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ATTRACTORS FOR DISSIPATIVE LATTICE DIFFERENTIAL
EQUATIONS WITH LOCAL AND NONLOCAL
NONLINEARITIES

JARDEL MORAIS PEREIRA

ABSTRACT. We study the dynamics of some dissipative lattice differential
equations with local and nonlocal nonlinearities. Using a difference inequality
due to Nakao [I4] and suitable estimates, we prove the existence of global at-
tractors. In addition, we briefly discuss the dynamics of two periodic lattice
differential equations.

1. INTRODUCTION

Lattice differential equations (LDEs) are used to model various problems that
occur in important areas of science and technology, for instance, in biophysics
[13], electrical engineering [4], image processing [5], chemical reaction theory [10],
etc.. They also naturally arise as spatial discretization of continuous models. The
dynamics of nonlinear LDEs is a wide-ranging theme that includes as subjects
the existence of solutions, existence and stability of traveling waves, asymptotic
behavior, attractors and their properties, etc., see e.g. [II, 2 Bl [8, 20, 25] and the
references therein. In particular, the existence of attractors for LDEs is a subject
that attracts a great deal of attention. In this article, we study the dynamics of
some dissipative LDEs with local and nonlocal nonlinearities in arbitrary spatial
dimensions. Our main objective is to prove the existence of global attractors.
Firstly, we consider the following class of second order LDEs

i (1) + (‘DpAsun(t) + auy (t) + F(n, un(t), V+Un(t)) +g(n,Un(t)) = fn,

1.1
Un(0) = oy n(0) = r (1.1)

where n € Z% and t € R*. In (1.1}, « is a positive constant, p is any positive

integer, A = Ago---0 Ay, p times, and Ay denotes the d-dimensional discrete

Laplacian operator defined by Agu, = Z?:1(Un+ei +Up—e, —2uy), where {e;}4| is

the canonical basis of R”. We assume that the nonlinear term F(n, u,, (t), V" u,(t))
has the form
d
F(n,un(t), Vun(t) = ho(n,un(t) = Y 07 hi(9f un(t)), (1.2)

=1
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where hg : Z?xR — R, h; : R — R, i = 1,...,d, are functions satisfying appropriate
assumptions stated in Section 2 and ajun = Upte;, — Up a0 O] Up = Up — Up—e,,
with i = 1,...,d. Moreover, g(n, i,(t)) is a nonlinear dissipation.

Many papers in the literature deal with the existence of attractors for LDEs.
Here, we just mention some works that are related to our model . The existence
of attractor and finite-dimensional approximations for the case p = 1, h; = 0 for
i = 1,...,d, was studied by Zhou [33]. The existence of a global attractor for
the class when d = 1 and h; =0 for i = 1,...,d, was first investigated by
Oliveira and Pereira [I§]. Later, for this last class with a suitable delay term, the
existence of a pullback attractor was established by Wang and Bai [29]. Another
paper related to is [32] in which the authors studied the existence and the
upper semi-continuity of attractors for second order lattices with retarded terms in
dimension one (d = 1) when p = 1. In addition, the investigation of the existence
of attractors for second order LDEs in weighted spaces was considered in [7] by
Han and some contributions concerning non-autonomous and stochastic LDEs are
provided in [6] and [30], respectively.

An important special class of LDEs included in is

iy () + (_1)pAZUn(t) + aun(t) + ho(n, un(t)) + go(in(t)) = fu- (1.3)

Models of type when p = 1 are known as discrete nonlinear Klein-Gordon
models and appear in different physical contexts, see e.g. [21l 23]. When p = 2,
equation can be regarded as discrete versions of beam equations. An example
of dissipative term for which our results apply is go € C*(R;R), go(0) = 0, and
96(8) = ¢o > 0 for all s € R. Observe that we do not demand any relation on the
parameters « and ¢, and g((s) need not be bounded above.

The inclusion of the term — Z?zl 07 hi(9}uy,) in was motivated by some
studies on the dynamics of nonlinear LDEs in periodic spaces [16] 17, [19], and
continuous models of beam equations studied in the literature, see e.g. [12] 24| [3T].
Note that if we choose p = 2, hi(s) = |s]97%s, ¢ >2,i=1,...,d, in , then we
obtain a discrete version of the beam equation

u + A%u + au+ ho(z,u) — Agu+ gz, u) = f(z),

ou

where x € Rd,u = u(x,t) and Aju = Zd 0 (c%c-

=1 8;67,
Laplacian operator.
Secondly, we study the existence of global attractors for the following class of
dissipative LDEs with a nonlocal nonlinearity

i (t) + (—1)"A§Un(t) + aun(t) + F(un(t)) + g(n, in(t)) = fa,

un(o) = UQ,n; un(o) = Ul,n,

q_g%) is the usual -

(1.4)

where

F(un(t)) = b (un(t)) Z Vn —m)h(unm(t)). (1.5)
mezd

In (T.4) and ([T.5), g: Z¢ x R -+ R, h: R = R*, and V : Z¢ — RT are functions
satisfying suitable conditions stated in Section 2. To the best of our knowledge, the
existence of attractor for LDEs of type with a nonlocal nonlinearity as in
has not been considered before. The continuous convolution term corresponding
to is known as Hartree-type nonlinearity and appears in Schrodinger and
Klein-Gordon equations, see [22] [27].
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In addition to the problems described above we also briefly discuss the existence
of global attractors for two periodic LDEs. We first consider a periodic problem
for the LDE in in arbitrary spatial dimension, then we consider the following
one-dimensional periodic LDE with @ = 0 and nonlinear dissipation

iin () + (= 1)P Afun (1) — Or h(0] un (1)) — Oy 9(0 tin(t) = fu, (1.6)

where b : R — R and ¢ : R — R satisfy appropriate conditions stated in Section 4.
Note that when g(s) = ps, with g > 0, we obtain the strong damping p Aq i, (t).
When p = 2, g(s) = us, and h(s) = a15° —ans® —azs, with a; > 0,7 = 1,2, 3, model
(1.6) can be regarded as a discrete version of the beam equation studied by Racke
and Shang in [24]. However, unlike the continuous model treated in [24], here, the
global attractor we obtain exists in the whole phase space where the dynamics is
considered.

Our main purpose in this paper is to prove the existence of global attractors
for the LDEs and by combining the use of a difference inequality due
to Nakao [14] with a method to derive “tail estimates of solutions” introduced by
Wang in [28]. As far as we know, in the context of the dynamics of discrete models,
this approach was only used for LDEs of type (1.1} in dimension one in [I8] when
hi(s)=0,i=1,...,d, under conditions on the nonlinear terms ho(n, s) and g(n, s)
more restrictive than those used in this paper. We note that our assumptions do
not require any growth condition on the dissipative term g(n, s). In particular, our
results apply to cases with nonlinear dissipative terms such as g(n, s) = a, (s + s)
or g(n,s) = b, sinh s, when the real constants a,, and b,, are suitably chosen.

This paper is organized as follows. In Section 2, we state the assumptions on the
functions hg, h;, 1 =1,...,d, in , gin , and h and V in that we need
to prove the existence of solutions and global attractors. Then, after introducing
some notation, we briefly discuss the global well-posedness of problems and
(1.4). In Section 3, we establish the existence of global attractors for the semi-
groups generated by the solutions of and (L.4). We first prove the existence of
absorbing sets, then we prove the asymptotic compactness of the semigroups. The
proofs are based on Nakao’s method [14] and suitable estimates. In Section 4, we
show how some arguments used in Section 3 can be adapted to prove the existence
of global attractors for the periodic problems described above. In the case of model
, we also used a Poincaré inequality valid for the periodic space where the
problem is considered. Our results, in particular, generalize and complement the
studies of [16, [I7, [I§]. Finally, in appendix A, we present examples of functions
that satisfy some assumptions used in this paper.

2. EXISTENCE OF SOLUTIONS

In this section, we briefly discuss the existence of solutions for the initial value
problems and (1.4]). We begin establishing the appropriate assumptions on
the functions in , (1.2), and and introducing some notation. We denote
by P the space of real sequences u = (up),eze such that |julle < oo, where

1/p
lllr = (37 ual?) 7, i 1< p < o0,

nezd

||u|lese = sup |ug,|, if p= occ.
nezd
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When p = 2, ¢2 is a Hilbert space with the inner product
(’U,, U)gz = Z Up Upn, U,V E £2~
neza
In this case, we denote by || - || the corresponding norm. Also, to simplify notation,
we denote a sequence (Un)pezd by (Un).
We recall that for the ¢P spaces the following embedding relation holds:
et ulle <ulles, 1<qg<p<oo
For the functions hg : Z* xR - R, h; :R - R,i=1,...,d,and g: Z* xR = R,
we assume that
(A1) For each sg > 0, there exist positive constants L; = L;(so), j = 1,2, 3, such
that
(i) [ho(n,s1) — ho(n, s2)| < Li[s1 — s2f,
(ii) [g(n,s1) —g(n, s2)| < La|s1 — sal,
(ili) [hi(s1) = hi(s2)| < Ls|s1 — s2f,
for all 51,5 in R, |s1] < s, |s2] < s, for allm € Z? and i = 1,...,d. In
addition, hg(n,0) = 0, g(n,0) = 0, h;(0) =0, foralln € Z?andi = 1,...,d.
(A2) There exist sequences of nonnegative real numbers by = (by,,) € ¢}, by =
(b2.) € £1, and a positive constant ki such that
sho(n, ) + by n > kl(ﬁo(n §)+bapn) >0, VseRandne ze,

where ho(n, s) fo ho(n,o)do.
(A3) There exist positive constants ko ; such that
shi(s) > koihi(s), VseRandi=1,...,d, where h / hi(o)do > 0.

(A4) There exist constants ks > 0, r > 0 and a positive integer ng satisfying
sg(n,s) > ka|s|"™2, if |n|o < no,
sg(n,s) > kols|?, if |n|o > no,

for all s € R, where |n|o = maxi<;<q|ni|, if n = (n1,...,n4).

