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NONLINEAR PERTURBATIONS OF THE KIRCHHOFF
EQUATION

MANUEL MILLA MIRANDA, ALDO T. LOUREDO, LUIZ A. MEDEIROS

Communicated by Jerome A. Goldstein

ABSTRACT. In this article we study the existence and uniqueness of local so-
lutions for the initial-boundary value problem for the Kirchhoff equation

u = M(t, Ju()|I*)Au + ul” = f in Q@ x (0,T0),
u=0 on I'gx]0,Tp],

u +6h(u') =0 on I'y x]0, To|,
ov

where 2 is a bounded domain of R™ with its boundary constiting of two disjoint
parts I'g and I'1; p > 1 is a real number; v(z) is the exterior unit normal vector
at ¢ € I'y and §(x), h(s) are real functions defined in I'y and R, respectively.
Our result is obtained using the Galerkin method with a special basis, the
Tartar argument, the compactness approach, and a Fixed-Point method.

1. INTRODUCTION

Frist we do some preliminary considerations to justify the mixed problem we
want to study. Milla Miranda and Medeiros [20] analyzed the existence of solutions
for problem

' — p(t)Au=0 in Q x (0,00),
u=0 on Ty x (0,00),

U 1.1
u(t)% +6(x)u’ =0 on Ty x (0,00), (1)

w(z,0) = uo(z), u'(z,0)=ui(z), =ze€q.

When p is a positive constant, existence and uniqueness of global solutions for
has been proved by Komornik and Zuazua [5], Lasiecka and Triggiane [9] and
Quinn and Russell [22], Goldstein [4] applying semigroup theory. This method does
not work for because the boundary condition (1.1))3 brings serious difficulties.
For this reason, the authors of [20] defined a special basis of the space where lie the
approximations of the initial data and apply the Galerkin method. This approach
works well for problem .
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Motivated by (1.1)), Milla Miranda and Jutuca [21] analized the initial-boundary
value problem for the Kirchhoff equation

u” — M(t,/ \Vu\2da:)Au =f inQx(0,00),
Q

u=0 on Iy x (0,00),

du

w5,
u(x,O) = UO(x)a u'(x,O) - ul(x)a z €

+d(z)u' =0 on Ty x (0,00),

Following the ideas in [20] but having much more difficulty, the authors of [21],
succeeded in the construction of a special basis and the Galerkin method works
well for . They proved existence and uniqueness of solutions for . See also
3 [7].

An extensive list of references about the Kirchhoff equation can be found in
Medeiros, Limaco and Menezes [I7]. In Medeiros et al. [I6] was investigated the
existence and uniqueness of global solutions for the problem

u'—Au+|ul’ =f in Qx (0,00)
u=0 onT x(0,00) (1.3)
u(z,0) =u’(z), o/ (2,0)=u'(z), z€Q

There, Galerkin method and Tartar argument [23] were applied.

Motivated by the studies of —, we investigate the existence and unique-
ness of local solutions of the initial value problem for the nonlinear mixed problem
of Kirchhoff type:

u’ — M(t,/ \Vu|2dm)Au+ [ul? = f inQx (0,7Tp),
Q

u=0 on F()X (O,Tg),
ou ,
D +6(x)h(u')=0 on Ty x (0,Tp),
v
u(z,0) = u’(z), o' (2,0) =u'(z), =€

By applying the Galerkin method with a special basis, a modification of the Tar-
tar approach, compactness method and fixed-point theorem, we obtain our result.

Note that the existence of global solutions for without the term |u|? = 0,
null Dirichlet boundary condition on I' and u® € H}(Q) N H2(Q2), u! € H}(Q) is a
open question.

2. NOTATION AND STATEMENT OF MAIN RESULTS

Let © be bounded open set of R” with boundary I of class C2. It is assumed that
I is constituted by two disjoint parts 'y and I'y, I'g and 'y with positive measures,
such that Ty N Ty = (). By v(z) represents the unit normal vector at = € I';.

We denote by H™ () the Sobolev space of order m and by (u,v) and |u, the
scalar product and norm, respectively, in L?(2). We define the Hilbert space

V={ve H(Q):v=0on Ty},
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equipped with the scalar product

(u,v) Z/ ax, (‘)xl (z)dx

and norm |[ul|? = ((u,u)). All scalar functions considered in this article will be
real-valued. To state our main result, we introduce the following hypotheses:
(H1) The function M(t,\) satisfies M € W,5>°([0,00[2), M(t,\) > mg > 0 for
all {t, \} € (|0, c[)? with mg constant.
(H2) The function h is a Lipschitz continuous, h(0) = 0, and h is strongly mo-
notonous, that is, for a positive constant dg,

(h(r) — h(s))(r — s) > do(r — 5)%, Vr,s €R.
(H3) 6 € WH°(T';) and d(x) > &g for all z € I'; and a positive constant do.
(H4) The real number p satisfies the following restrictions

1
p>1ifn=12 ="Tlc,< "
n n —

5ifn>3. (2.1)

Let h : R — R be a Lipschitz continuous function with ~(0) = 0. In Marcus
and Mizel [T4] (see also [2]) it is shown that h(v) € H'/2(T';) for v € H'/2(I';) and
h:HY?T) — HY*(I'}), v — h(v), is continuous.

