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ABSTRACT. In this article we study the existence of weak solutions for quasi-
linear parabolic system in divergence form with variable growth. By means of
Young measures, Galerkin’s approximation method and the theory of variable
exponents spaces, we obtain the existence of weak solutions.

1. INTRODUCTION AND STATEMENT OF MAIN RESULT

The spaces LP(®)(Q) and W™ P(®) (Q) were first discussed by Kovacik and Rakosnik
n [24]. Lately, a lot of attention has been paid to the study of various mathemat-
ical problems with variable exponent growth conditions; see [9, [T 12} 14} [16] for
the properties of such spaces, and [6] [15, 20] for applications of variable exponent
spaces on partial differential equations. The theory of variable exponent spaces
has been driven by various problems in nonlinear elastic mechanics, imaging pro-
cessing, electrorheological fluids and other physics phenomena; see for example
[, 2 3 [7, 27, [39].

When p(z) is a constant function, Norbert Hungerbiihler studied the following
problem in [22]:

—divo(z,u(z), Du(z)) = f, z€Q
u(z) =0, =€

The classical monotone operator methods developed by [, 25 29] [36] cannot be
applied here. Norbert Hungerbiihler obtain the existence of weak solutions for
by Young measures which were proposed by Young in [38]. Many applications
and developments of Young measures to the calculus of variations, optimal con-
trol theory and nonlinear partial differential equations are presented by MacShane,
Gamkrelidze and Tarter in [211 26], 35 [37]. Inspired by the works mentioned above,
results from [22] were extended in [I§] to the case that o satisfies variable growth
conditions, by Young measures generated by sequences in variable exponent spaces;
see [18, [19] for the basic theorems and properties.

(1.1)
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In this article, we consider the initial and boundary value problem for the quasi-
linear parabolic system:

% —divo(z,t,Du(z,t)) = —div f, (2,t) €Q
w(z,t) =0, (z,t) € Q% (0,T) (1.2)

U(I7O) = UJO(I)7 (RS Qa

where Q € RY (N > 2) is a bounded open domain, u : Q x (0,7) — R™, 0 <
T < o0, Q@ =Qx(0,T), p(x) is Lipschitz continuous and 1 < p_ :=inf g p(z) <
p(x) < py =sup,eqp(z) < oo, f € L' @) (Q; MM N) ug € L2(Q;R™), o satisfies
the conditions (H1)—(H3) below. Inspired by [8], we consider that p(z) only depends
2 in this problem. The related definition and properties will be given in section 2.
In our paper, we denote by M"™*" the real vector space of m x n matrices equipped
with the inner product

Mo N := Z MijNij~
1<i<m,1<j<n
Now we give conditions required for o in ([1.2)).
(H1) (Continuity) o :  x (0,T) x M™*N — M™*N is a Carathéodory function,
ie. (z,t) — o(x,t,&) is measurable for every £ € M™*N and & — o(x,t, &)
is continuous for almost every (z,t) € Q.
(H2) (Growth and coercivity) There exist ¢; > 0,¢p > 0,0 < a € LP'®)(Q),b €
LY(Q), such that

(.t 6)] < alz, £) + eaf€[ 7
o(@,1,€) 0 & > b, 1) + calg ")
(H3) (Monotonicity) o satisfies one of the following conditions:
(i) For all (x,t) € Q, £ — o(x,t,&) is a Cl-function and is monotone, i.e.
for all (z,t) € Q and &, € M™*VN | we have
(O—(:Evta 5) - O'(l',t, 77)) © (5 - 77) 2 0.

(ii) There exists a function W : Q x (0,7) x M™*N — R such that
o(z,t,£) = DeW(z,t,8), and &€ — W(z,t,&) is convex and C! for all

(z,1) € Q.

(i) o is strictly monotone, i.e. ¢ is monotone and (o(z,t,£) — o(z,t,n)) o

(€ — ) = 0 implies £ = n.

(iv)

/ / o(z,t,A) —o(2,t,X) o (A= A)dy(g(A) dzdt >0
MW‘LXTL

where A = (V@) D) v = {V(z4)} @,t)eq is any family of Young measures
generated by a bounded sequence in LP(®)(Q) and not a Dirac measure for
a.e. (x,t) € Q.

Our main result is as follows:

Theorem 1.1. If o satisfies conditions (H1)—(H3), then problem (1.2)) has a weak
solution for every f € LP(®)(Q; M™*N) and every ug € L>(Q;R™).
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Condition (H2) states the variable growth and coercivity condition. (H3)(iv) is
weaker than typical strictly monotone condition, even than the p-quasimonotone
condition introduced by Norbert Hungerbiihler in [22] when p(z) is a constant.

