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THE CRITICAL CASE FOR A SEMILINEAR WEAKLY
HYPERBOLIC EQUATION

LUCA FANELLI, SANDRA LUCENTE

ABSTRACT. We prove a global existence result for the Cauchy problem, in the
three-dimensional space, associated with the equation
ust — ax () Agu = —ufu/PMN 1

where ay(t) > 0 and behaves as (t — tg)* close to some to > 0 with a(tg) = 0,
and p(A) = (83X + 10)/(3X\ + 2) with 3 < p(A) < 5. This means that we deal
with the superconformal, critical nonlinear case. Moreover we assume a small
initial energy.

1. INTRODUCTION
In this work we study the existence of global solutions to the Cauchy Problem
uge(z,t) — a(t) Agu(z, t) = —u(z, t)|u(z, )P, = €R3,

u(z,0) = uo(z), ue(r,0)=ui(z),

(1.1)

with a(t) > 0. We shall only consider real valued initial data and hence real
solutions.

In the case a(t) = 1 this equation is the standard wave equation for which a great
deal of work has been developed starting from the pioneristic paper by Jorgens [6]
(for a survey of these results see [I1]). The interest in variable coefficients case
corresponds to the change of the propagation speed.

In the case a(t) > 0 the global existence for can be obtained with the same
technique of the case a(t) = 1. The asymptotic behaviour of the solutions has been
studied in [4] under the small initial data condition.

On the contrary, very few results are known concerning the global existence for
nonlinear weakly hyperbolic equations. To our knowledge the weakly hyperbolic
case with polynomial nonlinear term as been studied only in [2] for the space di-
mension n = 3 and in [3] for the case n = 1,2. More precisely in [2], D’Ancona
considers a real analytic function a(t) > 0 and a slight general forcing term f(u)
having right sign and polynomial growth at infinity:

uf(u) >0 and |f(u)| < ClulP, for |u] > 1.
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In [2], a global existence result of a unique smooth solution is established provided
the initial data are compactly supported, the greatest order of the zeroes of a(t),
A > 0, is finite and
32410
STr2
Moreover, it is also possible to obtain D’Ancona result relaxing the analytic assump-
tion on the time-dependent coefficient a(t), assuming a(t) is a positive continuous
function, piecewise C?, with locally finite zeroes and each of them with finite order.
For A = 0, the restriction gives p < 5, the subcritical range for the wave
equations; for this reason it is possible to conjecture that

32410
c(A) = ——
PeN = 3373

is the critical exponent for the semilinear weakly hyperbolic case.

For the critical semilinear wave equation (i.e. A = 0, p.(A) = 5) the global
existence result has been proved into three steps. Rauch in [8] established the
global existence for this solution under a smallness assumption for the initial en-
ergy. Struwe in [I2] removed this hypothesis requiring radial initial data. Finally,
by means of Strichartz type estimates, the general case was covered by different au-
thors; the interested reader can see for example [10]. A generalization of Strichartz
estimates for some strictly hyperbolic operators with variable coefficients has been
obtained in several works by Reissig, Yagdjian, Hirosawa and others (see the list of
references in [5].) Due to the lack of such estimates for weakly hyperbolic equations
we can not cover the general case and we come back to Rauch’s approach. More
precisely, we establish the following.

(1.2)

Theorem 1.1. Consider (1.1) with initial data ug,u; € C§°(R3). Let A > 0 and
to > 0. Let a(t) be a real continuous function, a € C%([0,+o0) \ {to}) such that

a(t) = (to — t)*b(t)  on [0,t],b € C%, b> 0.

a(t) > 0 on (tg, +00), (1.3)

Let the nonlinear exponent satisfy

32+ 10
3Spe(N) =337 <

Then, there exists 0 < & < 1, such that if

|Vug(z)[? / Jus (2) 2 / |ug () [P+
0 —— 7 d — 2 d — L dz< 1.4
a()/R3 5 T+ » 5 T+ e PV 11 r<e, (1.4)

then the Cauchy Problem (1.1)) has a unique real solution u(x,t) € C*(R3x [0, +00)).