Remark 2.1. Consider the trace of order zero 4o : V. — H'/?(I';). Then the map
h=ho~y, h:V — HY*Iy)
is continuous.

Throughout the article, to facilitate the notation, the mapping E(v), v eV, will
be denoted by h(v).

Remark 2.2. Let 6 : Iy — R be a function such that § € W°(I'y). Then
dv € HY?(Ty) for v € HY?(T;), and the linear operator

§: HY*(I') — HY*(y), v dv

is continuous.
Also, the linear operators

§: HYTy) — HY(T'y), v dv,
§: L*(T) — LA(Ty), v v

are continuous. The statements in this remark follow from the theory of interpola-
tion of Hilbert spaces, see Lions-Magenes [12].

Next, we state our main result.

Theorem 2.3. Assume that hypotheses (H1)—(H4) are satisfied. Consider {u®,u'}
in VN H?(Q) x V satisfying the compatibility condition

ou® 1
-+ oh(ul) =0, (2.2)
and the norm condition
mo /Jlj
Ju)) < A = , (2.3)
(3%8“ )
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where kg is the immersion constant of V in LPTY(Q), and
feL*0,T;L%(Q)), f €LY0,T;L*(Q)). (2.4)
Then there exist a real number 0 < Ty < T, and a unique function u with
u € L*>(0,To; VN H*(Q)),
u' € L™(0,Ty; V), (2.5)
u” € L°(0,To; L*(Q)) N L*(0, To; LA(T'y)),

such that u satisfies

u = M, [[ul?)Au +[ul? = [ in L0, To; L*(2)), (2.6)
% +6h(u') =0 in L?(0,Ty; HY/?(I'y)),
o (2.7)

aﬁ"‘éh( ) =0 1n LQ(O,To;LQ(Fl)),

and
u(0) =u°, /(0) = ', (2.8)

Remark 2.4. By Remarks and the function 6h(u') belongs to HY/?(T;).
Then condition (2.2)) makes sense.

3. EXISTENCE OF SOLUTIONS

To apply Banach Fixed-Point Theorem in the proof of our result, we introduce
an auxiliary problem related to (|1.4]).

3.1. Auxiliary Problem. Consider the problem
u — pAu+ |ulf = f in Qx (0,00),
u=0 on Ty x (0,00),
3.1
%—1—5}1( "Y=0 onTy x (0,00), 3.1)
u(0) =u’, «/(0)=u' in Q.
Where p(t), h(s) and ¢ are real functions defined in [0, 00), R and T'y, respectively.
The existence of solutions of (3.1]) is derived by applying the Galerkin method
with a special basis of V N H?(f2) and a modification of the Tartar method. To
obtain this basis we introduce some results.

Lemma 3.1. Let m and n be functions in L'(0,T) with m(t) > 0 and n(t) > 0
a.e. tin (0,T) and let a > 0 be a constant. Consider ¢ : [0,T] — R continuous,
©(t) >0, for all t € [0,T], and satisfying

t
; 2(t) < 2a +/ m(T dT+/ n(t)e?(r)dr, Vte[0,T).
0

Then

t

o(t) < (a + /OTm(T)dT) exp (/0 n(T)dT)7 vt € [0, 7).

The above result is a consequence of a lemma provided in Brezis [I, p. 157].
Milla Miranda and Medeiros [20] showed the following three results:
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Proposition 3.2. Let us consider f € L*(Q) and g € H/?(I'y). Then, the solution
u of the problem

—Au=f inQ,
u=0 onTy, (3.2)
oy 9 b

belongs to V N H?(Q) and satisfies

sz ay < lIF12 + 912 0]
where the constant ¢ > 0 is independent of u, f and g.

Proposition 3.3. In V N H%(Q) the norms H*(Q) and
ou 1/2

(18 + 15 ey

are equivalent.
We equipp V N H?(Q) with the preceding norm.
Remark 3.4. The space VN H?(Q) is dense in V. In fact, we consider the operator
A = —A defined by the triplet {V, L?(Q), ((u,v))}. Then its domain D(—A) is
0
D(-A) = {v e V N H*(9); aiu] —0onT},

is dense in V (see [I1]). As D(—A) is contained in V N H?(Q), the conclusion
follows.