Regarding the LDE (1.1)) with the nonlocal term (1.4]), we assume that g satisfies
the same hypotheses above and that h: R — R* and V : Z¢ — R* satisfy

(A5) h € C*(R;R*), h(0) = K (0) = 0 and there exists a positive constant c;
such that sh’(s) > ¢1h(s) > 0 for all s € R.
(A6) V = (V(m)) € £2 and V(m) = V(—m) for all m € Z<.

The following notation will be useful.

Vtu, = (8fun,... 8+un) V7 up = (0] Un, ..., 05 Un),

Vtu, Ve, = Z@*unf) U, |VTun? =Vtu, Viu,,

Ap/Qun, if p is even
DPu,, = 3
V+( T un) if p is odd,
where AY = 1.
Lemma 2.1. If u = (uy) € (2 then ", cya |DPun|® < (4d)P||ull?.
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Proof. Using the elementary inequality (Z?:I ai)2 <d Z?Zl a?, a; € R, and argu-
ing by induction we find that

> AR * < (4d)** Y Jua?, Yk €N (2.2)

nezd nezd

In (2.2) and hereafter N denotes the set of all positive integers. If p is odd then,
from (2.1) and (2.2)), we have

b1 d p—1
S DPu = Y VAT w)l = 30 Y10 AT u,f?

nezd nezd nezd =1
d . .
<43 SIAT u =4d 3 1A u,
nezd i=1 nezd
< 4d(4d)" ™ ul]* = (4d)P||u*.
Similarly, using (2.1) and (2.2]) we can treat the case when p is even. d

Lemma 2.2. For any u = (u,) and v = (v,) in €2 we have

{ZnEZd AZ/QUnAZ/ZUm if p is even
—1

—1)? Apun Vp = p=1 p-1
(-1) Z( d ) ZnEZdV+(Ad2 un).er(Adz Un), if pis odd.

neza

Proof. Since u = (u,,) and v = (v,,) belong to £2, we have

Z (Agun)v, = Z (0 un)vn — Z Z (0; un)vn

nezd i

Il
(]~
—
S
S
z
<
3
|
]~
<
<
3
~—
<
3
+
o

1=1 nezd i=1 nezd
d
_ o Gt + +
=— E@Zunaivn——g VU, - Vo
nezd i=1 nezad

This proves Lemma [2.2)if p = 1. The general case follows by induction on p. O

In what follows, given a sequence u = (uy,), we will write
ho(u) = (ho(n,un)), g(u) = (g9(n,un)),

d 2.3
Au= ((=17Aun). Bw) = (= 300, hi(9w)). (23)

Also, we will use the Hilbert space H = (2 x ¢2 equipped with the usual inner
product and norm,

1/2
(), (w,2)) i = (w,w)e + (v, 2) and[|(w, )| = (fuf® + o)) 2,
for any (u,v) and (w,z) in H.

Lemma 2.3. Under assumption (A1), we have

(i) ho, B, and g are locally Lipschitz continuous maps from €2 into itself.
(ii) A: 02 = % is a bounded operator and || Au| < (4d)P/?||u|| for all u € £2.
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Proof. (i) Given u = (uy,) in £2, using (A1), we have

d
IB(w)|? = Z\ZM wd[ < 33 |ormioru

neZd i=1 neZd i=1
d
<d Y S D) — b0 )
nezZd i=1
< dLj( QHUH Z Z |8+un 8 Up| )
nezd i=1

< (4d)* L3 (2f|u]))*[lull* < 0.

If u = (u,) and v = (v,) belong to ¢?, with ||ul| < R and |jv|| < R, then, using
(A1) again, we have

d
1B(w) = B)IIF <d Y Y 107 hi(d un) = 07 hi(9 v,)|?

nezd i=1
d
= > 10 un) = hi(0F vn) — [hi(0] un) — hi(0; va)]|?
nezd i=1
< 2dLs(2R)* Y Z (105 (un — v) [ + 105 (uy — v0)]?)

nezd i=1
< (4d)* L3(2R)*||lu — v|*.
This shows that B is a locally Lipschitz continuous map from ¢2 into itself. Simi-

larly, we prove that hg, g : £2 — ¢2 are locally Lipschitz continuous maps.
(ii) It follows immediately from (2.2]). O

Using Lemma we can write the initial value problem (1.1 in ¢2 as
i(t) + Au(t) + au(t) + ho(u(t)) + B(u(t)) + g(u(t)) = f, t >0, (2.4)
u(0) = up, w(0) = wuq, '

where Ug = (Uo,n), Uy = (ul,n)v f = (fn)a u(t) = (un(t))a U,(t) = (un(t)) and
i(t) = (iin(t)).
Theorem 2.4. Assume that (A1)—(A3) hold and let ug, uy and f belong to (2.
Assume also that sg(n,s) > 0 for alln € Z* and s € R. Then the initial value
problem (2.4) has a unique solution u € C2(R*;¢?). Moreover, for each T > 0,
the map 3 : H — C([0,7]; H), defined by T(ug,u1)(t) = (u(t),u(t)), 0 <t <7, is
continuous.

Proof. Introducing the change of variable @ = v we can rewrite problem (2.4]) in
the space H as

dw

(O +But) =0, t>0,

w(0) = wy,

) ‘quf = (4, 0), wo = (ug,u1), and

B(w) = (—v, Au+ au + ho(u) + B(w) + g(v) — f). (2.5)

where w = (u, v)
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Using Lemma[2.3| we can easily prove that the map B defined by is a locally
Lipschitz continuous map from H into itself. Then, an application of the Theory
of Ordinary Differential Equations in Banach Spaces shows that the initial value
problem has a unique solution u € C?([0, Tmax ); £2) such that either 7., = 0o
Or Tmax < 00 and lim, , - ||[(u(t),u(?))||n = oco.

To extend the solution globally we proceed as follows. Taking the inner product
of equation with 4(t) in £2 and using Lemma we find

d
dt
where E(t) is the energy associated with the initial value problem given by

B(#) = Sla(@)” + IDPud)? + 5 @) + 3 Foln, un(e)

nezd

—E(t) = —(g(u(t)),u(t)e <0, V0<t< Tmax, (2.6)

) (27)
+ YD R0 un) = (f,u(t))e.

nezd i=1
In and hereafter | DPul? = ZnGZd |DPu,|?. Thus, E() < E(0), for all
0 <t < Tmax- Since |(f,u)e2| < %[ull® + 2| f]|, using (A2), (A3) and ([2.7) we

deduce that
(u(t), w7 < g ' E(t), V0 <t < Timax, (2.8)

where ap = min{, 2} and
~ 4
E(t) = Bt) + —[IfII* + [baller, V0 < < Tanax. (2.9)

From (2.8) and (2.9) we conclude that 7. = co. Finally, under the assumptions
of Theorem the continuity of J can be proved using (2.8) and the Gronwall
inequality. Since the arguments are well known, we omit the details here. [

Now, let us consider the initial value problem (1.4)) with the nonlocal term (|1.5)).
By assumptions (A5) and (A6) we can define the map F : £2 — ¢* by

Flu) = (h’(un) 3 V(n- m)h(um)), Vu = (u,) € 2.
meZ
Then, using the above notation, we can write (1.4)) in the space ¢2 as
i(t) + Au(t) + au(t) + F(u(t)) + g(u(t)) = f, t>0,
u(0) = ug, w(0) = uy,

To see that F is a locally Lipschitz continuous map from £2 into iself, let u = (u,,)
and v = (v,) in 2 such that ||u[| < R and |v|| < R. Since h € C?(R;R"),
h(0) = K'(0) = 0 by (A5) and V = (V(m)) € £*> by (A6) and |u,| < R and
|v,| < R, for all n € Z¢, then

IF() = P2 <2 3 1 () = K @a)2( D2 Vin—m)lh( um)|>2

(2.10)

nezd mezZd
+2 3 1 (va)] ( 3" Vin - m)|h(un) ~ h(vm)|>2
nezd mezd

< 2MPMEVIP[lulPllu = o)) + 2MF MBIV |2 ][] [lw — o]
<ARPMPMZ|V|*u — v]f?,
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where M) = max|s<ar |h'(s)| and Ma = max|s<ar |h"(5)].
Proceeding as we did for the initial value problem (1.1)), we can prove the fol-
lowing results.

Theorem 2.5. Assume (A1)-(ii), with g(n,0) = 0 for all n € Z%, (A5), (A6) and
let ug, uy, and f belong to £%. Assume also that sg(n,s) > 0 for alln € Z¢ and
s € R. Then the initial value problem has a unique solution u € C?(R*; (?).
Moreover, for each T > 0, the map J: H — C([0,7]; H), defined by I(ug,u1)(t) =
(u(t),a(t)), 0 <t <7, is continuous.

In this case, as before, we obtain the identity (2.6) with the energy function

B(t) = (o) + 1Dl + 5 (o)

1 (2.11)
T3 2 D Vil m)hu () h(un(6)) = (fu(t)) ez
n€Z4 mezd
The same inequality in (2.8)) can be derived with
~ 4
E(t) = B(t)+ —[IfII*, YO<t<oo. (2.12)

3. EXISTENCE OF GLOBAL ATTRACTORS

Our aim in this section is to prove the existence of global attractors for the
semigroups generated by the solutions of the initial value problems (2.4]) and .
Let us first consider the initial value problem . Using Theorem e can define
a semigroup of continuous operators {S(t)};>0 on H as follows

S(t)(uo, u1) = (u(t),w(t)), Y(ug,u1) € H. (3.1)

To prove the existence of a global attractor for {S(¢)}+>0 in H it is sufficient
to prove that {S(¢)};>0 has an absorbing set in H and that it is asymptotically
compact in H, see e.g. [26]. Our proofs are based on a difference inequality by
Nakao as stated in Lemma below. This difference inequality was introduced
in [T4] to study the existence of attractors for some nonlinear wave equations with
nonlinear dissipation. Some other applications to the study of the dynamics of
continuous models can be seen in [9, 1, [I5]. In the context of LDEs, it was used
in [I6], 17 18].