This article is organized as the following: In Section 2, several important prop-
erties on variable exponent spaces and the theory of Young measures will be pre-
sented. In Section 3, we will give the Galerkin approximation and necessary priori
estimates. In section 4, the existence of weak solutions for problem will be
proved; the conclusions will be given in section 5.

2. PRELIMINARIES
In this section, we recall some facts on variable exponent spaces LP(*)(Q) and
Wk ().
Let P(£2) be the set of all Lebesgue measurable functions p : Q — [1,4+00), where
Q C R™*(n > 2) is a nonempty open subset. Denote

poior() = [ Juta) P, (2.1)

. n
”u”p(w) = lnf{t >0: pp(a:)(?) < 1} (22)

The variable exponent Lebesgue space LP(*) () is the class of all functions u such
that pp(q)(tou) < oo for some o > 0. LP(®)(Q) is a Banach space endowed with the
norm (2.2). is called the modular of u in LP(®)(Q).

For a given p(x) € P(Q), we define the conjugate function p’(x) as

, 00, fre ={zxeQ:pl) =1}
p(x)—1 Ior other x € ().

Lemma 2.1 ([9]). Let p € P(Q), then
/Q u(@) - v(z)|dz < 2|jullpe) V]l )

for every u € LP®)(Q) and every v € LP' ) ().
In the rest of this section, for every p € P(£2), we assume that 1 <p_ < p(x) <
P+ < Q.
Lemma 2.2 ([16]). For every u € LP@®)(Q), we have:
(1) If lullp@y = 1, then [lully ey < ppeay (w) < [lullyf,

2) If [wllp) < 1, then ull2i,) < ppay(w) < llull) -

Lemma 2.3 ([16]). Ifp_ > 1, LP(®)(Q) is reflexive, and the dual space of LP(*) (1)
is LP'(@)(Q).

Lemma 2.4 ([24]). Let |Q| < oo, where || denotes the Lebesgue measure of €2,
p1(x),p2(z) € P(Q), then a necessary and sufficient condition for LP*(®)(Q) C

Lr(@)(Q) is that pi(x) < po(x) for almost every x € Q, and in this case the
embedding is continuous.

We assume that Q C R? is a bounded domain, (0,7) C R, T is a fixed real
number, @ = Q x (0,T), p is a Lipschitz function. We define

X(Q) = {u e LXH(Q)4: Vu e LPC)(Q)™? u(r, ) € Vo () ae. T € (07T)}
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The norm on X(Q) is given by

lullx(@) = l[ullz2@)e + VUl Loc (@yaxa
where for all 7 € (0,T), we have

Vo (Q) := {ue L2 Q)N W () : Vu e LPm) (Q)dxd)

The norm on V,(Q) is defined by

lullv, @) = llull2(@ye + [IVUll Lo ()axa
Lemma 2.5 ([10]). The space X(Q) is a Banach space under the norm || - || xqy;
and C§°(Q) is density in X(Q).
Lemma 2.6 ([10]). The space X (Q) is reflexible.

Lemma 2.7 ([10]). The dual space X'(Q) is isomorphic to the subspace of D'(Q)
consisting of distributions T of the form

17| = inf{||g||Lz(Q)d + |Gl Locr(@yaxa : T =g — divG},
where g € L*(Q)%.

Lemma 2.8 ([4]). Let Q C R™ be Lebesgue measurable (not necessarily bounded)
and zj : Q — R™, 5 =1,2,..., be a sequence of Lebesgue measurable functions.
Then there exists a subsequence z and a family {vy}zcq of nonnegative Radon
measures on R™, such that

(1) [zl := [ dve <1 for almost every x € Q.

(il) @(zr) =* @ weakly™ in L (Q) for any ¢ € Co(R™), where ¢(x) = (v, @)
and Co(R™) = {4,0 e CR™): hm\z\HOO lp(2)] = O}
(iii) If for any R >0

lim supmeas{z € QN B(0,R) : |zx(x)| > L} =0,
L—00 keN

then ||vg|| = 1 for almost every x € Q, and for any measurable A C §) there
holds (1) — @ = (g, p) weakly in L*(A) for continuous ¢ provided the
sequence ¢(z) is weakly precompact in L'(A).

Lemma 2.9 ([]). If measQ < oo and v, is a Young measure generated by the
sequence {u;} , then u; converges by measures to u if and only if for a.e. x € Q
we have vy = 0y ().

Lemma 2.10 ([5]). Let {f;} be a uniformly boundedness in L*(Q) ,
sup || fjllz1(a) = C < oo
j

There exists a subsequence, not relabled, a nonincreasing sequence of measurable
sets U, Qi1 C Qp, and f € LY(Q) such that

fi—f L' (Q\Q,)
for all n.

