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ITERATED ORDER OF SOLUTIONS OF CERTAIN LINEAR
DIFFERENTIAL EQUATIONS WITH ENTIRE COEFFICIENTS

SAADA HAMOUDA

ABSTRACT. In this paper, we investigate the iterated order of solutions of
homogeneous and nonhomogeneous linear differential equations where the co-
efficients are entire functions and satisfy certain growth conditions.

1. INTRODUCTION AND STATEMENT OF RESULTS

In this paper, we assume that the reader is familiar with the fundamental results
and the standard notation of the Nevanlinna value distribution theory [5].

For n > 2, we consider the linear differential equation

w™ 4+ Ay (2)w” Y+ + Ag(2)w = B(z), (1.1)

where Ag(z),...,An_1, B(z) are entire functions with Ag(z) # 0 or B(z) # 0. It
is well known that all solutions of (1.1) are entire functions, and if some of the
coefficients are transcendental, then has at least one solution of infinite order.
Thus, the question which arises is: What conditions on Ag(z), ..., 4,1, B(z) will
guarantee that every solution w # 0 has infinite order? For the above question,
there are many results, (see for example [2, [4] [I]). Gundersen and Steinbart [4]
proved the following results.

Theorem 1.1 ([4]). Let p, 61, 02 be real constants satisfying > 0 and 61 < 05.
Suppose that, in the differential equation

(n—1)

w™ + A, (2w 4+ Ag(2)w = B(z), (1.2)

there exists a unique coefficient Aq4(z) such that for any 0 € (61,62) there exist
real constants o« = a(f) and 5 = [(0) satisfying 0 < 8 < «, so that the following
conditions hold as z — oo along argz = 0:

|44(2)] = exp{(a +o(1))[2]"},
[Ak(2)] < exp{(8 + o())|2|"}  for all k # g,
[B(2)| < exp{(8+ o(1))[2]"}.

Assume that a(8) and 5(0) are continuous functions on 61 < 6 < 5.
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Suppose that w is transcendental solution of (1.2) with o(w) < co. Ifl > q is
an integer, then for any 0 € (61,03) we have
[w®(2)] < exp{—(a — B+ o(1))|2]"}

as z — 0o along argz = 6.
Corollary 1.2 ([4]). Let 61,0s,...,0, be a finite set of real numbers that satisfy
0, <0y <--- <O +2mw. Suppose that for each i =1,2,...,m — 1, there exists in
(1.2) one particular coefficient Ay, (2) and a corresponding constant p; > 0, such
that for any 6 € (0;,0;41) there exist constants a; = «;(0) and B; = 5;(0) satisfying
0 < B; < ay, so that the following conditions hold as z — oo along argz = 6:

[Ag; (2)| = exp{(as 4 o(1))[2]*},

|Ak(2)] < exp{(B; + o(1))|z|**}  for all k # q;,

|B(2)] < exp{(B; + o(1))|2["'}.

For eachi=1,2,...,m — 1, assume that a;(0) and B;(0) are continuous functions

on ; <0< 9,’+1.
Then every transcendental solution w of (1.2) satisfies o(w) = oo.

In 2001, Belaidi and Hamouda proved the following result.

Theorem 1.3 ([1]). Let Ag(z),...,An—_1 be entire functions with Ay(z) £ 0, such
that for some real constants «, B, u, 01,02, with 0 < 8 < a, u >0, 1 < 62, we have

Ao ()] = ",
|Ap(2)| < P10 (k=1,...,n—1),

as z — oo with 6 < argz < 03. Then every solution w % 0 of the differential
equation
(n—1)

w™ + A, (2w e+ Ag(2)w =0 (1.3)

has infinite order.

Another question is: For solutions of infinite order, how can we describe precisely
their growth?

For r € [0,00), we define expyr = r, exp;r = e and exp,,;r = exp(exp;r)
(¢ € N). For r sufficiently large, we define logyr = r, log, r = logr, log,, ,r =
log(log, r) (i € N). Also, we can define exp_, r = log, r and log_; r = exp;r. To
express the rate of growth of entire function of infinite order, we introduce the
notion of iterated order [9} [7), 6].

The iterated i-order of entire function w is defined by

log, T'(r, w) log; | M(r,w)

o;(w) = limsup = lim sup (1 eN). (1.4)

r——+4o00 IOg r r——+o0 10g r

Recently, Tu, Chen and Zheng proved the following result.

Theorem 1.4 ([I0]). Let Ag(z), ..., An—1 be entire functions with Ao(z) Z 0, such
that for real constants a, 3, u, 01, 02, and positive integer p with 0 < B < a, u > 0,
01 < 0, we have

[Ao(2)] = exp,{alz]"},
[Ak(2)] <expp{Blz["}, (k=1,....,n—1),
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as z — oo with 61 < argz < 05. Then op11(w) > p holds for all non-trivial

solutions of (|L.3).

