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EXISTENCE AND NONEXISTENCE OF SOLUTIONS FOR
SUBLINEAR PROBLEMS WITH PRESCRIBED NUMBER OF
ZEROS ON EXTERIOR DOMAINS

JANAK JOSHI

Communicated by Jerome A. Goldstein

ABSTRACT. We prove existence of radial solutions of Au + K(r)f(u) = 0 on
the exterior of the ball, of radius R, centered at the origin in RN such that
lim, oo u(r) = 0 if R > 0 is sufficiently small. We assume f : R — R is odd
and there exists a 3 > 0 with f < 0on (0,8), f > 0 on (3,0c0) with f sublinear
for large u, and K(r) ~ r—¢ for large r with a > 2(IN — 1). We also prove
nonexistence if R > 0 is sufficiently large.

1. INTRODUCTION

In this article we study radial solutions to
Au+ K(Jz|)f(u) =0 for R < |z| < o0,
u(z) = 0 when |z| = R, | lim wu(z) =0, (1.1)

z|—00
where v : RV — R with N > 2, R > 0, f is odd and locally Lipschitz. In addition

we have the following:

(H1) f'(0) < 0, there exists 3 > 0 such that f(u) < 0 on (0,5), f(u) > 0 on
(/8’ OO)'

(F2) f(u) = |ulP~tu + g(u) with 0 < p < 1, and lim,, o, 4L = 0.

(H3) Denoting F(u) = [, f(t) dt we assume that there exists y with 0 < 3 < v
such that ' < 0 on (0,7) and F' > 0 on (v, 00).

(H4) We assume K and K’ are continuous on [R, 00), K(r) > 0, and there exists
a > 2(N —1) such that lim, TTK/ =—a,2(N-1)+ TTK/ <0.

(H5) We assume that there exists positive di,dy such that dir=® < K(r) <
dor™® for r > R.

Theorem 1.1. Assume (H1)-(H5), N > 2, and o > 2(N — 1). Then for each
nonnegative integer n there exists a radial solution, u,, of (L.1)) such that w, has
exactly n zeros on (R,00) if R is positive and sufficiently small.

Theorem 1.2. Let N > 2 and o > 2(N —1). If R is positive and sufficiently large,
then there are no nontrivial radial solutions of (1.1]).
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The radial solutions of on RY with f superlinear for large u and K(r) = 1
have been well-studied; see for example [T}, 2, [0 TT]. Recently there has been interest
in studying these problems on R\ Bx(0), with various types of non linearities, see
[4, Bl 6l [7) 8, 10, 12]. Interest in the topic for this paper comes from the papers
[, 6 [7] by Iaia where he studied the solutions of the differential equations with
superlinear and hilltop type of nonlinearity. The type of nonlinearity addressed
here has not been studied as extensively as other cases, see [4, [§]. In [8] the same
nonlinearity as here was studied but in the case o < 2. In this article we use
different methods to study the case a > 2(N — 1). We use a scaling argument as
in [11] to prove existence of solutions for (L)), with large number of zeros.

For the proofs in sections 2 and 3, we will need to temporarily extend K and
K’ continuously to (0,00) so that (H4) and (H5) continue to hold on (0,00). We
define

R(T)_{K(R)W[Tié] r<R 1.2)

It follows that
lim K(r)= K(R) and lim K'(r) = K'(R).

r—R~ r—R-

It is straightforward to verify that K and K’ extend K and K’ continuously on
(0,00) and K satisfies (H4) on (0,00). In addition

~ / a+1
lim r*K(r) = _ K@) R

r—0+t (6]

> 0.

Therefore with perhaps a smaller positive number d; and larger positive number
dy we may ensure (H5) on (0, c0).

2. PRELIMINARIES

Since we are interested in radial solutions of (1.1)) we denote r = |x| and consider
u(x) = u(|z|) where u satisfies

N -1
’LLH + Tul +K(r)f(u) =0 forR<r< o0, (21)

w(R) =0, u'(R)=0b>0. (2.2)

We will occasionally write u(r,b) to emphasize the dependence of the solution on
b. By the standard existence-uniqueness theorem [3] there is a unique solution of

(2.1)-(2.2) on [R, R + €) for some € > 0.