Lemma 2.11 ([B]). If {z;} is a sequence of measurable functions with associated
Young measure v = {vy }zcq,

lijygglf/Ew(x,zj(x)) dz > /E/]Rm W(x, A) dvg (M) da,

for every nonnegative, Carathéodory function ¥ and every measurable subset E C €.
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The above theorem is obtained in [31] by proving a complicated lemma. We will
give a much easier proof by using the contradiction method.

Proof. Assume that
hminf/ U(z,zj(z)) do < oo.
E

j—00
Then ¢ (z, zj(x)) is a bounded sequence in L'(E). Let

P(r) = A P(x, A) dvg (N).
By Lemmas[2.8]and [2.10} there exists E,, C Q, E,11 C E,, measE, — 0asn — oo,

such that
/E\En w(x, 25 (x)) dz — /E\En pda (2.3)

as j — oo for all n. On the other hand, it is apparent that

/E\En@;dxﬂ /qudx

as n — oo. Now we show the proof of our conclusion by contradiction. Assume
that

liminf/Ei/J(a:,zj(x)) da:</E - P(z, A) dvg(N) da.

j—00
Let
a:= / Y(x, A)dvy (M) do — liminf/ ¥(z,zj(z)) dz > 0.
E JR™ I JE

Since limy, oo [p\ ¢ dz = [, ¢ d, for a > 0, there exist ng which is large enough,
such that

/ Y dr — / Ydr <a= / ¢(z, ) dvy(A) dz — liminf [ (2, z;(z)) da.
E E\En, E Jrm

J—00 E

Therefore
/ ¢ dz > lim inf/ 1/1(:5, 25 (ac)) dx.
E\En, j— JE
Combining this with (2.3)) leads to a contradiction. ([l

Lemma 2.12 ([I8]). If {u;} is bounded in LP(™*)(Q,R™), then {u;} can generate
Young measure v, satisfied that ||vz|| = 1 and there is a subsequence of {u;} weakly

convergent to [, Advg(X) in L*(Q,R™) .

3. GALERKIN APPROXIMATION AND A PRIORI ESTIMATES
Let
X = {u € L2(Q;R™) : Du € LP™(Q;M™N), u(-,7) € Vo(Q) ae. T € (o,T)},
where for T € (0,7,
V,(Q) = {u € L2(Q;R™) N WS (Q;R™) : Du(-,7) € LW)(Q;MWN)}.
The norm on X is defined by

HU”X = ”uHLZ(Q;R’”) + ||Du||Lp(:L')(Q;M7nXN).
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According to Lemmas [2.5H2.7} it is easy to show that X is a Banach space and
C§(Q;R™) is dense in X. X’ denotes the dual space of X. For all g € X', u € X,
there exists go € L2(Q;R™), g1 € LP' @) (Q; M™*N), such that

(g,u)z/go-udxdt+/g1 o Dudzx dt.
Q Q

Based on the above notes, we will show the definition of weak solutions for (|1.2]).
Definition 3.1. A function u € L>(0,T; L?(2)) (] X is called as the weak solution
of problem (|1.2), if

o T
—/ w2 dz dt—|—/ u(z, t)p(z,t) dx’ —|—/ o(x,t, Du)oDpdx dt = / foDpdxdt
Q ot Q 0 Q Q

holds for all p € C1(0,T;C§°()).
We choose an L*(Q; R™)-orthonormal base {w;}52,, such that

_ Alemm
fwik2) € CEOR™),  CROR™) T Vet .

Here V,, = span{wi,wa,...,wn}.
Since f € LP' @)(Q;M™*N) and C§°(Q; M™*N) is identity in L¥' () (Q; M™*N),
there exists a sequence {f,,} C C§°(Q; M™*¥) such that

fo— [ LPE(QiM™Y)

as n — oo. For every ug € L*(Q;R™), there is a sequence {1}, such that
Vn € Us2, V, and
Yn — ug  in L2(Q;R™)

as n — OoQ.

Definition 3.2. u, € C'(0,7T;V,) is called by the Galerkin solution of problem

@. i

ou,,

holds for all 7 € (0,7] and ¢ € C*(0,T; Vi) (k < n), where Q, = Q x (0,7).

Now we construct the Galerkin solution of problem (1.2). Define P, (¢,n) : [0, T]x
R™ — R”™

o(x,t, Duy) o Do dxdt = / fnoDodxdt
Qr

(Pu(t,m)): = / o(x,t, anij) o Dw; dx
Q

j=1
where n = (11, -+, m,). Since o is a Carathéodory function, P,(t,n) is continuous
in t,n.
Consider the ordinary differential equation
i (8) + Pa(t,1(t)) = Fn

1(0) = U, (0) (3.1)

where

(Fn)iz/ganDwidx, (Un(o))iZ/ﬂwn(m)widx.
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From (3.1) we have n'n + P, (t,n)n = F,n. Furthermore,

P,(t,n)n = / o(z,t, anij) o Zmei dz dt
Q j=1 i=1

2—/b(x,t)dxdt+cz/ ’Zmei
Q Q@ i=1

p(z)
dxdt > C.

