,+00). Note that for ¢y > 0 sufficiently small, we have

to t()
/ g(s)ds < 2a\/E/ s20 b ds = \/ut2®
0 0

thus we can define a function G : R — R by

v==G(u) = /Oug(s) ds. (1.6)

Then G is invertible and odd.
Let G~! be the inverse function of G, then £G~'(v) € [0,1). Inserting u =

G~!(v) into (L), we get
J(v) :=1(G"(v)) = %/Q|Vv|2 dz —/QF(G_l(v)) dez. (1.7)

We can prove that (see Proposition J is well defined on X, and is continuous
in X. Moreover, it is also Gateaux-differentiable, and for ¢ € C5°(£2),

H(GH(w)
o 9(G71(v))

Assume that v € X with v > 0,2 € Q and v = 0,2 € 9Q be such that equality
(J'(v),9) = 0 holds for all ¢y € C§°(Q2). Let u = G~1(v), then by (L.6), Vo =
g(u)Vu. Accordingly, Vu = ﬁ. Thus we get u € X.

(J'(0), ) = /Q Vovgds — [ LG W) g, (1.8)

For ¢ € C5°(2), let 1) = g(G~(v))p, then Vi = g(G~ (1)) Voo + LG e vy,
Since

g(G " (v)p
g9(G—1(v))
= ¢°(u)VuVe + g(u)g (u)e|Vul,

from ([L.8)), we obtain that

| 2o+ [ g eva? - [ s

This implies that uw such that (| . ) holds. In summary, to find a weak solution to
(1.1), it suffices to find a positive weak solution to the following equation

(),

VoV = g(G™(v)) VoV + |Vo|?

= G x e (1.9)
We assume that
(H1) assume that ¢ € (2,2* ) and either
i) t<a<i g>A5 +4daor
(i) 0<a<i,¢>% NH holds.
Note that for i <« < 5, we have ¢ > v +4a > N+2 The following theorem is

the main result of this artlcle

Theorem 1.1. Assume that (H1) holds. Then problem (1.1)) has a positive weak
solution in X.
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In Section [2| we study the properties of the function G~! and show that the
functional J has the mountain pass geometry. In Section[3] we first prove that every
Palais-Smale sequence {v,} of J is bounded in X, then we employ the mountain
pass theorem to prove the existence of nontrivial solution to . A crucial step
is to prove that the weak limit v of {v,} is nonzero.

In this article, || - ||, denotes the norm of Lebesgue space LP(Q2) and Cy, k =
1,2,3,--- will denote positive constants.

2. MOUNTAIN PASS GEOMETRY

The following lemma gives some properties of the transformation G~!.

Lemma 2.1. The function G=1(t) has the following properties,

(1) G7L(t) is odd, invertible, increasing and of class C for 0 < a < 1/2, of
class C% for 0 < o < 1/4;

(2) |2G71t)| <1 for allt € R;

(3) |G7L(t)| < |t| for all t € R;

(4) (G~ ())2(1/15—>\/2//€ ast — 0F;

(5) 206~ (g(G1(1)) < 2t < G (Dg(G-1 (1)) for t > 0;
(6) G7L(t)/t = 1 as t — +oo;

Proof. For (1) and (2), G71(t) is odd and invertible by definition. Moreover,
4G71(t) = [g(G7'(¥))]7! € [0,1]. Thus G~1(¢) is increasing and of class C*
for0<a<l1 / 2. By direct computation, we have

GBI G ()
(2602 4 |G-1(1)[20-2))*
This implies that G~1(t) is of class C? provided that 0 < o < 1/4.