‘We next consider:

u/2

1
E(r) == F(u). 2.3
") =33007 + F (2.3
It is straightforward using and (H4) to show that
12 Kl
E'(r)=———[2(N —1) + =] > 0. 2.4
(1) =~ 2N~ 1)+ "B 2 0 (2.4
Thus FE is non-decreasing. Therefore
1 /2 1 62
Yy F(u)=E() > E(R) = - for r > R. (2.5)

2K(r) - 2 K(R)
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Proof of Theorem[I.3 Suppose there is a nontrivial solution u(r) of (2.1)-(2.2)

with lim, . u(r) = 0. Then u has a local maximum at some M; > R and v’ >
0 on [R, My). Evaluating (2.5) at r = M, gives

F(u(My)) > %% >0
So by (H3) we see
' w(My) > 7. (2.6)

Now by (2.4)) we have
E(r)< E(My) for R<r <M,

SO

1 12
5“? + F(u) < F(u(My)) for R <r < M. (2.7)
Rewriting this expression, integrating over [R, M) and applying (H5) yields
My |u/‘ dr My My

R V2/F(u(My)) — F(u) = /s VK < \/672/ ro2dr. (2.8)

Setting u(r) =t we have
u(My) dt _ 2v/ds
0 V2 F(u(M,)) — F(t) ~ a2
Next since f(0) =0, f(0) < 0 and 0 < p < 1 it follows that lim,_.q ‘fl(T“Jr)l =0.

Also from (H2) we see that lim, . lf‘(% = —L_. Then there exists ¢; > 0 such

p+1
that

R™= . (29)

|F(u)] < erlulPt™ Vau. (2.10)
Moreover, by (H1) and (H3) we have
F(u) > —F, for some Fy >0 (2.11)
and so it follows from and that
F(u(My)) — F(u) < eru(My)[P + Fy
for all w. This along with implies

2V/dy 2o u(Ms) dt M
Vi poa / > u(My) L (212)
a—2 0 VF(My)) = F(t) ~ \/er|u(Mp) [P+ + Fo
Since u(Mp) > v by (2.6) and 0 < p < 1, we have
1-p 1-p
M, My)| = Tz
u( b>+1 _ ) F2 > 17 —. (2.13)
\/Cl|u(Mb)|p + FO \/Cl + W \/Cl + ﬁ
Thus by (2.12)) and (2.13)) it follows that
1-p
2\/%32%& > _r:
a- v/c1+ %
which implies
Fy
ae 2 €1+ 541
R < W L (2.14)

oa—2 vz
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Since o > 2 we see that (17) is violated if R is sufficiently large. Hence there are

no solutions of (1.1} such that lim, .. u(r) = 0 if R is sufficiently large. This

completes the proof. O
3. PrROOF OF THEOREM [L]

To prove Theorem we first make the following change of variables. Let

u(r) = uw (r*= ), (3.1)
bRN-1
R =R*N b= : 3.2
= (32
This transforms (2.1)-(2.2) into
uf (t) + h(@) f(ur(t)) =0, with t=r*""for0<t< R, (3.3)
where
w (R*) =0, uj(R*)=-b*<0, (3.4)
h(t) = ;tizé’f}”[((tgbv) (3.5)
(N =2)? ' '
Since (rPW-YDK) <0 and N > 2 it follows that
R'(t) >0 for0<t< R" (3.6)
In addition, from (H4)-(H5) we see that
d h(t d
L k) 2 for 0 <t < R*, (3.7)

(N—=2)2~ t¢ — (N-2)?

where
a—2(N-1)
1=—N—g "

Moreover by using (|1.2)) and (3.5)), we can extend h on (0, 00) such that (3.6)-(3.7)
hold on (0, c0) and that

ht)  K'(R)Ret!

tlirglotT:_mEL>o' (3.8)
Now instead of considering — we look at the initial value problem
u{ () +h(t)f(ur(t)) =0, t>0 (3.9)
with:
u1(0) =0, u}(0)=a>0. (3.10)

From (3.5 and (3.7) it follows that h(t) can be extended to be continuous at ¢t = 0
with h(0) = 0 and so by the standard existence-uniqueness theorem there is a

unique solution of (3.9)-(3.10]) on [0, 2¢] for some € > 0. Let

1 uf?
Ei(t) == F
1(t) 2h(t)+ (uq)
Then using (3.6) and (3.9) we see that
12 1%
Bl(t) = -4 0.
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Thus
L g RPAC
2 h(t) 2 h(e)
It follows from (3.11]) that uw; and u} are uniformly bounded on [e, t] from which it
follows that the solution of (3.9)-(3.10) exists on [0,t]. Since ¢ is arbitrary, we see

the solution of (3.9)-(3.10) exists on [0, c0).