In this paper, we will prove the following results.

Theorem 1.5. Let Ay(z),...,An_1 be entire functions with Ag(z) £ 0, and let

01,02, ...,0, be a finite set of real numbers that satisfy 0 =01 < 0y < --- < 0, =

27 such that for each i € {1,2,...,m—1}. Then there exists in one particular

coefficient As,(2) and a corresponding constant p; > 0, such that for any 6 € (6;,
0i11) there exist constants a; and B; satisfying 0 < B; < «;, we have

A4 (2)] = exp, {aulzl ), (15)

|Ar(2)] < exp,{Bilz|""}  for all k # s:), (1.6)

as z — 0o along arg z = 6, where p > 1 is an integer. Then, every transcendental

solution w of (L.3)) satisfies

opsr(w) 2 min {pi}.

Theorem 1.6. Suppose that Ag(z),...,An_1, B(z) are entire functions such that
for real constants o, B, p, 61, 02, with 0 < B < a, p > 0,0 <6 < by <27, we
have, for some integer s (1 <s<n—1),

|As(2)| = exp,{alz]"}, (1.7)
|Ak(2)] < exp, {B|z"} for all k # s, (1.8)
|B(2)| < exp,{B]=|"} (1.9)

as z — oo with 0, < argz < 0y, where p > 1 is an integer. Given € > 0 small
enough. If w is a transcendental solution with o,(w) < co of the differential equa-
tion

w® 4+ Ay (2w 4o+ Ag(2)w = B(2), (1.10)
then there exists a constant M > 0 such that, for each integerl > s, we have
w® (2)] < M (L11)

along any ray argz =0 € S(e) ={0:0, + e < argz < 0y —¢}.

Corollary 1.7. Let Ag(2),...,An—1, B(2) be entire functions with B(z) # 0, let

01,02, ...,0, be a finite set of real numbers that satisfy 0 =01 < 0y < --- < 0, =

21 such that for each i € {1,2,...,m — 1} there exists in (1.10) one particular

coefficient As,(z) and a corresponding constants u;, oy, B; satisfying 0 < 3; < ay,
w; >0, we have

|As, (2)] = expp{a|z|* }, (112)

Au(2)] < exp, (B} for all k # s, (1.13)

|B(2)] < exp,{Bilz]""} (1.14)

as z — oo with §; < argz < 6,11, where p > 1 is an integer. Then, every transcen-

dental solution w of (1.10) satisfies op(w) = oco.

In the above corollary, the differential equation (1.10)) may have a polynomial
solution. For example, w(z) = z is a solution of

w® 4+ e2w® 4 e ' +w =2+ 1.
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In general, w(z) = z is a solution of the differential equation
w™ 4+ A, ()Y 4k A2+ Fw =2+ 1,

where the coefficients As(z), ..., A,—1(z) satisfy the conditions and (L.13).
Our proofs depend mainly on the following Lemmas.

2. AUXILIARY LEMMAS
Lemma 2.1 ([3]). Let w(z) be a transcendental entire function. Let

L= {(k1,q1), (k2,q2), -, (km;,qm)}

denote a finite set of distinct pairs of integers that satisfy k; > ¢q¢; >0 (i =1,...,m)
and let o > 0 be a given real constant. Then there exists a set E C [0,27) that
has linear measure zero and a constant ¢ > 0 that depend only on «a, such that if
Yo € [0,2w) — E, then there is a constant Ry = Ro(vo) > 1 such that for all z
satisfying arg z = 1/10 and |z| = r > Ry, and for all (k,q) € T, we have

w(q
From the above Lemma, which is also [3 Theorem 2], we obtain the following
result.

’ < [T (ar,w flog (r) log T(cur, w)]*F 4.

Lemma 2.2. Let w be a transcendental entire function with o,(w) = 0 < o0
(p>1). Let T = {(k1,q1), (k2,q2),- .., (km,qm)} denote a finite set of distinct
pairs of integers that satisfy k; > q¢; > 0 (i = 1,...,m). Then there exists a
set E C [0,27) that has linear measure zero, such that if ¢y € [0,2mw) — E, then
there is a constant Ry = Ro(vo) > 1 such that for all z satisfying arg z = 19 and
|z| = r > Ryo, and for all (k,q) € T, we have

w® (2
L] < fexpy 17N

w(q) (z
where € > 0.
Proof. The definition

log, T'(r,w
op(w) = limsup % =0
r—-+o0o ogr

implies that for any given &’ > 0 there exists o > 0 such that for all » > rq we have

log, T'(r,w
log, T(r, w) <o+e;
logr
which implies
T(r,w) < exppfl{r”'*'g/}. (2.1)
Combining (2.1) with Lemma for @ > 0, there exists a set E C [0,27) that
has linear measure zero and a constant ¢ > 0, such that if ¢ € [0,27) — E, then

there is a constant r, = r{(¢) > 1 such that for all z satisfying argz = ¢y and
2| = r = o,