Lemma 3.1 (Nakao [I4]). Let o(t) be a nonnegative continuous function on [0,T),
T > 1, possibly T = oo, satisfying
sup ()T < C(t) —p(t+ 1))+ K, YO<t<T -1, (3.2)

t<s<t+1

with some C >0, K >0 and v > 0. Then

P(t) < [C7 (= 1)+ ( sup (s)) ]

0<s<1

1
Ty KA, 0<t<T.

If (3.2)) holds with v =0, then

b(t) < su w(s)(i)[t]JrK 0<t<T
703521 Cc+1 ’ - ’

where [t] is the largest integer less than or equal to t and B+ = max{{,0}.
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Let us now introduce some notation that will be used in this section. We first
observe that if (A4) holds then, in particular, we have

sg(n,s) >0,¥n € Z% and s € R.

Let
Pty = B(t)— E(t+1) and Q1) = 3 tn(t)g(n,in(t), Vt= 0.
nezd
According to (2.6), E(t) is a non-increasing function on [0, co) and
t+1
POP= [ Quds vezo (3.3)
t

Also, by the Mean Value Theorem for integrals, there exist real numbers t; €
t,t+ 1] and ty € [t + 2, ¢ + 1] such that

t_;’_% t+1

1 1
Q(s)ds =-Q(t;) and Q(s)ds = =Q(ta). (3.4)
t 4 t+2 4
To simplify notation we will write h(u) = ho(u) + B(u) for all u € ¢2.

Lemma 3.2. Assume that (A1)—(A4) hold and let ug, w1, and f belong to ¢*. Then
there exists a positive constant Cy such that

sup  B(s) < Co(P(t)™2 + P(t)* + P()* + | fI* + ba]lx), VE > 0. (3.5)
t<s<t+1

Proof. Taking the inner product of [2.4| with v = u(t) in ¢?, using Lemma and
integrating the result over [t1,t2] we obtain

[WW%@W@+aA2@@W@+[7Mmmw@mm5

= (at1), u(tr))e — (ult2), u(t2)) 2 +/t 2 la(s)l|*ds (3.6)

2

—/QMMWW@M%+/ (f, u(s))ye ds.

t1 t1
Let us estimate the terms in the right hand side of (3.6). We initially write

(@t ult)e = Y dntun(ty) + Y dnltp)un(ty), j=1,2, (3.7)

[nlo<no [n]o>no
with ng as in (A4). Using (2.8)) we have
1/2 B }
( Z |Un(tj)|2> < g 2 sup E(s)'/2. (3.8)
[n]o<no t<s<t+1

Using Holder’s inequality, (A4), (3.3), and (3.4) we have
_2
Sl < @no+ 1 (3 fin(t)42)

[nlo<no [nlo<no

< (2ng +1)7 (kgl > g(nﬂln(tj))an(tj))r% (3.9)

[n|o<no

rd  ——2_ 2 4
< (2no + 1)HEk, 2475 (1),



10 J. M. PEREIRA EJDE-2021/65

Similarly, we can estimate the second term in (3.7 to find

S lin(t)un(ty)] < 2055 2P() sup ()2 (3.0)
[n]o>no t<s<t+1

From (3.7)-(3.10) we conclude that there is a positive constant Cj; depending
only on ng, «, ko, 7, and d such that

(). i01))s = (ulta) (t2)) o | < Cor (PO 4+ P(D) sup ()2 (301

Proceeding as in (3.9), replacing ¢; by s € [t1,t2], and noticing that
Do lun(s)” < k3 'QUs),
[nlo>n0
for any s € [t1,t2] by (A4), we obtain
t2 i 2
[ i) Pds < (200 + 1), 7

t1 t

to R L to
Frds + ky d
Qs+ / s

vd -2
< (2ng + 1)72k, "2 P(t)7 + ky ' P(t)2.
Next, for each t > 0 fixed, we define the sets
L(t)={ne€Z% |u,(t) <1}, IL(t)=ZN\ILi(t).
Note that by (A1), |g(n, @, (s))| < La(1)|d,(s)|, whenever n € I;(s). Then
: e 1 .
Y un(9)g(n,in(s)) < Sll)” + 5 > lglnsin(s))?

n€ly(s) nel(s)
o 1

5\\u(s)llz+ng(1) > ()] lg(n, i (s)))]
neli(s) (3.13)

S + 5 Lo () Y in(s)gn ()
nel(s)
< Sl + 5 L2(1)Q).
In addition, using (A4) and we have
3 un($)g(nin(s) < S fun(s)] fn(s)] [g(n, i (s))]
nels(s) nels(s)
<Ju@s)l Y fin ()] g, i ()
nel(s) (3.14)
= u()l Y n(s)g(n, tin(s))
nels(s)
< Jlu(s)IQ(s) < ag *Q(s) sup  E(s)M2.

t<s<t+1
It follows from (3.13]), (3.14), and (3.3)) that

to to 1
/ (9(i(s), u(s))reds < & / lu(s)|2ds + — Lo(1)P(t)?
t 2 2a (3.15)
+ag PP()? sup E(s)V2
t<s<t+1

IN
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Finally, in view of (2.8]), we easily see that

to N
[ Gl ds| < ag PF sup B(s)Y (3.16)
t1 t<s<t+1

Substituting (3.11)), (3.12)), (3.15), and (3.16) into (3.6 we obtain the estimate

to to to
[ ipruas+ 5 [ luePas+ [ s

t1 t1 t1

< Con[(P()7 + P(1)? + P(t) + | £1) (3.17)

x sup B(s)Y2+ PO + P(t)7] + [baler
t<s<t+1

where Cj 2 is a positive constant depending only on ng, o, k2,7, d, L2(1), and

L =3 (un(t)ho(n,un( ) + by n) 3 Zawn T (t) > 0,
nezd nezZd i=1
for all ¢ > 0, because of (A2) and (A3).
On the other hand, using hypotheses (A2) and (A3) we have

d
> ho(nun () + > D> hi(0 un(t))

nezd nezd i=1

<k Y (un(®ho(m,wn(8)) +brn ) = e

nezd

+ZZ’%Z( U ( i(ajun(t))) (3.18)

nezd i=1

< ko{ Z (un(t)ho(n,un(t)) +b1,n) + Z iajun(t)hi(ajun(t))}

nezd nezd =1
= [Ib2ller
where ko = max{k; ', kyi,i=1,...,d}.

Then, integrating (2.9) over [t1,t2] and using (2.7), (3.17)), (3.12), and (3.18]) we
deduce that

ta
E(s)ds
t1
ta 4 to to
_/ E(s)ds+—/ ||f||2ds+/ Iballerds
t1 a Ji, t1
ta a ta ta
gmax{ko,u[/ \|D”u(s)\|2ds+§/ lu(s) s + [ Ji(s)ds]
t1 t1 t1

1 [t 4 [t
g iods+ 2 s

2

< Cos[(P(t)™= + P(t)> + P(t) + || f]]) sup E(s)/?+ P(t)7= + P(t)?]

t<s<t-+1

4
o+ =112 - mas{ko, 1} b |, (3.19)
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for some positive constant Cy 3 depending only on ny, o, ko, k2,7, d, and La(1).
Furthermore, by the Mean Value Theorem for integrals, there exists t* € [t1, to]
such that

%E(t*) < (ty —t1) E(t*) = /tz E(s)ds. (3.20)

ty

If t € [t,t*] then using (2.6) and (3.3 we obtain

o
B) = Bt") +/ Q(s)ds < B(t") + P(H)2.
t
Analogously, we obtain the same estimate if ¢ € [t*,¢ + 1]. Therefore,
E(s) < E(t*) + P(t)%, Vs € [t,t +1].
Using this fact, (3.19) and (3.20]), we complete the proof. d

In what follows we will write Ko = || f||?> + ||b1]¢r and assume that Ky > 0.

Lemma 3.3. Under the assumptions of Lemma there exists po > 0 such that
B[0; po] = {(w, 2) € H; ||[(w, 2)|lg < po} is an absorbing set for {S(t)}i>0 in H.

Proof. Let O be any bounded subset of H and let p = p(O) be a positive con-
stant such that ||(w,2)||lg < p,V(w,2) € O. Assume that (up,u1) € O. Let us
first consider the case r > 0. Since F (t) is a non-increasing function, then using
(A1)-(A3) and Lemma we can find a positive constant 1o depending only on

pod,,p, k1, ko i =1, .., d || flls [[b1]ler, and ||ba]|er such that
Pt =FE({t) - E(t+1)=E({t)— E(t+1) <2E(0) <, Yt>0. (3.21)
It follows from (3.5)) and (3.21]) that

sup E(s)'1: <O [E(t) — E(t+1)] + (2Co Ko
t<s<t+1

) (3.22)

where C ; is a positive constant depending only on r,Cp, and po. Applying the
first part of Lemma to (3.22) with ¥(t) = E(t), v = §, C = C11, and K =

(2C’OK0)1+% we obtain
- T 4 - —r/27-2/r
E@) < [ciist-0"+( s B(s)) | 420K (3.23)
2 0<s<1
From ([3.23)), using (3.21)), we deduce that
E(t) < Ci(141) /" + 20, Ko, (3.24)

where C is a positive constant depending only on r, Cy, and po. Combining (3.24))
with (2.8)) we obtain
1S () (uo,un)l|% < ag'CL(1+ )7 + 205 'CoKy Wt > 0. (3.25)
Consequently, ||S(t)(ug, u1)|lz < po, for all t > 7 if we take
C()KQ 1/2 Ch r/2
=2(=00) =@ =m0 () - 1)
00 p” 7 =7(0) = max 0o,

This completes the proof of Lemma [3.3]if 7 > 0. The proof for the case r = 0 is
analogous. Indeed, using (3.5)) and (3.21)) we have

sup  E(s) < Co(2+ po)[E(t) — E(t +1)] + Co Ko, ¥Vt > 0,
t<s<t+1
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with Cy and g as before. Then, applying the second part of Lemma [3:1] to this
inequality and using (2.8 again, we deduce that

