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ABSTRACT 

Viscoelastic fluids are commonly used in many engineering applications such as in 
polymer processing industry, enhanced oil recovery and inkjet printing. Viscoelastic 
contraction flow represents the most common flow condition in those applications, but the 
flow is associated with its inherent problems such as additional pressure drops and flow 
instabilities. It is well known that formation of secondary flows at the upstream corners of 
the contraction greatly influences the fluidic behavior and promotes the flow instabilities. 
Therefore, investigating the flow conditions that induce the secondary flow has been an 
extensive research subject with the ultimate goal of elucidating the kinematics of 
viscoelastic contraction flows. Several relevant studies concluded that formation of 
secondary flow is influenced greatly by the elastic stress associated with the viscoelastic 
flow. Non-dimensional numbers that estimates the ratio of elastic stress to viscous (Wi and 
De numbers) or inertial (El number) stress has been used to quantify the effect of elasticity 
on the viscoelastic flow behavior. Even though a general consensus has been established 
that the higher elastic stress promoted the formation and enhancement of secondary flow, 
quite different flow behaviors were reported for the different fluids at the same level of 
elastic stress. Additionally, comparable secondary flows were also observed at different 
levels of elastic stresses. It should be noted that these non-dimensional numbers could not 
solely characterize the behavior of viscoelastic contraction flow. In this study, in addition 
to the role of elastic stress, the contribution of shear dependent rheology and extensional 
characteristics of the viscoelastic test fluids to the contraction fluidic behavior has been 
investigated experimentally. Wormlike micellar solutions (WMS) were chosen as the 
viscoelastic test fluids in virtue of their advantageous characteristics over polymer 
solutions and their growing applications.  The shear and extensional rheology of the test 
fluids were characterized, and the velocity and shear deformation profiles associated with 
their contraction flow were quantitatively measured. Secondary flows in the form of 
upstream corner vortex were observed at sufficiently high elastic stresses where the 
viscoelastic Mach number (Ma=√𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷) was larger than the unity. The length of secondary 
flows was found to be correlated with both the elastic stress (De number) and the ratio of 
extensional to shear relaxation times (𝜆𝜆𝐸𝐸

𝜆𝜆
). For the test fluids that showed high yield stress 

and strong shear thinning rheology, a new type of secondary flows with a quasi-static 
condition (~zero velocity) was observed at the upstream corner of contraction entry. 
Furthermore, the role of shear stress and shear viscosity in forming the quasi-static 
secondary flow has been discussed for the first time by matching the shear rates measured 
from the quantitative analysis of viscoelastic contraction flow to the rheological behaviors 
of the test fluids.  
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I. INTRODUCTION 

1.1. Introduction  

Contraction flows of viscoelastic fluids have particular importance in many polymer 

processing techniques such as extrusion, injection molding, and film blowing,1-3 and also 

in more recent applications like ink-jet printing,4 enhanced oil recovery (EOR),5 and 

microfluidic rheometry for characterization of viscoelastic fluids at high deformation 

rates.6, 7 Flow instabilities and extra pressure drops have been commonly reported for 

contraction viscoelastic flows. Formation and enhancement of secondary flows (i.e. corner 

vortices) have been observed in the upstream corner of contraction entry, which influenced 

the flow behavior and promoted flow instabilities.8, 9 The ultimate goal of investigating the 

contraction flows of viscoelastic fluids is to elucidate their flow kinematics. Therefore, 

understanding the flow conditions inducing the formation and enhancement of secondary 

flows has been a main motivation for studying the contraction flows.10  

Despite the numerous experimental and numerical investigations, much less is known 

about viscoelastic flows compared to the well understood Newtonian flows. The behavior 

of viscoelastic fluids is influenced by the rate of deformation, types of deformation caused 

by shear or extension, and rheological properties of the fluids. A contraction flow is 

associated with a complex field of regions with the strong shearing near the walls and the 

non-homogeneous extension along the centerline of contraction entry.11-13 The Newtonian 

contraction flows only showed the small secondary flows, so called Moffat vortices, at very 

high levels of inertial to viscous stresses quantified by Reynolds numbers (Re = 

Inertial Forces
Viscous Forces

, 𝑖𝑖. 𝑒𝑒. 𝑅𝑅𝑅𝑅 > 200).14 In contrast, very large corner vortices were observed from 

contraction viscoelastic flows even at very small Re (i.e. <<1). The viscoelastic fluids differ 
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from Newtonian fluids in terms of their elastic properties. Thus, the ratio of elastic to 

viscous characteristics is considered as an important factor influencing the behavior of 

contraction viscoelastic flows. Whether a viscoelastic fluid behaves elastic-like or fluid-

like is indeed a time dependent phenomenon and depends on the rate of deformation. A 

time-dependent modulus such as G(t) = G0 exp (−𝑡𝑡
λ

) can be considered to describe the 

behavior of a viscoelastic fluid where λ is the characteristic stress relaxation time as λ→ 0 

for viscous fluids and λ → ∞ for elastic solids. For a time scale shorter than its characteristic 

relaxation time, the fluid behaves as an elastic-like solid and for the longer time scale, it 

acts as a viscous-like fluid. The product of deformation rate by the relaxation time of the 

fluid (λγ̇ =  Elastic Forces
Viscous Forces

=  λ
𝑡𝑡𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

  where tflow ≈ 
1
γ̇
 approximates the residence time of the  

flow in the contraction area) results in a non-dimensional number (=λγ̇ denoted as 

Weissenberg and Deborah numbers) that estimates the ratio of elastic to viscous stresses 

associated with the flow of viscoelastic fluids. Thus, this non-dimensional number was 

widely used to characterize the viscoelastic contraction flows in former studies. 

Boger et al.15 used a series of elastic fluids with a constant viscosity (later named as Boger 

fluids) and showed that the length of corner vortices increased as a function of λγ̇.  Evan 

and Walters 16, 17 studied the contraction flow of both shear thinning fluids and Boger fluids. 

Even though they reported that the length of vorticities increased as a function of (λγ̇) only 

for the shear thinning fluids, no explanation was provided in terms of the behavioral 

difference between the shear thinning and Boger fluids. In another study, Boger18 showed 

that the vortex lengths increased as a function of (λγ̇) for Boger fluids with different 

relaxation times, but the function that defines the relation between vortex length and the 

(λγ̇) was different for each fluid. Therefore, Boger suggested that λγ̇ cannot solely describe 
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the flow behavior, and more than one non-dimensional number is required to characterize 

the viscoelastic contraction flows.  

Rodd et al. 19 used the ratio of λγ̇ to Re number, which resulted in a non-dimensional 

Elasticity number (El = Elastic Forces
Inertial Forces

) that indicates the ratio of elastic to the inertial 

stresses associated with the fluid flow. When using Boger fluids (which have a constant or 

nearly constant viscosity), both λγ̇ and Re number have changes linearly with the applied 

flow rate. Thus, the El number would have a single constant value for a given fluid flowing 

through a given geometry. The authors characterized the contraction flows of diluted 

polymer solutions (Boger fluids which have a nearly constant viscosity) and attributed the 

difference of fluidic behaviors at comparable λγ̇ to their level of elasticity (El number). For 

the fluid with low level of elasticity, shorter vortex lengths were reported, which was 

attributed to the role of the fluid inertia. In another study, Rodd et al. 20 observed that the 

onset of vorticities for the fluid with higher level of elasticity occurs at higher λγ̇ numbers. 

They suggested that the higher elasticity suppressed the onset of flow instabilities. The El 

and λγ̇ non-dimensional numbers have been used in several studies that investigated the 

contraction viscoelastic flows by using different polymer solutions and contraction 

geometries.21-26 However, quite different flow behaviors were observed among those 

studies that showed the flow behavior cannot be solely described by using these non-

dimensional numbers. For example, Lanzaro and Yuan 24 found that different levels of fluid 

elasticity can either increase or decrease the stability of the vorticities with a fixed flow 

geometry. In addition, the viscosity (and thus the Re number) of fluids with strong shear 

thinning behavior decreased at the higher shear rates. Therefore, defining a single El 

number did not represent accurately the elasticity of the shear thinning fluids under high 



 

4 

shear rates. El numbers based on the viscosity of the solutions at the corresponding shear 

rates associated with the contraction flow did not correlate with the length of corner 

vortices in contraction flows of shear thinning DNA solutions.27 Therefore, it is necessary 

to consider a relevant non-dimensional number that is closed related with the rheology of 

viscoelastic solutions on their flow behavior to characterize the contraction viscoelastic 

flows. 

Another factor that may greatly influence the viscoelastic behavior of contraction flows is 

the role of extension at the contraction entry. While the viscosity of the Newtonian fluids 

under the uniaxial extensional deformation are always three times higher than those under 

the shear deformation, the modulus, viscosity and the relaxation time of viscoelastic fluids 

vary greatly under extensional flows compared to those under shear flows. The role of 

extension in the contraction flow was investigated by the study of White and Baird 28 who 

found large corner vortices in their contraction flows of low density polyethylene (LDPE) 

melts, but they did not observe any vorticity from the contraction flow of polystyrene (PS) 

melts. The authors suggested that the difference between the flow behaviors was attributed 

to the difference of extensional characteristics between these fluids where the PS melts did 

not show the strain-hardening (i.e. unbounded stress growth upon startup of extensional 

flow) that was observed for LDPE melts. Similarly, in a study by Kang,29 while the 

contraction flow of polyethylene oxide (PEO) solution (strain hardening fluid) showed 

formation and enhancement of vorticities, no vorticities were observed for the hydroxyl 

ethyl cellulose (HEC) solution (strain thinning fluid) under the same flow conditions. 

However, other than that qualitative explanations, the effects of shear and elongational 

deformations on the contraction flow of viscoelastic fluids are still not investigated 
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quantitatively.  

In addition, while extensive research in this field has been conducted on polymer solutions, 

much less is known about the contraction flow of wormlike micellar solutions (WMS). 

Wormlike micelles are made by assembly of surfactants units that aggregate together by 

relatively weak physical attractions. The micellar structures in the equilibrium state break 

and reform continuously. The dynamic break and reform of WMS is the reason why that 

they named as living polymers.30 Since WMS have advantageous characteristics over the 

polymer solutions, they are considered as suitable alternatives for polymeric solutions in 

various applications. As an example in EOR, applying high shear rates to polymer solutions 

will result in permanent shear degradation of polymer chains, however wormlike micelles 

are able to reaggregate when no more shear rate is applied.31 Moreover, wormlike micelles 

can form flow induced structures under elongational deformation that results in  a higher 

extensional relaxation time compare to their relaxation time under shear deformation.32 

Indeed, WMS with entangled wormlike micelles show strong shear thinning behavior and 

unique phenomena such as shear banding.33 Since both elongational and shear 

deformations are applying to the fluids flowing through contraction geometry, our first 

hypothesis is that in addition to the influence of elastic stresses, the variation between 

extensional and shear relaxation times of WMS influence their contraction flow behavior. 

Second, since the shear thinning causes variation of viscosity as a function of shear rates, 

the velocity profiles and in turn the contraction flow behavior of WMS are influenced by 

their strong shear thinning flow behavior.  

1.2. Aims and Objectives  

The aim of this study is to investigate the contraction flows of WMS, to provide 
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experimental information on the fluidic behavior of WMS through sudden contraction 

geometry. Our objective is to find a correlation between the shear and extensional 

relaxation times of WMS, the elastic stresses and the length of secondary flows that are 

observed in their contraction flow. Another objective is to quantitively characterize the 

influence of shear dependent rheology of WMS on their contraction flow behavior. A 

microfluidic contraction geometry has been chosen to facilitate the quantitative 

measurement of velocity and deformation profiles by using the micro particle image 

velocimetry (µ−PIV). In addition, investigating the flow at microscale enables us to study 

the viscoelastic flows with minimized inertial effects. The shear and extensional relaxation 

times of WMS are measured by shear and extensional rheological measurements and the 

elastic stresses were estimated by Deborah and Weissenberg non-dimensional numbers.  

The length of secondary flows was measured by flow visualization techniques and the 

correlation between the relaxation times, elastic stresses and the length of secondary flows 

were investigated. The velocity and shear rates of contraction flows were quantitively 

measured. The measured shear rates were compared to the shear rheology curves of WMS 

and the influence of relevant shear viscosity and stresses of WMS on the velocity profiles 

were investigated.  

1.3.  Outline of Dissertation 

In Chapter 2, a background on the formation of micelles, wormlike micelles and the 

structural characteristics of wormlike micelles are discussed. The nonlinear rheology of 

viscoelastic fluids and the terms and definitions that help the clear understanding of 

chapters to come are introduced. Previous relevant studies on the contraction viscoelastic 

flows are also reviewed. Chapter 3 describes the methodological principles and 
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experimental apparatus that were used to characterize the shear and extensional rheology 

of WMS and measure the velocity and deformation rate of microscopic WMS contraction 

flows. The rheological characteristics of WMS are discussed in Chapter 4. Unique 

responses of WMS to shear and extensional deformations are investigated, and the relation 

of wormlike micellar structure to their linear and nonlinear rheology is discussed 

throughout the chapter. Chapter 5 describes the study on the contraction flows of 

viscoelastic WMS through a microfluidic contraction geometry. The formation and growth 

of secondary flows influenced by the elasticity, the response of WMS flow to the shear and 

extensional deformations, and the effect of nonlinear WMS rheology on the contraction 

flow behaviors are discussed throughout the chapter. Finally, Chapter 6 summarizes the 

results concerning the effects of non-Newtonian rheology and elasticity of the test fluids 

on their contraction flows and proposes some recommendations for future studies.  
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II. BACKGROUND 

2.1.  Formation of Micellar Structures 

Surfactants have amphiphilic structures that are constituted with hydrophobic tail and 

hydrophilic head groups.34 Dissolving surfactants in an aqueous solution at a concentration 

higher than their critical micellar concentration (CMC) results in self-assembly of micellar 

structures.35 The driving force for the formation of micelles is the tendency of hydrophobic 

tails to isolate from water while hydrophilic head groups are favored to be in contact with 

water molecules. In theory, the shape of micellar structures depends on the critical packing 

parameter (Cp) of the surfactant molecules as follows:  

𝐶𝐶𝑝𝑝 =  𝑣𝑣
𝑎𝑎0𝑙𝑙

 (2.1) 

where l and v are the length and volume of hydrophobic tail, respectively and a0 is the 

effective surface area of surfactant head group.36 Figure 2.1 shows the expected shape of 

the micellar structure based on the Cp of their constituting surfactants.  

 

Figure 2.1. The effect of the packing parameter on the shape of micellar structures. Reprinted with 

permission from Elsevier.37 
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For Cp < 1/3, surfactants are in cone shape and above their CMC, these surfactants assemble 

into the spherical micelles spontaneously. When the critical packing parameter is in the 

range of 1/3 < Cp < 1/2, surfactants are expected to form cylindrical (rod-like) micelles. 

The micellar structures that are formed by self-assembly of surfactants with the critical 

packing parameters of 1/2 < Cp < 1 and Cp ~ 1 are vesicles and bilayers, respectively.36, 38 

However, Cp of surfactant molecules is subjected to change by tuning the concentration of 

surfactant molecules in the solution.39 Indeed, the presence of a co-solute in solution results 

in transformation of micellar structures, for example, from spherical to cylindrical 

structures.40 Therefore, the value of Cp is only providing a prediction of micellar shape 

under the concentration close to the CMC,39 and the shape of micellar structures may 

change at higher concentrations or by adding co-solutes.  

2.2.  Wormlike Micelles 

Increasing the concentration of surfactants that are assembled to form rod-like micelles 

spontaneously results in a significant enhancement of the zero-shear viscosity of the 

micellar solution.41, 42 The enhanced viscosity of the solution under the higher surfactant 

concentration is related to the changes in microstructure of micelles. In a diluted solution, 

the length of rod-like micelles is shorter than the distance between micelles, so-called inter-

micellar distance.43 The rod-like micelles have a cylindrical body with two hemispherical 

endcaps, in which the curvature of the cylindrical body is smaller than the curvature of 

endcaps. When increasing the surfactant concentration, added surfactants tend to locate in 

the cylindrical body of micellar structure (not in endcaps) to minimize the free energy in 

the solution, which results in the uniaxial growth of micellar structures.44 This tendency is 

quantified by the endcap energy denoted as EC, which is the excessive free energy for the 
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molecules located in the two hemispherical endcaps compared to those in their cylindrical 

body.45 The growth in length of rod-like micelles results in formation of long cylindrical 

structures, which are termed wormlike micelles because of their shape and flexibility. 