For (3), assume that ¢ > 0 and note that g(G~1(¢)) > 1, we have

G L(t) = 2ka*(1 — 20)

dt2

—1

a () G (1)
0<GHt) = / ds < / g(s)ds =t.
0 0

Then the conclusion follows since G~! is odd.
For (4), note that from part (3), we have G7(¢t) — 0 as t — 0. Thus by
employing L’Hopital’s Rule, we get
—1 2c —1 2a—1
LG 20(G )
t—0+ t t—ot+  g(GT1(t))

For (5), we prove the right-hand side inequality. Let H( ) = G_l(t)g(G_l(t))
0,1
)

I

and [ (t) = H(t) — 2at. Then H(0) = 0. We prove that & [ (t) > LH(t) >
2c, and this implies the conclusion. In fact, for t = 0, by part (4 nd note that
G~1(t) has same sign of ¢, we have

d H(t 2 |H(t 2

D @) = tim O gy 2 HOL \f f2re? — 20,
dt lt=0 t—0 t t—0 V K |GTL(t)|> K

For t # 0, we have

d d (G*I(t) (2k02 + |G (1) [2(1-200) /2

V=5 G ()2
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G102 — (1 - 20)|G~ (9202
|G—1(¢)[2(1-20)

The left-hand side inequality can be proved similarly.

For part (6), since £G~1(¢) > 1/2 for ¢ > 0 sufficiently large, we conclude that

G71(t) —» +o00 as t — +o00. Thus by employing L'Hopital’s Rule again, we have
My oo GTLH(E) /t = limy 0o SG71(t) = 1. 0

> = 2a.

By the definition and properties of G~!, we have the following imbedding results.

Lemma 2.2. The map: v — G~ 1(v) from X into LP(Q) is continuous for 2 < p <
2*, and is compact for 2 < p < 2*.

The above lemma can be proved by using (2)-(3) of Lemma[2.1] In the next two
lemmas, we estimate the remainder of v — G~1(v) at infinity. The results obtained
will be used to compute the mountain pass level in the proof of the main theorem.

Lemma 2.3. There exists dy > 0 such that
lirf (v—Gt(w)) > dy.

Proof. Assume that v > 0. By Lemma it follows that G~1(v) < v and
G 1(v)g(G71(v)) < v. Thus we have
1
-G ') >l ———
0= 21~ )
(2&&2 + G—l(,U)Z(l—Qa))l/Q _ G—1<v)1—2a
(2ka2 + G- 1(v)20-20))1/2

KJQQ’U

>

- 2/{@2 +G71('U)2(172a)

> I€a2’U f 1

= W or v large

= d(a,v).

Case 1. If i <a< %, then 0 < 1 — 2 < 1 and thus d(«, v) — +00 as v — +00.
Case 2. If a = %, then 1 — 2o = 1 and thus d(a,v) — %“2 as v — +00.
Case 3. If 0 < a < 1, we claim that v — G~!(v) — 0 is impossible. Assume on
the contrary. Note that 4a < 1 and (G~1(v))**~! — 0 as v — +o0, by L'Hopital’s
Rule, we have
. v—G(v)

0= I Gyt

Gfl(v)172a

Jim o [(2na? G @)X 2 - G ) )

= 0

4a—1 <5
a contradiction. In summary, for all 0 < o < 1/2, there exists dg > 0 such that the
conclusion of the lemma holds. [

Lemma 2.4. For G=*(v) defined in (1.6]), we have
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(i) If L <a<i, then
v—G'(v)  ka?
v—too  pla—l Cda—1’

(i) If 0 < oo < %, then

- 1
v—G 1(v)< 6 a=1,
0, 0<a<i

Proof. (i) Assume that i < a< % By the proof of Lemma we have v —

G~1(v) — +o0 as v — +0o. Then we can use L’Hopital Principle to get

_ G—l G—l -1 2
Love G L (@) _ _ra

v—too  plo—l votoo (da — 1)vte—2g(G=1(v)) 4da-—1
(ii) Assume that 0 < a < 1. If there exists a constant C' > 0 such that v —
G~1(v) < C, then the conclusion holds. Otherwise, we may assume that v —
G~ 1(v) — +oo as v — +o0o. Again by L’Hopital Principle, we have

v—G71(v)

A= lim —— 7/
B log G—1(v)

1
= lim G ) (e 1
Jim 670 (G Y
. 2ka2G 1 (v)2
Mare it (2602 + G—1(v)2(1-20))1/2 1 G—1(y)l-2a"

Thus A = {5 when a = % and A = 0 when 0 < a < %. This completes the

proof. O

3. PROOF OF MAIN RESULTS

In this section, we first prove that the functional .J is well defined on X, moreover,
it is continuous and Géateaux-differentiable in X; next we show that .J has the
mountain pass geometry, then we use mountain pass theorem to prove our main
results, this include the construction of a path has level ¢ € (0, SY/2/N).