; | < elexp,1{(ar) Y exp, o {(ar)7+}]
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Then, there exists a constant ¢ > ¢’ > 0 and Ry large enough, such that for
‘Z| =T Z RO
(k) (2)
w Z ot+e1k—q
|’U)(q) (Z) | S [expp—l{r H
O

Lemma 2.3 ([2,4,8]). Let w(z) be an entire function and suppose that |w® ()| is
unbounded on some ray arg z = 0. Then there exists an infinite sequence of points
zj =rje? (j=1,2,...), where r; — 400, such that w(k)(zj) — 00 and
}w(’n(zj) 1
w®) (z;)' ~ (k= q)!

3. PROOF OF THEOREMS

Proof of Theorem- From we can write
(1) w(s )
e Al

,w(s -1) w'
sl =y Al \+|Ao|| -

(1+o(1)|z]F9 ¢=0,....,k—1.

| <

|As| <| )|+\An 1||

By Lemma and taking into account 2 = log?(r) < 1 and
log T'(2r, w*)) < T'(2r, w®)),

there exists a constant ¢ > 0 and a set E C [0,27) that has linear measure zero,
such that if § € [0,27) — E, then there is a constant 1 = r1(f) > 1 such that for
all z satisfying arg z = 6 and |z| = r > r1, we have

{ (k)

w(si)
Since w is transcendental, then there exist a real constants ¢1, @9, with 0 < 1 <
@y < 2m, such that for all @ € (¢1,¢2), |w*)(z)| is unbounded as z — oo along
argz = 0. The sector (p1,p2) will certainly be intersected with, at least, one of

the sectors (0;,0;11) (i = 1,. — 1) in a sector (¢}, ¢h), (p1 < @] < ¥y < @a).
By Lemma [2.3] if 6 € (¢}, <p2) there exists an infinite sequence of points z; = r;e®

where r; — 0o, such that w(*!)(z;) — oo and

w® (5
A < (o1l 53

as z; — 00, for all k satisfying 0 < k <'s; — 1.
Combining (1.5), (1.6), (3.2) and (3.3]) with (3.1)), we obtain, for r; large enough,
exp,{ar'} < A[T (27, w )" exp,{Bir}"},
where A > 0; so that
expp{air;”} exp{—expp_l{ﬂirfi}} < A[T(QTj,w(si))]Z”

which implies

} < T@2r,wN* k=s;+1,...,n. (3.2)

log,, 1 T(r,w())

lim sup > ;.
r— o0 logr
Since

T(r,w®)) < (s; + )T (r,w) + S(r,w),
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where S(r,w) = o{T(r,w)} as r — oo, it follows that o,41(w) > p; for, at least,
one i € {1,...,m — 1}. Thus, in general, we have

op+1(w) 2 min  {p}.

T 1<i<m—
O
Proof of Theorem[I.6. Suppose that w is a transcendental solution with o,(w) =
o < oo of (1.10). From (|1.10]), we can write
®) [ﬂi L A e A
w® A, T w4 w4, (3.4)
w1 A1 n n w Ap . B ’
w®) A w® Al T A,
From Lemma there exists a set E C [0, 27) of linear measure zero such that for
all k=s41,...,n and all r > ry large enough, we have
®) (2)
w Z o+ k—s
|w(T(z)| < [exp,_{r7 " }"7, (3.5)

along any ray argz =1 € [0,27) — E, provided ¢ > 0.
If |w®)(z)| is unbounded on some ray arg z = ¢ € S(0) — E, then by Lemma
there exists a sequence of points z; = rjei¢, r; — oo such that w(s)(zj) — 00 and

wD (z;) 1
o) = G

forall g =0,...,5s—1 and all j large enough.

Combining now , , , and with yelds w(s)(zj) —0
as z; — 00, a contradiction. Hence |w(®)(z;)| must be bounded on any argz = ¢ €
S(0) — E. By Phragmén-Lindelsf theorem, we conclude that |w(*)(z)| is bounded,
say |w(®)(2)| < M, in the whole sector S(5). Using the Cauchy integral formula to
deduce that for all [ > s,

(14 o)z | < 20z (3.6)

lw®(2)| < M
in S(e).

O

Proof of Corollary[1.7} Suppose that w(z) is a transcendental solution of (1.10)
with o,(w) < oo. By Theorem in all the sectors (0; + €,0,41 —¢) (i =
1,2,...,m —1), (¢ > 0 small enough), we obtain

jw®(2)] < M (3.7)

for alll > n—1. By the Phragmén-Lindeldf theorem, (3.7)) remains valid in the whole
plane; and by the Liouville theorem, w(z) has to be a polynomial, a contradiction.
Then o, (w) = oo. O
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