Therefore, one can define the wormlike micelles as the cylindrical structures longer than 

the persistence length (lp) of cylindrical micelles. The persistence length is the longest 

length in which micelles act as rigid structures. The overall length of wormlike micelles is 

denoted as the contour length L, which can vary from nanometers to sub-micrometer length 

scales.46 In virtue of the flexibility of wormlike micelles; the shape of wormlike micellar 

conformation may be found in a coil-like structure as showed in Figure 2.2.  

 

Figure 2.2. Schematic diagram of a wormlike micelle. Rg: radius of gyration, L: contour length, lp: 

persistence length, and Rcs: radius of the cylinder. Reprinted with permission from 

Royal Society of Chemistry.40 
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The mean field theory developed by Cates and Candau,35 is defined the relation between 

the average contour length (L�) of the cylindrical micelles (neutral or highly screened 

micelles) and the concentration of surfactants (c), as follows: 

L�~c
1
2 exp(

Ec

2kBT�
) (2.2) 

where kB is the Boltzmann constant and 𝑇𝑇�  is the absolute temperature. This definition is 

only valid for neutral micelles. For charged surfactants, headgroups repel each other, which 

results in cylindrical structures with shorter lengths. For charged micelles in the absence of 

electrolyte, the scission energy has an additional component, Ee, because of the repulsion 

of charges along the micellar chain backbone that favor shorter micelles. In this case the 

average contour length L of wormlike micelles is given by: 

L�~c
1
2 exp(

Ec − 𝐸𝐸𝑒𝑒

2kBT�
) (2.3) 

For concentration of surfactants that is higher than a threshold concentration (c⁎), so-called 

the overlap concentration, the wormlike micelles are sufficiently long to impose constraints 

on the movement of one another and to form entanglements with their adjacent 

counterparts:43, 44, 47 

𝑐𝑐∗=�𝑘𝑘𝐵𝐵𝑙𝑙𝐵𝐵𝑅𝑅𝑐𝑐𝑐𝑐𝑣𝑣2

𝐸𝐸𝑐𝑐
�

2
 (2.4) 

where v is the effective linear charge density, lB is the Bjerrum length (defined by 𝑙𝑙𝐵𝐵 =

𝑒𝑒2/𝜖𝜖0kBT�, where 𝑒𝑒 is the elementary charge and 𝜖𝜖0 is the dielectric constant of medium 

(water))  and RCS is the radius of the cylinder.47 

Further increasing the concentration beyond c⁎ results in formation of longer wormlike 

micelles with higher number of entanglements, a “tight” network of entanglements that 
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account for the gel-like behavior of WMS. The formation of entanglements between 

wormlike micelles results in enhancement of viscosity and imparts viscoelastic 

characteristics to the solution. Cationic surfactants such cetyltrimethylammonium bromide 

(CTAB) and Cetylpyridinium Chloride (CPyCl) are known to form wormlike micellar 

structures. The growth of cylindrical micelles can be promoted with the addition of 

counterions such as hydrotropic salts.48 These counterions penetrate to the area between 

the adjacent surfactant head groups and screen the electrostatic charge between them. 

Therefore, counterions that reduce the repulsion in the head groups can facilitate the 

uniaxial growth of cylindrical micelles (See Equations 2.3 and 2.2). WMS that are formed 

by dissolving CTAB and sodium salicylate (NaSal) as a counterion is one of the most 

studied micellar solutions. Figure 2.2 shows a schematic of micellar structure that is formed 

by CTAB and NaSal molecules.  

 

Figure 2.3. A schematic of CTAB/NaSal wormlike structures. Reprinted with permission from AIP 

Publishing.49 

In wormlike micelles, surfactants units aggregate together by relatively weak physical 

attractions. The micellar structures in the equilibrium state break and reform continuously, 
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where the kinetics of breakage and reformation reactions are greatly dependent on the 

surfactants and salt concentrations, temperature, and flow. The dynamic break and reform 

of wormlike micelles is the reason why that they named as living polymers.30 According 

to the Reptation-Reaction model,50 wormlike micelles can relieve applied stresses and 

dissipate the imposed energy via the reversible breakdown of long micellar chains.  

2.3.  Linear Rheology of WMS 

Linear rheology addresses the response of materials to the low level of stresses (or strains) 

where the material is subjected to reversible structural changes. The linear rheology of 

WMS follows the Maxwellian behavior. The Maxwell model considers a spring as an 

elastic element (σ𝐸𝐸 = 𝐺𝐺𝛾𝛾𝐸𝐸) and a dashpot as a viscous element (σ𝑉𝑉 = ղ𝛾̇𝛾𝑉𝑉) that are 

connected in series to describe the viscoelastic behavior of a material. By applying a strain 

to the material, the sum of the strains in both elements is equals to the applied strain, and 

the total stress equals to the stresses in each element: 

𝛾𝛾 = 𝛾𝛾𝑉𝑉 + 𝛾𝛾𝐸𝐸 (2.5) 

 σ = σ𝑉𝑉 = σ𝐸𝐸 (2.6) 

The derivative of the strain is an equation of state that can be used to derive the relaxation 

time of the material: 

𝛾̇𝛾 =
𝜎𝜎
ղ

+  
1
𝐺𝐺

 𝜎̇𝜎 (2.7) 

If we take a constant strain (𝛾𝛾0), then 𝛾̇𝛾 is zero. Equation 2.7 can be simplified as: 

0 = 𝜎𝜎 + ղ
𝐺𝐺

 𝜎̇𝜎 (2.8) 

The analytic solution for this differential equation is: 

𝜎𝜎(t) = 𝐺𝐺0 𝛾𝛾0 𝑒𝑒−𝐺𝐺
ղ  𝑡𝑡 (2.9) 
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𝐺𝐺(𝑡𝑡) = 𝐺𝐺0  𝑒𝑒−𝐺𝐺
ղ  𝑡𝑡 = 𝐺𝐺0  𝑒𝑒−𝑡𝑡

𝜆𝜆  (2.10) 

The term ղ
𝐺𝐺

 = λ is the characteristic relaxation time of the viscoelastic material. In order to 

measure the relaxation time of a viscoelastic material following the Maxwell model, the 

dynamic oscillatory measurement51, 52 is used as described in Chapter 3. 

The reason why wormlike micelles shows the similar rheological behavior with the 

Maxwellian fluid is their ability to break and reform continuously. In case of polymers, the 

chains are relaxed from the stress only by reptation, which is the self-diffusion along their 

contour length in a hypothetical tube that represents the constraints imposed to the 

movement of the polymer chain (see Figure 2.4).53 In contrast, wormlike micelles are able 

to instantly break and change their conformation to be relaxed from the applied stress.35, 54 

 

Figure 2.4. Schematic illustration of reptation tube.  

The viscosity of WMS measured at very low deformation rate is called the zero-shear 

viscosity (ղ0), at which the structure of wormlike micelles is still intact. In case WMS are 

prepared by mixing surfactants and salts in water, enhanced ղ0 was reported by adding 

more salts.55 The increase of ղ0 indicates formation of longer micelles and higher level of 

entanglements in the micellar network. However, adding more salts resulted in drop in ղ0 

after a peak of maximum zero-viscosity of WMS (see Figure 2.5A). It has been suggested 
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in different ways like excessive salt ions either promoted the formation of branched 

wormlike micelles 55, 56 or resulted in shorter micellar chains.57 The branched wormlike 

micelles at excessive salt concentrations have been observed by Gaudino et al.56 (see 

Figure 2.5B). They reported that the branching points can move along the wormlike 

micellar chain, which act as an additional stress relaxation mechanism, thus reducing the 

viscosity. Branching point of wormlike micelles is different from the one of polymers in 

which the monomers are covalently bonded, and the branching points are fixed on the 

chain. A similar trend was observed when measuring the zero-shear viscosity as the salt to 

surfactant ratio was kept constant, but the surfactant concentration was increased.42  

 

Figure 2.5. A) A representation of zero-shear viscosity as a function of the salt to surfactant molar 

ratio and structural changes in wormlike micelles (the schematic of entangled and 

branched wormlike micelles are adopted from Candau et al.55) and B) a Cryo-TEM 

image of wormlike micelles prepared by [CPyCl] = 100 mM and [NaSal] = 90 mM 

presented in the study of Gaudino et al.56 The white arrows show the branch points in 

wormlike micelles. Reprinted with permission from AIP Publishing.56 

2.4.  Non-linear Shear Rheology of WMS 

Above the deformation range of linear viscoelasticity, structural change occurs in the 
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material as a result of applied deformations. In general, the power law model provides the 

simplest description of viscosity as a function of shear rate: 

η�Υ̇� =  ΚΥ̇n−1 (2.11) 

where Κ is the flow consistency index and n is the flow behavior index. Depending on the 

value of n, the fluid behavior is either shear-thinning (n < 1), Newtonian (n = 1), or shear-

thickening (n > 1).58 The wormlike micelles show a constant shear viscosity when very low 

shear rates are applied, which equals to their zero-shear viscosity. The non-linear rheology 

of WMS is highly dependent on the structure of wormlike micelles. For entangled 

wormlike micelles, high deformation rates result in disentanglement of wormlike micelles, 

thus decreased viscosity of WMS.51 The decreased viscosity of a material as a function of 

deformation rates is called shear thinning behavior. However, the shear thickening 

behavior for short wormlike micelles (and Rod-like micelles) was observed under high 

shear rates. Viscosity curve of a shear-thickening fluid is typically constituted of three 

regions: a slight shear-thinning at low shear rates, a subsequent viscosity increases over a 

critical shear rate, and a shear-thinning region at high shear rates.59, 60 Therefore, a power 

law model fails to describe the fluidic behavior in the entire range of applied shear rates. 

For example, while a power-law model (with n > 1) can describe the shear-thickening 

behavior of fluid in intermediate shear rates, it fails to fit for the regions of low and high 

shear rates where the fluid shows the shear-thinning (see Figure 2.6).  
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Figure 2.6. The three typical zones of I: shear thinning, II: shear thickening, and III: shear thinning 

in a log–log viscosity-shear rate curve from a shear thickening fluid. Reprinted with 

permission from Elsevier.61 

Galindo-Rosales et al.61  suggested a composite function by taking all regions of viscosity 

curve into account as follows: 

�Υ̇�=

⎩
⎪
⎨

⎪
⎧ ηI(γ̇)                                                                        for  Υ̇≤ Υ̇c

ηII�Υ̇�                                                           for  Υ̇c< Υ̇≤ Υ̇max

   ηIII�Υ̇�                                                                     for  Υ̇max< Υ̇
 

 (2.12) 

where Υ̇c is the critical shear rate and Υ̇max is the shear rate at which the test fluid shows 

the highest viscosity. The viscosity functions of ηi (for i = I, II, III) are branched equations 

based on the cross model:62 

η =  η∞ +  
η0 − η∞

1 +  (λΥ)̇n
 (2.13) 

where η∞ is the infinite shear viscosity, η0 is the zero-shear viscosity, and λ is the 

relaxation time of the fluid. The final forms of suggested model are derived as follows: 



 

18 

η�Υ̇�=

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ ηI�Υ̇� =  ηc +

η0-ηc

1+ �KI � Υ̇2

Υ̇-Υ̇c
��

nI                                         for  Υ ̇ ≤ Υ̇c

ηII�Υ̇�  = ηmax +
ηc-ηmax

1+ �KII � Υ̇-Υ̇c
Υ̇-Υ̇max

� Υ̇�
nII                   for  Υc< Υ̇ ≤ Υ̇max

   ηIII�Υ̇� = 
ηmax

1+�KIII�Υ̇-Υ̇max��
nIII                                      for  Υ̇max <Υ̇ Υ̇

 

 (2.14) 

where Ki (for i = I, II, III) are the time constant parameters, ni (for i = I, II, III) are the 

dimensionless exponents that are related to the slope of the each power-law regime, ηc is 

the viscosity of fluid at the critical shear rate, and ηmax is the viscosity of fluid at Υ̇max (see 

Figure 2.6). The proposed model describes well both shear-thinning (either for Υ̇ ≤

Υ̇c or Υ̇max <  Υ̇) and shear-thickening ( Υ̇c < Υ̇ ≤ Υ̇max) regimes that were observed in the 

viscosity curve of a shear-thickening fluid.59, 61 However, a number of independent 

constants used in its derivation is a drawback of this model. 

2.5.  Shear Induced Structures 

Shear-thickening of WMS is attributed to the shear-induced gelation that formed by long 

micellar chains.63 In this approach, gelation occurs when the applied shear rate is high 

enough, i.e., above a critical shear rate γ̇c, to overcome the rotational Brownian diffusion 

(Dr) of the rod-like micelles: 

γ̇c ∼ Dr ∼  kBT 
πL3ηs

 (2.15) 

where ηs is the viscosity of the solvent. Barentin and Liu64 presented a new mechanism for 

the formation of shear-induced structure, in which the micelles collide under the shear flow 

and aggregate into bundles. Unlike the approach explaining the shear-induced gelation by 

overcoming the Brownian diffusion, they concluded that shear-induced gelation is 

attributed to micellar–micellar interactions. This shear-induced state is called alternatively 
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shear-induced phase (SIP)65 or shear-induced structure (SIS) 66. Rehage and Hoffmann42 

observed that an aqueous WMS of CPyCl/NaSal formed a gel-like structure along the 

direction of shear flow above a critical shear rate. This gel-like structure is referred to as 

SIS, a structure that will disintegrate with the cessation of the shear flow.42, 67 The general 

rheological response of the CPyCl/NaSal solution under the Couette flow condition 

confirms that the formation and disbanding of SIS increases and decreases the viscosity of 

the solution, respectively. The formation of SIS occurs when a flow regime causes a 

stretching and tumbling of wormlike micelles, which invoke micelle–micelle collisions 

that produce a complex viscous network. Rojas et al.67 revealed that while it is not possible 

for short micelles to form long-range connections under static conditions, these 

connections can be elongated by imposing an appropriate level of shear stress. 

2.6.  WMS Under Extensional Flow 

The behavior of viscoelastic fluids that are under the extensional deformation depends on 

both the extensional rate and the total strain that are applied to the fluid. While the 

extensional viscosity of a Newtonian fluid is always three times higher than its shear 

viscosity, the viscoelastic fluids show a significant deviation from this relation. In case of 

the extensional flow, polymers may stretch in the direction of flow. Conformational 

changes of polymer chains from their coil-like structure at equilibrium to the stretched state 

require a large amount of applied stress. Therefore, the coil-to-stretch transition is 

considered as the underlying reason for that very high ratio of extensional viscosity to shear 

viscosity was observed in some polymer fluids (e.g. high Trouton ratio).68, 69 A theoretical 

study by Larson and Magda predicted that the coil-to-stretch transition in polymer chains 

occurred when they are subject to high extension rate and enough strain.68 Thus, the 
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Hencky strain indicating the total strain applied to the fluid over the time is an important 

factor for the study of elongational flow:70, 71  

𝜀𝜀(𝑡𝑡) =  � 𝜀𝜀̇
𝑡𝑡

0
(𝑡𝑡)𝑑𝑑𝑑𝑑 (2.16) 

where 𝜀𝜀̇ is the extension rate. Compared to polymer solutions, the elongational flow of 

WMS is much less understood. Bhardwaj et al.72 measured the extensional rheology of 

WMS prepared by CTAB/NaSal and CPyCL/NaSal. For both solutions, the extensional 

viscosity has increased as a function of Hencky strains and reached to a constant value for 

sufficiently high Hencky strains. The increased extensional viscosity of solutions is 

attributed to the coil-to-stretch transition in wormlike micelles. The authors found that 

solutions of lower Cd showed more strain hardening behavior. Sachsenheimer et al.32 found 

considerably longer extensional relaxation time for CTAB/NaSal solutions of R = [𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁]
[𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶]

 

< 1 compared to their shear relaxation time. The authors suggested that longer relaxation 

time in the elongational flow must be a result of an elongation induced structure (EIS) 

formed in WMS. Omidvar et al.73 studied the shear and extensional rheology of WMS 

prepared by dissolving hexadecyltrimethylammonium p-toluenesulfonate (CTAT) in de-

ionized water. At lower concentrations, these WMS showed strain hardening behavior, and 

the maximum extensional viscosities were ~105 times higher than their zero-shear 

viscosity. At higher concentrations, the Trouton ratio has dropped to an ultimate value of 

Tr ~ 3. The authors concluded that the higher extensional viscosities observed at low 

concentrations was caused by formation of EIS. However, the ratio of extensional to shear 

relaxation times reported in their study was lower than unity for all concentrations 73 in 

contrast to the study by Sachsenheimer et al. In summary, extensional flow of the WMS 



 

21 

promises rich fluid dynamics associated with structural changes that necessitates further 

investigations.  

