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Regularity for solutions to the Navier-Stokes
equations with one velocity component regular *

Cheng He

Abstract

In this paper, we establish a regularity criterion for solutions to the
Navier-stokes equations, which is only related to one component of the
velocity field. Let (u, p) be a weak solution to the Navier-Stokes equations.
We show that if any one component of the velocity field u, for example
ug, satisfies either ug € L>®(R?® x (0,T)) or Vuz € L?(0,T; LY(R?)) with
1/p+3/2¢ =1/2 and g > 3 for some T > 0, then wu is regular on [0, 7.

1 Introduction

We consider the initial-value problem of the Navier-Stokes equations in R? as
follows:
ou

i vAu+ (u-V)u = —Vp,

divu =0, (z,t=0)=a(x)

(1.1)

in which u = u(x,t) = (ui(x,t),us(x,t),us(x,t)) and p = p(x,t) denote the
unknown velocity field and the scalar pressure function of the fluid at the point
(x,t) € R® x (0,+00), while a is a given initial velocity field, and v is the
viscosity coefficient of the fluid. We will assume that v = 1 for simplicity.

For any given a € L?(R3) and diva = 0 in the sense of the distribution, a
global weak solution u € L>(0, 00; L2(R?)) to (1.1) with Vu € L?(R3 x (0, 0))
was constructed by Leary [6] for a long time ago. But the regularity and the
uniqueness of his weak solutions remain yet open, in the general case, till now, in
spite of the great efforts made. Moreover, the uniqueness of the weak solutions
follows if the regularity for weak solutions can be obtained. Cf. [10]. Therefore
many regularity criteria have been obtained for weak solutions. In a space-time
cylinder R? x (0,7), the regularity class was showed for weak solutions which
belong to the class LP(0,T; LY(R?)) by Serrin [8] in the case of 1/p + 3/2¢ < 1
and g > 3; by Fabes, Jones and Riviere [4], Sohr and von Wahl [11] in the case
of 1/p+3/2¢ = 1 and ¢ > 3. Also see Giga [5] and Takahashi [9]. For the
critical case as p = oo and ¢ = 3, W.von Wahl showed that C([0, T]; L3(R?)) is

* Mathematics Subject Classifications: 35Q30, 76D05.

Key words: Navier-Stokes equations, weak solutions, regularity.
(©2002 Southwest Texas State University.

Submitted November 7, 2001. Published March 17, 2002.




2 Regularity for solutions to the Navier-Stokes equations EJDE-2002/29

a regularity class for weak solutions. Also see [2]. Another kind of regularity
class was obtained by da Veiga [1], in which he showed that w is regular if
Vu € L*(0,T; LP(R3)) with 1/a +3/28 = 1/2 and 1 < a < 2. It is obvious
that, for the assumptions of all regularity criteria, it need that every components
of the velocity field must satisfies the same assumptions, and it don’t make
any difference between the components of the velocity field. Thus, it don’t
exploit the relation between the regularity of velocity field and that of any one
component of the velocity field, which is hard to be used in some applications.
As pointed out by Neustupa and Penel [7], it is interesting to know how to effect
the regularity of the velocity field by the regularity of only one component of
the velocity field, when one try to construct an counter-example of solutions to
(1.1), which develops blowup at finite time, i.e., construct an irregular solution.
In this respect, the first result was obtained by Neustupa and Penel [7]. They
showed that, for the suitable weak solutions which essentially differ from the
usual weak solutions in that they should verify a generalized energy inequality,
if ug is essentially bounded in one subdomain D, then u has no singular points
in D. Their arguments depend heavily on the partial regularity of the suitable
weak solutions developed by Caffarelli, Kohn and Nirenberg [3].

In this paper, we are also interested in establishing the regularity crite-
ria which is only related to one component of the velocity field, and which is
valid for any weak solutions satisfying the energy inequality. Actually, let u be
any weak solution to the Navier-Stokes equations (1.1) in L>(0, co; L%(R?)) N
L? (0,00; H'(R?)) which verifies the energy inequality, if any one component,
e.g., uz of the velocity field u satisfying either uz € L>(R? x (0,T)) or Vuz €
LP(0,T; L9(R3)) with 1/p 4+ 3/2¢ = 1/2 and ¢ > 3, then u is regular. Our
analysis is motivated by the argument of Neustupa and Penel [7], and here we
improve their arguments.

