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CHARACTERIZATION OF A HOMOGENEOUS ORLICZ SPACE

WALDO ARRIAGADA, JORGE HUENTUTRIPAY

Communicated by Vicentiu Radulescu

ABSTRACT. In this article we define and characterize the homogeneous Orlicz
space _@i"P(RN) where ® : R — [0,+00) is the N-function generated by an
odd, increasing and not-necessarily differentiable homeomorphism ¢ : R — R.
The properties of 9§’¢(RN) are treated in connection with the ¢-Laplacian
eigenvalue problem

. Vu .
—div ((Vul) gor) = Ag0)6(w) in RY

where A € R and ¢ : RN — R is measurable. We use a classic Lagrange rule
to prove that solutions of the ¢-Laplace operator exist and are non-negative.

1. INTRODUCTION

Let N > 2 be an integer. A broad subclass of maximization problems in an open
domain Q C RY involves critical Sobolev exponents. Several articles are motivated
by the ideas and methods in the seminal paper by Brezis and Nirenberg [5], mainly
when 2 is bounded. The case 2 unbounded is treated in [3, 2I]. The reference
[2] contains significant results on semilinear problems also in the unbounded case,
which are largely treated via concentration-compactness methods. In that reference
the authors introduce the space

ZYP(Q) = {u e LP (Q) : |Vu| € LP(Q)} (1.1)
where 1 < p < N and p* = pN/(N — p) is the conjugate exponent. This space
is equipped with the norm ||ul|1,, = ||ull,« + |||Vul||, where || - ||, is the norm in

LP(€2). On the other hand, the completion of the space D(€2) of C*°-functions with
compact support in  with respect to the norm | - ||, is denoted by Z17(Q).
Equivalently,
9&”’(9) = Cl@l,p(g) D(Q)

where clx(Y) is the closure operator of ¥ in X. This space is endowed with
the gradient seminorm |lullo,, = [||Vu|||p. It can be easily proved that this is
actually a norm on 21?(2) which is equivalent to ||u1,p. It is moreover known
that the two spaces thus defined are reflexive and Banach for the respective norms.
Somewhat surprisingly, a fundamental characterization (see [2, Lemma 1.2]) in the
(unbounded) case Q = RY asserts that 217 (RY) = 2%?(RY). This equivalence
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motivates the problem whether this space is still meaningful in a larger context or
not and raises the issue about the use and place of this extended space in analysis,
particularly in optimization and differential equations. In this paper we answer
positively the former question and provide an application which well suits the latter
via a fundamental formulation in Orlicz spaces, see below. An exhaustive treatment
on the theory of these function spaces can be found in the classic textbook by
Krasnosel’skii and Rutic’kii [I7] and, more recently, in references [16] 18, 24]. The
papers and monographs by Gossez [12, 13} [I5] are particularly detailed and have
played a paramount role in the subject as well.

Orlicz spaces constitute a natural extension of the notion of an LP space: the
function ¢t — [¢|P entering the definition of LP is replaced by a more general N-
function ® : R — [0,400) (sometimes called a Young function). The typical
approach in the references mentioned above is mostly developed in RY with the
Lebesgue measure. One is naturally led to the question whether the properties and
structure of classic Orlicz spaces are preserved in a much more general measure
space (2,2, ). The monograph by J. Musielak [20] studies the properties asso-
ciated with the generalized Orlicz space L®(£2, %, 1) (such as embeddings of and
compactness in generalized Orlicz classes) in the setting of modular and parameter-
dependent families of Orlicz spaces.

An interesting source of research is given by the case of exponents p(x), where
p: Q2 — (1,400) is a bounded function. The article [22] and excellent book [23]
are representatives in the case of nonhomogeneous differential operators containing
one or more power-type nonlinearities with variable exponents. The theory there
is developed in great generality including many possible pathologies of the Young
function. As a yet another significant contribution, the paper by Fu and Shan
[9) gives sufficient conditions for removability of isolated singular points of elliptic
equations in the Sobolev space W1?(®)  which was first studied by Kovacik and
Rékosnik.