2.7.  Contraction Viscoelastic Flows 

A contraction flow is associated with non-homogenous extension rates along the centerline 

area of contraction entry and shear flows elsewhere 11. Formation of large secondary flow 

is observed for the viscoelastic contraction flow that is not observed for Newtonian 

contraction flows (see Figure 2.7). As discussed in Section 1.1, the effect of elasticity on 

the fluidic behavior was investigated in literature by using non-dimensional numbers that 

quantify the ratio of elasticity to viscous and inertial stresses associated with the flow. 

However, these non-dimensional numbers could not fully characterize the viscoelastic 

contraction flows. Flow transitions and formation secondary flows were reported to occur 

at different range of those non-dimensional numbers using different viscoelastic fluids or 

at different range of concentrations for the same viscoelastic fluid. In addition, the 

secondary flows were not reported for the viscoelastic fluids that does not (does or does 

not ??) show strain hardening characteristics.60, 74 The formation of vorticities is known to 

result in a lower extension rate in the upstream of contraction entry, and thus is considered 

as a stress relief method for the fluid flowing toward the contraction entry.75, 76 The flow 

patterns observed with diluted to semi-diluted polymer solutions in the previous literatures 

21-26 can be categorized as follows: Newtonian-like flow, formation and enhancement of 

lip/corner vorticities, and unsteady and time dependent flows. The transitions of flow 

patterns were dependent on the value of λγ̇. 

 



 

22 

 

Figure 2.7. A Schematic diagram of a sudden contraction geometry illustrating the secondary flows 

observed with Newtonian and viscoelastic fluid flows. 

As discussed in this chapter, various Non-Newtonian phenomena that are associated with 

the structural changes in the viscoelastic fluids occur at high deformation rates. Moreover, 

the viscoelastic fluids show unique response to the extensional flow comparing to shear 

flow, which is not reflected in the non-dimensional numbers. In order to better understand 

the viscoelastic contraction flows, the effect of these phenomena on the fluidic behavior 

should be investigated. 

 

 

 

 

 



 

23 

III.  CHARACTERIZATION METHODS AND EXPERIMENTAL APPARATUS 

 
This chapter provides a description of the methodological principles and experimental 

apparatus that are used to characterize the structure of wormlike micelles, the viscoelastic 

properties, and the flow behavior of wormlike micellar solutions (WMS). Section 3.1 

describes the rheological characterization methods that are employed to study WMS. 

Rheology is the science of studying flow and deformation of materials to elucidate the 

interrelation between force, time and deformation77, which determines the mechanical 

properties of the materials. The dynamic oscillatory shear rheometry experiments (Section 

3.1.1) provide insight to the structure of wormlike micelles. The small amplitude of strain 

that is applied to test fluids in dynamic oscillatory test does not deform the structure of 

wormlike micelles. Thus, the characteristics of micelles that are measured in this method 

reflect the structural properties of wormlike micellar chains in their equilibrium state. 

Steady shear experiments (Section 3.1.2) are used to measure the viscosity and shear stress 

of the test fluids. It is possible to obtain the fluid properties in both linear and nonlinear 

state by changing the shear rate from very low to high. The extensional rheometry (Section 

3.1.3) is used to measure the characteristics of wormlike micelles, when the fluid is 

subjected to extension. Section 3.2 describes the flow visualization techniques that are used 

to characterize the flow behavior of WMS. Fluorescent streak imaging (Section 3.2.1) 

technique is used to document the flow pattern of WMS in the microfluidic device. Section 

3.2.2 describes the micro-particle image velocimetry (µ−PIV) that is used for quantitative 

velocity measurements of microscopic flows.  
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3.1.  Rheological Characterization 

3.1.1. Dynamic Oscillatory Measurements  

As one of dynamic oscillatory measurements that is widely used to obtain information 

about structural properties of viscoelastic solutions, the small amplitude oscillation shear 

(SAOS) test is used to determine the structural properties of WMS. In SAOS test, a small 

sinusoidal shear strain applies to the fluid: 

γ (t) =  γ0 sin (ωt) (3.1) 

where γ0 is the strain amplitude and 𝜔𝜔 is the angular frequency. The resulting stress from 

the fluid response is measured as a function of time:  

σ(t) =  σ0 sin (ωt + δ) (3.2) 

where σ0 is the stress amplitude and δ is the phase shift with respect to the applied strain. 

The stress data can also be analyzed by decomposing the stress sinusoidal term into two 

terms, one in the phase with the strain (sin ωt) and the other one in the 90º out of phase 

with the strain (cos ωt): 

σ(t) = γ0 ( G′(ω)sin (ωt) +  G′′(ω)cos (ωt)) (3.3) 

where G′(ω) and G′′(ω) are considered as the elastic modulus and loss modulus of the 

viscoelastic solution, respectively. The elastic modulus is proportional to the stress in-

phase with the applied strain and indicates the elasticity of material. The loss modulus is 

proportional to the stress out of phase with the applied strain and indicates the energy loss 

due to the viscous dissipation in material.78 

Since wormlike micelles break and reform continuously, they show a single shear 

relaxation time (𝜆𝜆) and their dynamic rheology follows the Maxwell model where their 

elastic modulus (𝐺𝐺′) and loss modulus (𝐺𝐺′′) can be described as: 
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G′(ω) =
G0

′ ω2λ2

1 + ω2λ2 (3.4) 

G′′(ω)  =  
G0

′ ωλ
1 + ω2λ2 (3.5) 

Therefore, λ of WMS can be obtained as the reciprocal of the ω at the crossover point of 

G′and G′′ 35, 79. 

Rheological properties of each solution were characterized using a stress-controlled 

rheometer (HAAKE iQ rheometer, Thermo Scientific) (see Figure 3.1A). The temperature 

of test fluid is controlled by using an isothermal bath (Isotemp, Fisher Scientific) coupled 

to the rheometer. A geometrical setup of parallel plates with 60 mm diameter is used to 

measure elastic and loss moduli (G′ and G″, respectively) under the SAOS mode.  

 

Figure 3.1.  A) The experimental setup for dynamic shear oscillatory measurements. B) Shows the 
co-axial cylinders geometry setup that is used for steady shear measurements. 

3.1.2. Steady Shear Measurements  

Steady shear measurements provide the information about the shear viscosity, 𝜂𝜂 (𝛾̇𝛾) and 

shear stress, σ (𝛾̇𝛾) of viscoelastic solutions as a function of the imposed shear rate. The 

viscosity of non-Newtonian fluids is defined by the ratio of shear stress to the shear rate: 
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ղ =
σ
𝛾̇𝛾

 (3.6) 

Rotational rheometers are developed to measure the shear viscosity of fluids. In these 

rheometers, a rotor rotates at a certain angular velocity (Ω) to apply a defined amount of 

shear rate to the fluid and the torque (𝑀𝑀) on the rotor axis is measured: 

𝛾̇𝛾 = 𝐾𝐾𝛾𝛾Ω  (3.7) 

σ = 𝐾𝐾σ𝑀𝑀  (3.8) 

where 𝐾𝐾𝛾𝛾 and 𝐾𝐾σ are strain and stress constants that are geometry-dependent factors. For a 

co-axial cylinder geometry setup, the values of 𝐾𝐾𝛾𝛾 and 𝐾𝐾σ depend on the radius of the outer 

stationary cylinder (Ro), and length (Li) and radius of rotating inner cylinder (Ri) as 

follows80, 81: 

𝐾𝐾𝛾𝛾 =
𝑅𝑅𝑂𝑂

2

𝑅𝑅𝑂𝑂
2 − 𝑅𝑅𝑖𝑖

2 
(3.9) 

𝐾𝐾σ =
1

2 𝜋𝜋 𝐿𝐿𝑖𝑖𝑅𝑅𝑂𝑂
2 

 (3.10) 

Therefore, the viscosity and shear stress can be derived by substituting these constants in 

equations (3.6-8). In this study, shear viscosities and shear stresses of solutions are 

measured at a wide range of shear rates using a cylinder with 12.54 mm radius and a cup 

with 13.60 mm radius. WMS shows a constant shear viscosity at small shear rates (i.e. 𝛾̇𝛾 

<< 1) and this viscosity value is considered as the zero-shear viscosity (𝜂𝜂0) of the solution.  

3.1.3. Extensional Rheometry  

The extensional rheometry has been used for characterizing viscoelastic fluids by tracking 

the thinning process of their stretched filament. For example, in a capillary break up 

(CaBER) rheometer, a fluid sample is placed between the two plates of the CaBER 
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rheometer (see Figure 3.2A). As the upper plate moves upward with an initial step-strain 

and, an unstable liquid bridge is formed between the two plates. The liquid bridge gets 

thinner over time until its pinch-off (Figure 3.2B). The filament thinning dynamics depend 

on the interplay of capillary, inertia, viscous and elastic forces. The capillary is the driving 

force for the thinning of filament whereas the rest of forces counteract against it. Depending 

on the relative magnitude of inertia, viscous and elastic forces, several scaling laws have 

been established to describe the thinning dynamics of fillaments.72, 82, 83 Therefore, the 

thinning phenomena of the filament can be analyzed to characterize the extensional 

rheology of the fluid. While the CaBER rheometry has been widely used to characterize 

extensional rheology of fluids, recent reports suggested that the initial step-strain (upper 

plate moving upward) could disrupt the microstructure and alter the viscosity and 

relaxation time of the fluid.32, 82 Recently, Dinic et. al.83-86 introduced the dripping-onto-

substrate (DOS) method to characterize the extensional rheology of fluids. In DOS method, 

a droplet of fluid is pumped from a vertical needle that is placed at a certain distance (H) 

above a glass substrate (Figure 3.2C). Once the droplet contacted with the substrate, a fluid 

filament is formed which shows thinning over time (Figure 3.2D) akin to CaBER 

experiment.82, 84 
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Figure 3.2.  A) A schematic illustration of CaBER rheometer. Reprinted with permission from AIP 
Publishing.72 B) An example of filament thinning of a fluid observed from a CaBER 
rheometry experiment. Reprinted with permission from AIP Publishing.72 C) A 
schematic illustration of DOS rheometry setup. Reprinted with permission from Royal 
Society of Chemistry.84 D) An example of filament thinning of a fluid observed from 
a DOS rheometry experiment. Reprinted with permission from American Chemical 
Society.87 

 

The thinning dynamics that is dominated by inertial and capillary forces is described by an 

inertia-capillary scaling equation86, 88:  

𝐷𝐷(𝑡𝑡)
𝐷𝐷0

= 0.8 �
𝑡𝑡𝑖𝑖𝑖𝑖 − 𝑡𝑡

𝑡𝑡𝑅𝑅
�

2
3
 (3.11) 

where tic is the pinch-off time, D0 is the initial diameter of liquid bridge, and tR is the 

Rayleigh time, a characteristic time scale that is calculated by: 

𝑡𝑡𝑅𝑅 = �
𝜌𝜌𝑅𝑅0

3

𝛤𝛤
�

1
2
 (3.12) 

where 𝛤𝛤 is the surface tension of the fluid and R0 is the initial radius of the liquid bridge. 

If viscous and capillary forces dominate on filament thinning dynamics, the phenomena is 

described by an visco-capillary scaling equation86, 89: 
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𝐷𝐷(𝑡𝑡)
𝐷𝐷0

= 1 − 0.07 �
𝑡𝑡

𝑡𝑡𝑉𝑉𝑉𝑉
� (3.13) 

where tvc is the visco-capillary time, a characteristic time scale that can be calculated as: 

𝑡𝑡𝑉𝑉𝑉𝑉 =  �
ղ𝑅𝑅0

𝛤𝛤
� (3.14) 

For viscoelastic solutions, after a time of tC, the elastic and capillary forces dominate on 

the thinning dynamics of the filament. In the elasto-capillary thinning regime, the radius of 

the fluid filament decays exponentially over time. The equation provided by Entov and 

Hinch90 described the electro-capillary thinning dynamics as: 

𝐷𝐷(𝑡𝑡)
𝐷𝐷0

≈ �
𝐺𝐺𝐺𝐺0

2𝛤𝛤
�

1
3

𝑒𝑒�− 𝑡𝑡
3𝜆𝜆𝐸𝐸

� (3.15) 

where 𝐺𝐺′ is the elastic modulus and 𝜆𝜆𝐸𝐸 is the extensional relaxation time of the solution. 

Therefore, by plotting the D(t)/D0 as a function of time in a semi-logarithmic scale, the 

elasto-capillary region appears as a linear line. The extensional relaxation of a solution is 

then obtained by fitting the diameter data in the elasto-capillary region with an equation in 

the form of: 

𝐷𝐷(𝑡𝑡)
𝐷𝐷0

= 𝐴𝐴𝑒𝑒−𝐵𝐵𝐵𝐵 (3.16) 

where B is equivalent to 1/3𝜆𝜆𝐸𝐸. In the elasto-capillary thinning regime, the elastic stress 

(σ𝐸𝐸 =ղE𝜀𝜀̇, where ղE is the extensional viscosity and 𝜀𝜀̇ is the extension rate) counteracts 

against the capillary stress, 2𝛤𝛤/𝐷𝐷(𝑡𝑡), which is the driving force for thinning of filament. 

Therefore, the extensional viscosity of the fluid can be derived as: 

ղ𝐸𝐸 =  �
2𝛤𝛤

𝜀𝜀̇𝐷𝐷(𝑡𝑡)
� (3.17) 

The Hencky strain ε(t) is the total strain experienced by the fluid in a stretched filament 
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that is defined as: 

𝜀𝜀(𝑡𝑡) = 2𝑙𝑙𝑙𝑙 �
𝐷𝐷0

𝐷𝐷(𝑡𝑡)
� (3.18) 

Therefore, the extension rate is calculated by derivation of equation 3.18: 

𝜀𝜀̇(𝑡𝑡) = −2
𝑑𝑑𝑑𝑑𝑑𝑑 �𝐷𝐷(𝑡𝑡)

𝐷𝐷0
�

𝑑𝑑𝑑𝑑
 (3.19) 

By substituting equation 3.19 into equation 3.17, the extensional viscosity can be obtained 

as: 

ղ𝐸𝐸 =  �
−𝛤𝛤

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

� (3.20) 

In order to calculate the extensional viscosity, Anna and McKinley91 suggested to fit the 

data of D(t)/D0 with a fitting equation in the form of: 

𝐷𝐷(𝑡𝑡)
𝐷𝐷0

= 𝐴𝐴𝑒𝑒−𝐵𝐵𝐵𝐵 − 𝐶𝐶𝐶𝐶 + 𝐷𝐷 (3.21) 

where A, B, C and D are fitting parameters. The derivative form of this fitting equation is 

subsequently used in equations 3.17 and 3.19 to compute the extensional viscosities.  

Figure 3.3A shows the experimental setup that was used to characterize the extensional 

rheology of WMS. The experiments have been carried out using a contact angle and surface 

tension measurement instrument (First Ten Angstroms, Inc., Portsmouth, VA).  
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Figure 3.3.  A) The experimental setup for extensional rheology measurement. B) Pendant drop of 
a test fluid with an illustration of geometrical parameters that are used to calculate the 
surface tension. 

The test fluids were loaded in a 5 mL gas-tight syringe (Hamilton, Reno, NV) and the 

syringe were placed into the syringe pump of the instrument (See Figure 3.3A). A gauge 

20 syringe tip with the outer diameter (OD) of 0.9081 mm was mounted to the syringe 

while a glass substrate is placed under the syringe. The vertical distance between the tip of 

syringe and the substrate is adjusted at H ≈ 3.5 mm. Test fluids were gently pumped out 

with a very low flow rate (1 μL/s), and the pumping were stopped once the droplet touches 

the substrate. The filament thinning of test fluid are then recorded with a CCD Camera 

(GigE Vision, Imprex, Inc., Milwaukee, WI) with the frame rates of 5-60 frame per seconds 

(fps). After the series of captured images were converted to binary images using ImageJ 

(NIH), the binary images were processed with a MATLAB code86, 92 to measure and track 

the change of the fillament diameter over time. The initial diameter of all fillaments is 

considered as D0 = 0.9081 mm that equals to the OD of the syringe tip. Further, the 

normalized diameter of fillaments, D(t)/D0 was plotted as a function of time using 

SigmaPlot (version 12.0, Systat Software Inc, San Joe, CA). The curve fit function of 

SigmaPlot is used for fitting the data points with equations 3.16 and 3.21. In order to 
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calculate the extension rates, the obtained fitting parameters from equation 3.21 were 

substituted to the derivation form of equation 3.21 using Microsoft Excel. Finally, to 

calculate the extensional viscosities using equation 3.17, the surface tension of the test 

fluids has been measured.  