We notice that 3 < p.(\) < 5 is equivalent to 0 < A < 2/3. Since A belongs
to this finite interval, the smallness rate ¢ is taken uniform with respect A\. The
restriction 3 < p.(A) < 5 comes from the employed technique: we obtain a-priori
estimates combining with a suitable variant of Hardy’s inequality. However,
3 < pe(A) means that p.(\) in the superconformal range, and this is the interesting
case, since the nonlinear exponent is high. Conversely p.(\) < 5, is the subcritical
assumption also needed in the strictly hyperbolic case. We mention again that our
result for A = 0 coincides with the existence result given in [§].
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In a final remark we shall see how to extend this theorem to the case in which
a(t) vanishes in more than one point. It is also possible to generalize our result to
a more general nonlinear term, that is to consider the equation

ue — a(t)Au = —f(u),
where
|f ()] + uf(w)] + [0 f" (w)| < C(1+ |u])?,
wl)PTt ' s)ds.
(< c [ fe)a

In the strictly hyperbolic critical case, one also assumes
uf(u) — 4/ f(s)ds > 0.
0

In particular this condition implies p > 3 when f(u) = u|u|P~1.
With suitable initial data condition, we can deal with the Grushin type operator

O — [t A
For the corresponding equation Oyu — |t|*A,u = |u|?, a non-existence result is
known when p < (3 + 8)/(3A + 4) (see [1]). Under this restriction on p, such a
result assures that the solution of 9yu — |t|*A,u = —|u[P~1u, given by D’Ancona’s

result, changes sign.

Notation.
- Given t > 0, we set B; = {y € R3 : |[y| < t}.
- The surface measure on a sphere is denoted by dw. The surface measure
on a truncated cone is denoted by dX.
- We omit to write R? if it is a domain of a function space, denoting by || - ||,
the LP(R?)-norm. The homogeneous Sobolev space H* is endowed with

the seminorm
£l e = > 1D fll2-
la|=k
2. PRELIMINARY LEMMA

Weighted Hardy’s inequality on the backward cone. In order to pass from
the subcritical result by Jorgens to the critical one by Rauch, Hardy’s inequality
comes into play. In our case we need a weighted localized variant of Hardy’s in-
equality on the backward cone. The unweighted variant of the next lemma on the
ball can be found in [12].

Lemma 2.1. Let ¢ € CL(R?® x R) and t > 0. If a > —1, then

t
L[ 07 doyas
0 J]z—y|=t—s
y—

< Cale) / /n_y_t_s“ o) jy =2l

t/2
+ Ch(a) / / (t — 5)* 2% (y, 5) dw, ds,
0 |z—y|=t—s

where Cg () is given by (2.3)).

2
Osp(y,s)| dwyds  (2.1)

Vyo(y,s) —
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Proof. First we observe that the transformation

t
/ / o(y.8) dwyds =2 [ v(z+y,t— |yl) dy (2.2)
|lz—y|=t—s B,

gives
t
/ / ) deyds =V |t )y
T—y s t

where ¥, +(y) := o(x +y,t —|y|). Since o > —1, we can use the following weighted
Hardy’s inequality (see for example [7]):

4
L) ay < s [ TR ay. v e GEY).

The constant in this inequality is sharp.

To study the noncompactly supported v, we use a localizing function. We notice
that for any § > 0 there exists a C} function 7 : [0, +00) — R such that 75 = 1 on
[0,1], 75 =0 on [2,400), 0 < 75 <1 and ||75]lec < 1+ 4. In fact, the assumptions
s = 1on [0,1], 75 = O on [2,+00) imply ||75||s > 1. Hence is not possible to take

d = 0 unless 7j5(s) = 2 — s in the interval [1, 2], losing the smoothness requirement.
Let us put 75 = ﬁ5(%|$|), then

/ ly|* 2y )2dy§/ \ylc"Q(wna)Q(y)der/ ly* 2 (y) dy

B, Bo\B, /s

< g L@y [ i m)ay

B2

At this point we use the inequality (a + b)? < Cya? + Cyb? which holds for C7 > 1
and (C; —1)Cy — C7 > 0. We get

/ ly|* "2 (y) dy

BP
ACy / ) 16C5(1 + 6)2 / 5
< = VP dy + (—— 11 o d
SariE ), Ve (S ) [, T
For § — 0 and 4C; = 16C5(1 + 6)? + (o + 1)2, we can take
V(o +1)4 +104(a + 1)2 + 400 10 1
C = = 2.3
(@) 2(a+ 1)2 Tlarnr 2 (23)

arriving to

[, e au < Cu ([ wrver e [

Bﬁ\Bo/2

[y[° 22 (y) dy).

This constant is sharp for this kind of localization of Hardy’s inequality on the ball.
Coming back to 15 ., we see that

Vb i(y,s) = (Vo) +y,t = |y|) — |y|85s0(x+y, = lyD).