It is apparent that
1 1
'+ C < Fan < SIF?+ S0
Consequently,
Lon(t))> _ 1 2 1 2
———t < ~|F, —|n(t C
S < S+ (e +

After integrating the both sides of this inequality , we obtain

) < C, +/0 In(s)| s

Then by Gronwall’s inequality, |n(t)| < Cp(T'). Let

M, = max E, — P, (t,n)],
" (W?)G[O,T]xB(n(o)’an(T))| n ()
. 2C,(T
T,, = min {T, Mi )}

where B (77(0), ZC’n(T)) is a ball of radius 2C,,(T') with the center at the point 7(0)
in R™.

By Peano’s theorem, has a C! solution on [0,7,]. Let t; = T,, and n(t;)
be a initial value, then we can repeat the above process and get a C' solution on
[t1,t2], where to = t; + T,,. Thus there is a interval [t;_1,t;—2] C [0,T7], such that
admits a solution on [t;_1,t;_»], where t; = t; 1 +T,,i =1,2,...,1—1,t;, =T.
Moreover we can get a solution 1, (t) € C*([0,T1]).

From the definition of P,, it is easy to know that w,(z,t) = Z;L:l (1 (t))jwj (2)
is the Galerkin solution of .

Now we study the boundedness and convergence of some function sequences.

Lemma 3.3. The sequence {u,} is bounded in X, and {o(x,t, Duy)} is bounded
in LV (#)(Q; M™*N).

Proof. Let ¢ = u,,. By Definition for every T € [0, T, one has

dun
Lun dxdt—i—/ o(x,t, Duy) o Duy, dedt = fn © Du,, dz dt,
Q. Ot . Q-
which is denoted as I + IT = III. By integration and (H2),

1 1
I= §||Un('77)||2L2(Q) - 5”“71('70)”%2(9)

and
I > 7/ bz, t) dxdtJch/ | Du, [P da: dt

T T

Since f, € Lp/(”)(Q;MmXN), we have

117 S C||fn||Lp(:L‘)(QT;M'nLXN) ||Dun||Lp(J;)(QT;M‘nLXN)
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We know that u, (z,0) = ¢, () — ug in L2(2) . As a result,

/ui(az,O) dz :/ [ (z)|?dz < C forall n.
Q Q

Consequently,

1
5”’“%("7—)”%2(9)—1_62/ |Du,, [P™) dz dt

1
< 20 ac@y + bl 62)
+ Cllfall Lo (@ amx 3y [ Dt || o) (@ amx v
S O + C”DUHHL?’(’”)(QT;M’”XN)
By Lemma [2.2] it follows that

[ Dun| e (0,) Smax{(/Q | Duuy [P dxdt)l/pf, (/Q | Duy [P@) dxdt)l/m}_

If | Dun || o) (@, pam = vy is unbounded, then [, | Du,, [P(®) dz dt is unbounded. This

contradict . Thus
[ Dun || Lo (guamx~y < C.
Moreover
(-, T Z20) < € (3-3)
Then we can get the conclusion that {u,} is bounded in X. By Lemma[2.6] there is
a subsequence of {u,} (also denoted by {u,}) satisfying u,, — u in X, as n — oo.
Owing to (H2), we obtain

/|U(x,t,Dun)|p/(I)dxdt
Q

< c(/ la(z, )P dxdt—i—cl/ |Du,, [P dxdt).
Q Q
Since a € L (*)(Q) and | Dun | Lo (@aamxny < C it follows that
/ |o(2,t, Duy,)|P' ™) dzdt < C.
Q

From Lemma [2.2] we have
lo(z,t, Dun) || o ) (@amx vy < C. (3.4)

Then o(z,t, Du,) — x in Lp,(”f)(Q;MmXN) as n — oo (we can choose a proper
subsequence if necessary). O

Lemma 3.4. For function sequences {u,} constructed above, we have
U (-, T) = u(-,T) inL*(Q),
u(+,0) = up.
Proof. Thanks to (3.3), the sequence {u,} is bounded in L>*(0,T; L?(2)). Thus
there exists a subsequence (also denoted by {u,}) such that
U, (-, T) = 2z in L*(Q)

as n — oo. We will prove that z = u(-,T), and u(-,0) = ug. We denote u(-,T) as
u(T), and denote u(-,0) as u(0).
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For every v € C*([0,T]), v € Vi, k < n, we have