Proposition 3.1. The functional J has the following properties:

(1) J is well defined on X,
(2) J is continuous in X,
(3) J is Gateauz-differentiable.

Proof. Conclusions (1) and (2) can be proved by using items (2)- ( ) of Lemma 21|
and Holder’s inequality, we only prove conclusion (3). Since G~ € C'(R,R), for
v € X, t >0 and for any ¢ € X, by Mean Value Theorem, there exists 6 € (0,1)
such that

1 1 F(G™H(v + 6tw))
¢ [P ) = Pl )] ae = [ JE T e

Then by items (2),(3) of Lemma [2.1] u, and Lebesgue’s dominated convergence theo-
rem, we have

’ F(G7H (v + 6ty))

g(G= (v + 0ty))

[Gw)
N

ql)dm—
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F(G7L(v + 0ty)) B f(G71(v)) -
/ (G—1 U+9t1/1))w g(G=1(v + 6t)) w‘d
(G (v)
/ ’ (v + Qtw)) v g9(G~ ) ‘
/w v+M%f@WMWW
_ 1 1
+ J, 16 Sy ~ ey
as t — 0. Therefore,
L i meon e [ £GE@)
PG )~ PG ) de — [ Tt
This implies that J is G-differentiable. (I

Remark 3.2. Let v € X. Assume that w € X and w — v. By using similar
arguments as for Lemma[3.] one can prove that

(J'(w) = J'(v),¢) =0, VeX.
This means that J is Fréchet-differentiable.

In the following, we consider the existence of positive solutions to (1.9). From
variational point of view, non-negative weak solutions of the equation correspond
to the nontrivial critical points of the functional

Jﬂ@:% Q|Vv|2dx—/QF(G’l(v)*)dx.

To avoid cumbersome notation, we denote J*(v) and F(G~1(v)*) by J(v) and
F(G~1(v)) respectively.

Proposition 3.3. There exist pg,ag > 0 such that J(v) > ag for all ||v]| = po.
Proof. Note that |G~ (v)| < v, by Sobolev inequality, we have

1
=7/ |Vv|2dx—/F(G’1
2 Ja Q
1 1 1 .
27/ |Vv|2dxff/|v\qd:rf—*/|v|2 dx
2 Ja qJa 2" Ja

> Cul|oll* = Ca(l[v]|® + [[o]]*).

Since 2* > g > 2, there exist p > 0 and a9 > 0 such that J(v) > ag for all
[vll = p. O

Proposition 3.4. There exists vg € X with ||vg] > po such that J(vgy) < 0.

Proof Let ¢ > 0 be such that Egsii {r € RN : |z| < 2¢} € Q. We take
€ Ce (2 [O 1]) with suppt(p) = Ba. and ¢(x) = 1 for x € B.. Note that
“Htp)/te = 1, we have F(G~1(tp)) > SF(ty) for t € R large enough.

w@<ﬁ/wwmﬂ/wwmﬁjmwwx
- 2 Q 2q B. 22* B.

Choosing tg > 0 sufficient large and letting vg = top, we have J(vg) < 0. O

hmt—>+oo
This gives
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As a consequence of Propositions [3-3}3.4 and the Ambrosetti-Rabinowitz Moun-
tain Pass Theorem [I§], there exists a Palais-Smale sequence {v,} of J at level ¢
with

c=inf sup J(v(t)) >0, (3.1)
Y€l te(0,1]

where I' = {y € C([0,1], X) : v(0) = 0,v(1) # 0, J(y(1)) < 0}. That is, J(v,) —

¢, J'(vy) — 0 asn— oo.

Proposition 3.5. Assume that {v,} is a Palais-Smale sequence for J, then {v,}
and {G~(v,)} are bounded in X.