Applying the inverse transformation of (2.2)) we get the estimate (2.1). a
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Reduction to a nonlinear wave equation. A relevant difference between the
wave operator dy — A and 9y — a(t)A is the lack of a representation formula for
the fundamental solution of

uit (2, ) — a(t)Agu(z, ) = —f(u(z,1)).

In order to overcome this difficulty, it is possible to employ the Liouville transfor-
mation, obtaining a suitable wave equation with a mass term.
Given a(t) : [0,tg] — R, such that a(t) > 0 for ¢ # tg, a(tp) = 0 and a €
CY([0,tp]), we associate a function ¢ which satisfies
#(5) = alé(s) 2 s € [0,10), 0
6(0) =0, |

with
to
ro:/ a(s)'/? ds.
0

In particular ¢ € C%([0,79)) N C([0,70]) is a strictly increasing function on [0, 7],
and ¢(rg) = to. For t € [0,79), we define v(z,t) = u(x, #(t)). We can check that v
is solution of

qz)i//

e = Ao = ~(0')?f(u(z, 0(1))) + v 7. (2.5)

To avoid the term containing v;, we write

w(z, ) = P(t)o(z,t) = P(H)u(z, 6(t))-

Then w solves the equation

wie = "0, + 0 — (&) f (u(z, B(1))) + w% 2y,

If 1 never vanishes in [0, ), then
wi = B = (P, o) + (B - L - 2(2))u+ (5 +25

In order to erase the term containing w; we choose

D(t) = (¢ (1) 7% = a(g(t)"/*.
In this way, if t € [0,t0), we can write

u(z,t) = a(t)” (e, 7 (2)). (2.6)
Finally, for ¢t € [0,70), we obtain

we — Aw = PP w — 77 f(u(z, 6(1)))

with initial data

w(z,0) = a(0)1/4u0,

1
wy(z,0) = Za(orl/‘*a'(o)uo + a(0) "4y, .
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We apply Kirchhoff’s formula to get

w(z,t) = wo(, 1) +*/ wwt—s)/| e w(y,s) dwy ds
T—y s

1
T S B
= wo(z,t) + I+ 1II,

(2.8)

here wq(z,t) solves the homogeneous equation wy; — Aw = 0 with initial data

(2.7). 0

3. PROOF OF MAIN THEOREM

Reduction to a decay estimate. The local existence result follows from the
strictly hyperbolic case. For other details see pp. 249-250 in [2].

Similarly, still using the linear theory of weakly hyperbolic equations, one can
establish the uniqueness of the smooth solution of and the finite speed of
propagation property. We focus our attention on the existence result.

If a’(t) > 0 or a(t) > 0, then the existence result follows from the strictly
hyperbolic case provided 1 < p < 5. Being p.(A) < 5, it remains to analyze the
case a(t) decreasing and vanishing at the end point of the interval. Hence it suffices
to prove that the solution u(z,t) : R? x [0,%9[— R admits a finite limit for ¢t — ¢ .

Using Sobolev embedding theorem, we see that it is sufficient to show that there
exists a continuous function C'(t) > 0 such that, in the close interval [0, ¢o],

lu() 23y < C(). (3.1)
First we prove that if there exists o < (p.(\) — 1)~! such that
lu(z,t)| < C(tog —t)~*, forany 0 <t < tg,r € R (3.2)

then (3.1)) holds.

Let us introduce the high-order energy

1
Ed( ) Hut||H2(R3) + a( )HVUHHz (R3) +5 ||u||H2 (R2)’
After integration by parts, we find
1
By(1) = 20/ )|Vl g, + 3 /Daut (D2~ D2 (upu ) d.
|| =2
Recalling o’ (t) < 0, we get
Ve
( Es(t)) < o5 (||UHH2(R§) + |||u|p“(’\)||H2(R§)) :

Due to finite speed of propagation [|u(t)|| g2 (gs) is equivalent to [[u(t)[|p2(rs). We
can apply Moser-type inequality (see [0 Sec. 5.2.5]), obtaining

/
e
(VE®) < Clullioges) (1 + el )
when p.(A\) > 3/2. Suppose we have proved (3 , we have

(\/K) < O\/Es(t) <1+ to — 1)@= 1))

Gronwall’s lemma gives (3.1) when o < (pc(A) — 1)*1
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Energy estimates. In order to establish (3.2]), we start deriving the basic a-priori
energy estimate for the C? solution of the Cauchy Problem (I.1)). In what follows
we always denote by u such solution. Let us define the energy density
Vou(z, t)* | Ju(e, t)[PeM+T