Lemma 3.1. Suppose (H1)—(H5) hold and uy solves (3.9)-(3.10). Then there exists
tq > 0 such that u(t,) = 8. Moreover lim,_,g+ t, = c0.

Proof. From we see that u; increases initially and u; > 0 for small ¢ > 0. If
uy has a first local maximum M then w) (M) = 0 and wf (M) < 0. By uniqueness
of solutions of initial value problems it follows that w/(M) < 0. Then since h > 0 it
follows from that f(u1(M)) > 0 which in turn from (H1) implies uy (M) > .
Since u1(0) = 0 it then follows by the Intermediate Value Theorem that the first
part of the lemma holds. Otherwise suppose 0 < u; < 8 and u}j > 0 for ¢ > 0.
Then by (H1) we have f(u1(t)) < 0 for all ¢ > 0. Thus it follows from that
uf(t) > 0 for t > 0 so uf(t) > a and hence uy(t) > at for ¢ > 0. This implies
ui(t) — oo as t — oo contradicting that 0 < uy(t) < 3 for all ¢ > 0. Hence there
exists t, > 0 such that ui(¢,) = f and 0 < uy <  on (0,%,). This proves the first
part of Lemma 3.1
Now we let

+ F(u1) = E1(t) < E1(e)

+ F(ui(e)) fort>e. (3.11)

Eg(t) = %u’f + h(t)F(ul)

By (H3) and (3.6) we see
1
E(t) = [iu’f +h(t)F(u)] =K F(u1) <0 if uy <~

and since 0 < uy; < 3 < on [0,¢,] this implies

%u’f + h(t)F(u1) < %ag on [0,1,]. (3.12)

Also by (H2)-(H3) there exists ¢z > 0 such that
F(uy) > —cou? on [0,7]. (3.13)
It then follows from (3.12)) and (3.13)) that

1 1
§U/12 —coh(t)u? < §u’12 +h(t)F(uy) <

which on rewriting and using (3.7)) gives

a® on [0,t4]

N~

2cod
u? < a? + 2ch(t)u? < a® + ﬁt‘]u% on [0,1,]

which implies

uy < a+est??u; on [0,t,] (3.14)
where ¢c3 = Vﬁ,cfg? After rewriting (3.14)), multiplying by e=¥() where y(t) =

q
03;i:1, and integrating on (0,t) we see
2

t , t
ure v® = / (ule_y(s) ds) < / ae ¥ ds on [0,ta].
0 0
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This implies
up < ae¥® /t e ¥ ds on [0, 4]
0
and since e ¥® < 1 it then follows that

ta
B=ui(ty) < aey(t“)/ e V) ds < at, eVt (3.15)
0

Now suppose [t,| < S for some constant S. Since y(t) is continuous on [0, M] then
y(t,) is bounded and thus the right side of goes to 0 as @ — 07. This is a
contradiction as the left side is 8 > 0. Hence t, — 0o as a — 07. This completes
the proof O

We now use a rescaling argument to show u; has a large number of zeros if a > 0
is sufficiently large. For this we let

ua(t) = A" T ug (ML), (3.16)
where ¢ = % > 0 (from (3.7)). Also from (3.3) and (H2
u (A t) + h(At)[u] (M) + g(ui(At))] = 0.

It now follows using (3.16]) that

) we have

h()\t) _ p(a+2) 2+4q
AT T g(ATr =0 3.17
Dt [ AT g0 ) (3.17)
with ot
vA(0) =0, v4(0)=A""T a.
On setting a = A5 we have
ua(0) =0, v3(0)=1. (3.18)
Integrating on (0,t) and using (3.18)) gives
¢ h()\s) p(q+2) +q
/ _ _ q D ~—Ti-p —
vi(t) =1 /0 Do) s [vk(s) + A g ()\ v)\(s)ﬂ ds. (3.19)

Integrating on (0,t) by using (3.18) gives
tors h()\.’l?) p(g+2) 244
— q A5 g (AT ) 2
(t)y=t /0 /0 ()\:c)qx vy (x) + A g()\ vx(a:))} dzds (3.20)

Therefore

p(q+2) 2+

t
loa())] <t + M)+ AT g(AT
0

Using yields
(7/ sq/ |8 (2 p(qj;)g()\Hq a(@))|deds.  (3.21)