Lemma 3.5. Consider a function § satisfying hypothesis (H3), and a Lipschitz
continuous function h(s), s € R, with h(0) = 0. Take u® € V N H*(Q) and u' € V
satisfying the condition

%—f +6h(u') =0 onT;. (3.3)
Then, for each £ > 0, there exist w and z in V N H?(Q) such that
|w—ulvam@) <& |lz—u'| <e,
% +0h(z) =0 onT}y.
With respect to the function p we make the following assumptions:
peWh0,00), 0<po<pt)<p, ¥t>0, p eL'0,00) (3.4)

for some constants pg, ft1-
Consider the real number p satisfying the restrictions (H4). Then

V — LP"(Q) — L*(Q) — L*THQ) — L(Q) (3.5)

where p* = %, n > 3. In what follows X — Y denotes that injection of the space
X into the space Y is continuous. Note that when p > 1 and n = 1 or n = 2, the
continuous injections without LP™(Q) is true.

With respect to the above injections, we introduce the following notation:

[vllze+r) < Kollvll,  [vllze) < Eallvll,
[v]lL2o ) < Kallvll,  [vllLe-vm@) < Esllvl, (3.6)
vl o= @) < kallv]l
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forallveV.
Consider
1
. fro \#T
Il <X = () (3.7)
— p
G(s) pon 1|s| s. (3.8)

Recall that G(s) = [; |7|°dr. With the above assumptions, we have the following
result.

Theorem 3.6. Assume hypotheses (H1), (H3), (H4) and (3.4). Consider
uw e VN H*Q), u'eV,feL'0,00;L%Q)), f €LL.(0,00;L%)) (3.9)
satisfying (2.2) and

] < A7,
2 1/2 1/2 /oo 2 /oo , (310)
= 2N)/2 4 t)|dt| exp (— t)|dt) < A,
()2 [ p@la e (o | @lde) <
where )
N = Lt o Lotz + B o, (3.11)
2 2 p+1

and the real number \j defined in (3.7)). Then there exists a function u with
u € L®(0,00; V), u' € L>(0,00; L*(Q)) N LiX.(0,00; V)

loc
u” € L2.(0,00; L2(Q)), ' € L*(0,00; L3(T1)); (3.12)
u” € LS, (0,00; L*(T'))
satisfying
u" — pAu+|ulf = f in L (0, 00; L*(Q)), (3.13)
% +6h(u') =0 in L}.(0,00; H/*(I'1)), (3.14)
ou’ Vs N 9
” +0h' (v )u" =0 in Li,.(0,00; L*(T'1)), (3.15)
u(0) =u®, u(0) =ul. (3.16)

Proof of Theorem By Lemma we obtain sequences (u?), (u}) of vectors
of VN H2(Q) satisfying

lim u) =«° in VN H?Q)

l—o00
Jim up =u' iV (3.17)
b 0
% 4 6h(u}) =0 onTy, VI eN.

We construct a special basis of V N H?2(2) as follows: Fix [ € N. Consider the basis

{wi,wé,...,wé,...},

of V.N H%(Q) satisfying u°,u! € [w!,wh], where [w],wh] denotes the subspace

generated by w!,wh. With this basis determine approximate solutions g, (t) of
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Problem (3.1)), that is,

U (t) = Zgjzm(t)w]
(Ui (1), ) + () ((wm (£),0)) + (i (£)]7, v)
+ pu(t) g Sh(ufy ())vdl = (f(t),0), Vv €V,
Ulm (0) = u?7 ’U’;m (O) = ul17

where V!, is the subspace generated by w!,wb,... wl,.

The above finite-dimensional system has a solution u, defined in [0, t;,,). The
following estimates allow us to extend this solution to the interval [0, 0o)

First Estimate. Set v = uj,, in (3.18);. We have

1d , 1d Sy d
3 11 OF + 5 5 DO O] + 5 [ Glum(©)ds

+p(t) g S (U (t)) iy, (£)dT

= (F(£), un (1) + %u'(t)IIUEm(t)IIQ~

Integrating on [0,t], 0 < t < t;,,, we obtain

2+ i o | Gty

/ / ulm )U;m (T)dFdT
I

]‘ K !/ !
= [ i+ [ WPl

1 1(0)
+ P+ ER 0 + [ Glaf)do
2 2 o

Using (3.8)), it follows that

| Gl (®)de] < b (],

(3.18)

(3.19)

G(ud)dx <7kp+1 ud||PrL.
| Gtaiis] < kgt

Taking into account the last two inequalities in (3.19]), and using hypotheses (3.4))-
and the fact h(s)s > dy, we find

. O g (8)]]? —

1
S @) + 22

2 k6 ()7

1
< St (0 + 252 im0 o+ / Glum(t
t (3.20)
+ Modo/ / [l (7)]2dTdT
0 JI'y

t t
< [ 1@t ldr + 5 [l (rlPdr + N
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where
1 1(0) 1 1
Ny = i > + S22l + —— k5T 3.21
= gt B kg ) (3:21)
Motivated by the expression
1
SO = b 7
we introduce the function
1 3 kLT
JA) = —ppA? — L\t A >o. 3.22
(A) = ZHo a1t A2 (3.22)