3.1.3.1.  Surface Tension Measurement 

Analysis of pendant drop shape was used to measure the surface tension (𝛤𝛤) of the test 

fluids. The contribution of the gravitional force and the surface tension (𝛤𝛤) of a liquid to 

the shape of a pendant drop is described by Young-Laplace equation93: 

𝛤𝛤 =
𝛥𝛥𝛥𝛥𝛥𝛥𝑟𝑟0

2

𝛽𝛽
 (3.22) 

where 𝛥𝛥𝛥𝛥 is the density difference between the liquid and its carrier phase, i.e. air in this 

study, g is the gravitional accelaration constant, r0 is the radius of curvature at the drop 

apex (See Figure 3.2B), and 𝛽𝛽 is the non-dimensional shape factor. The shape factor, 𝛽𝛽 is 

related to DE/DS, where DE is the maximum diameter of the penant drop and Ds is the 

diameter of the drop at the distance of DE from the apex, which can be calculated using the 

following equation provided by Hansen and Rødsrud 93: 

l = 0.12836- 0.7577 �𝐷𝐷𝐸𝐸
𝐷𝐷𝑆𝑆

�+ 1.7713 �𝐷𝐷𝐸𝐸
𝐷𝐷𝑆𝑆

�
2
 - 0.5426 �𝐷𝐷𝐸𝐸

𝐷𝐷𝑆𝑆
�

3
 (3.23) 

Therefore, the surface tension of the liquid can be calculated by characterizing the shape 

of pendant drop and obtaining r0 and 𝛽𝛽. The surface tension measurment instrument shown 

in Figure 3.3A calculated the geometrical parameters and returned the surface tension of 

each test fluid. 

3.2.  Flow Visualization  

A fluorescence microscope (IX73, Olympus) equipped with a high-speed camera (NX4-



 

33 

S2, IDT) was used to visualize and capture flow patterns of WMS. The microscopic flow 

of WMS influenced by the contraction entry was visualized using fluorescent streak 

imaging and micro-particle image velocimetry (μ-PIV). For the fluorescent flow 

visualization techniques, test fluids were seeded with 0.02 %wt of 2.0 µm diameter red 

fluorescent particles (ex/em = 542/612 nm, Thermo Scientific). A mercury lamp for 

continuous illumination and a filter cube (49008-BX3, Olympus) that filtered the 

appropriate range of wavelengths were used to excite the fluorescent particles and images 

from excited fluorescent particles are recorded by the high-speed camera. 

3.2.1. Fluorescent Streak Imaging 

In fluorescent streak imaging technique, acquired images from a fluid flow at a defined 

condition were overlaid by a software (i.e. ImageJ (NIH)). The constructed image by 

overlaying the images shows the pathlines of tracing particles over the entire time period 

of image acquisition. For each volumetric flow rate, a series of 300 frames (1024 ×1024 

pixels, 8-bit grayscale) with the acquisition rate of 200 to 600 fps was captured at the center 

plane (z = 0) of the microchannel using 4X or 10X objectives. For each set of experiments, 

series of 100 to 300 frames were overlaid using the maximum intensity function of ImageJ 

(NIH).  

3.2.2. Micro-Particle Image Velocimetry (µ−PIV) 

Micro-particle image velocimetry (µ−PIV) is used for quantitative measurements of a 

velocity field with a spatial resolution of only a few micrometer scale. In PIV 

measurements, acquired images are processed by a cross-correlation algorithm. After the 

algorithm divides each image to k interrogation areas with a size of p × q pixels, it computes 

the displacement vector of seeded particles for each interrogation window between the two 
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sequential images using the peak value of correlation function. Given the time interval 

between the two images and the displacement vector of particles, the local velocity vector 

can be calculated. To increase the resolution of vector fields, a multi-pass approach when 

choosing the interrogation windows can be employed, in which the vector fields are 

calculated using interrogation windows that are reduced in size for each pass. The 

displacement vectors resulting from the first pass are interpolated to the smaller spatial 

resolution, and the interrogation area of the second pass is shifted by the interpolated 

vectors before the second pass correlation. The result of each pass is used to shift the 

interrogation windows during the next pass, therefore the resolution and accuracy of 

displacement vectors are improved 94. 

Two sets of experiments were conducted for μ-PIV analysis: (i) For the low volumetric 

flow rates, 0.05 mL/h < Q < 0.5 mL/h, a series of 200 frames (1024 ×1024 pixels, 8 bits) 

was captured with the rate of 200 fps using a 4X objective. The captured frames were then 

used to generate 100 pairs of sequential frames; (ii) For the high volumetric flow rates, Q 

> 0.5 mL/h, a 10X objective was used after positioning the field of view at the upstream 

corner of the contraction entry in order to investigate fluid dynamics of secondary flows. 

For each set of experiments, a series of 300 frames was captured at the center plane with 

the acquisition rate of 600 fps and used to generate 150 pairs of sequential frames. A 

particle-tracking tool built for MATLAB 95 was used to reconstruct the velocity field of the 

fluid flow. The built-in PIVlab (version 2.31, developed by Dr. William Thielicke and Prof. 

Eize J. Stamhuis, published under the BSD and CC-BY license) cross-correlation function 

was used to compare interrogation areas between pairs of sequential frames with the multi-

pass interrogation method in three passes with windows sizes of 64 × 64, 32 × 32, and 16 
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× 16 pixels, respectively. A mean velocity field is generated for each experiment by 

averaging the velocity fields of sequential frames. The shear and strain rate profiles were 

generated based on the mean velocity field frame using PIVlab. 
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IV.  RHEOLOGY OF WORMLIKE MICELLAR SOLUTIONS 

4.1.  Introduction 

The most relevant modeling of viscoelastic solutions is to consider these materials as a 

two-component system, one with a pure “elastic” property connected to the other one with 

a pure “viscous” property. Such a model, so called the Maxwell model96 introduced by 

James Clerk Maxwell, considers a spring connected with a dashpot in series, which is the 

basis for understanding of viscoelastic response of solutions. In nature, no material shows 

the viscoelastic behavior as simple as predicted by Maxwell model, but the linear 

viscoelasticity of wormlike micellar solutions (WMS) can be described outstandingly with 

the model.51, 97 The Maxwell model predicts a mono-exponential decay of the stress in 

viscoelastic fluid, which is characterized by a single relaxation time (λ). The close 

agreement of WMS linear viscoelasticity to the Maxwellian flow is attributed to the ability 

of wormlike micelles to break and reform continuously. The reaction-reptation model 

introduced by Cates35, 50, 54 incorporates the reptation relaxation mechanism of 

entanglements that was developed for polymers53 with the reversible scission of the 

wormlike micelles, which successfully describes the Maxwellian behavior of WMS. 

Therefore, rheological characterization of WMS provides valuable information about the 

microscopic structure of wormlike micelles and its relation to the macroscopic flow 

behavior of WMS. The nonlinear viscoelastic behavior of WMS when there are structural 

changes in the material is associated with phenomena such as shear thinning that commonly 

observed for viscoelastic solutions and several unique phenomena such as shear 

thickening64, 98-100 and shear banding.101-103 In this chapter, thorough rheological 

characterization of WMS is aimed to study the structure of wormlike micelles, the non-
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linear phenomena associated with WMS flows, and correlation between these phenomena 

and the microscopic structure of wormlike micelles. The second section of this chapter 

(Section 4.2) provides the theoretical background on the structure of wormlike micelles 

and its relationship with the rheological parameters. In Section 4.3, the rheological 

characterization of test fluids that were used to study the microscopic flow of WMS is 

presented. Additionally, since there are growing applications of WMS such as in seawater 

super cavitation desalination techniques104, 105 and enhanced oil recovery (EOR)31, 106, 107, 

a complementary study regarding the effect of temperature and water salinity (NaCl) on 

the rheology of WMS is provided in Section 4.4.  

4.2.  Theoretical Background 

Wormlike micelles break and reform continuously in a solution and show viscoelastic 

properties with a single relaxation time (λ): 

λ ~�λrλb (4.1) 

where λ𝑏𝑏 and λ𝑟𝑟 are micellar reversible breaking and reptation relaxation times of wormlike 

micelles, respectively.108, 109 When the kinetics of reversible breaking of micellar chains 

dominates over the timescales for reptation of micellar chains, micellar solutions show the 

Maxwellian behavior and the Cole-Cole plot (𝐺𝐺′′against 𝐺𝐺′) of WMS showing a semicircle 

trace.35, 79 However, at high frequencies where the ω is in order of 1
λb

, the rheology of WMS 

behavior deviates from the Maxwellian behavior and the wormlike micelles show an upturn 

in their 𝐺𝐺′′ and 𝐺𝐺′.49 The value of local minimum of 𝐺𝐺′′ over the plateau modulus (𝐺𝐺0
′  ) of 

WMS is giving an estimate for the number of entanglements on the average micellar 

contour length 𝐿𝐿�:  
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Gmin
′′

G0
′ ≈

le

L�
 (4.2) 

where 𝑙𝑙𝑒𝑒 is the entanglement length, which is the length of micellar chains in the intervals 

between the two entanglement points,110 that can be derived from: 

le ≈ ξm

5
3

lp

2
3

 (4.3) 

where, lp is the persistence length, which is the length that micellar chains act as rigid 

entities. The parameter 𝜉𝜉𝑚𝑚 is the network mesh size that can be estimated from plateau 

modulus 𝐺𝐺0
′ 79, 110: 

𝐺𝐺′0 ≈ 𝑘𝑘𝐵𝐵𝑇𝑇�

𝜉𝜉𝑚𝑚
3  (4.4) 

where kB is the Boltzmann constant and T � (K) is the absolute temperature. The length 

scales associated with the wormlike micellar network are illustrated in Figure 4.1.  

 

Figure 4.1. A schematic illustration of wormlike micellar network with entanglements (shown in 
dashed circles). 𝑙𝑙𝑒𝑒 𝑖𝑖s the entanglements length, L is the contour length of micellar 
chains, 𝜉𝜉𝑚𝑚 is the network mesh size, and lp is the persistence length. 
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4.3.  Rheological Characterization of Test Fluids 

4.3.1. Preparation of Test Fluids  

Cetyltrimethylammonium bromide (CTAB) is a cationic surfactant with 16 atoms of 

carbon in its backbone, which forms micellar structures when its concentration is higher 

than the critical micellar concentration (CMC = 0.9 mM).72, 111 In the presence of salts such 

as sodium salicylate (NaSal), the electrostatic repulsion between the charged head groups 

of CTAB is abated by oppositely charged counterions (i.e. COO- in NaSal) and wormlike 

micelles can be formed even at highly diluted concentrations of the surfactant 112 (See 

Figure 4.2). The solution of CTAB/NaSal is one of the widely studied WMS, and various 

factors contributing to its rheological and flow behavior have been investigated.113-117 

Azzouzi et al.118 studied the effect of salt (NaSal) concentration (10 mM ≤ Cs ≤ 1 M) on 

the rheological behavior of CTAB/NaSal solutions with a fixed surfactant (CTAB) 

concentration (Cd = 50 mM). While they observed solutions showed shear thickening 

behavior for 10 mM ≤ Cs ≤ 18 mM, the viscosity of solutions decreased as a functional of 

higher shear rates (shear thinning) for higher Cs concentrations. However, since R provides 

only an estimate of how much counterions are available per surfactant molecule, it is more 

appropriate to consider the molar ratio of salt to surfactant concentration ([NaSal]/[CTAB] 

= R) than Cs. Kim and Yang119 studied the rheology of CTAB/NaSal solutions for 1 ≤ R ≤ 

10 with a given Cd and reported that the relaxation time of solutions decreased at higher R. 

Vasudevan et al.117 studied the CTAB/NaSal solutions with 0.18 ≤ R ≤ 0.34 and Cd = 50, 

70, and 90 mM. The authors reported that the zero-shear viscosity of solutions increased 

with higher R and Cd, and the shear thickening behavior was limited to diluted solutions 

(i.e. at R ≤ 0.32 for Cd = 50 mM and R ≤ 0.22 for Cd = 90 mM). For higher surfactant (and 
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salt) concentrations, the length of wormlike micelles increases, and entanglements are 

formed between the micelles. The entangled wormlike micelles cannot align by the flow 

to show the shear thickening behavior. Instead, as the concentration increase and more 

entanglements form, shear thinning behavior become more prominent. Therefore, if the 

lower concentration among the test fluids is chosen based on the limit of shear thickening 

behavior, and the rest of test fluids is prepared with higher concentrations, a range of 

structures from short to highly entangled wormlike micelles can be investigated. In this 

study, the molar ratio of salt to surfactant has been kept constant at R = 0.32, and five 

different surfactant concentrations, Cd = 50, 62.5, 75, 87.5, and 100 mM were selected for 

the preparation of test fluids. The lower limit of concentration, Cd = 50 mM with R = 0.32, 

was chosen based on the limit of shear thickening behavior observed by Vasudevan et 

al.117. The higher limit of concentration, Cd = 100 mM with R = 0.32, was selected based 

on the study of Cardiel et al.120, in which a highly entangled network of wormlike micelles 

were observed and the relaxation time of the solution was 2 orders of magnitude higher 

than that of Cd = 50 mM solution.  

 

Figure 4.2. Schematic diagram for the formation of wormlike micelles. 

To prepare each test fluid, appropriate amounts of CTAB and NaSal (Provided in Table 
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4.1) were added to DI water and the solution were mixed by using a magnet stirrer for 4 

hours. The test fluids then were left for at least 48 h to ensure that the wormlike micelles 

reached to their equilibrium state.  

Table. 4.1. Molar concentrations and rheological properties of test solutions. 

[CTAB] 
(mM) 

[NaSal] 
(mM) 

R 
= [𝐍𝐍𝐍𝐍𝐍𝐍𝐍𝐍𝐍𝐍]

[𝐂𝐂𝐂𝐂𝐂𝐂𝐂𝐂]
 λ (s) λE (s) λE/ λ ƞ𝟎𝟎 (Pa·s) 

100 32 0.32 6.1 7.57 1.2 120 
87.5 28 0.32 1.35 4.69 3.5 21 
75 24 0.32 0.23 3.47 15 3.5 

62.5 20 0.32 0.06 1.82 30.3 0.53 
50 16 0.32 0.02 1.18 59.3 0.03 

4.3.2. Dynamic Oscillatory Shear Measurements 

In order to determine the relaxation times (λ) of solutions, the elastic (G′ ) and viscous (G″) 

moduli of WMS (R = 0.32, 50 mM ≤ Cd ≤ 100 mM) were plotted as a function of angular 

frequency (ω) (see Figure 4.3). The relaxation time for the solution of Cd = 50 mM was 

determined as 0.02 s (λ =1/ω when G′= G″), and the duration of the relaxation time 

increased with the solutions of higher Cd as the relaxation time was 6.1 s for the solution 

of Cd =100 mM. The longer relaxation time is attributed to the formation of longer 

wormlike micelles with higher density of entanglements as a result of higher Cd.  



 

42 

 

Figure 4.3. Elastic and viscous moduli (G′ and G″) as a function of angular frequency.  

The solutions with lowest and highest Cd used for this study were previously visualized by 

Cardiel et al.120 using Cryo-TEM (Figure 4.4). At Cd = 50 mM, a few individual micellar 

chains with an average contour length of  𝐿𝐿� = 350 nm were observed that they were barely 

overlapped with a network mesh size of 𝜉𝜉𝑚𝑚 ≈ 300 nm. In contrast, highly entangled bundles 

of micelles in the solution of Cd = 100 mM were observed with a mesh size of  𝜉𝜉𝑚𝑚 ≈ 47 

nm. Similarly, Vasudevan et al.117 also reported that for CTAB/NaSal solutions (0.18 ≤ R 

≤ 0.34, 50 mM ≤ Cd ≤ 90 mM), increasing Cd resulted in formation of longer micellar 

chains for a given fixed R.  
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Figure 4.4. TEM Images of A) Cd = 50 mM and B) Cd = 100 mM (x* in both images represents 

the network mesh size). Copyright (2013) National Academy of Sciences.120  

4.3.3. Steady Shear Measurements 

Figure 4.5 shows the measured shear viscosity as a function of shear rates for each solution. 

For high Cd solutions (100, 87.5, and 75 mM), the initial viscosity plateau (so called 

Newtonian plateau) were observed at low shear rates (𝛾̇𝛾 << 0.1). The value of viscosity in 

the plateau region is considered as zero-shear viscosity (ղ0) when the micellar structures 

remain intact from the applied shear rates.  
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Figure 4.5. Measured shear viscosities as a function of shear rates. 

For low Cd (62.5 and 50 mM) solutions, it was not possible to measure the viscosity of 

fluids at low shear rates due to the lack of sensitivity of the rheometer. Therefore, the value 

of viscosity at the lowest examined shear rate were considered as the zero-shear viscosity. 

The measured zero-shear viscosity of 0.03 Pa·s for Cd = 50 mM solution showed good 

agreements with the results obtained from micro-rheometry of the same solution in 

previous studies (ղ0 =0.008 Pa·s120, 121 and ղ0 =0.03 Pa·s117).  