This paper is organized as follows: in section 2, we state our main results
after introducing some notations, in section 3, we given the proof of the main
result.

2 Main Result

In this section, we first introduce some notations and the definition of weak
solutions, then state our main result.

Let LP(R3),1 < p < +o0, represent the usual Lesbegue space of scalar
functions as well as that of vector-valued functions with norm denoted by || -
|p- Let C§%(R?) denote the set of all C* real vector-valued functions ¢ =
(¢1, P2, ¢3) with compact support in R?, such that dive = 0. LE(R?), 1 <p <
00, is the closure of C§% (R?) with respect to | - [|,. H™(R?) denotes the usual
Sobolev Space. Finally, given a Banach space X with norm || - || x, we denote by
L?(0,T;X),1 < p < 400, the set of function f(t) defined on (0,T) with values
in X such that fOT I f(&)||5dt < +o00. Let Q7 = R3 x (0,T). At last, by symbol
C, we denote a generic constant whose value is unessential to our aims, and it
may change from line to line.
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Definition. A measurable vector u on Q7 is called a weak solution to the
Navier-Stokes equations (1.1), if

1. we L>(0,T; L2(R3)) N L2(0,T; H'(R3));

2. w verifies the Navier-Stokes equations in the sense of the distribution, i.e.,
(u(w,t) - = — Vu(z,t) - Vo + (u(z,t) - V)¢ - u(z,t))dudt
0 R3 315
+/ a(x)p(z,0)de = 0
R3

for every ¢ € C§°(R3 x R) with div ¢ = 0.
Our main result can be stated as follows.

Theorem 2.1 Let the initial velocity a € LZ(R3) N HY(R3), and u is the weak
solution to (1.1) which satisfies the energy inequality. If any one component
of the velocity field u, e.g., uz satisfies either ug € L°(R3 x (0,T)) or Vug €
LP(0,T; LY(R3)) with 1/p + 3/2q = 1/2 for q > 3, then u is reqular on [0,T],
and for t € [0,T] the following two estimates are satisfied.

t
)1 +2 | IVute)lBds < ol (2.1
t
IVu(t)|l3 +/0 [Au(s)|l3ds < A (2.2)
In the various cases, A depends on the initial data as follows:

A1 = |IVal3 + CMP|lall3(1 + lall2M7) + Cllall3 (lall2My + [[Vall2)

Clla a a
<[l + 332 (1 + fal§03) el (lzar et
where M, := Hvu3||L°°(O,T;L3(R3)) < 00,
_aq_
Ay = |[Val3+ CAs{llall 37 Ma + [lallz(llall oy (1 + My 2e“M2)) + My}
43
+Clall3M, ",
T
where M := [ ||Vu3||IL’p(O7T;Lq(R3))d$ < 00,
a3
Az = {|Val3+Clal3M, "}
_aq_
x exp { Mallall3 ™ + llall2]lall s (as) (1 + M*/2e“M2) + Mo},

8/3 4/3
Ay = |[Va| + O (M + M5 aly”?) [lall3
4/3 5/3
+Aslall2 ([ Valls + Mollall2 + My"?||a]l5?),
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where My := [Jus]| oo (r3 x (0,1)) < 00, and

4/3 8/3
As = (|Val?+ (M + |l My?)al3)
4/3 5/3
x exp {Cllallz (|[Vallz + Mollall2 + My/*lall3”*) }.

The constant C, above, is independent of T. Thus T can approach +o0.

Remarks. 1. The weak solution v € L°(0,7T;L2(R3)) N L?(0,T; H*(R?))
was constructed by Leray [6] as the initial velocity field a € L2(R?), such that
u satisfies the energy inequality.

2. Neustupa and Penel [7] showed that, for the suitable weak solution wu, if ug is
essentially bounded in a subdomain D of a time-space cylinder Q x (0,7, then
u has no singular points in D.