In this manuscript we consider the homogeneous Orlicz space Z3®(RY). It
corresponds to the completion of D(RYV) with respect to a suitable norm, see Section
[ If additional hypotheses are fulfilled this space constitutes a natural source
of solutions of minimization problems with constraints for a wide class of energy
functionals in the generalized-Laplacian form. For example, in the article [I0] the
following quasilinear elliptic problem is considered,

— div (o(|Vu|)Vu) = b(|u))u + Af(z,u) in RY (1.2)
where the function ¢(¢)¢ is non-homogeneous. The term b(|u|)u denotes a critical
Sobolev growth coefficient, f(x,u) is a subcritical term and A > 0 is a parameter.

The authors prove that any non-negative solution of this problem can be regarded
as a critical point of the variational formulation

minimize /RN (®(|Vul) = B(u) = AF (z,u))dz

such that u € Z21®(RY)

where B(t) and F(x,t) are the primitives of b(¢)t and f(x,t), respectively, and
®(t) = [, @(t)tdt. Due to some topological restrictions on Z2®(RY) standard
methods to prove convergence of minimizing sequences for this problem are useless.
The techniques employed in [I0] consist of a modification of the concentration-
compactness principle for Mountain-pass problems.
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In this article we assume that ¢ : R — R is an increasing, odd and not-necessarily
differentiable homeomorphism and define the associated N-function

t):/o ¢(s) ds. (1.3)

Motivated by the ideas discussed above, we provide a characterization of the homo-
geneous Orlicz space 2% (RY) generated by ®. This characterization asserts that
the latter space is an extension of in a precise sense and naturally leads to the
following application. Let g : RY — R be a measurable function and A be a real
number. Under additional global restrictions on ® and g, existence of nontrivial
solutions of the ¢-Laplacian equation

—div( (|vu\)|v |) = Ag()p(u) inRY (1.4)
can be proved. We address this question and solve the associated optimization
problem by implementing a version of Lagrange multipliers rule [6] on the source
space Z21®(RY). We prove that solutions of the ¢-Laplace operator exist and are
non-negative.

2. N-FUNCTIONS

This is a brief overview on Orlicz spaces. Fundamental definitions and properties
can be found in several monographs, articles and books. For further details we refer
the reader to [I7 [I8] 20].

A convex, even and continuous function ® : R — [0, +00) satisfying ®(¢) = 0 if
and only if £ = 0 and such that

o(t)

T—>0ast—>0 and

o(t)
— — 400 as t — 400
is called an N-function. Equivalently [I3], ® can be represented in the integral form
(1.3), where ¢ : R — R is a non-decreasing, odd function which is right-continuous
for t > 0 and which satisfies ¢(¢f) = 0 if and only if ¢ = 0 and ¢(t) — +oo as
t — 4o00. The N-function ® satisfies a global As-condition (see [I, pp. 266]) if
there exists C > 0 such that

d(2t) < CO(1)
for all t > 0.

Lemma 2.1 ([1]). The N-function ® satisfies a global As-condition if and only if

Csils)
@@ =S ) @1

2.1. Conjugates. The reciprocal function 1 (s) of ¢ is defined for s > 0 by
U(s) =sup {t: ¢(t) < s}.

Both functions ¢ and ¥ have the same properties. Hence the integral

/w

is an N-function, called the conjugate (or complementary) N-function of ®. The
pair ®, ® is called a pair of complementary N-functions. If ¢ is continuous and
increases monotonically then the reciprocal 1 is the ordinary inverse of ¢.
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Lemma 2.2 ([I0, Lemma 2.5]). The complementary N -function ® satisfies a global
Aq-condition if and only if

. 50(s)
pe = Inf 20

The Sobolev conjugate N-function ®, of ® is defined as

“1/py _ Lo(s) <
®: (t)f/o d

sltw

> 1. (2.2)

where @1 denotes the inverse function of ®[jg 4oy It is known [24] that the
Sobolev conjugate exists if and only if
1 g-1 t §—1
o o
/ (j) ds < +oo and lim (j)
0

St t=too Jo  sltw

ds = +o0. (2.3)

Moreover, it is known [I1] that if conditions (2.3) are fulfilled then
o(t)
li =
=50 D, (kt)

(2.4)

for all £ > 0.