Test solutions for Cd ≥ 62.5 mM showed a shear thinning behavior at the intermediate shear 

rates, which followed by a second plateau near the highest range of shear rates. In the shear 

thinning region, increased shear rate disentangled and shortened micellar bundles, which 

resulted in lower viscosity. Hence, a strong shear thinning behavior is an indicator of the 

high viscoelasticity and dense entanglements in the solution. For Cd = 100 mM solution, 
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the zero-shear viscosity of 121 Pa·s is 4 orders of magnitude higher than that of Cd = 50 

mM solution (ղ0 = 0.03 Pa·s). Such a high zero-shear viscosity represents that significant 

entanglements occurred in the micellar network, which increased the resistance for the 

solution to flow.  

The second plateau of the viscosity that was observed near the highest shear rates occurs 

when all the entanglements are eliminated, and only individual rod-like micelles remained 

in the fluid. Thus, ultimate viscosities (ղ∞) for all solutions are close to each other at the 

value of ղ∞ ≈ 0.03 Pa·s, in which the minor difference is due to the higher population of 

micelles at the higher surfactant concentrations Cd. Lastly, a slight shear thickening was 

observed for Cd = 50 mM solution, which is attributed to the formation of shear induced 

structures (SIS).122, 123 In SIS, rod-like micelles align in the direction of shear flow and 

form a transient structure that resulting in increased viscosity.122, 124 

Figure 4.6 shows the shear stresses as a function of shear rates for each solution. A stress 

plateau is evident for solutions with Cd ≥ 75 mM, where the shear stress is independent of 

shear rates. The stress plateau observed in the shear stress-strain rate curve, σ (𝛾̇𝛾), is a 

rheological signature for the shear banding behavior of WMS. In the shear banding, 

homogenous flow of WMS separates spatially into two coexisting regions with different 

local viscosities: i) a high viscous local region with entangled micellar structures and ii) a 

low viscous local region with linearly aligned micelles.125 It is considered that these high 

and low local viscosities in the shear bands are coexisted at the equal shear stress, and their 

volume fractions are changed to match the imposed macroscopic shear rate.126  
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Figure 4.6. Measured shear stresses as a function shear rates. 

4.3.4. Extensional Relaxation Times  

Figure 4.7 shows the thinning of filaments for the WMS (R = 0.32, 50 mM ≤ Cd ≤ 100 

mM). The normalized filament diameter (D(t)/D0) are plotted as a function of time in 

Figure 4.8. The profiles showed the initial sharp decrease of diameter, but the thinning 

slope got less steep after a certain time period of tc by the onset of elasto-capillary thinning 

dynamics. The inset of Figure 4.8 shows the diameter of filaments that was shifted by their 

tc and normalized with its filament lifetime (tf).   
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Figure 4.7. The thinning of filament over time for different CTAB concentration (R = 0.32, 50 mM 
≤ Cd ≤ 100 mM). 

 

 

Figure 4.8. Normalized filament diameter profiles as a function of time. The inset shows the 

profiles against the normalized time (t-tc/tf). 
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The filament diameter of each solution in the elasto-capillary regime (t – tc > 0) is fitted 

by equation 3.17, and the extensional relaxation times were obtained (Figure 4.9). The 

relaxation time increased with higher Cd solutions due to the formation of longer wormlike 

micelles and higher levels of entanglements in the micellar network. However, the ratio of 

extensional relaxation time (λE) to the shear relaxation time (λ) that was obtained from shar 

oscillatory measurements decreased significantly with higher Cd solutions (see inset of 

Figure 4.9). The ratio (λE/λ) was found to be around the unity for the solution of Cd = 100 

mM, which showed no difference in the relaxation time for the solution when it was 

subjected to either elongation or the shear force. However, we found that the relaxation 

time ratio increased to around 60 with the lower Cd solution of 50 mM.  The results agree 

with the previous study on CTAB/NaSal solution (Cd = 25 mM, 0.5 ≤ R ≤ 5.2) by 

Sachsenheimer et al.32 that reported high values of λE/λ for solutions with R < 1. The 

authors reported that while the relaxation time ratio is fixed around1 for the test solutions 

of R > 1, λE/λ increased with lower R, for example when R = 0.5 λE/λ was found to be 

around 10. It was suggested that a form of micellar structures built up in the solutions of 

λE/λ > 1 under the extensional mode. The micellar structure is so called elongation induced 

structure (EIS), which is the main reason for the fluid to yield significantly higher 

relaxation times.32, 82 In present study, test fluids with R = 0.32 that have lower R than the 

minimum R (R = 0.5) studied by Sachsenheimer et al.32 were investigated and showed even 

higher values of  λE/λ (≈ 60 at Cd = 50 mM). Indeed, we observed that the λE/λ decreased 

to ~ 1 for higher Cd solutions, which is related to the higher levels of entanglements. 

Considering the formation of EIS as the main reason for high ratio of relaxation times, the 

micellar chains should align along the elongation direction to form EIS structure, which is 
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prevented by entanglement points. Another phenomenon that may attributed to the 

relaxation time of solutions in the elongation flow is known as the coil/stretch transition.72 

In an equilibrium state, wormlike micellar chains are considered to have a coil-like 

structure.40 In the elongational flow, the micellar chains stretch in the direction of 

elongation, in turn the coil-stretch transition is considered as the main reason for the strain 

hardening of wormlike micelles. For higher Cd solutions, the micellar chains were 

entangled to each other in tight networks. Therefore, the extensibility of wormlike micellar 

chains is limited to the length of micelles between the entanglements.73 Thus, there is no 

significant change in their structure compared to the one in their equilibrium state. In 

contrast, for lower Cd solutions, micellar chains can fully stretch in the direction of flow, 

which may indeed facilitate their alignment along the flow direction to form EIS.  

 

Figure 4.9. Extensional relaxation time (λE) as a function of CTAB concentration (Cd). The inset 

image shows the ratio of relaxation times (λE/λ) as a function of Cd. 
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4.3.5. Extensional Viscosities 

The measured extensional viscosities (ղE) are plotted as a function of Hencky strain in 

Figure 4.10. For all solutions, ղE increased with higher surfactant concentration, Cd, which 

is attributed to the formation of longer and more entangled wormlike micelles at higher 

surfactant concentrations (Cd). The extensional viscosities of all WMS increased with 

Hencky strain (strain hardening) and reached to a constant ultimate value of ղE,∞. The strain 

hardening is attributed to the transition in wormlike micelles from their coil/equilibrium 

state to stretched chains in the direction of elongation. At high Hencky strains where 

wormlike micellar chains/networks reach to their maximum extensibility, the elastic stress 

could no longer grow to resist against the capillary pressure and the solution reaches to its 

constant ultimate extensional viscosity (ղE,∞). We also noted that the strain hardening is 

more prominent at lower Cd, which can be explained by the role of extensibility and 

formation of EIS discussed in Section 4.3.4. 

 

Figure 4.10. Extensional viscosities (ղE) as a function of Hencky strains (ε). 
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4.4.  Effect of Temperature and Salinity on WMS Rheology  

In many applications in which WMS is used, such as  enhanced oil recovery (EOR)31, 106, 

107 and super captivation desalination techniques,104, 105 the wormlike micelles are subject 

to the high salinity conditions. For example, the base fluid for preparing WMS for EOR is 

usually sea water, especially in offshore applications where it is amply available.127 For 

super cavitation desalination techniques, surfactants should be dissolved in sea water to 

add viscoelasticity to the system. Sea water contains around 3 wt% of sodium chloride 

(NaCl) and less amount of other ions such as magnesium (Mg2+), calcium (Ca2+), and 

potassium (K+).127, 128 

There are two main effects of salts on micellar solutions: (i) the effect of salt on inducing 

wormlike micellar formation that increases the viscosity of fluid. Added salts facilitate the 

transition of spherical to wormlike micelles129, and (ii) the effect of excess salt on the 

viscoelastic properties of wormlike micelles in concern of their salinity resistance. It has 

been found that the addition of salts to solutions of cationic surfactants such as cetyl 

trimethylammonium halides (CTAX) can screen the charge between surfactant head 

groups and induce the formation of long cylindrical micelles. In this way, the addition of 

organic salts such as NaSal42, 129-131 and 3-hydroxy-naphthalene-2-carboxylate (SHNC)132, 

133 was reported to be advantageous for inducing the viscoelasticity in the surfactant 

solutions, even at a low surfactant concentration. However, a less considered aspect in 

formulation and characterization of these materials is that WMS are exposed to the 

excessive salinity (secondary salts) that is presented in their applications. 

There are a few studies that investigated the effect of secondary salts addition on WMS. 

Hu and Matthys134 studied the effect of metal ions (including Na+, Zn2+, Mn2+, and Ca2+) 
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provided by inorganic salts (NaCl, zinc chloride ZnCl2, magnesium chloride MnCl2, and 

calcium chloride CaCl2) on WMS prepared using tris(2-hydroxyethyl) tallowalkyl 

ammonium acetate (TTAA)/NaSal. They reported that the shear viscosity and first normal 

stress (N1) of WMS have decreased after adding these salts. Xin et al.135 studied the 

rheology of polyelectrolyte/surfactant complex in the presence of different kinds of 

inorganic salts (including potassium chloride KCl, NaCl, CaCl2 and MnCl2). They found 

that while the addition of each salt resulted in decreased shear viscosity, NaCl had the 

highest effect in dropping the viscosity of solution. Recently, Zheng et al.136 investigated 

the effect of sea water on the viscosity of WMS that were prepared with cetyl 

trimethylammonium tosylate (CTAT)/NaSal. The authors reported that the shear viscosity 

of the solution and its N1 deceased because of salts in sea water compared to the WMS 

prepared with DI water. While it is understood that the secondary salts results in lower 

viscosity of WMS, the structural changes to wormlike micelles had not been investigated. 

The goal of present study was to understand the effect of secondary salts on the structure 

of WMS. Due to its ample presence in sea water and the highest effect (among the 

secondary salts135) on the wormlike micelles, NaCl chose as the secondary salt to be added 

to WMS prepared with CTAB/NaSal. Dynamic shear oscillatory measurements were used 

to investigate the effect of NaCl on the structure of wormlike micelles by using rheo-

structure relations presented by reaction-reptation model. Indeed, the effect of added salt 

on the nonlinear rheology of WMS were investigated by using steady-state shear rheology. 

4.4.1. Preparation of Test Fluids 

In order to investigate the effect of salt (NaCl) on the rheological behavior of WMS and 

the structure of wormlike micelles, the molar ratio of NaSal to CTAB was kept constant at 
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R = 1. Four solutions with the concentrations of Cd = Cs =100 mM (R = 1) were prepared 

by the same procedure described in Section 4.3.1. Then, appropriate amounts of NaCl 

(Sigma Aldrich Co., purity > 99.5%) were added to the three of those solutions to prepare 

solutions with the ratio of NaCl to CTAB, S = ( [𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁]
[𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶]

) = 0, 3, 6, and 9. Following the 

addition of NaCl, solutions were mixed for 12 h and left to sit for an additional 48 h to 

equilibrate. 

4.4.2. Effect of Temperature  

To investigate the effect of NaCl on WMS with different rheological characteristics, 

experiments were conducted at a different range of temperatures (25 oC ≤ T ≤ 60 oC). In 

order to separate the effect of temperature and secondary salt on fluid rheology and 

structure, first, the effect of temperature on the base solution ([CTAB] = [NaSal] = 100 

mM, without NaCl) is investigated. For an ideal Maxwellian fluid, measured data points 

of viscous modulus as a function of elastic modulus should trace a semicircle. Figure 4.11 

shows the Cole-Cole plot of the solution at different temperatures. For T ≤ 45 oC, data 

shown on the plot of 𝐺𝐺′′ versus 𝐺𝐺′ show a semicircle shape except for the high values of  

𝐺𝐺′ (and ω, see the relation of 𝐺𝐺′and ω in Figure. 4.12). According to the reaction-reptation 

model,50, 54, 137 the wormlike micelles show an upturn in their 𝐺𝐺′′ and 𝐺𝐺′, and the behavior 

of WMS deviates from the Maxwellian behavior at high frequencies where ω is in order of 

1
λb

. The local minimum of viscous modulus (𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚
′′ ) where wormlike micelles start to deviate 

from the Maxwellian behavior can be used in equation 4.2 to calculate the ratio of 

entanglement length, 𝑙𝑙𝑒𝑒, to the their average contour length, 𝐿𝐿�.  
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Figure 4.11. A Cole-Cole plot for the solution (S = 0) under different temperatures (25 oC ≤ T ≤ 

60 oC) 

Figure 4.12. shows a plot of elastic modulus vs. angular frequency. For T ≤ 45 ℃, all elastic 

modulus curves reached to the plateau modulus 𝐺𝐺′
0  ≈ 55 Pa representing that wormlike 

micelles maintained their flow activation energy (𝐸𝐸𝑎𝑎) for T ≤ 45 oC.  The flow activation 

energy is the energy that required to move a wormlike micelle in the environment of its 

neighboring micelles.138, 139 Therefore, the 𝐸𝐸𝑎𝑎  is the corresponding energy that a micellar 

chain required to release from the entanglements with its neighboring micelles. However, 

at higher temperatures the plateau modulus is observed at higher frequencies, which 

indicates faster dynamics of the micelles and is attributed to the shorter relaxation times138 

(Figure 4.13A). The effect of temperature on the elastic modulus is well corresponding 

with the results reported for WMS prepared with CTAB/SHNC.49 For T > 45 ℃, the test 

solutions did not follow the Maxwellian behavior and did not show the plateau modulus 
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because those test solutions lost most of their viscoelasticity.    

 

Figure 4.12. Elastic modulus as a function of angular frequency curves plots for solution (S = 0) 

at varying temperatures (25 oC ≤ T ≤ 60 oC). 

Figure 4.13A shows the relaxation time of the test solution with S = 0 under 25 oC ≤ T ≤ 

40 oC. The relaxation time decreased with elevated like from λ = 1.05 at T = 25 oC to λ = 

0.06 at T = 40 oC. The relation of relaxation time λ  with the temperature can be described 

by: 

λ~exp(
𝐸𝐸𝑎𝑎

𝑅𝑅𝑇𝑇�
)  (4.7) 

where R is the gas constant, 𝑇𝑇�(K) is the absolute temperature, and 𝐸𝐸𝑎𝑎 is the flow activation 

energy. The flow activation energy of the solution can be estimated from the slope of 

regression line in Figure 4.13A which yielded to 𝐸𝐸𝑎𝑎 ≈ 152.3 𝑘𝑘𝑘𝑘
𝑚𝑚𝑚𝑚𝑚𝑚

. The value of 𝐺𝐺′′
min versus 
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𝐺𝐺′
0 provides a semi quantitative estimate for the ratio of 𝑙𝑙𝑒𝑒 to 𝐿𝐿� by the equation 4.2. Figure 

4.13B represents the ratio of 𝑙𝑙𝑒𝑒 to 𝐿𝐿� as a function of temperature indicating that the ratio of 

entanglement length to the average micellar contour length increased with higher 

temperatures and that the number of entanglements per micellar chains decreased. At 25 

oC, the ratio, 𝑙𝑙𝑒𝑒
𝐿𝐿�

(~ 𝐺𝐺𝑚𝑚𝑚𝑚𝑛𝑛
′′

𝐺𝐺0
′ ) was 0.05 showing that the average chain length 𝐿𝐿� was ~20 times 

longer than the micellar entanglement length 𝑙𝑙𝑒𝑒. For higher temperatures, values of  

𝑙𝑙𝑒𝑒
𝐿𝐿�

(~ 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚
′′

𝐺𝐺0
′ ) increased to 0.1, 0.2, and 0.29 for temperatures of T = 30 ℃, 35 ℃, and 40 ℃, 

respectively. It can be noted that there were less entanglements over the average micellar 

contour length at higher temperatures. This reduced number of entanglements per contour 

length could be interpreted in two ways: (i) the average contour length of micellar chains 

decreased at higher temperature or (ii) increased temperature resulted in the 

disentanglement of micellar chains. To get insight, it is noted that the entanglement mesh 

size of micellar chains can be calculated by the equation 4.4. Considering that the values 

of 𝐺𝐺′
0 was constant (𝐺𝐺′

0 ≈ 55) under 25 oC ≤ T ≤ 40 oC, the network mesh size of micellar 

chains did not change significantly (𝜉𝜉𝑚𝑚 = 42.1 nm at T = 25 oC and 𝜉𝜉𝑚𝑚 = 42.9 nm at T = 

40 oC). Therefore, no disentanglement of micellar chains occurred, and the shortening of 

micellar chains must be the prominent reason for increased values of 𝑙𝑙𝑒𝑒
𝐿𝐿�

 at higher 

temperatures. 
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Figure 4.13. A) The semi logarithmic plot of relaxation time and B) the ratio of entanglement 

length as a function of absolute temperature for solution (S = 0) at different 

temperatures (25 oC ≤ T ≤ 40 oC). 