2 pe(A\)+1

1
elul(z,1) = Slur(z, ) +a(t)
the corresponding energy is
E(t) := / elu](z,t) dz.
R3
We put Ey := E(0). We have

ul?
Ore[u] = a(t) div(u;V,u) + a’(t)%, (3.3)
hence
Et) = d'(t) /]R 3 W dz. (3.4)

The lack of conservation law for the energy is an important difference between the
considered equation and the wave equation. Since a(t) : [0,to] — R is a decreasing
function, then E(t) is a decreasing function in the same interval, that is

E(t) < Ey.

The next point is to associate to a(t) a curved cone. Let ¢ : [0,79] — [0,%0] be
defined by means of ; being a(t) decreasing, ¢ is convex.

Let us fix € R® and S, T, € [0,79). For z = (7, $(¢)), S < T <, we introduce
the truncated curved cone

KE(Z) ={(z,t) eR* xR : Jo € [S,T]s.t. (o) =t, [z —Z| <t—0}.
We will use the notation Kg(2) = K5(Z). The mantle of K% (z) is
ME(z) ={(z,t) ER* xR : Jo € [S,T]s.t. ¢(0) =t, |z —Z| =t —0}.

The outward normal to the mantle of the cone is

- 1 ,Ux—i
o

The standard measure on MZ'(Z) is given by d¥ = /1 + ¢/(0)2dw,do. The
section of K(2) at the time ¢ € [0, ¢(f)] is denoted by D(t, %), that is

D(t,z) == {z € R*|(x,t) € Ko(2)} .

For the local energy at the time ¢, we set
E(u,t) ::/ e[u](x,t) dz.
D(t,%)

We shall see that since a(t) is decreasing, then E(u, ¢(t)) is decreasing too. To this
aim we introduce the energy flux of u: for any 0 <t < to, z € R3, we set

d = 1 1 LT gl JufpeM)F
z[u](z, )_W(§|Ut_ a()|x_3§\' ul +m)’

Lemma 3.1. Let 0 < S < T < ry. Then the following relation holds

E(u, ¢(5)) =E(u,¢(T))+/ dz[u] d¥ — ;/KT() d ()| Veul? dzdt.  (3.5)

Mg (2)
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Proof. Explicitly, we have

/ Oelu](z, t) dae dt
K (%)

= eluln; dX elu](z, o(T)) dz — e[u](z, () dz.
/ i ez + [ itz omnar= [ clie.o(s)

On the other hand, the relation (3.3)) implies

2
/ Orelu](z,t) do dt = / a(t)div(u:Vyu) 4 a'(t )|V$ ul
KZ(z) KZ(z)

dx dt

2
:/ ““tvm“'”wdz+/ o)V g ar.

Then

E(u,¢(T)) — E(u, ¢(S))

2
= —/ (e[ulns — ausVau - ng) dX +/ ( )|V n dudt.
M5 () KT(z) 2

Being e[u]n; — au;Vyu - ny = dz[u] on Mg (Z), the proof is complete. O

Corollary 3.2. Let S,T,t € [0,79). If S <T < t, then E(u,¢(T)) < E(u,(S)).

In particular, for all ¢ € [0,%), it holds E(u,t) < Ey. In order to control the
nonlinear term, we need to estimate the energy flux of u close to the vertex of the
cone.

Corollary 3.3. Under the same assumptions of the previous corollary, we have
lim dz[u] dX = 0.
S=tJMI(2)

Proof. Denoting by x, the characteristic function of a measurable set A, we can
write

B 0(8) = [ o @elilla0(8) o = [ g(a.8)do

R3
It is evident that limg_.zg(z,S) = 0. From E(u,¢(S)) < Ey, it follows that
g(+,S) € L'(R3). The Lebesgue convergence theorem gives

E(u,¢(S)) — 0, for S —t. (3.6)
On the other hand, we prove that

2
/ —a Y e o, (3.7)
KT 2
S

when S — t. In fact, employing (3.4), we see that
|Vu|2 &(T)
/ —ad'(t)——dzdt < / —E'(t)dt = BE(¢(S)) — E(¢(T)).
KE #(S)

The convergence (3.7)) will be a consequence of the continuity of E(t). Finally,
combining (3.6)), (3.7) with (3.5) we get our thesis. O
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Corollary 3.4. Assume that the hypotheses of Corollary[3.2] hold. Then