That is,
, 1 3

We are interested in A > 0 such that J'(A) > 0, that is,

3 1
ikg“Ap*l < SHo (3.23)
or
—1 Ho
0< Al < T (3.24)
This inequality is equivalent to 0 < A < A}, where A\ was defined in (2.3). Thus
J(A) >0 for A €[0,\]]. (3.25)
As consequence of ([3.25) and hypothesis (2.3))1, we obtain
o 3 kgt
B () = 5 ()11 2 0, (3.26)
for [|upm ()] < AY, t € [0,t1n). Inequality (3.26]) implies
1 1k 1 kot
1 2 4+ = 5o AP+t < = Iz — o Al
Fhollun O + 520 s (07 < Syl (O = = 1)
Taking into account this inequality and (3.26), we have
1 1 1k
§|U2m(t)\2 + Zuo|\ulm(t)|\2 + §po+ 1 ([ (£)]17F
1 u(t)
< St (0 + B I + [ Glum (O
, ° (3.27)
+ Hodo/ / [}, (T))?dTdr
0 Jry
t 1t
< [ U@l lar+ 5 [ 1l () +
Note that
Ny <N foralll>lI (3.28)
where N was introduced in (3.11]).

‘We set

1 k
t) = |u, ()]*+ = m|? + -2 m|1PTL.
P(t) = |upm (t)] +2uollm @l +p+1llm ol
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Then taking into account (3.28)) in (3.27) and noting that i < =, we obtain

1
oy < (N2 O
F) < g+ [l + [ 2Dl

Then by Lemma [3.1] we obtain

o0 < [N+ [ il es (2 [T Wea) r )

0
So

2
luj, ()] < P and ||ulm<t>||s<%)”2p (3.30)

for each ¢ € [0, ¢1,) and ||ugm (t)]] < AT. The following result ensures that inequali-
ties (3.30) hold for all ¢ € [0, c0).

Lemma 3.7. Let [0,t,,) be an interval of existence of the solution uy, (t) of (3.18).
Then

Juim ()] < AT, Yt €[0,00), VI > lo, Vm.
Proof. First, we note that by hypothesis (2.3)), we have
[wim (O)]] = [[uf | < Xj, VI = lo, Ym.

Reasoning by contradiction, we assume that there exists ¢; € (0,¢;,) such that
|lwem (t1)]] = Af. Let

t* = inf{t1 S (O,flm) : ||ulm(t1)|| = )\ik}

By the continuity of ||um, (¢)||, we obtain ||us, (t*)|] = Af. Note that 0 < t* < ty,.
Consider t € [0,t*). Then ||u;, ()] < A}. So inequality (3.30) provides

2\ 1/2 .
Jum® < (=) P, vt € [0,27)
Ho
that implies
N N 2 1/2
A= @) < () 7P
Ho

But this is a contradiction because by hypothesis (2.3])2, (1)1/2P < Aj. This

o
concludes the proof. ’ O
Lemma provides the estimates
2\1/2
U O] < P, g (8)]] < (;) P, Vte([0,00), VI>lo, ¥m.  (3.31)
0

Also inequalities (3.29)), (3.31) and (3.20) gives us

/ [t ()] L2yt < K, VE € [0,00), VI > lp, V. (3.32)
0
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Second Estimate. In this part, to facilitate the notation we do not write the
variable ¢t and the subscripts [ and m. Differentiating with respect to ¢ equation

(3.18)); and then setting w = u”, we obtain

1 d // 2 " p—2 / "
Y RST(CRY0 R )
+u/ 6h/(u/)[u”]2dF+u// h(u')u"dl

Fl 1_‘1

1
= (") + 5 I
Considering w = %u’ " in approximate equation (3.18]);, we find

w w w
M/((% u//) +MI h(u/)u//dr — ( /7 *’U/H) _ (u//7 *UN) _ (|u|p7 *UN).
Ty 2 1Y 1%

Combining the last two equalities, we have

1d J? 4 1d / 2
ol g ) [l
/

w p
=(f",u")+ 5;/||u\|2 — (fo =) + (v, 5u") (3.33)
I I
/11/
+ (|uip7 EUH) - (p|u|p72uu/au”)'

Fix a real number 7' > 0. We bound the last terms of the second member of (3.33).
By C = C(T) > 0 is denoted a generic constant which is independent of [ and m.

By (3.8 ., .1 and estimate , we obtain

!
\mmﬂwﬂé%wﬁi%%sdﬂww
o Ho Ho

By (3.6)2, (3.6)3, estimates (3.31)) and noting that % + p% + % =1 (p* introduced
in (3.5)), we find

C C
[(plul ™ und, u")| < pkE™ K’ [[[u”| < Cll[[Ju”} < 2 + 5 ||

Taking into account the last two inequalities (3.33)) and integrating on [0,¢], we
obtain

S OF + 3OO + oo [ [ 1l (Partn
T WOl RO

< [ o By S0 g far
+/OW(MW+/§MMﬂWT

Iu

(3.34)

1 (0)

Pu(r)Pdr + S O + L2t .