Figure 4.14 shows the measured shear viscosity as a function of shear rates for S = 0 at a 

range of temperatures, 25 oC ≤ T ≤ 60 oC. Shear thinning behaviors were clearly observed 

for T ≤ 45 oC. While the solution kept its shear thinning behavior for T ≤ 45 oC, its zero-

shear viscosity dropped as a function of temperature. For T ≤ 45 oC, the length of micellar 

chains decreased with higher temperatures, but they were still long enough to form micellar 

networks via entanglements, which showed the viscoelastic property. For higher 

temperatures (i.e. at T = 60 oC), the solution lost most of its viscoelasticity indicating that 

micellar chains were shortened to the degree that lost their viscoelastic properties. The 

decrease in zero-shear viscosity under increased temperatures was also observed in the 

literature, which is attributed to the shortening of wormlike micelles at higher temperatures 

49, 96.   
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Figure 4.14. Shear viscosities vs. shear rates measured from the solution of S = 0 at different 

temperatures (25 oC ≤ T ≤ 60 oC). 

Figure 4.15 shows the shear stress-shear rate curve, σ(γ ̇) of the test solutions. The shear stress of 

the solution for T ≤ 45 ℃ is associated with a stress plateau. The plateau observed in the shear 

stress-shear rate curve is a rheological signature for the shear banding phenomenon. The shear 

banding occurs when the applied shear rate is in between two critical shear rates (𝛾̇𝛾𝑐𝑐1 < 𝛾̇𝛾 < 𝛾̇𝛾𝑐𝑐2). In 

this range, an inhomogeneous biphasic flow of isotropic/nematic phases was reported where both 

phases were assumed to have the constant stress (corresponding to the plateau shown in Figure 

4.15). The volume fraction of phases changed depending on the applied shear rates.33, 140 Since the 

shear banding is a flow instability, the first critical shear rate (𝛾̇𝛾𝑐𝑐1) at which shear banding initiates 

should be related to the inverse of relaxation time (1/λ). Therefore, increase 𝛾̇𝛾𝑐𝑐1 at higher 

temperatures is well described by the shorten relaxation times of the solution.   
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Figure 4.15. Shear stresses vs. shear rates of of solution (S = 0) at varying temperatures 

(25 oC ≤ T ≤ 60 oC). 

4.4.3. Effect of Secondary Salts 

Figure 4.16 shows the measured shear viscosity as a function of shear rate for solutions 

with different NaCl concentrations (S= 0, 3, 6 and 9) at 25 oC. The zero-shear viscosity 

dropped drastically by the addition of NaCl from ƞ𝟎𝟎 = 53 Pa‧s at S = 0 to ƞ𝟎𝟎 = 32 Pa‧s at S 

= 3, but then did not change the zero-shear viscosity significantly by further addition of 

NaCl from S = 3 to S = 9. Figure 4.17 shows corresponding shear stress-shear rate curves, 

σ(𝛾̇𝛾) for those same solutions. Addition of NaCl resulted in a shift of the first critical shear 

rate to higher shear rates (𝛾̇𝛾𝑐𝑐1). The NaCl addition also showed higher values of shear stress 

for the plateau regions.  
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Figure 4.16. Shear viscosity vs. shear rates of solutions with different concentrations of 

NaCl (S = 0, 3, 6 and 9) at 25 oC. 

We suggest that the addition of NaCl to the solution resulted in branching of wormlike 

micelles, which made micellar chains more flexible under low shear rates (𝛾̇𝛾 ˂ 𝛾̇𝛾c1). As 

proposed by Lequeux et al.141, branching points in micellar chains are labile, and their 

movements along micellar contour length facilitate the stress relaxation of micelles. Hence, 

the NaCl added solution (S = 3) showed the lower zero shear viscosity compared to the 

solution without the addition of NaCl (S = 0). The results also agree with the study of 

Truong et al. who investigated the effect of NaCl on CTAT micellar chains using a static 

light scattering method. They have reported that the addition of NaCl resulted in higher 

flexibility of CTAT micellar chains.142 Therefore, unlike the effect of temperature on 

wormlike micelles that resulted in the shortening of wormlike micelles, the decreased zero-

shear viscosity after adding NaCl is caused by branching of wormlike micelles. Moreover, 
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the higher stresses associated with the stress plateau of NaCl added solutions (S = 3, 6 and 

9) are because of transient network formation of branched micelles at higher applied shear 

rates (𝛾̇𝛾c1 ˂ 𝛾̇𝛾). This agrees with the suggestion of Grand et al.143 that a jump in stress 

plateau (𝛾̇𝛾c1 ˂ 𝛾̇𝛾˂ 𝛾̇𝛾𝑐𝑐2) is a result of formation of transient network of branched wormlike 

micelles.  

 

 

Figure 4.17. A Shear stress-shear rate plot of solutions with different concentrations of NaCl (S = 

0, 3, 6 and 9) at 25 oC. 

Figure 4.18A shows the effect of NaCl addition on the relaxation time of WMS. At T = 25 

oC, addition of NaCl resulted in solutions with lower relaxation times. This agrees with the 

formation of branched wormlike micelles with addition of salt, where flexible branch 

points in wormlike micelles can move along the chain contour length to relieve the imposed 

stress. At higher temperatures, the relaxation times were shortened for all solutions due to 
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the effect of temperature on shortening of wormlike micelles. At each temperature, the 

relaxation time decreased with higher salt concentration. However, the slop of dropping 

relaxation times decreased at higher temperature. This could be attributed to the shortened 

micellar chain length at higher temperatures where the micellar chains were short enough 

to relax from the imposed stress quickly, and the flexibility of micellar chains was not a 

determining factor for the stress relaxation. Figure 4.18B shows the values of 𝑙𝑙𝑒𝑒 over 𝐿𝐿�, 

which were obtained from the ratio of 𝐺𝐺′′
min to the 𝐺𝐺0

′  following the equation 4.4. 

 

Figure 4.18. A) Relaxation time and B) the ratio of entanglement length over the average contour 

length of micelles as a function of  S = [𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁]
[𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶]

 for solutions with different salt 

concentrations (S = 0, 3, 6 and 9) at different temperatures (25 oC ≤ T ≤ 40 oC). 

Interestingly, while the relaxation time decreased from 1.05 s to 0.52 s by adding NaCl 

from S = 0 to S = 9 to the solution at T = 25 oC, the ratio of entanglement length to the 

contour length did not change significantly from 𝑙𝑙𝑒𝑒
𝐿𝐿�

≈ 0.05 to 0.08. This observation 

suggests that the addition of NaCl does not affect the number of entanglements per contour 

length significantly and the decreased relaxation time is caused by the branching of 

micelles in the presence of NaCl. Moreover, adding NaCl to the solution from S = 0 to S = 



 

63 

3 resulted in a sharp decrease of relaxation time from  λ = 1.05 s to λ = 0.66 s, while further 

increase of NaCl concentration from S = 3 to S = 9 affected the relaxation time loosely 

from λ= 0.66 s to λ = 0.52 s). This indicates that once branching of micellar chains 

occurred, the addition of more NaCl did not affect the structure of wormlike micelles 

significantly. This is corresponding well with the results obtained from zero-shear 

viscosities of solutions discussed with the figure 4.16 where there was a significant drop 

of η0 when NaCl concentration increased from S = 0 to 3, but no significant change in η0 

even after adding more NaCl.  

4.5.  Conclusion 

The shear and extensional rheological characteristics of WMS that are prepared using 

CTAB/NaSal (R = 0.32, 50 mM ≤ Cd ≤ 100 mM) were investigated experimentally. The 

results of dynamic shear oscillatory measurements showed that increasing the surfactant 

concentration (Cd) led to significant increase of the relaxation time (0.02 s ≤ λ ≤ 6.1 s for 

50 mM ≤ Cd ≤ 100 mM). At higher Cd, test solutions formed highly entangled networks. 

The same result was also reflected in the shear viscosity measurements. Increasing Cd from 

50 mM to 100 mM caused the zero-shear viscosity (ƞ𝟎𝟎) to increase by 5 orders of 

magnitude from 0.03 Pa·s to 121 Pa·s, while the ultimate viscosity of the solutions was in 

the same order (ղ∞ ≈ 0.03). Indeed, the shear banding behavior was evidenced for the 

solutions with the tight entangled wormlike micelles (87.5 mM ≤ Cd). The results of this 

study suggest that the shear banding phenomenon only occurs for high density entangled 

networks unlike the shear thinning occurs by the onset of entanglements.  

The extensional relaxation time (λ) of solutions also increased at higher Cd from 1.2 s to 

7.5 s. However, the ratio of extensional relaxation times to the relaxation times (λE/λ) that 
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was obtained from the linear rheology using the dynamics oscillatory measurements was 

significantly higher with the solutions of lower Cd. High values of λE/λ was previously 

observed by Sachsenheimer et al.32 for CTAB/NaSal solutions with R < 1, from which λE/λ 

were found to increase at lower R. The authors concluded that high λE/λ ≈ 10 at R = 0.5 is 

related to the formation of EIS during the extension of the CTAB/NaSal solution. To the 

best of our knowledge, this study firstly evidenced the very high ratio of relaxation times 

of λE/λ ≈ 60 when using the solution of Cd = 50 mM. Indeed, it was found that λE/λ 

decreased to λE/λ ≈ 1.2 with the solution of higher Cd, which supports the suggestion of 

EIS formation during the elongation. Wormlike micellar chains should align along the 

elongation direction to form EIS structure, which is hindered by the entanglement points 

when the test solution has higher Cd. The coil/stretch transitions can be another contributing 

factor to the λE/λ, in which wormlike micelles can be fully stretched along the direction of 

elongation axis in the solution of lower Cd. However, the extensibility of entangled micelles 

is limited to the micellar chain length between the entanglements. The extensional viscosity 

of the test solution was associated with the strain hardening. While the more entangled 

micelles at higher Cd induced higher extensional viscosities, the strain hardening was more 

prominent at lower Cd, which can be explained by the role of entanglements in promoting 

viscosity and hindering the extensibility of wormlike micelles.  

A complementary experimental investigation has been carried out to study the effects of 

temperature and salinity on the viscoelastic characteristics of WMS with Cd = Cs = 100 

mM (R = 1). The solution without NaCl (S = 0) showed the shear thinning behavior for T 

≤ 45 oC but lost most of its viscoelasticity for higher temperatures than 45 ℃. For T ≤ 45 

oC, the zero-shear viscosity and relaxation time decreased with the increased temperature, 
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while its plateau modulus remained constant at 𝐺𝐺′
0 ≈ 55 Pa. The ratio of micellar chain 

length to its contour length,  𝑙𝑙𝑒𝑒
𝐿𝐿�

(~ 𝐺𝐺𝑚𝑚𝑚𝑚𝑚𝑚
′′

𝐺𝐺0
′ ) increased with the increased temperature indicating 

that there were less entanglements per the average contour length of micellar chains at 

higher temperatures. Considering the independency of 𝐺𝐺′
0 from the temperature for T ≤ 45 

oC, the entanglement network of micelles was not affected (e.g., 𝜉𝜉𝑚𝑚 = 42.1 nm at T = 25 

oC and 𝜉𝜉𝑚𝑚 = 43 nm at T = 45 oC). Therefore, increasing temperature up to T ≤ 45 oC resulted 

in the shortening of micellar chains with lower τR and ƞ𝟎𝟎, but did not affected the 

entanglement network of solution. The solution also kept its flow activation energy (Ea ≈ 

152.3 𝑘𝑘𝑘𝑘
𝑚𝑚𝑚𝑚𝑚𝑚

) and showed a constant 𝐺𝐺′
0 ≈ 55 Pa.  

Initial adding of NaCl to the solution resulted in a significant drop of zero-shear viscosity 

from ƞ𝟎𝟎 = 53 Pa‧s at S = 0 to ƞ𝟎𝟎 = 32 Pa‧s at S = 3, while the further addition of NaCl from 

S = 3 to S = 9 did not influence the zero-shear viscosity. All solutions showed a plateau 

region in their shear stress-shear rate curve (σ(𝛾̇𝛾)), which represents the shear banding 

behavior. For solutions with higher concentrations of NaCl, the stress plateau occurred at 

higher stresses. Therefore, we suggested that the addition of NaCl to the solution resulted 

in forming of branched wormlike micelles. Since branched wormlike micelles are more 

flexible, adding NaCl resulted in lower zero-shear viscosity of solution.  Branched micelles 

resulted by NaCl addition formed a transient network for the shear rate above 𝛾̇𝛾c1 and 

showed higher shear stress plateau. In this way, the effect of NaCl addition was to induce 

branched flexible wormlike micelles unlike the effect of temperature on wormlike micelles 

that caused the shortening of wormlike micelles.  

Further characterization of solutions supported the hypothesis that the branched wormlike 

micelles were formed as a result of NaCl addition. While increasing NaCl from S = 0 to 9 
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in the test solutions resulted in shorten relaxation time from τR = 1.05 s to 0.52 s, the ratio 

of entanglements length to the average contour length did not change significantly from 

𝑙𝑙𝑒𝑒
𝐿𝐿�

≈ 0.05 to 0.08. Therefore, the observed drop of the relaxation time was due to the 

branching of micelles. Besides, the addition of NaCl to the solution from S = 0 to 3 resulted 

in a sharp decrease in relaxation time from  τR = 1.05 s to 0.66 s, while further increasing 

of NaCl concentrations from S = 3 to 9 rarely affected the relaxation time indicating that 

once the branching of micelles occurred, the addition of more NaCl did not affect the 

structure of wormlike micelles. This is corresponding well with the results obtained from 

the measurements of zero-shear viscosity, in which a significant drop of η0 was observed 

when NaCl was added to S = 3, but no additional drop of zero-shear viscosity even after 

adding more NaCl (see Figure 4.16). 
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V. MICROSCOPIC FLOW OF WORMLIKE MICELLAR SOLUTION IN 

CONTRACTION GEOMETRY 

5.1.  Introduction 

The microscopic flows of viscoelastic wormlike micellar solutions (WMS) through a 

contraction geometry have been studied in this chapter. The flows of viscoelastic solutions 

are influenced by their non-linear rheology and elasticity. In addition to that there is no 

exact solution to obtain the velocity profiles of viscoelastic fluids due to their non-

Newtonian rheology, elastic-induced phenomena such as formation of secondary flows 

make the characterization of the contraction viscoelastic flows even more complex.8, 9, 12, 

18, 75, 144-146 The product of deformation rate and relaxation time of the fluid (λγ̇) results in 

a non-dimensional number that estimates the level of elasticity of the fluid flow. This non-

dimensional number is named interchangeably in the literature as Weissenberg (Wi) or 

Deborah (De) number, which have been widely used to characterize the contraction flow 

of viscoelastic fluids. While the viscoelastic fluids may show different relaxation times in 

shear and extensional flows, a wide range of relaxation times was used in the literature to 

calculate the non-dimensional number. In Section 5.2, we discuss the definition of Wi and 

De non-dimensional numbers and define the non-dimensional numbers that were chosen 

for this study. The fabrication of microchannel and the experimental setup are described in 

Section 5.3. Newtonian-like behavior and corner vortices are discussed in Sections 5.4 and 

5.5. For gel-like WMS with the strong shear thinning and shear banding rheology, a new 

type of flow behavior is documented, and how these non-Newtonian fluids influenced the 

flow behavior are discussed in Sections 5.6 and 5.7.  
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5.2.  Non-Dimensional Numbers 

Two non-dimensional numbers, De and Wi numbers, are commonly used to quantify the 

viscoelastic effects in a viscoelastic solution that is subjected to the large deformation. 