/ PTG < ) + 1B (3.8)
ME () V14 ¢'(0)?
Proof. Being a/(t) <0 and E(u,¢(T)) > 0, from (3.5)), we have
i) WP s [ s < B 6(S) < B (39)
pe(N) +1 Jyrz) 1+ ¢/(0)2 MZI(z)
This is our claim. ([

The inequality (3.8) gives the conical energy estimate

/S /_ i lu(y, (s))[P< M+ dw, ds < (pe(N) + 1) Ep. (3.10)

We shall often use the explicit version of (3.9):

T
/S / . V14 (5)2dz[u)(y, ¢(s))) dw, ds < Eo. (3.11)

Combining Corollary and the weighted Hardy’s inequality we can prove our
main a-priori estimate for the solution of (1.1f). Starting from (2.4), we see that
there exists a C! strictly positive function K : [0,t9] — R such that

2x
a(¢(t)) = Kx((t))(ro — t)*+2. (3.12)

In order to show this we observe that (¢~ '(s))’ = a(s)'/2. Hence

1
ro— & 1(s) = (to — 5)3 / P20 (1 — syrydr. (3.13)
0
The above identity implies (3.12]) with
1 —2X/(A+2)
Ky(s) = [/ T>‘/2b1/2(t0 — (to — 8)7) dr] b(s).
0
Finally, we have
m(N)(ro — $)*77 < a(@(s)) < M(A)(ro — 5)372.
where
0 <m(A) = min Ky(é(t)), M(X) = max Kx(o(t)). (3.14)

[0,70] [0,70]

Lemma 3.5. Let hg € R, hy > 0, A > 0. Consider u(z,t) a solution of (1.1)). For
any 0 <t <rgp, we set

— ' — 5) 7 hog(p(s)) P2 S Wy ds.
I_A/;Wﬁy )0a((s)) M u2(y, ¢(s)) dw, d

lf
)\+2 ! 0 ’ '

then there exists a constant C'(X\, hy) > 0 such that

T <O\ h) (Eo + Eg/“’c(*)“)) . (3.16)
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Proof. Using (3.14]), we have
t
T<m ™ [ e R R ) day ds,
|z—y|=t—s

where ¢(y, s) = u(y, ¢(s)). Assuming

(3.17)

we can apply the Lemma [2.1] obtaining

2Xhg y—

2
I<Cl>\h0,h1// )25 v — L7090l dw, ds
lo—yl=t—s

ly —
t/2 o221 o
+Cl/\h0,h1/ / (t—s)~ ho 2% (y, s) dwy, ds
|z—y|=t—s

=: C1(\, ho, h1)[[1 + I3],

where Cl ()\, ho, hl) = m()\)*hl CH(2 - ho — (2)\h1)/()\ + 2))
In order to estimate I;, we compute

2

Vi — rrwel” = [y, 6(s) = =10/ ()uely 0())|
Hence
Ve — L= 00| < 2fa(e(s)] VT + [0/(5)Pdaul (v, (s

ly — x|

Recalling that ¢ < rg, we have

_1 _ 2/\(h1+1)
I; <2m(A ho—= V14 [¢(s)]?dy[u] dwy ds
|lz—y|=t—s

2A(hq+1)

<2m(\)~ 1t2 ho==5327 F,.
Here we used (3.11)) and the assumption
9 hy— 20 5 A (3.18)
To our aim it is sufficient to take the equality in (3.18]). In particular (3.17) is

satisfied. We turn to the estimate of Iy observing that —hg — 2y A/(A + 2) =
—4/(A+2).

t/2 -
<[] -9 de,ds
lz—y|=t—s
t/2 pe(M) -1
/ / (t—s) A+42 BelH dw, ds )"C(”+1
|z—y|=t—s

M O )T
0 |$—y\:t—s

An explicit computation gives A_—_éicgj\\;ﬂ +2 = —1; hence by the aid of (3.10), we

arrive at
C A) 1

I, < (4m1g 2) reF1 [(po(N) 4 1) Eg| ¥/ PN+,
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In particular we have (3.16) with
2 2 ()=
C(\ hy) =m(\)™Mm CH(m) max {m, (4rlg2) PRV (pe(N) +1) PRevES] I3
This concludes the proof. ([
Proof of the decay estimate. Combining (1.3]) and (2.6), we see that the decay
estimate (3.2) is equivalent to
jw(a, )] < Ch((t)"*(to — (t)) T,

for any 0 <t < 79, @ < (pe(\) — 1)~1. Recalling that b > 0 and b(t) is bounded
on the close interval [0, %], by using (3.13)), we see that the previous inequality will
follow from

p(t) < Clro—t)7°, forany 0 <t < ro,0 <8 < 1/4 (3.19)
where

p(t) = sup fw(z,s)|.
R3 % [0,t]