3. For solutions to the Navier-Stokes equations, either the class LP(0,T'; LY) for
1/p+3/2¢ <1/2 and ¢ > 3, or C([0,T]; L3(Q)) is a regularity class, Cf. [4], [5],
8], [9],[10] and [2]. Further, if Vu € LY(0,T; L?(R?)) with 1/a + 3/28 = 1 for
1 < o <2, then u also is regular, see [1].

3 Proof of the main theorem

In this section, we present the proof of Theorem 2.1, preceded by the following
Lemmas. The first lemma follows from direct calculations.

Lemma 3.1 Let a € L2(R3). Then for any t >0,

t
lu()]I3 +2/0 IVu(s)l3ds < ||al3. (3.1)

Let w = curlu(z, t). Then w satisfies weakly the equations

ow
o Aw+ (u-Vw = (w- V)u. (3.2)

For the third component ws, of w, one obtain the following estimate.

Lemma 3.2 Let a € L2(R?) N HY(R3). If uz € L°°(R3 x (0,T)), then

t
llws (£)113 +/O Vw3 (s)ll3ds < [lws(0)[13 + Mg ||all3 (33)

fO’I“ any 0 <t< T with MO = H'U,3HLOO(]R3><(0’T)).

Proof. Multiplying both sides of the third equation of (3.2) by ws and inte-

grating for z € R3, we obtain

1d

"ﬁ%ﬁ+W%@=/@WWmuww (3.4)
2dt s
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Using integration by parts and the Cauchy inequality, the right term of (3.4)
can be estimated as

/ (w-V)ug - wsdx —/ (w-V)ws - uzdz
R3 R3

Vews|l2]usloc [lw]l2

IA

1 1
< SlIVwsll + 5 llusllZ I Vull3,
2 2
where we used the fact that ||w||2 < ||Vull2. Thus
d
Zllwslls + [Vws]l3 < Mg Vull3. (3.5)

Integrating (3.5) over (0,t) gives (3.3). O

Lemma 3.3 Let a € LZ(R3) N HY(R3). If Vuz € LP(0,T; LY(R?)) with 1/p +
3/2q =1/2 for q > 3, then

C(llalif gsy + lall3rg) — for g =3,

3.6
Cllall g ey (1 4+ Mae“z2)  for ¢ > 3 (3.6)

||w3(t)|\§+/0 IVews(s)l3ds S{

for0 <t <T. Here My := ||Vus|| Lo (0,7;03(r3)) and My := fOT [Vusz(s)|[bds for
q > 3.

Proof. If ¢ = 3, by the Holder inequality and the Sobolev inequality, the right
term of (3.4) can be estimated as

|/ (- Vug -wsdz| < |w|l2/[Vus|sllws|le
R3
< Cllwl2lVuslsl|Vwsll2
1
< SlIVes]ls + ClIVus|3]Vul3.

Then J
Ellwng + [ Vaws|3 < Cl[Vus 3] Vul3

which implies (3.6) as ¢ = 3.
If ¢ > 3, by the Holder inequality and the Gagliardo-Nirenberg inequality,
we estimate the right term of (3.4) as

|/RS(¢U'V)U3'WSGZ$| < w2l Vusllgllwsll2q/(g—2)
1-3 3
< Olwll2l[Vusllgllwslls ™| Veslf3
1
< 5IVesl + ClIVuslEllws |3 + Ol Vul3:
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Then
d 2 2 p 2 2
g lwsllz + [Vwsllz < ClVus|[gllwsllz + ClIVull2 (3.7)
which implies that
d, _ot w s —C [t u s
(e ORIV g 2) < CemC I3 Il g,
Thus using Lemma 3.1,
lwsl3 < Ce“= (Jlws(0)]13 + llall3)- (3-8)
Substituting (3.8) into (3.7), (3.6) follows for ¢ > 3. O

Lemma 3.4 Let a € LZ(R3) N HY(R3). If Vug € LP(0,T; LY(R?)) with 1/p +
3/2qg =1/2 for q > 3, then for any t > 0,