T T T
/ / Oy, vtp dxr dt + / / o(x,t, Duy) o Dvypdzdt = / / fn o Dvypdx dt.
o Ja o Ja o Ja

After integrating, one gets

/Qun(T)w(T)vdm—/Qun(O)w(O)vdx

T T
—/ /a(aj,t,Dun)ODvdezdt—i-/ /fHOsz/}dasdt
0o Ja 0o Ja
T
+/ /unmp’ dz dt.
0o Ja

If n — oo, then

/ (T)vdz — / ot (0)v dz

/ /foDvwda:dt—/ /XODwvdxdt—i—/ /wvudmdt

Let (0 = 0. Then

/O /QfoDm/)dmdt—/O /onDwvdx:—/o /Qz//vudx:/o /Qmufdx,

Thus by (3.5), we can obtain

/sz/J(T)vdx—/Quow(O)vdx:AT/S)wvu/d$+ATA¢/vudx
:/Qm/wdm‘oT

_ /Q w(T)$(T)v dz — /Q w(0)(0) da

Let k — oo, if we take ¢(T') = 0 and (0) = 1, then we have u(0) = ug; if we take
P(T) =1 and ¥(0) = 0, then we have u(T) = z. O

(3.5)

4. EXISTENCE OF WEAK SOLUTIONS

The proof of Lemmaimpheb that {Du,} is bounded in LP@)(Q; M™*N). By
Lemma 2, {Du,, } can generate a family of Young measures v(, 4y, and (v, 1), ) =
Du(z,t). By Lemmas and. we can choose a proper subsequence if necessary
such that

U, = u inX, n— oo,
Du, — Du in LP®)(Q;M™*V),

Lemma 4.1. Suppose that o satisfies (H1)-(H3), then the Young measures v, 4
generated by {Du, }, which is the gradient of Galerkin sequence {u,} constructed

before, satisfy
/ / o(x,t,\) o Ady(g () dw dt
MTVLXN

(4.1)
//mezv x,t,A) o Dudy(y 4y () dz dt
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Proof. Consider the sequence
I, == (o(z,t, Duy,) — o(z,t, Du)) o (Du,, — Du)
= o(z,t, Duy,) o (Du,, — Du) — o(z,t, Du) o (Du,, — Du)
=:Ip1+ 10
Assumption (H2) implies

/ o (2, ¢, Du)|P ®) dz dt
Q

SC(/ la(z, t)[P'®) dxdt—i—q/ | DufP@® dxdt).
Q@ Q

Since Du € LP&)(Q;M™*N), it follow that o € Lpl(f)(Q;MmXN). Because of the
weak convergence of {Du, }, we obtain I,, » — 0 as n — oo. It follows from Lemma

2.17] that
I:= liminf/ I, dx dt
Q

n—oo

:liminf/ I, dzdt
Q

n—oo

n— o0

= lim inf/ o(z,t, Duy) o (Du,, — Du) dx dt
Q

> / / o(x,t,\) o (A= Du)dv +) () de dt
Q Mm XN

Now we prove that I < 0. Using

%un dz dt + / o(x,t, Duy) o Du, dzdt = / fn o Du,, dz dt,
Q Ot Q Q

we find that
I =liminf [ o(z,t, Duy,) o (Du, — Du)dzdt

n—oo Q

= liminf (/ o(x,t, Duy) o Du, dx — / o(x,t, Duy) o Dudx dt)
= liminf (/ fn o Du, dzdt — / Uy Optty, Az dt — / o(x,t, Duy) o Dudx dt).
nTeo Q Q Q
Obviously,

/anDundxdt—/fODudxdt:/fRODundxdt—/fODundJ:dt
Q Q Q Q

—/fODundxdt+/f0Dudxdt.
Q Q

Since
[ fn = fllLe @ (@umx~y — 0, asn — oo,

it is easy to see that

/fHODundxdt—/fODundxdt
Q Q

< Cllfa = fllner @ @umx 3y [ Dtn || Lo (ipamxvy — 0, as n— oo.
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Because of the weak convergence of Du,,,
/ fODundxdt—/ foDudxdt — 0, asn— oo.
Q Q
Consequently,
/ anDundxdt—/ foDudxdt — 0, asn— oo.
Q Q
From the weak convergence of o(z,t, Du,,),
/ o(x,t, Duy) o Dudz dt — / x o Dudxdt, asn — oo.
Q Q
For every ¢ € C1(0,T; Vi), k < n,
/ YOpuy, de dt — / o(x,t, Duy) o Dip dzdt = / fn oDy dxdt.
Q Q Q
After integrating, we have
/ Un (-, T)Y(T)v da — / Un (-, 0)(0)v de — / UpOptp Az dt
Q Q Q

—|—/ o(x,t, Duy) o Dy dadt
Q

= / fnoDydxdt.
Q
Letting n — oo, we have

/Qu(-,T)z/J(T)vdx—/Qu(-,O)w(O)vdx—/

u@twdxdt—i—/ x o Dy dxdt
Q Q

:/QfoDz/)dzdt.