C. [t]
1S(8) (o, un)lfr < 05" 52 (5= ) + 0 CoKo

g2 i 1 (3.26)
ga(;l@( 2 )e_”t—i—aalC’oKo, Vvt >0,
2 Co
where Co = Cp(2 + po) and v = In (Cz+1). This implies Lemma, in the case
r =0 with py = (7200‘301(0)1/2 and 7 = 7(0) = max {0, L In (7‘2“’0(2%2;;3)} O

Next, we prove that the semigroup {S(¢)}+>0 is asymptotically compact in H.
Here, the main step consists in using a method introduced by B. Wang in [2§]
combined with Lemma to derive an appropriate estimate for the “tail” of the
solution of . More precisely, we will show that, for all € > 0, there exist 7(¢) > 0
and a positive integer k(€) such that

> (@ ()? + (un(t))?] <€, forall t > 7(e),
[nlo>k(e)

whenever the initial data (ug,u1) belongs to the absorbing set B[0;po]. To do
this, we will need the following auxiliary lemma whose proof relies on the following
elementary identities valid for any sequences w = (w,) and z = (z,) and i =
1,...,d.

aj(wnzn) = (ajwn)zn+ei + wna;rzna (
3f(wnzn) = (3fwn)zn + wnﬁjzn + ajwnajzn, (

partial; (Wpzn) = (0] wn)2n + wn0; 2n, — 0; Wn0; zn, (3.29
Ag(wnzn) = (Aqwn)zn + wnAgzy +VTw, - V2, + Vo w, -V z,. (

Note that (| - follows from (3.28]) and ( -

Lemma 3.4. Let u = (u,(t)) belong to CY*(RT;¢?), and (0,,) belong to £*>. Then

1P 3" Al (t) (Ot (¢ thZmDun |2+ZZa+9 2 (

nezd nezd neZd i=1

where

> ZI ()] < Clp )| (w(t), a@®)l7, vt =0,

nezd i=1

for some positive constant C(p,d) depending on p and d.

Proof. A proof of this lemma when d = 1 was first presented in [I8]. We will argue
by induction. Consider first p odd. If p = 1 then using Lemma [2.2] and (3.27)) we

have
— Z Agun (0p0,) = Z Vtu, - VT (0,1,)

nezl nezl

d
= 3" S 0w (600 1t + 8 O,

nezd i=1
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th LS v+ Y Zaﬂa 2,

nezd nezd i=1

where z% = (0] un )it te, satisfies 3 Z?:I |z§121| < 2d||(u,)||% by Lemma
21

Assume now that Lemma holds for p = 2k — 1 with k& € N. Using Lemma

again and (3.30) we have
(71)2k+1 Z A3k+1un(9nun)

nezd

:fZA UnAg(0,1,)

nezad

== > AFun [(Aabn)in + 0n At + V0, - Vit + V0 - Vi ]
nezd

(3.31)

By Lemma [2.2] and (3.28) we also see that

= > AFun(Adby)

nezd

d d
= > 0 0 (AT )0+ D 0 0,0 A2 uy Vi, (3.32)

nezad i=1 nezd i=1

+ Zam (0 A%, )07 it

neZd i=1
In addition,

= > AFu, VO, - Vi,

nezd

> ZAd Unpe, 0F 0,0; 1y, (3.33)

nezad i=1

= Z iafAikunaan Oy, — Z ZAd Un O Oy O 1.

neZd i=1 nezZd i=1

Substituting (3.32)) and (3.33) into (3.31)) results

(71)2k+1 Z A3k+1un(6nun)

nezd

== A¥un(OnAgi)
ot (3.34)

+y Zme [(0F AZFu, )i, — A2, (07 ,))].

nezd i=1
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Then, using the induction hypothesis with v(t) = (Aqu,(t)) € C*(R*;¢?), from

(3.34), we obtain
(—1)2k+1 Z A2y (Oritn)

n€ezd
2k—1.. |2 + (7)
*gazﬂD v\+2260@2m (3.35)
nEZd nezd i=1
+) Zam (87 A%u,, )i, — A%, (0] 10,)],
neZd i=1

where, in view of Lemma [2.1]

> Z 25010l < C2k = 1,d)]|(v,0)|I < 16d°C(2k — 1,d)]|(w, )3,

nezd i=1
> ZI O NG un )ity — AT un (9 )| < (4d)* ) (w, @) 17
nezd i=1

Therefore, the proof of Lemma for p = 2k + 1 can be concluded from (|3.35))
with 24}y, = 25+ (0F A un )i — A un (0] ).
Consider now p even. Since the proof is similar to the one in the previous case,

we summarize it as follows. In the case p = 2, using Lemma and working with
the identity (3.30) we can prove that

> A (Onity) = th Z On(Dqun)® + > Z 0;0,)
nezd nezd nezd i=1

where, by Lemma zéL (Adun)a Uy — (8{"Adun)an satisfies

> Z'ZZ (4d)* || (u, @) |[7-

nezd i=1

Next, assuming Lemma valid for p = 2k, with ¥ € N and proceeding as in

(3-33)-(3.35) we can prove that
1d d :
Z A3k+2un(9na") =5 Z 0,| D220, |2 + Z Zaj‘gnzélk),n

nezd nezd nezd i=1
d
+ 2k+1 + - + A 2k+1 .
+ E E 0; 6, [Ad un (0 0n) — (0;" A} un)un],
nezZd i=1

K2

with 2571;3+2,n = sz ALy (0 a,) — (8 A2, )i, satisfying

3 Zvézlgn < [16d2C (2K, d) + (4d) ™3] (u, @) | %,

nezd i=1

by Lemma [2.1] This completes the proof. O
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Remark 3.5. Along the proof of Lemma if we replace 6,4, (t) by 6,u,(t) then
we can easily check that

123" ALun(t) (Onun() = Y 0| DPun () + > Z 850,)z5) (1), (3.36)

nezd nezd nezd i=1
with Zézzl(t) satisfying the same estimate in Lemma

Let us now introduce some notation analogous to those used in the proof of
Lemma Let w = (u,(t)) be the global solution of obtained by Theorem
We consider a function § € C*(RT; R) satisfying @ = 0in [0, 1], § = 1 in [2, 00),
0<60(t) <1and|0(t) <2forallt>0. Let w= (wy(t)), where wy(t) = Opun(t),

with 0, = 6(%) and k fixed in N. We define the modified energy

—% > Onlin(t) Z 0, DPu, ()% + Z O (wn (t

nezd nEZd nEZd
J (3.37)
+ ) Onho(n,un(®) + )Y 0nhi (0 un(t) = Y O frun(t)
nezd nezd i=1 nezd

for t > 0. Differentiating Ep(t) with respect to ¢, using (2.4) and Lemma we
have

ng =) Ong(ny i ()i (t) = Y Z (070,)20 (), vt >0,  (3.38)

nezd nezd i=1
with z,(le(t) as in Lemma From , for all t > 0, we can write
t+1 t+1
Eg(t) — Eg(t+1) = Qo(s)ds + Ry(s)ds
¢ ¢

where

d
= Ong(n i ()i (t), Ro(t)= > (90,)25,(t)

nezd nezd =1

Also, observe that from (3.37)) and the hypotheses (A2) and (A3) we have
. 4
)= a0 Y Onlin(t)® + un(t)?] — - > 0uf2 =Y Oubyn, V>0, (3.39)

nezd nezd nezd
where, as before, ag = min{%, 21
The above considerations motivate us to define on [0, 00) the following nonneg-
ative functions

t+1 t+1
Py(t)? = Ey(t) — Byt + 1) — Ro(s)ds = Qo(s)ds, (3.40)
t t
Eo(t) = Eo(t) + 4 > 0nfr+ > Onban. (3.41)
@ nezad nezd

Finally, to simplify notation, for any sequences w = (w,) and z = (z,), we will

write
(w,2)g = Z Opwnzn, |Jw]2 = Z O | w2,

nezd nezd
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||w\|e§ = Z 9n|wn‘7 HDpng = Z 9n|Dpwn‘2a

neZd nezd
(h(w), w)p = > Bnwnho(n, wy) — ZZGwnah wy,).
nezd nezd i=1

Lemma 3.6. Under the assumptions of Lemma and (ug,u1) € B[0; po], there
exist positive constants Cy;, i = 1,2,3, with Cy 1, Ca2 depending on py and Ca 3
depending only on ki,kos, ¢ =1,...,d, and o, such that

sup Eg(s) < 02,1(P9(t)

t<s<t+1

1
4 By(t)?) + 3o+ Cos(IfI3 + Ialley), Ve > 0.