For this inequality provides an estimate, we need to bound |uj,, (0)|. This is possible
thanks to the choice of the special basis of V N H?(Q2) and (3.17)s3.



EJDE-2017/77 NONLINEAR PERTURBATIONS 11

We bound |uj’,(0)]. Set ¢ = 0 in approximate equation (3.18)); and then take
v = (0). The Gauss theorem and (3.17))3 gives us

[l () + 1(0) (= A, i, (0)) + (17|, uf, (0)) = (£(0), gy, (0)).
This equality and gives us
[ (0)]* < K.
Taking into account this inequality in and using Lemma follows that
lup,, ()| < C, Vte[0,T], VI>ly, Vm

v < T >
lup, ()| < C, YVt € [0,T], VI > 1y, Vm (3.35)

t
/nwmmm@ﬂga vt € [0.7], Vi > lo, ¥im
0

Passage to the Limit in m. Estimates (3.31]), (3.32)), (3.35) and diagonal process
allows to find a function uy and a subsequence of (uy, ), still denoted by (), such
that

Uy — u;  weak star in L°°(0, oo, V);
— ) weak star in L>(0, 00, L*(Q)) N L{=.(0, 00, V);
u) — ) weak star in L{° (0,00, L*(Q)); (3.36)
., — uj  weak star in L°°(0, 00, L*(T'1));
ujh, — ) weak star in L2, (0, 00, L*(T1)).

Estimates (3.36)1, (3.36)2 and Aubin-Lions Theorem provides us
Upm (2, t) — w(z,t) ae inQ=Qx(0,7).

/
Upm,

U

Then

[twim (2, 8)|]” — |w(z,t)]” ae. in@Q=Qx(0,T). (3.37)
By (3.8), (3.6)2 and (3.31)), we find

/ i 2 d < K22 |2 < C. (3.38)
Q

Expressions ([3.37)), (3.38)), Lions Lema [10] and diagonal process provide

[Uim|? — |w|?  weak star in LS (0, 00; L*(£2)). (3.39)
Estimate (3.36])3 yields

u},, — uj weak star in L>(0,00; H/2(I';)).

This, convergence ([3.36))5 and Aubin-Lions Theorem and fact h Lipchitizian func-
tion gives us
W(upy (2.1) = h(ul(,1)) ae. in Q
and by trace theorem and ([3.36]), we obtain
(h(u},,)) bounded in LS, (0, 00; HY%(I'y)).
Therefore, by Lions Lemma, we conclude that

h(u},,) — h(u)) weak star in L2 (0, 00; HY/2(I'y)). (3.40)
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Convergences (3.36)), (3.39)-(3.40) allows us to pass to the limit in approximate
equation (3.18);. Then by density of V N H%(2) in V, we obtain

o0

| wiomowan [ (uo.oowi+ [ Quoroso
0
/ / t)0h(uj(t))vl(t)dldt (3.41)
'
:/ (F(),0)8(0)dt, v eV, V8 e CF(Q).
0
Taking v € D(12) in (3.4, and observing the regularities of u}/, |u;|” and f, follows
that
w' = pAup + |w|” = fin L (0,005 L2(Q)). (3.42)

This equation provides Au; € L*(0,00; L*(Q)) and (3.36)1, u; € L>(0,00; V).
Then
8ul

=5, € Lise(0,00, H'2(T)). (3.43)

Multiply both sides of (3.42)) by vf,v € V and 6 € C§°(0,0), and integrate on
Q x (0,00). Using regularity (3.43)) of gg, we conclude

/ " Wl (0), 0)0()dt + g / " (). )00t~ / (2 yo(eyar

n / T (ult)P. 0)8(0)dt

_ /Oo(f(t),v)e(t)dt, VeV, o e CX(Q).
0

where (-, -) denotes the duality paring between H~%(I'y) and H*/2(I';). Comparing
this equality with (3.41)) and observing the regularity of h(u;}), we find (see [19])

% +0h(u)) =0 in L% _(0,00; HY?(T1)). (3.44)

Passage to the Limit in [. Estimates (3.31)), (3.32)), (3.35)) and convergence ({3.36))
provide

uj(0)] < P (0] < (=

1/2
) vt € [0,00), VI > lo,
Ho

u) (t)||22pdt < C, WVt € [0,00), VI > lo;
/0 e (&) e, 0, 00), VI > Io i

luw@ < C, |u/#®)|<C Vtel0,T]];VI >,

/ [y () [320, dr < C, V€ [0,T], VI > lo.
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These estimates allows to obtain similar convergence to those obtained in (3.36).