Let k — oo, for all v € C! (O, T, Cl(Q)). The the above equality is valid. Then for
all ¥ € C5°(Q), the above equality also holds. Thus

7/ udpp de dt = 7/ XoDwdxdtJr/ foDydedt = (div(x — f),¥).
Q Q Q
Obviously dyu = div(x — f). For u € X, we can derive that
/ ulyu de dt = —/ XODudxdt—i—/ f o Dudxdt.
Q Q Q
On the other hand,

1 1
| bt = S T gl Oy

1 1
| e et = G ) ey — o O) ey

From the structure of u,,, we obtain

[un (-, 0)ll 2 (@) = l[u(-, 0)[lz2(0)-
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Using Lemma we have u, (-, T) — u(-,T) in L*(2). Owing to the weakly lower
semicontinuity of the norm,

l[u(, )220 < hnniiol.}f l[wn (-, T) | L2(0)-

Clearly,

L. 1 1
limin ( - / wndptn dw dt) < =2 Jul Dz + 5, 020,
n—oo Q

Thus we arrived at the conclusion that I < 0. O

Lemma 4.2. For a.e. (x,t) € Q, we have
(o(z,t,A) —o(x,t,Du)) o (A= Du) =0 on suppy(y .
Proof. Since

| A ) = s D) = Dufa.),

and v(, 1) is a family of probability measures, mex ~ 1dy(, 1) = 1. Consequently

/ / o(z,t, Du) o (A — Du) dvy +)(A) de dt
Q Mm XN
= / / o(x,t, Du) o Ady(, 4 (A) dzdt

Q Mm XN

—// o(z,t, Du) o Dudv(y ) (A) dz dt
Q JMmXN

Mm XN

:/ O'({E,t,Du)O/ Advg 4y (A) d dt
Q

- / o(x,t, Du) oDu/ 1dy (g (A) dzdt
Q

Mm™ X N

= / o(x,t, Du) o Dudx dt — / o(x,t, Du) o Du/ 1dv(g e (A) dedt = 0.
Q Q

Mm XN

From Lemma we obtain
/ / o(x,t,\) o (A= Du) dv g 4)(A) dzdt <0.
Q JMmxN
Thus
/ / (o(x,t,\) = o(x,t, Du)) o (A = Du)dvy 4)(A) dzdt < 0.
Q JMmxN

By the monotonicity of o, the integrand in the above inequality is nonnegative.
Then for a.e. (z,t) € @, we can obtain that

(o(x,t,\) —o(x,t,Du)) o (A= Du) =0 in suppv,.

We are now in a position to show the existence of solutions of (|1.2)).

Proof of Theorem[I.1. We consider 4 cases which correspond to the 4 cases in (H3).
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Case (i). We prove that for a.e. (z,t) € Q and every u € M™% the following
equation holds on supp v,

o(x,t,\)op=o(x,t,Du)opu+ (VU(;U, t, Du)u) o (Du—\), (4.3)

where V is the derivative with respect to the third variable of o. Actually, by the
monotonicity of o, for all a € R, we have

(a(x, t,\) —o(z,t,Du+ au)) o(A—Du—au) >0.

From Lemma on supp v, we obtain

(U(x, t,A) —o(z,t, Du+ ay)) o(A—Du—ap)

=o(x,t,\) o (A — Du) —o(x,t,\) oap — o(x,t, Du+ au) o (A — Du— ap)

=o(x,t,Du) o (A= Du) — o(z,t,A\) oap — o(z,t, Du+ ap) o (A — Du — au).
It can be easily seen that

—o(x,t,A) oau > —o(x,t, Du) o (A — Du) + o(x,t, Du+ ap) o (A — Du — au),
and

o(z,t,Du+ ap) = o(x,t, Du) + Vo (z,t, Du)ap + o().