IVu()l3 + /Ot |Au(s)|3ds < Ar, (3.9)
where, for g =3,
A1 = |IVal3 + CME|all3 (1 + llall2M7) + Clal3 (lall2M: + [[Vallz)
x (Il + lal3M3 (1 + lalip3) ] Clells i+ 19elz).
When q > 3, then for any t > 0,

IVu®)ll3 + /Ot | Au(s)||3ds < A, (3.10)
with
Ay = |Val3+CAs{llalld Ma + alla(lall s asy (1 + ME/2eCM))
LM} + Cllal2M,y T
A = {IVall} + Cllal3M,™ }exp {Mafaf§

lallallall o oy (1 + MM2EM) 4 0 ).
The constant C, above, is independent of T'. Thus T can approach +oo.

Proof. The Navier-Stokes equations (1.1) can be rewritten as
0 1
3_1; —Au+twxu=-V(p+ §|u|2) (3.11)

Multiplying both sides of (3.11) by Auw, it follows that

1
d /wxu-Audw
R3

2dt
/ (wous — waug)Aurde +/ (wauy — wiuz)Ausdr
R3 R3

IVull3 + | Aul3

+/ (w1u2 — wgul)Au;),dx. (312)
R3



EJDE-2002/29 Cheng He 7

In the following, we estimate the each terms at the right hand side of (3.12)
by the Holder inequality, Young inequality and Gagliardo- Nirenberg inequality.
Let 6 be one small parameter determined later. One has that

o= | [ eubude] < | allrldls
3
1/2 1/2 1/4 3/4
< Ol Aullalluslly IV us 3wzl [ Vwa |3
1/2 1/2 1/4
< Cllauld[ully 1 Vus |2 [Vl
< S Aul+ CO)l|al3l Vs[4 Vul2,
for ¢ = 3, and
L= | / wpusAurdal < [ Aurfl2llwallzr oz sl
3
2rq+6q—671 3q(r—2)
< C|Aul, Hugnﬂsq D Vs wallyT
2rgysa_sr 290=2) s
< Ol ully ™ [Vusllg0 [Vl
< S+ CO)ald V|2 Vul2,

for ¢ > 3 with r = 9¢/(2q + 3) > 3.

I

|/ waugAurdz| < [|Auy ||2]lwsl|a][uzlls
R3

3|l Aull3 + C @) Vuzl3llws|l2l Vs
S|l Aull3 + C(6)[ Vsl Vull3.

INIA

Similar to the estimates as I,
b= [ s duads] < 5l + C(8) [ Vualla Ve
Similar to the estimates as I;, one can obtain that
I, = ‘ /R3 wlugAu2dx|

{5||AU||§+C(5)|G||2VU3||3|VU||27 if ¢ =3,
ol| Aul|3 + C(d)[lalls~* [[Vus|[5]|Vull3, if ¢ > 3.
Let
= |/ wiugAugdr| < |/ Doz - ug - Augdx| + |/ Osus - ug - Augdz|.
R3 R3 R3
Then
Is1

|/3 Oauz - ug - Augdz| < [|Augll2||Vusllqlluzll2q/q—2)
R

g=3 3
CllAulla|[Vus|lqllully® [[Vully

IN

2(¢—3)

Sl Aullz + C@)lally I VuslIVulld

IN
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and
1
152 = |/ 82u2 U2 - A’LLgd.’El = ‘—/ |U2|2A8’LL3d.’E|
R3 2 R3
< |/ ugAu2~8u3dm|+\/ |V |*Osusd|
R3 R3
0
< gHAMII%+C(J)IIVUBIIQHWHiq/(q_m+HVU3H I\VU2||§q/(q_2)
0
< Sllauls+C@)Vus| luls T IVl + CIuslly[Vull, ™ Al
2(q—3)
< OlAul + @) VuslZllall, © [Vul +O6)|Vusl2Vul
Similarly,
I6 = ‘/ WQulAU3d£L'| < |/ 8311,1 cUp A’LLgd.’El + |/ 81u3 s Uyp - AU3d£L’|
R3 R3 R3
Isevn = \/ Osuq - uy - Ausdzr]
R3

< O Aul3 + C(8)l[Vusll3 Hallz HVUH2 +C(8)[[Vus B Vull3

IG2 = ‘/ 81U3 U - A’LL3d$|
R3

2(q¢—3)