Proof. Since {v,} C X is a Palais-Smale sequence, we have
= / |an|2dx—/ F(G ) dz — ¢, (3.2)
and for any ¢ € X,
/ F(G™H(vn)) _
)0 = [ [venvio - Ze ol e = ol (33)

Note that G=(t)g(G=1(t)) — 0 as t — 0, we have G~!(v,)g(G~(v,)) € X by
direct computation. Thus we can take ¢ = G~1(v,)g(G~1(v,)) as test functions
and get

') ) = [ (90, da - / /(G () da

/ 2 —20) |V, | da. .
2ra? + |G 1( ) 2200 YT
It follows that

1, 11 )

c+o(l)=J(vn) = =(J (), ¥) > (5 = =) [ [Vun|*dz.

q 2 q' Ja
Since g > 2, we obtain that {v,,} is bounded in X. Note that |[VG~(v,)|? < |Vv,|?,
we conclude that {G~1(v,,)} is also bounded in X. O

Since v, is a bounded Palais-Smale sequence, there exists v € X such that v, — v
in X. Then by Lemma[2.1]and Lebesgue’s dominated convergence theorem, for any
1 € X, we have

(J'(vn) = J'(v),9)
= / (Vo, — Vo)V dz

G w26 () |G )20 )y
/Q( PERICH) PeRIo A

B e e O I e i s CO N
/Q( 9(C1(0,)) el it

Note that (J'(v,), %) — 0, we get J'(v) = 0. This means that v is a weak solution
of (1.1). Now we show that v is nontrivial.

Proposition 3.6. Let {v,} be a Palais-Smale sequence for functional J at level
c € (0, %SN/Q), assume that v, — v in X, then v # 0.
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Proof. We prove the proposition by contradiction. Assume that v = 0. Let ¢ =
G~ (v,,)9(G™*(vy)). Reasoning as for (3.4), we get

Aka® + |G~ (v, )[2(0—20) .

<J/(v")’w>/92/1a2+:G_ E ;2(1 2a)|v’un|2dx7/ f(G )G 1(’Un)das
|G* ( )|2 (1—2a)

2/ 2ka? + |G~ (v )\2(1 2a)|vvn|2dz /f (vn)) (vn)dx

/ VG (v,)|? da —/ f(G (v, d.
As the term |G~1(v,,)]? is subcritical, we infer from (J'(v,,), G~ (v,)g(G 1 (vy))) =
o(1) that
o(1) 2 |[G™ (wa)II* = IG™ (va) 13-
By Sobolev inequality, we have |lu||? > 2. for all u € X, where S is the best
constant for the imbedding H{(Q) — L2 (Q); then we obtain

o(1) 2 |G~ )21~ 57226 (wa) [ 2.

Assume that [|G71(v,)|| — 0, then by Sobolev inequality, we have |G~!(v,)|, —
0, Vr € [2,2*]. Using (5) of Lemma [2.1] we conclude that

e e G (0,)]72G
/RN Vo2 dz = (7' (on), n>+/RN et

|G_1<Un) 2*_2G_1(Un)
*/RN oGy

< (J'(vn),v >+—/ |G~ () |qu+—/ Yup)|? da:

(vn) vy, dx

2
— 0,

This contradicts J(vy,) — ¢ > 0; therefore
G (vn) 13+ = SN2 + 0(1).
Again by (5) of Lemma [2.1] we have

c= lim {J(vn) - 1<J/(Un)7vn>}

n—oo 2

:nli_{rgo{/RN |G~ (vn) |7~ QGM —%G‘l(vn)Q) da

+ /RN |G1<vn>2*2(;ng <v;>:;)_2*G (0,)?) do

1 1
S 1 L1 ~1 2
7nhm (2 2*)/]1@’ |G™ (vy)]” da

1 N
> — gN/2
NS

which contradicts ¢ < & S™/2. Thus we conclude that {v,} does not vanish. O

Next, we construct a path which minimax level is less than NSN /2 and prove
Theorem [I.1] We follow the strategy used in [4].