Then we infer that
o(x,t, Du+ ap) o (A — Du — au)
=o(x,t, Du+ au) o (A — Du) — o(z,t, Du+ ap) o au
=o(z,t, Du) o (A — Du) + Vo(z,t, Du)au o (A — Du)

—o(z,t,Du) o au + Vo(z,t, Du)op o ap + o(w)
=o(z,t,Du) o (A — Du) + a(VJ(x, t,Du)po (A — Du) — o(x,t, Du) o ,u) + o(a).
Moreover

—o(z,t,\)oau > a((VU(x, t,Du)p) o (A — Du) — o(z,t, Du) o u) + o(a)

Since the sign of « is arbitrary, the above equation implies (4.2). Set pu = Ejj,
where F;; is the matrix whose entry in the ith row and jth column is 1 and others

are 0. Then by (4.2),
o(z,t,\)ij = o(x, t, Du);; + (VU(x,t,Du)Eij) o (Du—\).

Furthermore,

/ a(x,t,)\)ij dV(:c,t)()\)
supp V(ac,t)

= / o(x,t, Du)i; dv g (N)
SUPP V(1)

+ (Va(x,t,Du)Eij) o/ (Du — X) dvg 4 (N).
SUPP (z,1)
Note that
/ (Du — X) Ay 4)(A) = Du(z,t) — / Adyg, (X)) = 0.
supp V(..,:7t) supp V(m,t)
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Thus we can derived that

/ o(x,u, \) dv(g pn(N) = / o(z,t, Du) dy(y 4 (N)
supp V(z,t) supp V(z,t)

= a(a:,t,Du)/ dviz4)(A)
supp V(:L-,t)
= o(z,t, Du).

Since {o(x,t, Duy)} is weakly convergent in L¥' (*)(Q; M™*N). By Dunford-Pettis
criterion and Lemma {o(z,t, Duy,)} has a L'-weak limit:

o = / J(x,t,A) dV(x,t)()‘) :J(.’ﬂ,t,DU).
SUPD V(o,¢)

Evidently,
o(x,t, Duy) — o(x,t, Du) inLP (m)(Q;MMXN).
For all ¢ € C1(0,T; Vi), k < n, one has

/¢8tundxdt+/ a(x,t,Dun)Oqudacdt:/ fn o Dpdxdt,
Q Q Q

where

/Q(batundwdt:Aun(~7T)¢(T)dx—/Qun(~,0)¢(0)vdx—/Qun6t¢da:dt.

Letting n — oo we obtain

/u(',T)(;S(T)d:E—/u(~70)¢(0)vdx—/ u@@dmdt—i—/ o(x,t,Du) o Dpdxdt
Q Q Q Q

= / foD¢dxdt.
Q
Let k — oo, then for ¢ € C1(0,T;C5°(£2)), we are led to the conclusion that

_/ u@dxdt—i—/ u(x,t)¢(l’,t)dx‘T+/ g(x,t,Du)oD¢dmdt:/ foD¢dxdt.

Case (ii). We prove that for all (z,t) € @ we have
SUpP V(z,1) C Kz,
={Ae M™N : W(z,t,\) = W(z,t, Du) + o(x,t, Du) o (A — Du)}.
If A € suppv(y+), by Lemma for every 8 € [0,1],
(1 - ﬁ) (J(gc,t, A) —o(x,t, Du)) o ()\ - Du) =0.
By monotonicity, for 8 € [0, 1], we have
(1-2) (J(x,t, Du+ B\ — Du)) — o(x,t, /\)> o (Du—X) >0.
Thus for all g € [0,1],
(1-2) (O’(!E,t, Du+ t(A — Du)) — o(x,t, Du)) o(Du—X) >0.
In view of the monotonicity condition,

(U(m,t, Du+ (M — Du)) —o(z,t, Du)) o ﬁ()\ - Du) > 0.
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Since § € [0, 1], we have
(a(x, t,Du+ B\ — Du)) — o(x,t, Du)) o (1= B)(\— Du) > 0.
For all 3 € [0, 1], if X € supp v(,¢), then
(U(x, t, Du+ B\ — Du)) — o(x, 1, Du)) o (A= Du) =0. (4.4)
It follows that
W(z,t,\) = W(z,t, Du) + /01 o(z,t,Du+ B(\— Du)) o (A — Du)dB

= W(z,t,Du) + o(x,t, Du) o (A — Du).

So we can get A € K(, 1), .. Suppv(z¢) C K(z¢)-
On account of the convexity of W, for all £ € M™*V,

W(z,t,&) > W(z,u, Du) + o(z,t, Du) o (¢ — Du).
For all A € K(, ), put
P(X) =W (x,t, ), QW) =W(x,t,Du)+ o(x,t, Du)o (A — Du).
As A — W(x,u,\) is continuous and differentiable, for every p € M™*¥N  ~ ¢ R,
PA+9) = PN QA +179) — QY

> (v>0),
Y Y
P(A — P(A A —Q(A
A +99) = PY) QA +19) - Q) (v < 0).
Y Y
Thus DP = DQ, and
o(x,t,\) = o(x,t, Du) VA€ K5 ) D SUpp V(z.4)- (4.5)