Proof. We first observe that (ug,u1) € B[0; pg] implies the existence of a positive
constant ro depending on py and some parameters of the problem (see and
(3.26))) such that

|(u(t), w(t)|| <rg, VE>0. (3.42)
By the Mean Value Theorem for integrals there exist t; € [¢,¢ + i] and ta €
[t +3,t+1] such that

t+3 t+1

Qo(s)ds = ng(h) and Qo(s)ds = %Q@(fg). (3.43)

t t+32

Taking the inner product of equation (2.4) with w(t) in ¢2, using (3.36) and inte-
grating the result over [t1,t2] we find

/t " IDPu(s)3ds + / lu(s)l3ds + / " (h(u(s)), u(s))ods
— (u(t), 0o — (u(tz), alez))o + [ (o) s (3.44)

-/ (atis)). uls)ods + [ f(f,ugs»eds -/ Ry(s)ds,

where

=Y Z 070, 2(%) (¢ (3.45)

nezd i=1

with 2,(,1% (t) satisfying

d
> Z ()] < C(p,d)r2, Vt>0. (3.46)
nezd i=1

Observe that by the deﬁmtlon of 6,, we have that |00, < ,i=1,...,d. Since
(ug,u1) € B[0; po), from (3.46) we see that

- 2
Rol(s ds‘ <3 Z/ 100, 1249, ()| ds < EC(p,d)r%. (3.47)

nezd i=1
Next, we follow the same steps of the proof of Lemma [3.2] We first write

(u(ty),ilt)o = D Ontn(ty)in(ts) + D Onun(ty)in(ty), j=1,2, (3.48)

[n|o<ng [n]o>no

‘tl



18 J. M. PEREIRA EJDE-2021/65

with ng as in (A4). Using (3.39)) and (3.41]) we have

1/2 _ -
(2 Oaluat)?) " <ag? sup  Ey(s)' (3.49)

nlo<no t<s<t+1

Using Holder’s inequality, (A4), (3.43]), and (3.40]), we also have

” r42 Ti
Z Onltin (t)]? < (2n0+1)7'+‘12( Z 02 |’lln(tj)\r+2> +2

[nfo<no [n]o<no

§(2no+1>%(k;1 > Hng(n,un(tj))un(tj))$ (3.50)

[n]o<no

rd -2 2 _a_
< (2n0 + 1) T2 k2 2 475 Py (t) T2
Similarly, we can estimate the second term in (3.48)) to find that

S Jan(t)un(ty)] < 200 2k PPy(t) sup Eg(s)V2 (3.51)
\n|0>n0 t<s<t+1

Thus, from (3.48)-(3.51) we conclude that there is a positive constant C 1 depend-
ing only on ng, a, ko, r, and d such that

[ultr), it1))o = (u(ta), ilt2))ol < Cra (P72 + Po(t)) sup Fy(s)/2. (3.52)

t<s<t+1

In the same way we obtain the estimate
t2 rd -2 4
/ li(s)||ads < (2no + 1)7+2ky "F2 Pp(t)7+2 + 4ky " Pp(t)?. (3.53)
ty
Now to estimate the third term in right hand side of (3.44)), we define the sets

L(t) = {n € Z%u,(t)| <1} and I(t) = Z\I1(t), with ¢ > 0 fixed. Using the
assumptlons (Al) and (A4 ) we see that

71611(8)
<— Z O |un (s |2+7 Z 0,9(n, 0, (5)))?
TLEIl( ) neh(e)
(0%
< luls Z Ot (5)] 1g(n, 11 (5))] (3.54)
nGIl S)
(0% .
ZEH ( ||0 Z onun n ’U,n(S))
’I’LEI1 S)
(6% L2( )
< .
< g lluls g + g, @o(s)
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Moreover, using (A4) and (3.42) we have
Z Onun(s)g(n, in (s Z On |un ()| [in(s)] |g(n, in(s))]

nels(s) TLEIQ( )
<lu()l D Onlin(s)] lg(n, in(s))]
nelg(s) (3.55)
= [u(s)| D Onitn(s)g(n, itn(s))
nels(s)
< roQo(s).

From (3.54)), (3.55)), and (3.40) it follows that
b2 a [P 2 1 2 2
/‘mmaw@»msg/ lu(s) s + (5= La(1) +73) Po(e. (3.56)

t1 t1

Finally, using (3.39)) and (3.41]) we also have
to ta
[ atshods| < [ 17lalu(s)lods < o5 1A e swp Eafo) (357
t1 ty

t<s<t+1

Therefore, using (3.47)), (3.52), (3.53)), (3-56)), and ([3.57)) in (3.44)) we conclude that
there exists a positive constant C; o, which depends only on ng, o, ke, 7, d, La(1),
and rg, such that

[ IDrats) s + 5 [ luto)lds + [ (uo). uls)ads

t1 ty t1

< Cia|(R®7T= + R) swp Egs) 2+ RO + R (3.58)

t<s<t+1

_ ~ 2
+ag ifle sup  Ep(s)'/? + LCp.d)r]
t<s<t+1

On the other hand, integrating (3.37) over [t1, t2] we obtain

to 1 to a to ta
/ Ey(s)ds = 5/ | DPu(s)||3ds + 5/ lu(s)||Zds +/ J1o(s)ds
t1 ty1 t1 ty

3 [ Nl = [ Goatods

1 1

(3.59)

where

d
Jro(s) =Y Onho(n,un(s) + > Y 0,hi(0 un(s)).

nezd nezd i=1

Let us compare (3.58) and (3.59). Using the identity (3.27) we can write
(A(u(t)), u(t))g

Z O tin, () ho(n, un (¢ Z ZG 8+un hi (0 un(t))

nezd nezd i=1

+ Ruo(t) = J2,0(t) + R10(t) — [[bales,
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where
d
Rl 0 Z Z Un+el )hz(ajun(t))a
nezd i=1
Jao(t 29 U, (E) ho(n, un (£)) + b1 0] + ZZeaun Yhi (0 un(t)) > 0,
nezd nezd i=1

for all ¢ > 0 because of (A2) and (A3).
Substituting the above expression into (3.58)) yields

to a to to
[ 1pra@las+ 5 [ lu@lds+ [ gats)as

t1 ty t1

<4 2[( o (t )r+2 + Py(t )) sup E9(5)1/2 + Pg(t)$ +Pg(t)2
t<s<t+1
y ~ ) N (3.60)
oy sl sw Ba(s)2 + L0+ [ allyds
t<s<t+1 k t 0

[2)
—/ R 9(s)ds.

t1

Since (ug,u1) € B[0; po] and |0;6,,| < %, i=1,...,d, then using (3.42) and (Al)
we have

t> Ad ,
‘/ Rlﬁ(s)ds‘ <~ Ly(2r0)r. (3.61)
t1

In addition, by (A2) and (A3) we see that

Jro(s) <kt Y Ze U (8)ho (11, U (5)) + 01,n] — (b2l

neZdz 1
+ > Zk 0007 1 (5)hi (8 un(s)) < koJz,0(s) — [[b2] a1
nezad i=1

where kg = max{k‘fl,koiil,z’ = 1,...,d}. Therefore, from (3.41)), (3.53), (3.57),
(3.59]), (3.60), (3.61), and (3.62) we deduce that

to -
/ Ey(s)ds
t1

< Cra[(Po(t)752 + Py(t)) sup  Eo(s)/2 + Py(t) 72 + Py(t)?] (3.63)

t<s<t+1

_ ~ 1 4
+20" 2 fle sup Eols)"/? + £ Cra+ matho, 1Henll, + ~ 1113
t<s<t+1 «

(3.62)

where C 3 and C} 4 are positive constants depending on ry.
Finally, as in the end of the proof of Lemma we can find t* € [t1,t2] so that
to ~
fE (t*) < (to — t1)Eg(t*) = Ey(s)ds. (3.64)

t1

If £ € [t,t*], then, using (3.41)), (3.38)), and (3.40]), we have

Ey(t) — Eo(t*) = Eo(f) — Ep(t")
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t t*
= d R d
; Qo(s) s—l—/{ o(s)ds

t+1
<Rtf+ [ IRalo)lds
t

Similarly, if £ € [t*,t + 1] then

i t* t41
By(i) — Bo(t) :-/ﬁ Qg(s)ds—/t~ Rg(s)dsg/t Ry (s)|ds.

Therefore,
~ ~ t+1
sup  FEp(s) < Ep(t*) + Py(t)? —|—/ |Ro(s)|ds, (3.65)
1<s<t+1 ¢
where, as in (3.47)), we have
t+1 2

| Rals)ias < 2. (3.66)

¢
The conclusion of the proof of Lemma [3.6] now follows from (3.63))-(3.66)). O

Lemma 3.7. Under the assumptions of Lemma for each € > 0, there exist
7(€) > 0 and a positive integer k(e) such that

Yo () + (wa(t)) < e VE=7(e).
[nlo=k(e)

Proof. We will denote by Cs,,%=1,...,6, the positive constants depending on pg
that appear along the proof. Let us first assume that » > 0. Since (3.42)) holds,
using (A1), we have

t+1 t+1
= [ Qs < / S 0alg(n, in(5)) [im () 3

nezs (3.67)
t+1
<Laro) [ )]s < Lafra),
t
By (3.66) we also have
_ - t+1
Po(t)> = Eg(t) — Ep(t +1) — Ro(s)ds
t (3.68)

- ~ 2
< By(t) — Ep(t +1) + 2 C(p, d)rf.
Using Lemma [3.6] (3.67), and (3.68) we obtain

sup  Ey(s)' 75 <275 TR (02 (14 Pot) )
t<s<t+1

1+

r

1l +
+ 2548 [ Ca + Ca (1 + 101]13)] 569

[ I 7'1
< CsalEp(t) = Ep(t + 1) + 275 Ca

r

+3

2
+ [ Caa +2Caa(If13 + lenlly)]
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Applying the first part of Lemma [3.1] to inequality (3.69) we deduce that
~ ~ _r,_2
Ey(t) < [Cg_llz(t — )T+ (sup By(s)) ?] 7 + CaskF
"2 0<s<1
(3.70)
+2C23(I 117 + [1b1ller), vt >0.

Since (gboﬂll) € BJ0; po] then proceeding as in (3.21) we can bound the term
Supg<s<1 Eo(s) in (3.70) by a positive constant that depends on po. Thus, from
B70), (3-39), and (3.41)) we obtain

3 Onlitn () +un(®)?] < ag ' Coa(l+1)77 + a5 Cy k™72
nezd (371)
+ 200 Co (I £115 + 1balley), Ve > 0.

Since f € £? and b; € ¢! then, given € > 0, there exists a positive integer k(e) such
that

€ k(e
a0710373]€_r%+2a6102)3< Z | ful? + Z bl,n) < : Wk > %
[nfo>k Injo>k
Then, from (3.71) it follows that
Z Onlitn (£)” +un (1)) < g ' Caa(1+1) 77 + ;

nezd

Q€

forallt > 0and k > @ Choosing 7(¢) = max{0, 71(€)}, with 7 (¢) = (203'4)§ -1
we obtain

Z [t (1) +un(t)?] <€, Vt>7(e) and Yk < @

2
Inlo>2k

This estimate implies Lemma [3.6]if r > 0.
Suppose now that r = 0. By Lemma and (3.68) we have

. 1
sup  Ey(s) < 2021 Po(t)” + 2-Caz2 + Ca(lIf15 + [lbaley)
t<s<t+l k ’ (3.72)

. ~ 1
<2021 [B(t) — Eo(t + 1) + Ca 57 + Coa(IIf 15 + 1b1e)-

Applying the second part of Lemma to inequality (3.72)) yields

. - 2C
Ey(t) < sup Ea(s)(ﬁ

[¢] 1
)+ Casp + Can(lfl+ballg). vt 0. (3.73)
0<s<1

Then, estimating the term supy<,<; Eg(s) in (3.73) by a positive constant depend-
ing on pp and using (3.39)) and (3.41]) again we obtain
Z en[un(t)Q + un(t>2]

nezd

_ _ _ 1 _
< ag ' Cyee™" +ag 103,5@ +ag ' Cos([I£15 + balley), Ve >0,

with v = In (2321;?1), which implies Lemma if r=0. O

Lemma 3.8. Under the assumptions of Lemma the semigroup {S(t)}i>o is
asymptotically compact in H.
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In view of Lemmas [3.3] and [37] the proof of the above lemma is similar to that
of Lemma 3.9 in [I8], so we omit its proof here. Using the notation of Lemma
and denoting by

dist(A, B) = inf la—b
ist(A, B) EEEZ}QB”“ |z

the Hausdorfl semi-distance between two subsets A and B of H we can state our
first main result in this section.