From (2.8) we deduce

p(t) < Jwo(z,t)] +/0 (t = s)[v"(s)[ ™" (s)u(s) ds

o) [ (3.20)
— — ) La(p(s)) 7t U $)[PeM =1 qw, ds.
2 [ ataert [ ot ey d

Lemma 3.6. Let u(x,t) be a solution of (1.1). Assume 3 < p.(\) := 33)3\1120 < 5.
For any A > 0 there exists 0 < e(A) <1, such that if Ey < e(A), then

zz::/o (t—s)la(qﬁ(s))l/myl_ts lu(y, ¢(s)

peM=1 e, ds < A.

Proof. First, we consider the case p.(A) = 3, that is A = 2/3. We can directly use
Lemma [3.5] with hg = h; = 1 and get

/O(t—s)‘la(fb(s))‘l/l_ . lu(y, ¢(s))? dw, ds < C(2/3,1)(Eo+ Ey/?). (3.21)

If p.(X) > 3, we apply Holder inequality and find
¢ 1/p
([ [ o) s, ds)
0 J]z—y|=t—s

t
([ a9 ol dy ds)
0 J]z—y|=t—s
provided p = gzgig:é
The first term can be directly estimated by means of ; for the second
term, we employ Lemma [3.5| with hg = hy = p/(p — 1). The conditions (3.15) and
0 < 1/p < 1 are satisfied if and only if A < 2/3. Hence we conclude

(p—1)/p

3at pc(N)—3

(=3 PeN3 _ 2
T < O 4/(3A+2)) "5 (pelA) + 1) 5= B0 (B 4 EFOT )mechi=r., (3.22)
This formula coincides with (3.21]) when A = 2/3.
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3242 pc(N)—3

It is not difficult to see that C(\,4/(3A+2)) "7 (pc(A)+1)7e™-T is a continuous
function of A\, then we can put

3242 pc(A)—3
= C(\4/(BA+2 c(A) + 1) pe™=T,
Mi= max COV/GA+2) " (1) + 1)
Moreover 2/(p.(A) — 1) < 1, hence (3.22)) gives
Pc(N)—1

T < M(Ey + EF™).
Choosing /¢ < min{1, ﬁ}, we find
A
T < M(e + 5375 ) < 2M min{1, o) <A

This concludes our proof. O

Using this estimate in (3.20]), we arrive to

(1 - ﬁ) () < o0+ [ (= 0" (5)107 (5

At this point the proof proceeds as in [3] page 20. For sake of completeness we
sketch it. Differentiating twice (3.12)), we find

5 6) < sl o) (14 6(5).

with 6(t) — 0 as t — r5. We can find ¢ € [0,79) such that 6(s) < 1/9 in [¢,70);
moreover we choose A/4m = 1/9; hence

SA\+4) [ s .

H)<C+ —-= t— — ds t<t .
H0) < C+ gt [ (=90 =9 (e ds E<t<ny
By comparison with the solution of the Euler type integral-equation

m(t) = €+ gy [ =50 =) (s as

one finds u(t) < C(\, 1)(ro — )~ with

1, 50w 1
773 An+22 2

To conclude our proof, it suffices to observe that 0 < v < 1/4.

Final remark. It is possible to extend our theorem dealing with a positive function
a(t) € C%(]0,+00) \ A) with A a discrete set of zeros for a(t):

A={ti <ta<tzg<---<t,<...}
We assume that there exists a uniform § > 0 such that for any ¢; € A it holds
a(t) = (t; — t)™b;(t) on [0,¢;],b; € C%,b; > 0 and 3 < p.(\;) < 5.

If t; > 0 the local existence result follows from the strictly hyperbolic case. The
same is true when ¢; = 0 since a/(¢) > 0 in a suitable neighborhood of zero. So we
can consider t; > 0. Our theorem is then available when the assumption Ey < € is
replaced by E(t; — d) < e. This gives a solution on [0,7}] with T} < t2 — . Again
we can apply our theorem assuming E(to — ) < e. Iterating this argument we finds
a global smooth solution of provided in each step E(t; — §) < e.
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