6
Sl Aul +C@)lally ™ [ Vus|glVulls.
Let § = 1/16. Substituting above estimates into (3.12), it follows that

IN

d
%IIVUHg +l1Aullf < OME (1 + llall2M7) [ Vull3 + Ol Vws|l2|Vullz  (3.13)
for ¢ = 3, and

d
ZIVuls+lAu]3 < O(lally™ S Vus 8+ [ Vews al| Vel + [ Vot 1)1 Ve

2q3

6
+Cllally ™ [ Vus |13l Vull5® (3.14)
for ¢ > 3. (3.13) implies that

d t
Gexp{=C [ Vsl Vullads} [Vl

t
< CMf(1+||aII3M12)eXp{—C/O Vw2 Vull2ds H| Vull3,

which implies

IVu(®)ll3
t
< [IIWH§+CM12HGII§(1+||a||§M12)]eXp{C/O I Vews|la[|Vull2ds }
< [IVal3 + CMP|lall3(1 + llall3M7)] exp {Cllall2(lall2My + [|Vull2) },
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This inequality and (3.13) imply (3.9). From (3.14), it follows that

d b
G {C [ [1alF "IVl + Vs o Dl + Vs 3] ds} Vul)

2(g—=3)

I3
< Cllally ™ IIVusl3IVull;
t 4q
X exp {0/0 [llalls = IVusllf + [IVws|l2lVull2 + [ Vus|lf]ds},

which implies

t 4q
IVu@®)3 < (exp{C / [lall3 ™ Va2 + [ Vws ol Vulla + [|Vus||2] ds})
2(q=3) T a—3 T 3
<{IVal3 + Cllall, * ( / IVus||dt) = ( / IVulodt) 7 }
< {IValZ+Cllal3M, ™ }exp {Maal§
Hllallallall g rsy (1 + My *eCM2) L & Ay,
This inequality and (3.14) imply (3.10). O

Lemma 3.5 Let a € L2(R®) N HY(R3). If uz € L°(R?® x (0,T)), then for any
t>0,

IVu()l3 + / ' lAu(s)[2ds < A, (3.15)
with
Ay = Va3 +COMZ + My (all3)llal3
+Aslall2(Vallz + Mollall2 + My lally),
(IVall3 + C(MZ + llal3"* My ™) [lal3)
x exp {Clall2([Vall2 + Mollall2 + My"*[lal3/*)}.

As

In above, constant C' is a absolute constant and independent of T. Thus T can
be taken as +oo.

Proof. We need to re-estimate the terms at the right hand side of (3.12)
by the assumption that us € L*(Qr) to replace the assumption that Vug €
LP(0,T; L9(R3)). In view of the above procedure, we don’t use the assumption
as estimating the I and I3, except the estimates about ||Vwsl|2 obtained in
Lemmas 3.2 and 3.3. So there are same as ug € L= (Qr), i.e.,

I I/ wuzAurdz| < 8[| Aull3 + C(8)[|Vws 2] Vull3
R3

I3 I/ wsurAuzdz| < 5| Aul3 + C(8)]|Vews||2]| Vul3.
R3
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Now we estimate other terms. By Hoélder inequality, the estimate of I is easy.
In fact,

I, = |/ watz Auy d|
R3

IN

| Aull2]luz]ool|w2]l2

IN

31| Aull3 + C(8) [Jus |3 Va3

Similarly,
I =1 [ s uads] < 5l + C(8) s | Tl
By Holder inequality again, one has
I5 = |/]R3 Douzug Auzde| < 6| Aul|z + Co /]Rs [uz|?|Oaus|* d.
Integrating by parts, we have

/ |UJ2|2‘aQU3|2dI
R3

< ‘2/ ’U,282U282U3U3d1‘| + |/ |U2|2|6§2'M3U3d{1}|
R3 R3
< | / (Byuig s ] + | / wsBunlus|Pde)
R3 R3
1/3
| Auglofluz |2 lluslly us |2
2/3
< sl 2l Vuz |3 + | Ausl|lluzl6lluslly > us )| 22
1/3
| A |a[fua |2zl us]|22
<

5
o lAulz + CO)lals us|126°Vull3

4/3
+O(Jlusl|% + llally > |us]8L2) [ Vul 2.