So there exists a function v and subsequence of (u;), still denoted by (u;), such that
u; — u  weak star in L°°(0, 00, V);
uj — u'  weak star in L>°(0, 00, L*(Q)) N L2, (0, 00; V);
; (3.46)

u) — v weak star in Lg% (0, 00, L*(2));

u) — v’ weak in L*(0, 00, L*(T';));

uf — v’ weak in LE (0,00, L*(T})).

By arguments similar to those used for (3.39)), we find
lw|? — |ulf  weak in L2 (0, 00; L?(Q)). (3.47)

This convergence, (3.46)s and (3.42) provide
Au; — Au weak in LE (0, 00; L2(Q)) (3.48)

(3.49)

and therefore
in L2 .(0,00; L*(Q)).

loc

W — plu+ lul = f
Also convergences (3.46)); and (3.48) provide us with
Ou _, Ou weak in L (0, oo; H*%(I‘l)).

(3.50)

—_— =
ov ov

As done in (3.40)), we find
Sh(u)) — Sh(u') weak star in L (0, 00; HY/2(I'1)). (3.51)

So these two convergences and (3.44)), we met

Ou +0h(u') =0 in L (0,00; HY2(T})). (3.52)

ov

From the regularity
O ¢ 350,00 HY2(TY)

uw€ L.(0,00; V), Aue LZ.(0,00; L*(Q)), 5

and by Proposition [3.2] we obtain
u € L2 (0,00, V N H?(Q)). (3.53)

Also, by estimate (3.46))4 and noting that h is a Lipschitz continuous function

we find
6ul T(o N, I : 2 2
-~ = ) 5 1)) .
” + oh' (u")u 0 in Lj,.(0,00; L*(T')) (3.54)

The verification of initial conditions follows in the usual way.
In what follows, we prove the uniqueness of solutions. Let u and v two functions

in class (3.12) which satisfy equations (3.13), (3.14) and initial conditions (3.16]).

Consider w = u — v. Then
w’ — pAw + |ul’ — [v]f =0 in L>(0,T; L*(Q)),

00 L STh(u’) — h()] = 0 in L0, T; HV2(Ty)), (3.55)

ov
w(0) =0, w'(0)=0
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Multiplying both sides of (3.55)); by w’ integrating on 2 and using Gauss Theorem,
we obtain

liw’ 2 1u/ 2 u'(t)) — h(v'
pa/OF +glw®I” + | /) —he/@ar

= —(lu(®)l” = o(®)7,w'(2)).
We have
u(z, 1)]” = Jv(z, 1)|” = plg]""*Ew(w, 1)
where £ is between u(x,t) and v(z,t). Then
llu(z, )I” = o(@, t)I?| = plg]"~ w(z, t)]
that provides
lu@)” = )] < pllu(z, )] + |Uf,t)\]pf lw(z,1)] B (3.57)
< C(p)lulz, O w(z, )] + |v(z, )7 [w(z, )]

We obtain
/Q\U(%t)l”_l\w(l‘,t)llw'(x,t)ldw < w110 gy [0 @) o 2y [ (B)]

< kskallu(®)l|”~H w(®)[w' (1))

Thus
[([u@®)]” = ()7, w' ()] < Cllw(®)|[|[w'(#)] < %Ilw(t)\l2 + %Iw’(t)l2-

This inequality, (3.56|) and property of monotony of h, imply
1d 1d C

C
1 ila 2 AT < = 2, Yy
= 5 g 1O+ dodo [ 0/ (0Pdr < )12 + S )

Then the Gronwall inequality provides w’(t) = 0 and w(t) = 0. This concludes the
proof of Theorem [3.6]

w'(t)]? +

3.2. Proof of Theorem We introduce some notation to apply the Banach
Fixed-Point Theorem. Consider a real number R > 0 such that

R> M, (3.58)
where My = max{Mj, M} is defined in (3.71), M;, My are defined by (3.65)) and
(13.69) respectively. Let

R} = N{ = [u' [+ M(0, [[u|*)[|u°[* + olluo|”*, (3.59)

p+1
RS = M0, [[u®[*)lut|* + MO, [[u°]1*)|Au’] + [u°]” + | £(0)]. (3.60)

We define B 7, as the set of vectors
Brr, = {uiue L0, Ty V), w' € L%(0,To; V) 1 CO([0, Tyls L*(92)),
[ull oo 0,703v) + [ o< 0,70:v) < R
u(0) = u°, v/ (0) = ul.}

The real number Ty with 0 < Tp < 1 will be determined later. We equipped Br 1,
with the metric

d(u,v) = |lu = vl L 0,10;v) + [[t" = V"l oo, 70):2(02))
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where u and v belong to Bg 1;,. In [21] is proved that (Bg, 1,,d(u,v)) is a complete
metric space.