Consequently,
E(l& t) = / O'(SC7 ta )‘) dy("fvt)()\)
meN

:/ o(z,t,A) dv(g .y (A) = o(z,t, Du).
supp V(x,t)
Now we consider the Carathéodory function
9t 0) = o(a,t\) — 3z, )], A e MmN,

Since o(x,t, Duy,) is weakly convergent in LP' () (Q; M™*N)  then o(xz,t, Duy,) is
equi-integrable. Thus g, (z,t) = g(z,t, Du,) is equi-integrable, and

gn =7 in L'(Q).
Taking (4.4) and (4.5) into consideration, we obtain

SN
Mm XN
= / ’a(w, t,\) —o(x, t)| dv(z,1)(N)
SUPP (5,1

- / (02,8, A) — o(a,t, Du(z, )| dvga (A) = 0.
SUpp V(z,t)
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It turns out that

/ ‘a(w,t, Duy,) — o(x,t, Du)‘ dx dt — 0.
Q

The remainder of the argument is similar to that in case (i) and so is omitted.
Case (iii). By the strict monotonicity and Lemma we have
SUpp V(g,t) = {Du(xv t)}

Thus for a.e. (7,t) € Q, V(z,1) = dpu(a,r)- Using Lemma we find Du,, — Du in
measure. For a proper subsequence, we assert that Du, — Du a.e. in Q. It follows
that o(z,t, Du,) — o(x,t, Du) a.e. in Q. Moreover o(x,t, Du,) — o(x,t, Du) in
measure.

From a similar analysis in case (i), we obtain the existence of for case (ii).

Case (iv). Suppose that v(, ;) is not a Dirac measure, for a.e. (z,t) € @, then we
have

0< /Q/meN (U(m,t, A) —o(z,t, 5\)) o (A= X)dvy(N) dadt

:// (U(:U,t,)\)o)\—()'(l’,t,)\)O;\
Q Mm XN
— oz, 6, N) o A+ ola, 1, \) o X)) dv(e.(A) dz dt.

Since

/ ldygy(A) =1 and Advz4(A) = A = Du(x,t),
MWLXN

Mm™ X N

we obtain

/ / o(x,t,A) o Ady(g () dz dt
Q Mm XN

> / / (U(l‘, t,A)o X+ o(x,t,\) oA —a(x,t,\) o 5\)) dvz 4y (A) dadt
Q Mm XN

— [ (] ot doWertott e [ Aduo0)
Q Mm XN Mm XN
—o(z,t,\) 05\-/

Mm XN

:// o(2,t,A) vz (A) o Adz dt
Q Mm XN

= / / o(x,t,A) dy (g (X) o Du(z, t) dz dt.
Q Mm XN

By Lemma [£.1]

14V, (A) ) dzdt

/ / o(x,t,\) o Dudy(,4)(A)dzdt

Q Mm XN

> / / o(x,t, ) o Ady (g 4)(A) dz dt
Q Mm XN

>// o(x,t,N) dy(g e (X) o Dudz dt.
Q Mm XN
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This is a contradiction. Hence v(, ;) is a Dirac measure. Assume that v, 1) = p(a.1)-
Then

h(z,t) = /M . )\déh(z’t)()\) = /M . )\dl/(z’t)()\) = Du(z,t)

Thus v(;+) = 0pu(s,t)- Lemma implies that Du,, — Du as n — oco. Moreover
o(x,t, Duy) — o(x,t, Du) in measure as n — oo. An argument similar to the one
in case (iii) shows the conclusion we want. The proof is complete. (]

Conclusions. In this article, we study the existence of weak solutions for quasilin-
ear parabolic system in divergence form with variable growth by means of Young
measures generated by sequences in variable exponent spaces. We can conclude
that problem has a weak solution under four kinds of monotonicity conditions
in (H3). We need notice that (H3)(iii) requires o is strictly monotone. Actually
classical monotonicity operator method can get our result under (H3)(iii). We give
the other method to obtain the main theorem by Young measures in our paper
under (H3)(iii). But conventional method can not prove the main result under
the other monotonicity conditions. And in H3(iv), we define a new monotonicity
condition. If o is strictly monotone, then (H3)(iv) holds. Obviously, (H3)(iv) is
weaker than typical strictly monotone condition.

Currently, the research on Young measures generated by sequences in variable
exponent Lebesgue and Sobolev spaces is still in exploration. Our results enrich
and perfect the theory of variable exponent spaces and Young measures.

For related results on nonlinear problems with variable growth we refer to the
monograph by Radulescu and Repovs [33] and the survey paper by Radulescu [32].
Recent contributions to this field may be found in the papers [28| 29] B30, [34].
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