Although these numbers are usually used interchangeably and often appeared with the 

same formula, they have different definitions, which describe the viscoelastic effects from 

a different perspective. The Deborah number is named after Prophetess Deborah who 

proclaimed “The mountains flowed before the lord”.147 As explained by Reiner,147 the 

Deborah number points to the fact that the behavior of every material depends on the 

timescale of observation. For sufficiently large observation time, each material behaves as 

‘fluid-like’ and in contrast, if the time scale of the observation is too short, the behavior of 

the material to the observer is considered as a solid. Therefore, the De number reflects the 

behavior of material over a given timeframe, and Reiner defined De number of a 

viscoelastic material as the ratio of characteristic relaxation time (λ) of the material to the 

time of observation. This definition was modified later by Metzner et al.148 and the time of 

observation was replaced by the timescale of deformation.  Therefore, the timescale of 

deformation (tf) can be calculated as the inverse of deformation rate (γ̇) for a viscoelastic 

fluid that is subjected to a deformation with the given rate, and the De number is obtained 

as follows: 

De =
λ
tf

= λγ̇ (5.1) 

Weissenberg number that is named after Karl Weissenberg quantifies the relative 

magnitude of elastic stress to viscous stress in a viscoelastic material that is subjected to a 

deformation.149 Considering a fluid in a steady state shear flow, the ratio of normal (elastic) 

to the shear (viscous) stresses defines the Wi number: 
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Wi =
𝑁𝑁1

2𝜎𝜎𝑥𝑥𝑥𝑥
=

ղγ̇2λ
ղγ̇

= λγ̇ (5.2) 

where ղ is the viscosity of the fluid. The equation 5.2 for Wi number is adopted to study 

the flow of viscoelastic solutions in microscale. In case a viscoelastic fluid flows through 

sudden contraction geometry, the non-dimensional number is called as either De number 

or Wi number using the formula of (λγ̇). In addition, while the Wi or De number was often 

used to compare the results of studies on different fluids and geometries, the relaxation 

time and characteristic deformation rate were also used as important parameters in previous 

studies. In following, different relaxation times that were used to characterize the 

viscoelastic solution are described. The dynamic oscillatory shear measurement 

characterizes the relaxation time (λ) of fluid in its linear rheology (i.e., equilibrium state). 

In addition, in case of viscoelastic polymer solutions in which a single shear relaxation 

time cannot be characterized by using the shear oscillatory measurement, the relaxation 

time is calculated based on the Zimm theory,150 which shows the relaxation time of polymer 

chains in their equilibrium state. 

The relaxation time of the material when it is subjected to the elongation (λ𝐸𝐸) is obtained 

by an extensional rheometry. Since most pervious experiments have characterized the 

extensional relaxation time by using a capillary break up (CaBER) rheometer, the 

extensional relaxation time was also denoted as λ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶. Rod et al. (2004)151 defined the 

deformation rate as the shear rate in the downstream of the contraction (see equation 5.3) 

using the extensional relaxation time (λ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶). They also denoted the non-dimensional 

number with De number (De = λ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶γ̇𝑑𝑑): 
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γ̇d =
U

wc
2

=
2Q

wch2 (5.3) 

where Q is the volumetric flow rate, wc and h are the width and height of the downstream 

channel (see Figure 5.1), respectively,  and U (= 𝑸𝑸
𝒘𝒘𝒄𝒄𝒉𝒉

) is the velocity of fluid in the 

downstream channel. While Rod et al. (2005)19 used the similar relaxation time and 

deformation rate, they denoted the non-dimensional number with Wi number (Wi = 

λ𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶γ̇𝑑𝑑). Comparable definitions were used in the study of Rod et al. (2010)152, Haward 

et al. (2010)21, Li et al. (2011)22, Lanzaro and Yuan (2011)23, Lee et al. (2014)25, and 

Hidema et al. (2019).153 However, in the studies of Rodd et al. (2007)154 and Sankaran et 

al. (2013)26, the Wi number was defined by using the Zimm relaxation time (Wi = 

λ𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍γ̇d). Gulati et al. (2008)155 and Hemminger et al. (2010)27 defined the Wi number 

with the relaxation times obtained from the shear oscillatory measurement (Wi = λγ̇d). 

In this study, the Wi number is defined by the relaxation time obtained from the shear 

oscillatory measurements: 

Wi = λγ̇d =  
2λ𝑄𝑄
wch2 (5.4) 

and the De number is calculated by using the extensional relaxation time:  

De = λ𝐸𝐸γ̇d =  
2λ𝐸𝐸𝑄𝑄
wch2  (5.5) 

The results that were obtained from the microscopic flow visualization experiments are 

characterized based on both non-dimensional numbers to see which relaxation time better 

describes the flow behavior. 

The non-dimensional Reynolds number (Re) is defined as the ratio of inertial stress to 

viscous stress that are associated with the fluid flow. For the flow passing through the 
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contraction geometry, the Re number is calculated by: 

Re =
ρUDh

η
=  

2ρQ
(wc + h)η

 (5.6) 

where ρ is the density of fluids, Dh is the hydraulic diameter, and η is the viscosity of fluids. 

In microfluidic devices, the characteristic length scale is in order of tens to hundreds of 

micrometers, and only a small volume of fluids flows in the microchannel. Therefore, 

Reynolds numbers are quite small, so the viscous force dominates over the inertial force in 

the microscale. In several previous studies, the zero-shear viscosity (η0) is used for the 

equation 5.6 to calculate the Re number 19, 152, 154. While using η0 simplifies the 

calculations, it is not an accurate assumption for shear thinning fluids. In this study, the 

viscosity as a function of applied shear rate, η(γ̇) that was obtained from the shear 

measurement (see Figure 4.4) is used for the calculation of Re numbers of shear thinning 

test fluids.  

The viscoelastic Mach number (Ma) is the ratio of flow velocity to the speed of elastic 

wave (cs) that is propagating in the viscoelastic fluid, which is defined by: 

𝑐𝑐𝑠𝑠 = �
𝐺𝐺′
𝜌𝜌

= �
ղ

𝜆𝜆𝜆𝜆
  (5.7) 

 and the viscoelastic Ma number is calculated by: 

𝑀𝑀𝑀𝑀 = √𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷  (5.8) 

  

When the speed of the flow has exceeded that of the elastic wave (i.e., Ma > 1), it is 

expected that an elastic induced instability occurs in the flow.156, 157 
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5.3.  Design and Fabrication of Microfluidic Chips  

A microchannel with an 8:1 planar contraction was machined directly on a polymethyl 

methacrylate (PMMA) chip (Plexiglas®, ePlastics) using a 5-axis CNC micro-milling 

machine (Minitech Machinery, Norcross, GA). An end mills (Performance Micro Tool, 

Janesville, WI) with the tip diameter of 203 μm was used to carve the microchannel and 

the inlet/outlet ports. Figure 5.1 illustrates dimensions of a planar contraction geometry 

with an upstream channel width (wu) of 2 mm and contraction width (wc) of 250 µm along 

with a uniform channel depth (h) of 500 µm. The machined chip was thermally bonded to 

a 0.8 mm thick PMMA sheet. Dispensing needle tips with an inner diameter (ID) of 0.81 

mm were then glued to both sides of the channel where inlet and outlet ports were located. 

One end of a 0.9 mm ID tube (Upchurch Scientific Inc., Oak Harbor, WA) was then 

connected to the inlet needle and the other end was connected to a 5 mL gas-tight syringe 

(Hamilton, Reno, NV) via a lure lock connector. After the test solution was loaded in the 

syringe with care not to include air bubbles, the syringe was placed on a syringe pump 

(New Era Pump Systems, Farmingdale, NY). The volumetric flow rate (Q) was varied from 

0.05 mL/h to 16 mL/h for this study. For each measurement, a fixed flow rate was applied 

for at least 5 mins before images were taken to ensure the flow reached its steady state. 
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Figure 5.1. Schematic diagram of experimental setup for the investigation of WMS behavior at the 

sudden contraction microchannel. 

5.4.  Newtonian-Like Flows 

For the lower range of volumetric flow rates (Q) in which the De and Wi numbers were 

small, the fluidic behavior is similar with the flow of Newtonian fluids (Newtonian-like 

flow). Figure 5.2 shows representative streak images of WMS (Cd ≤ 75 mM) at Q = 0.2 

mL/h. In this flow regime, no flow instability or formation of secondary flows was 

observed. Figure 5.3 shows a map of De, Wi and Re numbers for all the flow conditions in 

which the Newtonian-like behavior was observed. For Cd = 50 mM, the Newtonian-like 
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behavior is observed for Re ≤ 0.039, Wi ≤ 0.52 and De ≤ 31.1. For higher Cd where the 

solutions had higher viscosity and lower Re, the Newtonian-like behavior is found at lower 

Re numbers, but higher Wi and De numbers.  

 

Figure 5.2. Streak images of solutions with Cd = 50, 62.5, and 75 mM at the same volumetric flow 

rate of Q = 0.2 mL/h 

 

Figure 5.3. A De-Wi-Re map showing the summary of flow conditions that each solution showed 

Newtonian-like flow pattern.  

Therefore, introducing a single critical Wi or De number for which the solutions show a 
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transition from the Newtonian-like behavior to the onset of elastic related phenomena (i.e. 

formation of secondary flows) is not accurate. Instead, we observed that all solutions (Cd 

≤ 75 mM) showed Newtonian-like behavior when the viscoelastic Mach number is smaller 

than 1 (Ma < 1). The transition from Newtonian-like flows to secondary flows occurred at 

Ma ≈ 1. A map of viscoelastic Mach numbers calculated for each solution is plotted in 

Figure 5.4. It is suggested that when the viscoelastic Mach number exceeds one and the 

fluid velocity exceeds its characteristic elastic wave speed, an elastic shock wave generates 

in the flow that could initiate the instability in the viscoelastic flow. Since the calculation 

of viscoelastic Ma number is corresponding to the geometric average of Re and De, it can 

be concluded that even for very low Re numbers, the Re number should be considered for 

the onset of elastic instabilities.  

 

Figure 5.4. Transition from Newtonian-like flows (solid symbols) to Secondary flows (hollow 

symbols) in terms of viscoelastic Mach number for solutions with Cd = 50, 62.5, and 

75 mM. 
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5.5.  Evolution of Vorticities  

As increasing the flow rate of test solutions, in turn, the Wi and De numbers, the 

Newtonian-like flow regime has evolved into the vortex flow regime where vortex began 

to appear at both upstream corners as shown in Figure 5.5. The corner vortices kept 

growing at higher applied flow rates. For each solution, the vortices were initially 

symmetric and turned to non-symmetric for higher flow rates.  

 

Figure 5.5. Streak images of solutions with CTAB molar concentrations of Cd= 50, 62.5, and 75 

mM. 

In order to quantify the flow behavior of solutions with non-dimensional numbers, the 

length of vortices was measured and normalized by the width of downstream microchannel 

(wc). The normalized vortex length (L/wc) is plotted as a function of Wi and De numbers 

as shown in Figure 5.6A and B. For Cd = 50 mM, the vortices were observed for 0.5 ≤ Wi 

≤ 1.4 and 31.1 ≤ De ≤ 83. The length of vortices increased as a function of Wi and De 

numbers. The growth of vortices at higher Wi and De numbers was also observed for Cd = 
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62.5 and 75 mM. However, the range of Wi and De numbers at which the vortices were 

observed were quite different for each solution (1.5 ≤ Wi ≤ 6.3 and 48 ≤ De ≤ 192.2 for Cd 

= 62.5 mM, and 6 ≤ Wi ≤ 40 , 91.2  ≤ De ≤ 609 for Cd = 75 mM). Therefore, the growth of 

vortices could not be described by Wi and De numbers. Indeed, while the transition from 

the Newtonian-like flows to the formation of secondary flows were observed at viscoelastic 

Ma ≈ 1, no correlation was found between the Ma numbers and the growth of vortices.  

 

Figure 5.6. The normalized vortex length as a function of A) Wi number and B) De number. 

It is well agreed that the formation and growth of secondary flows are caused by the 

elasticity of the viscoelastic fluid when it is subjected to high deformation rates. The 

vortices are formed and grow to minimize the elastic energy that is built up in the fluid.21 

The viscoelastic fluid in the main flow near the centerline area is subjected to high 

extension rates while only weak shear rates are applied to the fluid of the secondary flows 

near the corner area. Therefore, the extensional relaxation time of the fluid determines how 

much stress is accumulates in the main flow while the shear relaxation influences the stress 

accumulation in the secondary flows. In this study, we multiplied the De number with a 

factor of the relaxation time ratio (λ𝐸𝐸
λ

) of each fluid and plotted the length of vortices as a 
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function the resulted non-dimensional number (λ𝐸𝐸
λ

⨯ 𝐷𝐷𝐷𝐷) as shown in Figure 5.7. The De 

number multiplied by ratio of relaxation times (λ𝐸𝐸
λ

) shows a close correlation with the 

length of vortices regardless of the fluid Cd compared to the cases when the Wi or De 

numbers were used.  

 

Figure 5.7. The normalized vortex length as a function of De numbers that are modified by the 

ratio of extensional to shear relaxation times. 

5.6.  Steady Viscoelastic Flows 

The flow behaviors of test fluids with Cd = 87.5 and 100 mM were deviated from the 

Newtonian-like flows even under low volumetric flow rates. Figure 5.8 shows 

representative streak images of WMS (Cd = 87.5 and 100 mM) at Q = 0.2 mL/h. While the 

flow patterns remained steady, the reduction in velocities was observed in upstream corner 
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areas near the contraction entry. 

 

Figure 5.8. Streak images of solutions with CTAB molar concentrations of Cd = 87.5, and 100 

mM. 

Several factors that influenced on the fluid flow must be investigated to find out the reason 

why the flow behavior was deviated from the Newtonian-like flow.  

For a fully developed Newtonian-like flow (i.e. the flow at the upstream far from the 

contraction entry), the velocity profile is defined by the Poiseuille equation. In which, the 

shear rate derived by the gradient of velocity is maximum at the wall and decreases linearly 

to zero at the channel centerline. Considering a constant viscosity, the shear stress 

associated with the flow also linearly changes by shear rate with a factor of viscosity (σ = 

ղ γ̇). However, for a shear thinning fluid, the viscosity, ղ(γ̇) varies along a cross sectional 

line from the wall to the centerline because of the variation of shear rates. At the same time, 

the variation of viscosity leads to the change of the velocity profile, in turn, the shear rates. 

Therefore, there is no exact solution representing the velocity profile of a shear thinning 

fluid, even for a fully developed flow condition due to the interconnected influence of shear 

rate and viscosity on each other. The effect of shear thinning on the velocity profile of the 
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fully developed flow is shown in Figure 5.9. 

 

 

Figure 5.9. The velocity and shear profiles of a Newtonian-flow far from contraction entry and 

deviation of shear thinning fluids from the Newtonian velocity profile.  

Near the channel wall, the viscosity is lower and therefore the fluid velocity is higher 

compared to those of the Newtonian flow. Since the average velocity of both velocity 

profiles is constant, the velocity of shear thinning fluid near the centerline is slower than 

the Newtonian fluid. To this point, the effect of shear thinning can be summarized as it 

increases the flow velocity at higher shear rate area of a given velocity profile.  

Another factor that greatly influences the flow behavior is the geometrical effect of 

contraction. Even for a Newtonian-like flow, the velocity profile changes significantly 

close to the contraction entry region because of the conservation of mass ( 𝑤𝑤𝑢𝑢
𝑤𝑤𝑐𝑐

=  𝑢𝑢�𝑐𝑐
𝑈𝑈�

). The 

fluid velocity accelerates in the centerline area and decelerates in corner regions. Therefore, 

the shear rate also changes, and the maximum of shear rate is shifted from the wall to where 

there is the highest velocity gradient of the velocity profile.  

Another factor that influences the flow of these fluids is their gel-like behavior. The steady 

shear rheology of these fluids (see Figure 4.5) showed high shear stresses at very low shear 
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rates (γ̇ ≈  0), 𝜎𝜎0 ≈ 0.3 Pa for Cd = 87.5 mM and 𝜎𝜎0 ≈ 1.6 Pa for Cd = 100 mM. These 

stresses are considered as the yield stress (𝜎𝜎0) and are the amount of stress (𝜎𝜎) that must be 

exceeded before the fluid start flowing: 

�
γ̇ = 0                           𝜎𝜎 < 𝜎𝜎0
𝜎𝜎 − 𝜎𝜎0 = ղ(γ̇)γ̇         𝜎𝜎 ≥ 𝜎𝜎0

 (5.9) 

Therefore, in case the shear stress associated with the flow in upstream corners is in the 

order of the yield stress, a significant reduction of velocity is expected.  