Theorem 3.9. Assume that (A1)—(A4) hold and let ug,uy, and f belong to (2.
Then the semigroup {S(t)}i>0 associated with the initial value problem (2.4) pos-
sesses a unique global attractor A in H. Moreover, A C B|0;po] and for any
bounded set By in H there exist positive constants C(Bg) and v depending on By
such that

(1+t)" 7, ifr>0

. 3.74
e vt if r =0 (3.74)

dist (S(t)Bo, B[0; po]) < C(Bo) {

Proof. In view of Lemmas and [26, Theorem 1.1], the w-limit set A =
w(B0; pg]) is the unique global attractor for {S(t)}:>0 in H. Clearly, A C BI0; po]
because A is a bounded set of H and invariant under {S(¢)};>0. Let us prove the

absorbing rate in (3.74) when r > 0. By (3.25) for any (ug,u1) € By we can find a
positive constant C'(By) depending on By such that

1S (8) (g, wr)||sr < C(Bo)(1+)~7 +272py, Wt > 0. (3.75)
Now, for any (up,u1) € Bg and ¢t > 0 fixed, from (3.75)) we easily see that

inf | 1S (t) (w0, ur) = (wo, wn) | < C(Bo)(1+4)717.

(wo,w1)€B[0;p0

Therefore,
dist (S(t)Bo, BI0; po]) < C(Bo)(1 + )1/

The exponential absorbing rate in (3.74)), i.e., when r = 0, is proved in the same
manner using ([3.26]). O

Next, we will prove the existence of a global attractor for the semigroup {S(t) }+>0
associated with the initial value problem (2.10). Thus, in the rest of this section,
u = u(t) denotes the global solution of Q_Z_T_OBD obtained by Theorem and the
semigroup {S(t)}¢>0 is defined as in (3.1). We also consider E(t) and E(t) de-
fined by % and , respectively, and the functions P(t)? and Q(t) as before

B4

satisfying (3.3]) and

Lemma 3.10. Assume that (A1), (A4)—(A6) hold and let ug, u1, and f belong to
(2. Then there exists p; > 0 such that

B[0; p1] = {(w, 2) € H; |[(w, 2)||lm < p1}

is an absorbing set for {S(t)}i>0 in H.
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Proof. The proof of this lemma is similar to the proofs of Lemmas [3:2] and [3:3] We
first proceed as in the proof of Lemma [3.2] to obtain

to to t2~
[ Pas+ § [ s+ [ dasas
t t t

1 1 1

< C~10,2 {(P(t)% + P(t)? + P(t) + ||f||) sup ) E(s)1/2 (3.76)
t<s<t+

+ P(t)7 + P(1)?],
where C~’072 is a positive constant that depends only on ng, v, ko, 7, d, Lo(1) and
=3 Y Vn—m)h(un ()b (un(t))un(t), Vt>0.
n€Zd meZd
Using hypotheses (A5) and (A6) we have that
SN V= m)h(um () h(un(t) < ¢; M Ja(t),  VE = 0. (3.77)

nezZd mezl

Integrating (2.12) over [t1,t2] and using (2.11)), (3.76]), and (3.77)) we obtain

/:21:7(3)0!3

< max{c; !, 1}Coz [ (P07 + PW)* + P(1) +|If]) sup B(s)"/?

t<s<t+1

a_ 1 2 4
PO+ P2+ L [ i+ [t + S
t1

Then, still arguing as in the proof of Lemma(3.2] we prove the following inequality

analogous to (3.5)),

sup E(s) < Co[P(t)72 + P(t)" + P(t)* + || fI|?], ¥t > 0, (3.78)
t<s<t+1
for some positive constant C’O.

Now, let O be a bounded subset of H and choose p = p(O) > 0 so that
l(w, )|z < p, for all (w,z) € O. If (ug,u1) € O, then, as in (3.21), now us-
ing Lemma [2.1} (A5), and (A6), we can bound P(t)? by a positive constant fig
depending on p, d,a, p, ||V]], and ||f||. Therefore, the proof of Lemma can be
concluded as in the proof o Lemma using and Lemma ([l

Next, let us modify the proofs of Lemmas [3.6] and [3:7] We will keep the same
notation used in Lemma [3.6] Under the assumptions of Lemma [3.10] we define

— % > O (it (2) Z 0,,| DPu,, (t))? + Z Oy (un (t

nem = = (3.79)
HJia(t) = > Onfrun(t), V¢ > 0,
neze
where
Jio(t) = % 3D 0.V — m)h(u () h(un(t). (3.80)

nezZd meZl
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Differentiating Ey(t) with respect to ¢, using (2.10), (A5), (A6) and Lemma[3.4]
we find that

%Eg(t) = =S Oy i ()it (1) — Ra(t), V>0, (3.81)

nezd

with Ry (t) = R1,0(t) + Rz,6(t), where

Rip(t)= ) Z (05 0,)25) (¢ (3.82)

nezd i=1

Ro(t) =~ 30 37 (6 — 0V (1~ m)an () ()i (), (3.89)

nGZd mezd

and the functions zj(f;)n(t), i1=1,...,dareasin Lemma Thus, defining on [0, o)
the functions

t4+1
Py(t)? = Ey(t) — Byt + 1) —/ Ry(s)ds, (3.84)
Bolt) = Bo(t) + = 3 6uf2, (385)
nezd

from ) and - we obtain

t+1
Py(t)* = Qo(s)ds >0, Vt>0, (3.86)

) > ag Z O [t (£)% 4 un(t)?], VE >0, (3.87)

nezad

where, as before, in (3.86), Qo(t) = D", cz4 0ng(n, iin(t)i,(t)) for all £ > 0.

Lemma 3.11. Under the assumptions of Lemma and also (ug,u1) € B0; p1],
there exist positive constants C’g i, 1 =1,2,3, with 02 1, C2 o depending on p1 and
02’3 depending only on «, such that

sup  By(s) < Coa (Po(t) 7% + Py(1)?)

t<s<t+1
+Caali (14 X RVOIR) + 3 WG] + Casll 1

l7lo<t l7lo>1
for any positive integer I and any t > 0.

Proof. Since (ug,u1) € B[0;p1], as in Lemma there exists a positive constant
r1 depending on p; such that

[(u(®), w@)|a <71, VE20. (3.88)
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Let t1,to satisfy (3.43) with Qg(t) as above. Taking the inner product of equation
(2.10) with w(t) in £? and integrating the result over [t1,ts] we find that

/t DPu(s)|2ds + a / lu(s)|I3ds + t " Jog(s)ds
= (itr), u(tr)o — (ilt), u(t2))o + / " li(s)3ds (3.89)

- [t atenads + [ ratsnads - [ R,

t1 ty1

where

Fao®) = 37 37 0,V (0 — m)h(um()A (un (t) un (1), (3.90)

n€Zd meZl

d
Ro(t) = D> D (05 6n)250(1),

nezd i=1

and the functions 5}]}1@), 1=1,...,d satisfy the estimate (3.46|) with rq = ry.
Substituting the estimates obtained in the proof of Lemma into (3.89)) yields

to to t2~
/ | DPu(s) |3ds + & / lu(s)|2ds + / T (s)ds
t1

t1 2 ty

< Cua[(Po()72 + Py(1)) sup Fo()!/” + P77 + By()?|  (391)

- ~ 2
+ay I flle sup Eo(s)'? + 2 Cp.d)r,
t<s<t+1

where C~’172 is a positive constant that depends on ng, «, ka,r,d, La(1), and 7.
By (A5) and (A6) we know that Ja(t) > 2¢1J1,6(t), V& > 0. Then, integrating
(3.79]) over [t1,t2], using (3.53), (3.57)), and (3.91]), we obtain

to B
/ Ey(s)ds
t1

<Cis[(P()77 + Py(t) sup Ey(s)2+ Po(t)™2 + Po(1)?]  (3.92)

t<s<t+1

_ ~ 1~ 4
+ag e sup Eo()'/ + Cra+ £,
t<s<t+1 e

with some positive constants C~’173 and C~’174 depending on ry.
To complete the proof we need to estimate the term Ry (¢). Observe that for any
m,j € Z%, by the definition of 6,,, we know that

2.
‘0m+j - 9m| < E‘]‘O and |0m+j - 9m| <2



EJDE-2021/65 ATTRACTORS FOR DISSIPATIVE LATTICE DIFFERENTIAL EQUATIONS 27

Since (ug,u1) € B[0; p1], for any integer [ > 1, using (3.88]), (A5), and (A6) we can
estimate Ry ¢(t) as follows

[Ro (1)
<5 32 (WG lion O] Y 100 = 0]V (1= ) (1))
mezd nezd
< 3 (X WP lin®R) " (X sy 0 FVGE) " B9
meZd jezd

<pin( S URIVGP+ Y ver)”

l7lo<t l7lo>1

where 31 = maxs <, {|2(s)], |h'(s)|}.
Estimating the term (3.82) as in (3.47) we obtain

t+1 92
/ [Rio(s)lds < +C(p,d)ri, (3.94)
t

Now, as in the proof of Lemma[3.6 by the Mean-Value Theorem for integrals there
exists t* € [t1, t2] such that

1 - * NS 2
3 Eo(t*) < (to — t1)Ep(t*) = Ey(s)ds (3.95)
ty
and, as in ([3.65)), we have
~ R t+1
sup  Ey(s) < Eo(t") + Py(t)? + / IR (s)|ds. (3.96)
t<s<t+1 t
Finally, from (3.92))-(3.96]) we conclude the proof. O

Lemma 3.12. Under the assumptions of Lemma [3.10, for each € > 0, there exist
7(€) > 0 and a positive integer k(e) such that

3 (@) + (ua(t)? < e, VE>7(e).