For I59, by integration by part, we can treat as

1
[52 = |/ 83U2U2AU3dx| = §|/ IUQ‘2A83U3d.Z‘|

R3 R3

< / (u D) dgusda| + | / (Vs 2B usdal
R3 R3

S |/ (’U,QA’U,Q)83U3d$|+|2/ (VUQ'V63U,2)U3CZ$|
R3 R3

<

3| Aull3 + 01(5)/ |uz|*|Osus|*dz + C(8)[|us| 3| Vuz 3
R3
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Integrating by parts again,

| / s 2|O5us P
]RS

< 2| | wug-0zus-d3us - usdz| + | / ug|?025us - uzdzl
RS RS

< | / (Bgtaz] s 2] + | / w302y - |us ]
R3 R3
1/3
+| Auglofluzl|Zllus )l lus |2
2
< uslZNVul3 + | Ausllafusllollus) 3 us]2
1/3
| AuglofluzlZlluslly lus |23
) 2/3
< anAun%wnauz/ g2Vl
4/3
+C (Jlusll% + llally us |22) IVull3.
Therefore,
I; = |/ witg Auzdr|
RS
2/3 4/3
< 48] Aul) + Cllally us |23 Vulld + O (lusl|% + lally”|lus|322) Va2
Similarly,
Is = |/ wotty Augdr|
R3
2/3 4/3 2
< 48] Aul)? + Cllally®|lus |23 Vull + C(lusl|% + lalls”*|lus|L2) | Vull3-

Substituting above estimates into (3.12) and taking § = 1/16, one obtain that

d
ZIVuld+1auld < C(IVwslla| Vull2 + lally* luall 1 Val3) [ Vull3

4/3
+C (lusl|% + [lally > usl2L2) [ Vu|)2, (3.16)
which implies
4/3 8/3
Va2 < {IVa|?+C (M2 + [lally’* My'?)||a]|2}
5/3 4/3
x exp {Cllallz (|[Vallz + Mollall2 + lall3"* My"?) },

here we used Lemmas 3.1 and 3.2. The above inequality and (3.16) implies
(3.15). O

Proof of Theorem 2.1 Since the initial velocity field a is in L2(R3)NH!(R?),
it is well-known that there is a Ty > 0, such that there is a unique strong solution
u € L>=(0,To; HY(R3)) N L2(0, To; H2(R3)) to the Navier-Stokes equations (1.1).
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See [11]. According the result about uniqueness [11], our weak solution identity
with the strong solution in (0,7p). If ug € L=(R3 x (0,7))(to < T < +00) or
Vuz € L*(0,T; LY(R3)) for 1/s + 3/2q = 1/2 with ¢ > 3, then Lemmas 3.1-3.5
imply

T
sup ||u(t)||H1(]R3)+/ (IVu(s)13 + [Au(s)[3)ds < C(llall a1 (gs))-
0<t<T 0

Thus the local strong solution u can be extended to time 7', and also identity
with the weak solution. Moreover the classical regular criteria [11] implies that
u is a regular solution on [0, 7. O

Remark. The referee has kindly pointed out the recent works [12] -[14]. In
[12], the authors consider the interior regularity of the suitable weak solutions
under the assumption that one component of the velocity is assumed to belong to
the anisotropic Lebesgue space LP'? (p in time and q in space) with 2/p+3/q <
1/2 for p > 4 and ¢ > 6; In [13], the authors obtained the regular criteria
under the different assumptions on three components of velocity; While in [14],
the authors defined many regularity classes by means of derivatives of some
components of velocity. For example, they obtained the regularity of the weak
solutions which satisfy the energy inequality and dsu belong to LP(0,T; L4(R?))
with 1/p + 3/2q < 3/4 for ¢ > 2, or dzug € L>=(0,T; L*°(R)), etc. But our
assumptions are different from theirs. Through our arguments also based on
some estimates of vorticity as do in [12]-[14], the particular technique is different.
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