Consider the map S : Brp, — H,z — S(z) = ¢, where H denotes the set of
solutions ¢, of the problem

¢ = M, |12 Ap + |l = f in Q@ x (0,Tp)
v=0 onTyx(0,Tp)
dp (3.61)

5 —+ (Sh(gO,) = 0 on Fl X (O,To)

p(0) =’ ¢'(0)=u' inQ

We prove that the map S is well defined. Set

K= max{’aa—]\f(t,)\ﬂ, |68—A)\4(t, M|t e0,1], A e [O,RQ]}. (3.62)
Consider
p(t) = Mt [lz)]%), te[0,To). (3.63)
We have that € W1°(0,Tp). In fact,

w(0) = S0, 1201 + S5 1= =01

As z € Br 1, we find that
It/ ()] < K(1+4R?), ae. t€]0,Ty]. (3.64)

Thus, p € WH(0,Ty) with po = mo. Theorem says that there exists a unique
solution ¢ of system and this solution has the regularity of the vectors of
BR,TO-

Our objective now is to show that S(Bgr,r,) is contained Br 1, and that S is a
strict contraction.

Let ¢ be a solution of the problem given by the Theorem with pu(t)
defined in . Let ¢, be the approximate solution given in the proof of Theorem
3.6l Then by first a priori estimate given the proof of Theorem [3.6] we obtain

2 t
lom I < Mrexp (o [ (r)lar), 0<e<T,
mo 0

where
To
M, = (2R1)1/2+/ | f(t)dt. (3.65)
0
This and (3.64]) gives
lp1m ()| < My exp(K1Tp), 0 <t < Ty, form>2andl>l(1). (3.66)
where
2K (1 2
i, = A+ FY) (3.67)
mo

The second priori estimates Theorem [2.3] gives us

lorm Ol < Myexp (KaTp), 0<t<Ty, form>2and > 1ly(1). (3.68)
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where
To "t C
my =2 [ o+ B o)+ o) a
0 o o (3.69)
o K(1+4R? C '
< 2R})? +/ [1£/(t)] + Mmm + —K(1+4R%)]dt
0 mo mo
and
2 K(1+ 4R?
K, = GEmI KA+ 4R | 30 (3.70)
27’)’7,0 2
Consider
MO = maX{Ml,Mg}, K= max{lCl,lCQ}. (371)

From (3.66)), (3.68) and (3.71)) and taking the maximum on [0, Tp] of both of mem-
bers the (3.66)) and (3.68) and then the limit inferior, first with respect to m and
later with respect to I, we obtain

el oo 0,70:v) + 19| Los (0, 705v) < Moexp(KTp). (3.72)

We will choose T > 0 so that the second member of the preceding inequality be
less than or equal to R. In fact, set

q(t) = Mo, t>0.

—

hen ¢ is continuous, increasing, ¢(t) — oo when ¢ — oo and ¢(0) = My < R (see
).

(3-58)). Then by the Intermediate Value Theorem there exists T;" > 0 such that
q(T7) = R, that is,
1. /R
Ty =< (M)) (3.73)
We choose
0 < Ty < min{l, 77} (3.74)

Then expression (3.72)) with Ty given by (3.74) satisfies
[l o< 0.10:v) + 1€ (| o< (0,107 < R-

Therefore ¢ belongs to B 1, Thus S(Bg,1,) is contained in B 1.
In the sequel we prove that S is a strict contraction. Set 7,y € Br,1, and
S(r1) =r, S(y1) = y. Introduce the notation

ey (3.75)
We have
& — M-, |11 |2)Ar + M-, g ]2)Ay + |1l — [yl? =0 in ©x]0, Ty,
=0, =0 onTyx]0,Tol,
%f +0[h(r') = h(y)] =0 on I'1x]0, T, (3.76)
©(0)=0, ¢'(0)=0 inQ.

Taking the scalar product in L?(Q) of (3.76]); with ¢’(¢) we obtain

LI OF — Mt (@) Ar(e). ¢/ (1)
M0 [ (0)IP) (By(e), (1) + (717 — 317, /(1) = 0.

(3.77)
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We modify (3.77), to obtain

5 Sl (O = M In (O (de(), o (1)
— MG I (O1F) = M T Iy, ¢ (0) = (yl” = 717, &' ().

We abbreviate the notation and write this expression in the form

1d, . B
519 OF + A@®) = B, (3.78)

e Analysis of A(t). Using the Green’s Theorem and the boundary condition in

(3.76))3, we find that

A1) = M In (03 S0

+ M(t, I ()] )/F S[h(r'(t)) = h(y' ()]’ (t)dT .