[nfo>k(e)

Proof. Let us consider the case r > 0. We will denote by C~'3,i, 1 =1,...,5, the
positive constants depending on p; which will appear along the proof. By Lemma

[3.17] we have

sup  Ep(s)'"2 <212 Py(t)*[Co1 (1 + Py(t) TZQ)]H%
t<s<t+1 (3.97)
4215 [Con 9(k, 1) + Cosl 2], WE>0,
where )
kD) = (14 3 RVOIE) + X VG
l7lo<l [7lo>1

In (3.97) we can bound the term P, (t)% by a positive constant depending on r;
using (3.86), (Al) and (3.88) (see (3.67)). Then, using (3.84) and the estimates
(3-93) and (3.94) again, from (3.97)) it follows that

sup E‘g(s)l—i_g < 6371[E9(t) — E@(t + 1)] + 21+§C~'3,219(]€, l)

t<s<t+1

+ 2145 [Coad(k, ) + Coal 3] 2
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Applying the first part of Lemma to this inequality and using the elementary
inequality (a + b)® < a® + b*, valid for all real numbers a,b > 0 and 0 < s < 1, we
deduce that
~ ~ 4T ~ _r,_2 ~
Ey(t) < [03,115(75 —1)F 4+ ( sup Eg(s)) ?] 7+ Caz[di(k,1) + 92(1)]
0<s<1 (3.98)
+2Cs3)fllg, vt >0,

where
kD) =5 (14 S RVOR) + [5(1+ X iBveR)]
[7lo<l l7lo<l
b= 3 VOE+ (X vor)™.
l7lo>1 [7lo>1

Since (ug,u1) € B[0; p1], usmg B-79), (3-85), Lemma and (A5) we can

bound the term supp<,<q Ee in - by a posmve constant depending on
p1,0,d,a, | V][, and || f]. Therefore from ([3.98)) and (3.87)), we obtain the inequality

> Oufin () + un (t)?] gaglég,4(1+t)—%+aglc;,3[ﬂ1(k,l)+02(z)]
nezd
+2a5 ' Col fll3, VE>0,

Now, given ¢ > 0, using (A6) we choose I = I(¢) > 1 such that ag'Cs392(1) <
e/4. Thus,

D7 Onlin (t)? + un(t)?] < a5 C34(1+ )77 + ag ' Cs 391 (K, U(c))

nezd

+ 2051 Cy, vt > 0.
Since f € £2, then there exists a positive integer k(e) such that

1A 1A €
o Cy 30 (k, U(e)) + 200 CollfI5 <

. Consequently, the above inequality reduces to

Z e('”'o) ()% +un(t)?] < ag ' Caa(1+1)”

nezd

2
T

+ -, (3.99)

N N

for all t > 0 and k& > k(;). Now, choosing 7(e) = max {0, (263'4)”2 — 1}, from

(13.99) we obtain o

> [in(t)? +un(t)?) <€, V> 7(e), VE >
|n|>2k

which implies Lemma [3.12]if r > 0.
If r = 0 then by Lemma [3.11} (3.93) and (3.94) we have

sup Ey(s) < 2C21[Ep(t) — Ep(t + 1)) + Cs,59(k, 1) + Ca s f1I3,

t<s<t+1

k(e)
2 )

with ¥(k,1) as before. Applying the second part of Lemma to this inequality
we can conclude the proof as we did in the case r > 0. (]
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Lemma 3.13. Under the same assumptions of Lemma the semigroup
{S(t)}+>0 associated with the initial value problem (2.10) is asymptotically com-
pact in H.

The above lemma is a consequence of Lemma and well known arguments
(see [18, Lemma 3.9]). As a direct consequence of Lemmas and [26],
Theorem 1.1 | we obtain our second main result in this section.

Theorem 3.14. Assume that (A1), (A4)—(A6) hold and let ug, w1, and f belong to
(2. Then the semigroup {S(t)}+>0 associated with the initial value problem (2.10))
possesses a unique global attractor A em H. Moreover, A C BI0;p1] and the

absorbing rates (3.74]) hold with py replaced by p;.

4. PERIODIC LATTICE DIFFERENTIAL EQUATIONS

Let N be a fixed positive integer (the period). We denote by Eger the Hilbert
space of all real sequences u = (uy),eze such that

UniNe, = Un, i=1,....d, neZ? 4.1
+ k2

equipped with the inner product and norm given by

N N 172
(w02, = D vy Nl = (D Jual?)
n=1

n=1

for all v = (up)peze and v = (vp)peza. Throughout this section we donote by
25:1 u, the sum 251:1"'27]:;:1 Un,,...nq), Whenever u = (un),ecza satisfies
. We also consider the Hilbert space élzm of all sequences u = (uy)peze in Egcr
such that Zgzl u, = 0, equipped with the inner product and norm above.

As in the previous sections we will denote a sequence (up),ecze by (uyn). Also,
we will refer to a sequence u = (uy),eza satisfying as a periodic sequence.

Using it is easy to check that for any u = (u,,) and v = (v,,) in £2,,, Lemma

per’

inequality , and Lemma are still valid with ) ;. replaced by ij:l
and |DPu,|? defined by (2.1)).

We assume that the functions hg : Z? xR - R, h; : R - R,i =1,...,d, and
g: Z% x R — R satisfy (A1)-(A3) stated in Section 2, where in (A2), b1 = (b1,,),
and be = (bs,,) are nonnegative periodic sequences. In addition, we assume that

(A4’) For each s € R, (ho(n,s)), (g(n,s)) are periodic sequences and there exist
real constants ko > 0,7 > 0 such that sg(n,s) > ko |s|"*2, for all n € Z4
and s € R.

Let us first consider the periodic problem
Gin (t) + (=1)PADuy, (t) + qun (t) + F(n,un(t), Viu, () + g(n, in(t) = fa,
un(0) = won,  Un(0) = uin, (4.2)
Un+Ne, (1) = un(t),

where n € Z4, i =1,...,d, t > 0, (ugn), (u1,n), (fn) belong to £2,., and the term

per»
F(n,un(t), VTu,(t)) is as in (1.2).
We introduce the Hilbert space H = £, x (2, equipped with the natural inner
product given by

((w,0), (w,2)) = (w,w)ez, + (v,2)e2_, (4.3)
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for all (u,v) and (w, z) in H.

Proceeding as in Sections 2 and 3 we can study the dynamics of the problem
in the space H and extend the results of Theorems and to this case.
Since the proofs are entirely analogous, here, we will just indicate what should be
done.

e We first observe that, under the above assumptions, we can prove that the
maps hg, B, g defined in are locally Lipschitz continuous from Kﬁer
into itself and that the linear operator A, also defined in , is bounded
in 2. Then we can write the problem in 2., as the initial value
problem . As a result, we can use the Theory Ordinary Differential
Equations in Banach Spaces and the energy equation associated with the
problem ([4.2)), which is given by (2.7)), with 3, ;4 replaced by 25:1 and
22 by der, to obtain the same results of Theorem for problem in
the space H above.

e The second step consists in defining the semigroup {S(¢)}:>0 of continuous
operator associate with problem as in . Since the dimension
of H = 2, x 2 is finite, in order to prove the existence of a global
attractor in H we only need to prove the existence of an absorbing set for
the semigroup {S(t)}+>0 in H. This can be done as in Lemmas [3.2{ and

using Lemma [3.1]

Next, let us discuss the existence of a global attractor for the one-dimensional
periodic problem

un(t) + (_1)pA§)un(t) - 81_h(aii_un(t)) - 81_g(aii_un(t)) = f’ﬂ)
un(o) = UQ,n; U, (O) = Ul,n, (44)
Untn (t) = un(t),

where n € Z and ¢t > 0. In &4) (vo.n), (u1.n), (fn) belong to 2., and we assume

that the functions h: R — R and g : R — R satisfy the assumpfc)ions
(A7) For each sy > 0, there exist positive constants L; = L;(s¢), j = 1,2, such
that
(i) [h(s1) = h(s2)| < La[s1 — sal,
(i) [g(s1) = g(s2)| < La[s1 — s2f,
for all s1,s2 in R, |s1| < sq, |s2| < sg and h(0) =0, g(0) = 0.
(A8) There exist constants ko > 0, k1 > 0 and ks > 0 such that

S
sh(s) + k1 > ko(h(s) + k2) >0, Vs € R, where h(s) = / h(o)do.
0

(A9) There exist constants k3 > 0,7 > 0 such that sg(s) > k3|s|"*2 for all s € R.
Examples of functions satisfying the above assumptions are given in Appendix A.
We want to study the dynamics of problem in the Hilbert space H =
éf)er X éger, equipped with the inner product (-,-); defined as in (4.3)), with H
replaced by H. We denote by || - ||;; the corresponding norm. Under assumptions
(AT7)—-(A9), the well-posedness of problem can be proved following the same

steps of Section 2. Indeed, introducing the notation
Au = ((-1)?Alu,), B(u)= (— 8fh(8fun)),
G(u) = (— 0y g(0) un)),



EJDE-2021/65 ATTRACTORS FOR DISSIPATIVE LATTICE DIFFERENTIAL EQUATIONS 31

for any u = (u,) in éger, we can write (4.4)) in éf)er as
(t) + Au(t) + B(u(t)) + G(u(t)) = f, t>0,
u(0) = ug, w(0) = uq,
where up = (uon), ur = (urn), [ = (fa), ult) = (un(t)), u(t) = (in(t)), and
i(t) = (iin(t)).
Therefore, we can prove the existence of a unique solution u = u(t) of (4.5)
belonging to C?([0, Tmax); fper) With the property that either Tyax = oo or

(4.5)

Tmax <00 and  lim  [[(u(t), 4(t))]| ; = oc.
t—Tmax

To extend the solution u = u(t) globally we will need the following consequence of

Poincaré inequality valid in (%er.