Since from (H2) we have |g(“ | — 0 as u — oo, it follows that given ¢ > 0 there
exists ug such that |g(u)| < €|u|P for |u| > up and also the continuity of g implies
lg(u)] < ¢4 for u < ug where ¢4 is some positive constant. Thus

lg(u)| < cs+elulP for all u. (3.22)

)|dajds.

loa(@)] <t +
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Now rewriting (3.21]) and using (3.22)) we see that
lua(t)] < t—|— / / [(1+ e)|oh(z)] + (2+q>p —r7 | dw ds. (3.23)
AT

Now choose A > 0 large enough so that W < 1. Since 0 < p < 1 it follows that
1 P
|ualP < 1+ |vy|. Hence it follows from that for large A,

do da(1+e)
< e 4q+2 g+1
O <+ [or—ae }+[(q+1) t /m )| da]
so for large A,
¢
oa(D)] < 1+ BiT*? 4 [t / joa )] da (3.24)
0
where
o do(1+€) B— da
(¢+ (N —2)* (¢+ DN —-2)>
Now let w(t fo |va(z)| dx. Then w'(t) = |vx(¢)| and hence from (41) we have
lua(t)] = w'(t) <t + BT + At ap(t). (3.25)
Thus

w'(t) — AtTTw(t) <t + Bt1t?
and therefore

t
/ (w e ()™ ) [t + Btrt2)e (@5 22
0

which implies
t
w(t) < el / s + 24 592~ (#2)1 gg.
0

Since e~ (@)t < 1 it follows that

w2t Bt
w(t) < ela)t™” ,
Thus for any fixed 0 < T' < oo we have
T2 BTI+3
t) < elam) T - 7). 2

w(t) < elar [2 q+3] Cr on [0,T] (3.26)
Now from and (| we have

|’U)\( )| <T+ BT+ AT?™'Cr = Dy on [0,T] (3.27)

and using (3.7)), (3.22)) and (3.27) in (3.19) it follows that
da(1+ Dr)(2 +€)
(¢+1)(N—2)?

Using this inequality along with (3.9, (3.22) and (3.27)) in (3.17) it follows, for
sufficiently large A, that

A (1)) < 1+ T4 =Qr on [0,7). (3.28)

d2(2+¢)(1+ Dr)
1"

t

U)\( )| = (N _ 2)2
where Cp, Dp, Qr, Jr are constants for the fixed T < oco. Hence by the Arzela-
Ascoli theorem vy — v and vy — o' uniformly on [0,7] as A — oo for some

T9=Jr on[0,T].
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subsequence still denoted by vy. Since T is arbitrary we see that v and v’ are
continuous on [0, 00).

Now by (3.19) we have

. . " h(\s) _Ctap [, 24q

AILII;O vi(t)=1-— )\ILH;O (/0 D) sT[oR(s) + A7 T2 g(ATrua(s))] ds).

But we know that limy_.o v} () = v'(t) so
: ! h(Xs) _(tap , 2+q

V() =1-— AlLII;O (/0 Do) sT[R(s) + A7 T2 g(ATrua(s))] ds). (3.29)

Next we show that
. t h()\ 8) _(+op 2+q
)\lggo 0 <()\s)(l AT g(Al_w’\)) ds =0.

_ (tap 2+g
T—p (

From (3.7) and (3.22) it follows that
As) 24
57 ST\ g(ATrur(s)) ds]

%
d

t
< (]\722)2/ s (04)\_(21tq;3p +ev§(s)) ds
- 0
dQ Cyq Tq+1 dg Dgﬂ Tq+1
S UF DV — 22 |2 ( (N -2 2)6 on [0, 7]
(q+1)( 2N (q+1)( )

Since % — 00 as A — oo and € > 0 is arbitrary it follows that
TP

. P rh(AS) _Crop | 24
/\h—>H;o 0 <(>\s)q AT g()‘lipv’\)) ds =0.

Therefore from (3.27)) it follows that

V() =1 i | (222 o0 (5)) s (3.30)

A—00

and since from (3.8]) we have 0 < lim;— % = L then it follows from ([3.27)) that

V() =1 L/Ot 1P (s) ds

therefore v"(t) = —Lt?vP(¢t). Hence v satisfies:
V" (t) + Lt9oP(t) = 0, (3.31)
v(0) =0, 2'(0)=1. (3.32)

Lemma 3.2. Suppose v satisfies (3.30)-(3.31). Then v(t) has an infinite number

of zeros on (0,00).