1
Note that, §(x) > dg > 0 and ¢'(t) = 7/(t) — ¥/(¢) then by the strong monotonicity
of h, follows that

[ alnt’(e) - o/ 0))¢' yar = .
'
Combining the last two expressions we conclude that

A(t) = M(t, [l ()] )2dtll<ﬂ( )? ace. t €]0,Ty]. (3.79)

e Analysis of B(t). To facilitate the notation in this part we do not write the
variable ¢. We have

B = [M(,[Iri]*) = (M, 1 lI*)] (Ay(t), &' (1) = (lyl” — |77, ' (). (3.80)
o As M € C! we have
|M (-l ll?) = MGy l1?)] < 2K Mol = wal,

where K and My were defined in (3.62)) and (3.71f), respectively.
e Analysis of (Jy(¢)|? — |r(t)|?, ¢'(t)). We have

ly(z, 8)7 — [r(z,1)|” = plé|""2Ep(x, 1)
where ¢ is between y(z,t) and r(z,t). Then

ly(z, )7 = [r (2, 1)|°] < pl€]*~ (2, 1)
which implies

ly(z, )P = |r(z,1)|°] < Clly(z, )P~ + [r(z, )" lp(z, 1))
Thus
[y = Ir@®)1”, " )] < CllyON 701 9O Lo @1 (D)]-
By (3.6), we find that
9O ey <K IO <€, Ve e 0T,
()11 () < Cs VE € [0, T).
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Combining the last tree inequalities, we obtain

[y ()17 = Ir@)17, &' )] < Cle@llle’ (0] < %Ilw(t)ll2 +

Taking into account the last two inequalities in (3.80]), we obtain

c / 2

Clomp. @8y

(B < Clay®lle @ldira,m) + 5 eI + 5

Next we find a bound for |Ay(t)|. We have
¢ = M(, 2P)Ap + [0l = f i L%(0, To; L*()).
By estimates (3.66[), (3.68) and following the same reasoning used for (3.68)), we
obtain
|y (t)| < Mgexp(KTp) a.e. t €]0,Tp]. (3.82)
Hence,
[M (¢, [|z@) I Ap@] < [f(B)] + [u(®)]” + &' (1)]
Ci+C M, 3.83
< (GEC) Moy O
mo mo
These last two expressions give

|Ay(t)| < M3 + Mzexp(KTy) a.e. t €]0,To, (3.84)
where
Cy+C2 M
My = max { 122 2004
mo Mo

Note that eXTo > 1, therefore Mz < M3ze**0. Hence Combining (3.81])and(3.84)

we derive

IB(®)| < Poleap(KTy)]|¢ (D]d(r,51)  ace. t€]0, Ty (3.85)
where
Py = 4K MyMs. (3.86)
Combining (3.79) and ([3.85) with (3.78)), we obtain
Ld o\ o1 d 2
-° M -°
L OF + Mt I ) S e )
< Polexp(KTy)?d*(r1,v1) + |’ (8)]*  a.e t €]0,Tp[.
We have
1d 1d
) o1 @ 2 _1a ) 2 2
M) 5 5 el I I ) ()]

11OM 2y, OM 2y d 2 2
5[5 ol + Sl ) el

Substituting this equality in (3.87)), and using boundedness (3.62)) and (3.60]), we
find

g [le" (O + M, [Ir O o)1)
K(1+2R?)
2

1
2

< lp@®)1* + PFlexp(KTo)2d* (r1,31) + &' (1)]*  ae. t €]0,To].
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Integrating on [0,t], 0 < t < Tp, and noting that M (¢, A) > mg and ¢(0) = ¢'(0) =
0, we obtain

SISO + molle )P

(3.88)
< By [ Nolo) s + ToRSleapOCTo P o) + [ 16/ s
where
P = K(I%R%. (3.89)
Considering
b = P, [eacp(lCT())]27 by — max{ Py, 1} (3.90)

mm{ 1 Mo

where Py was defined in , we have

min{1, 2

t
@1 + " (1)|* < biTod? (r1,91) + bz/o ()1 + [ (5)]%)ds.
Then Gronwall’s lemma gives
()1 + l¢' ()] < 463 Tod? (11, 91) exp(b2To),
which implies

()| + | ()] < 261 Tg"*d(r1, y1) exp(baTo),

Recalling that S(r1) = r, S(y1) = y and ¢ = r — y, from the above inequality it
follows that

d(S(r1), S()) < [261T3"2 exp(baTo)]d((r1, y1). (3.91)

Note that K given in (3.62) is independent of Ty, therefore I, Py and P; defined
in (3.71)), and (3.89) respectively, are independent of Ty. Thus the constants
by and by given in (3.90)) are also independent of Tp.

Consider (t) = 2bitexp(bat), t > 0. Then 9 is continuous, increasing and
¥(0) = 0. So there exists Ty > 0 such that (T3 ) < 1. Take

To = min{1, 77,75} > 0,
where T} was defined in (3.73)). Then Tp satisfies and
201 To exp(baTp) = ap < 1.
Substituting this constant in , we conclude that
d(S(r1),S()) < awd(r1,y1), Vri,y1 € Br1y-

Thus d is a strict contraction. By the Banach Fixed-Point Theorem there exists a
unique point v € Bg r, such that S(u) = u. This fixed point satisfies all conditions
required in the theorem.

The uniqueness of solutions follows as in [21].

The existence of global solutions to problem and their asymptotic behavior
with small data will be published in a future article.
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