Proposition 3.7. The minimaz level ¢ defined in (3.1) satisfies ¢ < %SN/Q.
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Proof. Let
[N(N _ 2)52](N72)/4
(e2 + |x|2)(N—2)/2

be the solution of —Awu = 2 ~! in RY. Then

/ \Vv*|2da::/ [v*)?" de = SN/,
RN RN

Let n.(z) € C5°(£2,]0,1]) be a cut-off function with n.(z) = 1in B. = {x € Q :
|z] < e} and n.(x) =0in BS, = Q\ Ba.. Let v, = n.v*. For any € > 0, there exists
t¢ > 0 such that J(t°v.) < 0 for all ¢t > t°. Define the class of paths

Ie ={y € C([0,1], X) : 7(0) = 0,~(1) = t°v}

and the minimax level

*

= 1 f
ce = inf max J(y(t))

Let t. be such that
J(teve) = max J(tve)

Note that the sequence {v.} is uniformly bounded in X, we conclude that {t.} is

upper and lower bounded by two positive constants. In fact, if ¢, — 0, we have

J(teve) — 0; otherwise, if t. — +o0, we have J(t-ve) — —oo. In both cases we get

contradictions according to Proposition [3.3] This proves the conclusion.
According to [], we have, as e — 0,

[Vue|? = SN2+ 0(EN2), |v||3 = SN2 +0(N). (3.5)

We define
1 . .
Hitwo) = [ G twrde+ o [ (0 - 67 00
q.Jq 2* Ja

By the definition of v., for x € B., there exist two constants ca > ¢; > 0 such that
for € small enough,
015_(N_2)/2 < UE(.T) < 025—(N—2)/2

and by (6) of Lemma
cre” V=22 < G (v (2)) < e N2/2,

Note that . is upper and lower bounded, there exists a constant C7 > 0 such that
/ G towe)?da > ClsN_q¥ = Cls(%_%)(N_Q). (3.6)
B
Moreover, since G~1(t.v.) < t.v. and 2* > 2, by Holder inequality, we have

R.:=— [ [(tev)? — G (tew.)? da
2* B

e

< / (teve)? “Hteve — G (tove)) da

1

<( /B (120" dz) - (/B (teve = G (o)) do) ™
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According to Lemma | there exists Cy > 0 such that for 1 7 <a < =

i
R, < C’2</ (tev )2 (4a—1) dx) < 025(1726‘)(]\[72); (3.7)

=

while for 0 < a < 1, there exists a constant 6 € (0,1) such that
1
R, < Cg(/ (tgvg)g*‘; dx) < 025%(1_6)(1\[_2). (3.8)
B,

From the above estimations (3.6))-(3.8)), we get

H(teve) < _Clg(%—%)(N—Q) + Che1720)(N=2) (3.9)
Wheni<a<%and

H(teve) leq — C’le( “HIN-2) 4 Cpez(1-0(N-2) (3.10)

when 0 < a < 1/4.
Now we have

J(tev.) = /|Vv5|2 2* / lve|?” + H(tv.). (3.11)

Since the function £(t) = %t2 — 142" achieves its maximum N at point tg = 1, by

using ([3.5)), we derive from (3.11) that
1
J(tov.) < NSN/Q + H(tov.) + O(eN72). (3.12)

From assumption (Hl) we conclude that
(i) for ; <a < 2 L and ¢ > %5 +4a, we have (27 $)(N—-2) < (1-2a)(N—2);
(i) for 0 <a<tandg> N+2, we have (3 — £)(N —2) < 2(1 = 6)(N —2)
for 4 > 0 small enough.

Combining (3.9)), (3.10) and (3.12) and according to conclusions (i),(ii), we get
1
ce = J(tov.) < NSN/’Z. (3.13)
Finally, since I'. C T', we have
1
c<ec < NSN /2,
This completes the proof. O

Proof of Theorem[1.1 Firstly, by Propositions the functional J has the
Mountain Pass Geometry. Then there exists a Palais-Smale sequence {v,,} at level
c given in (3.1). Secondly, by Proposition the Palais-Smale sequence {v,} is
bounded in X. By Proposition if ¢ < £SN/2, then the weak limit v of {v,,} in
X is nonzero and is a critical point of J. Finally, by Proposition there indeed
exists a mountain pass which maximum level c. is strictly less than & S™/2. This
implies that the level ¢ < %S N/2 and v is a nontrivial weak solution of Eq.. By
strong maximum principle, v(z) > 0,2 € Q. Let u = G~1(v). Since |Vu| < |Vu|,
we obtain that w € X and it is a positive weak solution of . (Il
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