Proof. We first show v has a local maximum. If not v’ > 0 and v(t) > ¢ for some
¢o > 0 on (tg, 00) for some ¢y > 0. Then from (3.31)) we see

— 0" > Legt? (3.33)

Integrating on [to, ] gives

Leo 1 +1
—'(t) > —v'(tg) + m[tq+ — .
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This implies v'(t) — —oo as t — oo which contradicts that v' > 0. Thus there
exists an M > 0 such that /(M) = 0 and v(M) > 0. Thus by (3.31) v"(M) < 0.
So v has a local maximum at M. Integrating (3.31) on [M,t] gives

¢
—'(t) = L/ sTvP ds. (3.34)
M

Now let us assume that v > 0 for ¢t > M then (3.34) implies that v < 0 for ¢ > M
hence estimating (3.34) on [M,t] gives
¢ 1 1
tat+l _ prat
—'(t) = L/ sTP ds > Lo (t)[————]
M q+1
which on rewriting it yields
tatl _ pratl
—v Py > L[i
qg+1
Integrating this on [M,t] gives
1-p 1-p t .q+1 _ q+1
vITP(M)  viTP(@R) > L/ s M
1—p 1—-p M qg+1

ds

Thus

v1=P(M) L . . . v P (t)
Y T @I DETY [t772 — (g + 2)M Tt + (g + 1)MTT?] > T

the left side of which goes to —oo as t — oo since L > 0 and ¢ > 0 hence
v TP ()

L—=p

This is a contradiction since we assumed v > 0 for ¢ > M. Hence there exists
z1 > 0 such that v(z;) = 0 and v > 0 on [M, 2] so v'(z1) < 0. In addition by
uniqueness of solution of initial value problems it follows that v/(z1) < 0. Similarly
we can then show that v has a local minimum, m > z; and that v has a second
zero zo > m. Proceeding similarly we can show that v has infinitely many zeros on
[0,00). This completes the proof. O

— —00 ast — oo.

Since vy — v uniformly on compact sets and since v has an infinite number of
zeros, so vy has large number of zeros for large values of A and hence u; satisfying

(13-9)-(3.10) has a large number of zeros for large a.

Proof of Theorem[I1. From Lemma we see that u; has a first zero, 21(a), if a
is sufficiently large. Note by continuous dependence on initial conditions z1(a) is a
continuous function of a. Now choose R > 0 small enough so that z;(a) < R2~N.
Then by Lemma if a is sufficiently small ¢, > R?>~" and so u;(¢,a) > 0 on
(0, R*=N) if a is sufficiently small. Thus {a > 0: z1(a) < R*~"} is nonempty and
bounded from below. Then let:

ap = inf{a : z;(a) < R*V}.

Since z;(a) is continuous it follows that z(ag) < R,

Now suppose z1(ag) < R2™N. Then by the continuous dependency of the so-
lutions on initial conditions we have z;(a) < R>~V for a < ag with a sufficiently
close to ap which contradicts the definition of ag. So z1(ag) = R*>™" and hence
u1(21(ag)) = ur (R2~N) = 0. Now let Up(r) = uy (r* ¥, ag). Then Uy satisfies
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and (2.2) with b = u}(R?>=N)(2 — N)R'™N > 0, lim,_., Up(r) = 0 and Uy > 0 on
(R, 00).

Next using Lemma[3.2] we see that if a is sufficiently large then u; has two zeros
z1(a) and z2(a) with u3 > 0 on (0,21(a)) and u; < 0 on (#1(a), z2(a)). Choose
R > 0 small enough so that z9(a) < R>~N. Let

a; = inf{a| z(a) < R*}.

As above we can show that 29(a;) = R*>™N. Let Uy(r) = —ui(r>~Y,a;). Then
Uj(R) = (N —2)R'""Nuy(R* ) > 0, U; has one zero on (R, ), satisfies (2.1]) and
and lim, ., Uy (r) = 0. Proceeding inductively, we obtain as,as, ay, ..., ay
for any non negative integer n such that u;(R?>~" a,) = 0 by choosing R suf-
ficiently small. Define U,(r) = (=1)"u1(r>~™,a,). Then U.(R) = (—=1)"(2 —
N)R'“Nu)(R?>=N a,) > 0 and as above we can show that U,, has n zeros on (R, c0),
satisfies and and lim,_,o, U, (r) = 0. This completes the proof. O
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