To investigate the effect of contraction entry, the velocity and shear rate profiles of a 

Newtonian-like flow (Cd = 50 mM) were measured from the contraction entry area. Figure 

5.10A shows the normalized velocity profiles along the perpendicular lines to the centerline 

that are fixed at the distances of 𝑥̅𝑥 = 𝑋𝑋
𝑤𝑤𝑐𝑐

 = -2, -1, and -0.5 from the contraction entry. The 

velocity profiles are normalized by the average nominal velocity of the fluid in the 

upstream channel, 𝑈𝑈� = 𝑄𝑄
𝑤𝑤𝑢𝑢𝐻𝐻

 where Q = 0.2 mL/h and 𝑤𝑤𝑢𝑢 is the width of contracted upstream 

channel. The normalized velocity profiles are plotted as a function of the normalized 

distance from the centerline (0 ≤ 𝑦𝑦� = 𝑦𝑦
𝑤𝑤𝑐𝑐

 ≤ 4) as shown in the inset of Figure 5.10A). The 

fluid velocity in the area near the centerline (i.e. 0 < 𝑦𝑦� < 1) increased significantly as the 

fluid approached toward the contraction entry like from 𝑥̅𝑥 = -2 to 𝑥̅𝑥 = -0.5. On the other 

hand, the fluid velocity in the corner area (i.e. 2 < 𝑦𝑦� < 4) slowed down. The shear rates 

were also influenced by the contraction because of the change of velocity profiles as shown 

in Figure 5. 10B. Increased shear rates were observed in the range of 0.2 < 𝑦𝑦�  < 1.2 whereas 

in corner areas (2 < 𝑦𝑦� < 4, -1 < 𝑥̅𝑥 < 0) shear rates decreased significantly and are in the 

order of γ̇ < 0.1.  
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Figure 5.10. Profiles of A) the normalized velocity and B) shear rate for a Newtonian-like flow 

along the lines with the fixed distance from the contraction entry. 

In case the test solution of Cd = 50 mM is replaced by a shear thinning fluid, the variation 

of the velocity profiles near the contraction entry would increases even further. In the 

region of 0.2 < 𝑦𝑦�  < 1.2 where the shear rate was high as shown in Figure 5.10B, the fluid 

viscosity decreased by the shear thinning effect when the fluid velocity increased. 

Contrarily, as the fluid velocity in the corner areas decreased further, the shear rates in the 

corner areas (2 < 𝑦𝑦� < 4, -1 < 𝑥̅𝑥 < 0) are expected to decrease further to the range of γ̇ << 

0.1.  

For the test solution of Cd = 100 mM, considering its zero-shear viscosity, ղ0 = 121 Pa.s, 

the shear rates associated with the flow of the corner area must be higher than at least γ̇ =

 𝜎𝜎0
ղ0

 = 1.6
121

 = 0.013 s -1 to generate the shear stress that exceeds the yield stress of the fluid. 

Similarly, for the solution of Cd = 87.5, the required shear rate to exceed the yield stress is 

γ̇ =  𝜎𝜎0
ղ0

 = 0.3
21

 = 0.014 s -1. Even for the shear stress higher than the yield stress, the relation 

of the shear stress to the shear rates and viscosity is described by 𝜎𝜎 − 𝜎𝜎0 = ղ(γ̇)γ̇. Since 
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the shear rates in the corner areas (γ̇ << 0.1) were in the order of those that were required 

to overcome the yield stresses, the yield stress caused the reduction of velocities.   

5.7.  Quasi-Static Secondary Flow Regions 

At the higher range of volumetric flow rates, it was observed that the fluid in the corner 

areas stayed almost no flow condition (i.e. quasi-static state) and the quasi-static flow 

regions were completely separated from the main flow. Figure 5.11 shows representative 

streak images of WMS (Cd = 87.5 and 100 mM) at Q = 1 mL/h. To the best of our 

knowledge, this is the first time to report this type of fluidic phenomenon that showed the 

no-flow condition at the contraction corners instead of the well-known corner vortices.  

 

Figure 5.11. Streak images of WMS with the CTAB molar concentrations of Cd = 87.5, and 100 

mM. 

Figure 5.12 shows the profile of shear rate for the test solution of Cd = 100 mM at Q = 1 

mL/h, along the perpendicular lines to the centerline that are fixed at the distances of 𝑥̅𝑥 = -
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2, -1, and -0.5 from the contraction entry. The maximum shear rate for each perpendicular 

lines is marked with a cross symbol on the inset of Figure 5.12. The local areas with high 

shear rates match well with the interface area between the main flow and the secondary no-

flow regions. The shear rates applied to the fluid in the interface are in the range of shear 

rates in which the flow showed the shear banding phenomena (see Figure 4.5).  

 

 

Figure 5.12. The profiles of shear rates for the test solutions of Cd= 100 mM along the 

perpendicular lines to the channel centerline at the fixed distance from the 

contraction entry. 

Therefore, the shear banding phenomena is the underlying reason for the separation of the 

secondary no-flow region from the main flow. Highly entangled network of micelles forms 

at the interface area close to the side of the secondary no-flow region, and a low viscosity 
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phase of micelles are formed on the side of the main flow (see Figure 5.13). In addition, 

the yield stress of the fluid at the corner areas is the reason why the fluid did not flow at 

small shear rates that would be expected due to the transition of momentum from the main 

flow to the corner area.  

 

Figure 5.13. Maps of A) velocity and B) shear rates at the contraction entry for the test solution of 

Cd = 100 mM at Q = 1 mL/h. 

As the flow rate increased, the length of quasi-static secondary flow region also increased. 

In Figure 5.14A and B, the normalized length of the region is plotted as a function of the 

Wi and De numbers, respectively. In contrast to what was observed for the corner vortices, 

the length of quasi-static secondary flow regions showed a close correlation only with the 

extensional relaxation time, which is reflected in the De number. That is attributed to the 

flow separation in the interface of the main and secondary flow regions (i.e. shear banding). 

At this flow regime, the elastic stress relaxation no longer occurred in the corner areas, and 

the elastic stresses in the main flow determined the flow pattern.   
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Figure 5.14. The normalized length of quasi-static secondary flow regions as a function of A) Wi 

number and B) De number. 

5.8.  Conclusions 

In this study, the microscopic contraction flow of viscoelastic WMS solutions with 

different rheological properties has been investigated experimentally. The non-

dimensional numbers, Wi and De were calculated based on the shear and extensional 

relaxation times, respectively. At the low range of volumetric flow rates, the solutions with 

Cd ≤ 75 mM showed the Newtonian-like flows. The transition from the Newtonian-like 

flow to the elastic-induced flow could not be described by a critical De or Wi number. 

Instead, this transition was found to be closely correlated with the viscoelastic Ma number 

as the transition was observed when the viscoelastic Ma number exceeded the unity (Ma ≈ 

1). In case Ma > 1, the corner vortices were observed. We also found that the length of 

corner vortices was closely correlated with the product of De number and the ratio of 

extensional to shear relaxation times.  

For gel-like shear banding WMS (87.5 mM ≤ Cd), a deviation from the Newtonian-like 

behaviors has been observed even at low volumetric flow rates. A significant reduction of 

flow velocity was observed in upstream contraction corners for these solutions. The role of 



 

87 

contraction entry, the shear thinning behavior, and the yield stress of these gel-like 

solutions on their flow behavior have been discussed. The deviation from the Newtonian-

flow is attributed to the role of yield stress of gel-like fluids. In upstream contraction 

corners, the shear rates associated with the flow were considerably low due to the effect of 

contraction entry and shear thinning.  

At higher flow rates, regions of quasi-static fluids appeared in upstream contraction corners 

that were separated from the main flow. Local shear rates were found considerably high in 

the interface of the main flow and secondary regions. These shear rates were higher than 

the critical shear rate of the shear banding phenomena. Therefore, we suggested that the 

shear banding phenomena occurred in the interface between the main flows and the 

secondary flow regions. In the secondary flow regions, the small shear rates that would be 

expected due the momentum transfer from the main flow, are suppressed by the yield stress 

of gel-like WMS.  

The length of quasi-static fluid region increased with higher flow rates and showed a close 

correlation with De number (Figure 5.14B). Unlike the corner vortices, because of the 

separation resulted from the shear banding in the interface of main flow and secondary 

region, the secondary flows changed the geometry from the sudden contraction to a gradual 

contraction geometry. This is a possible reason for that the length of secondary flows was 

not influenced by the ratio of relaxation times.  

 

   

 



 

88 

VI.  CONCLUSIONS AND RECOMMENDATIONS 

The shear and extensional rheological characteristics of wormlike micellar solutions 

(WMS) that were prepared by cetyltrimethylammonium bromide (CTAB) and sodium 

salicylate (NaSal) (R = 0.32, 50 mM ≤ Cd ≤ 100 mM) were investigated experimentally. 

Microscopic fluidic behaviors of these solutions flowing through a contraction geometry 

were quantitively investigated using fluorescent streak imaging and microparticle image 

velocimetry (µ−PIV) techniques. The notable results of the study are summarized in the 

following sections.  

6.1.  The Influence of Shear and Extensional Relaxation Times on the 

Contraction Flow  

The shear relaxation time (λ) of WMS was measured using the shear oscillatory 

measurement. The measured relaxation time increased with higher surfactant concentration 

(Cd) from λ = 0.02 s at Cd = 50 mM to λ = 6.1 s at Cd = 100 mM. The longer relaxation 

time is attributed to the formation of highly entangled networks of wormlike micelles at 

higher Cd. The extensional relaxation time (λE) of WMS was measured by dripping-onto-

substrate (DoS) rheometry, and the extensional relaxation time also increased (1.2 s ≤ λE ≤ 

7.5 s) for higher Cd (50 mM ≤ Cd ≤ 100 mM) because of the same reason.  

The product of deformation rate and relaxation time (λγ̇) quantifies the ratio of elastic to 

viscous forces associated with the flow, which were calculated based on either shear or 

extensional relaxation times. The resulted non-dimensional number that was calculated 

from the latter was called Deborah number (De = λEγ̇ ). The other non-dimensional number 

calculated from the former was named as Weissenberg number (Wi = λγ̇) in this study. 

The De number showed better correlation with the flow behavior in terms of the length for 
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quasi-static secondary flow regions. Indeed, integrating the De number in the calculation 

of viscoelastic Mach numbers (Ma) revealed the onset of secondary flows at Ma ≈ 1. 

Therefore, it should be noted that the extensional relaxation time provides better estimation 

of the ratio of elastic to viscous forces in the flow.  

6.2.  The Ratio of Relaxation Times and its Effect on the Contraction Flow 

Comparing the relation of Cd with the shear and extensional relaxation times, quite 

contrasting relation was observed that the ratio of extensional to shear relaxation times (λE
λ

) 

decreased with higher Cd like λE
λ

 ≈ 60 for Cd = 50 mM and λE
λ

 ≈ 1.2 for Cd = 100 mM. High 

values of λE
λ

 were also reported by Sachsenheimer et al.32 for CTAB/NaSal solutions with 

R < 1 and were related to the formation of elongation induced structures (EIS) during the 

extensional deformation of WMS. In their study, it was observed that lower R resulted in 

higher λE
λ

. In this study, it was evidenced that lower Cd also resulted in higher λE
λ

. The 

decrease of λE
λ

 for higher Cd is related to the role of higher entanglements in these solutions, 

which was evidenced by higher zero-shear viscosity and longer shear relaxation time. 

These entanglement points reduce the ability of wormlike micelles to move and align in 

the elongation direction to form EIS structures. In this study, we found that the product of 

relaxation time ratio ( λE
λ

)  and De number showed a close correlation to the length of corner 

vortices obtained from different test fluids compared to previous studies that used De and 

Wi numbers showing irrelevant correlation with the vortex length. The relaxation time 

ratio, λ𝐸𝐸
λ

 can be considered as a factor that influences the rate of stress built up in the main 

flow compared to the secondary flows. We found that the vortex length for fluids with 
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higher λ𝐸𝐸
λ

 grew at a faster rate (regarding De numbers) compared to those with lower  λ𝐸𝐸
λ

.  

6.3.  Role of Shear Thinning and Yield Stress on the Contraction Flow 

The steady shear measurement of WMS showed that the zero-shear viscosity (ղ0) of 

solutions increased by 5 orders of magnitude (0.03 Pa·s ≤ ղ0 ≤ 121Pa·s) by increasing Cd, 

whereas the ultimate viscosity of the solutions was in the same order (ղ∞ ≈ 0.03). The 

higher ղ0 is related to higher levels of entanglement at higher Cd, while at the very high 

shear rates, the entanglements break due to the high shear rates applied to the flow and the 

viscosity of solutions reached to comparable values of ultimate viscosity. The shear 

thinning behavior was thus related to the levels of entanglement in the flow and 

prominently stronger for the solutions with higher Cd. The flows of test fluids with higher 

Cd in this study also showed significantly high yield stresses, 𝜎𝜎0 ≈ 0.3 Pa for Cd = 87.5 mM 

and 𝜎𝜎0 ≈ 1.6 Pa for Cd = 100 mM. In contraction flow experiment, the flow behavior of 

these two test fluids deviated from the Newtonian-like flows that were observed for Cd ≤ 

75 mM, even under low volumetric flow rates. While the flows were steady, a reduction of 

flow velocity was observed in the upstream corner areas of the contraction entry. Our 

hypothesis was that the shear thinning and the yield stress of these fluids influenced the 

flow behavior. While there was no direct method to test the hypothesis, we adopted the 

following method: firstly, the role of contraction entry influencing the velocity and shear 

rate profiles of a Newtonian-like flow (Cd= 50 mM at Q = 0.2 mL/h) were investigated. 

The shear rates at the upstream corners (2 < 𝑦𝑦� < 4, -1 < 𝑥̅𝑥 < 0) were γ̇ < 0.1. Then, the role 

of shear thinning behavior resulting in further decrease of shear rates and velocities in 

upstream corners was discussed. Therefore, it was concluded that the shear rates in corner 

areas ( γ̇ << 0.1) were in the order of the minimum shear rates that were required for the 
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test fluids to overcome their yield stress to start flowing (γ̇ =  𝜎𝜎0
ղ0

 = 1.6
121

 = 0.013 s -1 for Cd = 

100 mM and γ̇ =  𝜎𝜎0
ղ0

 = 0.3
21

 = 0.014 s -1 for Cd = 87.5 mM). Thus, the yield stresses of the 

fluids are in order of the stresses associated with their flow at upstream corners, and 𝜎𝜎0 was 

a determining factor (𝜎𝜎 − 𝜎𝜎0 = ղ(𝛾̇𝛾) 𝛾̇𝛾) that caused the reduction of velocity in the corner 

areas. 

6.4.  Quasi-Static Secondary Flow Regions and the Role of Shear Banding 

For higher applied flow rates, a new type of flow behavior for the test fluids with Cd ≥ 87.5 

mM is documented. To the best of our knowledge, the fluidic behavior had not been 

reported in the literature. In this flow regime, regions with quasi-static secondary flow 

regions have appeared instead of corner vortices. The local areas with high shear rates 

matched with the location of interface area between the main flow and the secondary 

regions. The shear rates applied to the fluid in the interface were in the range of shear rates 

that the flow showed shear banding phenomena. Therefore, we suggested that the shear 

banding phenomena occurred in the interface between the main flow and the secondary 

region. A highly entangled network of micelles was formed at the interface area close to 

the side of the secondary flow region and a low viscosity phase of micelles was formed on 

the side of the main flow. Indeed, we observed that the high yield stresses of test fluids at 

lower volumetric flow rates (i.e. Q = 0.2 mL/h) resulted in reduced flow velocities in the 

corner areas. Two different phases are considered under the same shear stress (σ = 

ղhigher γ̇lower = ղlower γ̇higher) when the shear banding was observed. In the higher 

viscous phase, which is close to the secondary flow side, lower shear rates are expected 

compared to the high shear rates at the lower viscous phase. Since we observed the quasi-

static region at the corner area, we concluded that the yield stress of the test fluid at the 
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corners further surpassed even the low shear rates that are expected at high viscous phase 

of the shear banded fluids.  

6.5.  Suggestions for Future Studies 

In this study, we evidenced large variation of extensional to shear relaxation time ratio (λ𝐸𝐸
λ

) 

for test fluids with different surfactant concentration. The ratio was found to influence the 

length of vortices. Birefringence measurements in the future study would provide valuable 

information on the degree of alignment of wormlike micellar chains in contraction flows. 

Therefore, the results of birefringence measurement can show whether the fluid with lower 

Cd results in higher degree of micellar structures (i.e., formation of EIS) in the fluid flowing 

through the contraction geometry. Moreover, it can provide more insight to the underlying 

reason for the formation of quasi-static secondary flow regions.   

As we evidenced a new type of flow behavior that was associated with the formation of 

quasi-static secondary flow regions instead of corner vortices, the degree of pressure drop 

associated with this flow regime is still unclear. It is well known that viscoelastic 

contraction flows forming corner vortices are associated with an extra pressure loss 

compared to the Newtonian flow under the similar flow condition. A future study is 

suggested to measure the pressure loss of WMS contraction flows that form quasi-static 

secondary flows to compare the results with the viscoelastic contraction flows that form 

corner vortices.  

The experimental data presented by this study showed that the shear thinning phenomena 

resulted in the reduction of flow velocity in the upstream corner areas. Additionally, the 

shear banding phenomena led to the separation between the main and secondary flows. 
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These data can be used for validation of future modeling and numerical simulations for the 

contraction flow of viscoelastic solutions including WMS that show the shear thinning and 

shear banding phenomena.  
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