Lemma 4.1. Let u = (uy,) belong to (2,.. Then

per-

N

N
Zui <C¥ Z | DPau,, |2,

n=1 n=1

for all p € N, where Cy = 4N?2.

Proof. By Poincaré inequality (see [I7]), we know that

N N
Zui < COZ\8fun|2, (4.6)
n=1 n=1

where Cp = 4N2. Since 0 u,, € (2, using (£6) and observing that

N N

Z \31+7fn|2 = Z |81_Un|2

n=1 n=1

for any v = (v,) € l%er because of the periodicity, we obtain

N N
Zui <C? Z |Au,)?.
n=1 n=1
Then by induction we can conclude the proof. O

Theorem 4.2. Assume that (A7)—(A9) hold and let ug, ui, and f belong to E%er,
Then the initial value problem ([&.5) has a unique solution u € C*(R™; 2 ). More-

. . ) Tper
over, for each T > 0, the map 3 : H — C([0,7]; H), defined by I(ug,u1)(t) =
(u(t),a(t)), 0 <t <7, is continuous.

Proof. Taking the inner product of equation H with @ = 4(t) in l%er we find

N
d . .
Bt =— ;a;run(t)g(afun(t)) <0, V0<t< Tmax (4.7)
because sg(s) > 0 for all s € R by (A9), where
1 1 S
E(t) = Slla@)l* + SID u@)* + Db un(®) = (fru(®)ea,.  (48)

n=1
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Recall that [|DPu(t)|2 = SN, [DPu, (#)[2. From ([@7) and (@), using Lemma . 1]

and (A8) we obtain
(ut), @)1 < ag ' E(t) < ag ' E(0) < 00, Y0 < t < Tax, (4.9)

where ~
E(t) = E(t) + kaN +4CF || f|I?, V0 < t < Tmax, (4.10)

and ag = min{%7 C%ﬁ’} Hence Tax = 00.

Finally, the proof of the continuity of J is standard using Gronwall inequality
and so we omit it here. |

Let us denote by {S(t)}:>0 the semigroup of continuous operator in H associated
with problem (4.5), which is defined in the same manner as in (3.1]).

Lemma 4.3. Under the assumptions of Theorem[{.9 there exists py > 0 such that
B0; po] = {(w,2) € H : ||[(w,2)||; < po} is an absorbing set for {S(t)}i>0 in H.

Proof. The proof is similar to that of Lemma [3:2] Let us indicate the appropriate
modifications. Define

Pt =E{#)—E(t+1) and Q(t) Z O i, (1) g (87 1 (1)),
for all ¢ > 0 and let ¢1, t2 be chosen as in . Also note that by (4.7)

t+1
= / Q(s)ds >0, Vt>0.
t
Using (4.6)), Holder’s inequality, (4 , and (A9) we have

1/2
u(t; < a_1/2Cl/2 su E 1/2 8 un
‘( (J) ( ))| t<S<It) . (,? 1| )‘ )

1
<N2(r+2)a]1/ C1/2 sup  E(s 1/2<Z|a+ )|r+2)r+2

t<s<t+1 n—1

SC’O,lP(t)% sup E(s)l/g, i=1,2,

t<s<t+1
for some positive constant Cj 1. By Lemma

Z 107 un ()] < 42 lun (8))? < 4CP||DPu(t)|?, Wt > 0. (4.11)

For each t fixed, define the sets I;(t) = {n € {1,...,N};|0;u,(t)] < 1} and
L(t)={1,...,N}\Ii(t). Using Lemmal[d.1] (£.9), (£.11)), and (A8) we see that, for

any t < s <t—+1,
1
> O un(9)9(0 in(s)) < S ID7u(s)| + 208 La(1)Q(s)
TL€I1(S)
and

Yo Hun($)g(0fwn(9) < D 10 un($) 10 ()] 19(0] in(s)]

nelz(s) n€ls(s)

<2uls)l Y 107 (s)] 1g(07 in(s))]

nels(s)
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20[51/2Q(5) sup  E(s)Y/2.

t<s<t+1
Therefore,
/ Z@Jrun )9(07 1, (5))ds
1 p=1
1 [t —1/2 =
gf/ | DPu(s)||?ds + [2C} La(1) + 20y sup  E(s)?] P(t)%.
2/ t<s<t+1

The other estimates are analogous to those of Lemma and we can prove the
inequality
sup  E(s) < Co(P(t)™= + P(t)* + P(t)> + || f|> + k1), Vt>0,
t<s<t+1

for some positive constant Cy, depending on N,p,r, La(1), ko, and ks. Then, ar-
guing as in the proof of Lemma and using Lemma we can conclude the
proof. (I

Since H has finite dimension, it follows from Lemma that the semigroup
{S(t)}+>0 is asymptotically compact in H. Thus, we obtain the following result.

Theorem 4.4. Assume that (A7)—(A9) hold and let ug, w1, and f belong to éper
Then the semigroup {S(t)}1>0 associated with problem (4.5]) possesses a unique
global attractor A in H. Moreover, A C B|0; po] and absorbing rates analogous to

those in (3.74) are valid.
Remark 4.5. Theorem 44 remains valid if we replace the dissipative term
—07 g(95 1, () in (4) by +uii, (t), with g > 0.

Remark 4.6. The restriction on the dimension in (4.4]) is due to the fact that
we used Lemma which we do not know if it is valid when the operator AY is
replaced by A, with p > 1. The case with Ag when d is arbitrary was considered
n [17].
5. APPENDIX A
In this appendix we give examples of functions satisfying the assumptions (A1)-

(A9).
Example 5.1. We start with functions satisfying (A1)-(A4). The following func-
tions hg : Z% x R — R satisfy (A1) and (A2).

(a) ho(n,s) = ay|s|’s—An|s|7s, withy >0 >0, A\ = (\,) € £}, a = (a,) € >,

and a,, > a >0 for all n € Z<.
(b) ho(n,s) = a, sinh s, with a = (a,) € £~ and a,, > 0,Vn € Z<.

()
anlsls, |s] <1
h ) = )
o(n, s) {anli, |s|] > 1

where a = (a,,) is as in b).
Note that in (a) assumption (A2) is satisfied with
ki=v+2, bin=(+2bon, bon=pT ifX, >0
ki=0+2 bin=0, by,=0 if), <0,
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where

o2 ( 1 1 ) _o+2
p=a c+2 y+2/ q_'y—a'
Also (b) and (c) fulfill (A2) with k&3 =1, by, =0, and by, = 0.
The following functions h; : R — R, i =1,...,d, satisfy (A1) and (A3).
(d> hl(s) = /j/ils‘q_QSa M > 0, and q>2.
(e) hi(s) = p;s e’ i, and A; > 0.
(f) hi(s) = Z;n:io Qi ma—j 2™ T1720 where m; is a positive integer and a; m,—; >
0,i=1,....d,j=0,...,m.
In addition, we observe that assumptions (A1) and (A3) are fulfilled if the functions
hi :R—R,i=1,...,d, are non-decreasing and locally Lipschitz continuous and
satisfy sh;(s) > 0 for all s € R.
Some examples of functions g(n, s) satisfying (A1) and (A4) are as follows.
(g) g(n,s) = go(s), with gg € C1(R,R), go(0) = 0 and g} (s) > co > 0.
(h)

an|s|"s + bng1(s), |njo <ng,s €R
g(n,s) = ,
cngo(s), In|o > ng,s € R

where ny is a positive integer, gg, g1 are locally Lipschitz functions satisfying
90(0) = g1(0) = 0, sgo(s) > cos?, sg1(s) > 0, with ¢y > 0, for all s € R,
(an), (by), and (c,) belong to £, a, > 0,b, > 0, ¢, > 0, for all n € Z¢
and ¢, > ¢, > 01if |n|o > ng.

Example 5.2. We now give examples of functions h : R — RT and V : Z¢ — Rt
that satisfy (A5) and (A6).

(@) h(s)=pls|", p>0,v=2.

(b) h(s) = u(coshs —1), u> 0.

(¢) V(n) = e it g # 0 and V(0) = 0, where A > 0, > 0 and |n| =

‘TLIO‘ 9
d 1/2

(Zi:l [ni |2) :
Example 5.3. Finally, we present functions A : R — R and g : R — R satisfying

(AT7)—(A9). Other examples can be built using some functions from the preceding
examples.

(a) h(s) = parctans, p > 0.

(b) h(s) = se=*".

(c) h(s) = D27 am—js*" 1727, where m > 1is a positive integer, a,, > 0 and
Am—; <0,7=1,...,m.

Concerning example (c), clearly ks = —mingeg h(s) > 0. Note that sh(s) =

h(s) + hi(s), where

1 1 1
mits) = (1= groyg) amas™ 2 (1= g Jamoas™ 4ot aos®
Let sg > 0 be such that hi(s) > ko for |s| > s¢ and set
1 1
kl = kg — (1 — %)am,lsgm — s — ansg.

Then it is easy to check that assumption (A8) is satisfied with ko = 1.
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(d) g(s) = go(s)|s|"s + g1(s), where r > 0, go, g1 are locally Lipschitz functions
satisfying go(s) > ¢o > 0, ¢1(0) = 0 and sgi1(s) > 0, for all s € R. A
function of this type is g(s) = s3 + s.

(e) g(s) =sinhs.
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