Proposition 2.3 ([I0]). If conditions are met and qo < N then the following
estimates hold:

(a) min{pP®, p?*}®(t) < @(pt) < max{pr*, p?* }&(1);

(b) min{rPe r92}®,(t) < &, (rt) < max{rPe, ris}d,(t);

(¢) min{rPe/(Pa=1) rae/(@a=D1S (1) < B, (rt)

< max{rPe/Pa=1) ra:/(@a-D1P,_(t)

for r,t > 0 and where py = ps N/(N — ps) and ¢ = qo N/(N — qa) are the
conjugate exponents.

Note that Proposition [2.3] ensures that both the Sobolev conjugate N-function
®, and its complementary &, satisfy a global As-condition provided g < N.

Lemma 2.4. Let 1 <r < N be such that

0 < A=limin 6(s) < B = lim sup

s—0t ST71 - s—0+

(s)

57“71

< +00. (2.5)

Then for e > 0 sufficiently small there exists sg = so(e€) > 0 such that for all
0 < s < sg,

(a) A5 < @(s) < B,
NV S\
®) () se= ()

where B = r'/7/(B+¢)/", A =117 /(A=) and r* = (N —r)/Nr is the Sobolev
conjugate exponent.

Proof. If € > 0 is small then there exists s9 = sg(¢) > 0 such that if 0 < s < s¢
then by definition
¢(s) <B+e.

87"—1 -

A—e<

Denote t = ®(s) and tg = ®(sg). The monotonicity of ® and simple integration
yield

A1) <1< B



EJDE-2017/49 CHARACTERIZATION OF A HOMOGENEOUS ORLICZ SPACE 5

provided 0 < t < tg. Hence Bt'/" < ®~1(t) < AtY/" forall 0 < t < to. If s <t < tg
we integrate (from s to t) the latter inequalities with respect to a new variable.
This gives

B

| 2|

— (1" =) <O — B (s) < — (17 =),
r r
Letting s — 07 we get
B . A .
—t" <Ot < =t
r T
provided 0 < t < to. Finally, the change of variables s = ®;1(¢) and so = ®; (o)
and the inequality above yield the estimate in (b) provided 0 < s < sp. O

3. FUNCTION SPACES

3.1. Orlicz classes. Let ®, ® be a pair of complementary N-functions and let
denote an open domain in RY. The Orlicz class L(f2) is the set of (equivalence
classes of) real-valued measurable functions u such that ®(u) € L'(Q). In general,
L5(92) is not a vector space [13]. However, the linear hull Lg () of L(£2) equipped
with the Luxemburg norm

. u
ullo.q = inf {k >0 /Qqn(E) <1}

is a normed linear space, called the Orlicz space generated by the N-function ®. It
is known [I7] that the vector space thus defined is complete.

The closure in Lg(€2) of the space of bounded measurable functions with compact
support in Q is denoted by Eg(£2). This space is separable and Banach with the
inherited norm. The following lemma gives a useful characterization of a particular
type of sequences in Eg in the unbounded case Q = RV,

Lemma 3.1. Let 2 € E5(RY) and fiz an integer k > 1. Define the function

_Jz2(x) if x| >k
(@) = {0 if |z| < .

Then ||z]|lo gy — 0 as k — +oo.

Proof. If € > 0 is sufficiently small then 2/ € Eg(RY) C L&(RY). The latter
implies ®(z/e) € L*(RY) and then there exists a positive integer ko such that if

k > kg then
/ @(Z—k)dx:/ o(Z)de <1
RN 13 RN\Bk(O) g

where B},(0) denotes the ball of radius k and center at zero in RY. The definition
of the Luxemburg norm hence yields ||2x||¢ gy < € provided k > k. O

In general, F3(Q) C Lg(Q2) C Lg(2) but if & satisfies a global Ag-condition
then Eg () = Ly (£2) and vice-versa. In this case, a known result [I, Theorem 8.20]
ensures that Le(Q2) and Lg(€2) are reflexive and separable provided @ satisfies a
global As-condition as well. Since this result remains valid after replacing ® by its
Sobolev conjugate @, (provided the latter exists), Proposition guarantees the
validity of the following result.

Corollary 3.2. If (2.3) are satisfied and qp < N then the Orlicz space Lg, () is
reflexive.
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It is well known [I}, [13] that one can identify the dual space of Eg(€2) with Lz(£2)
and the dual space of E5(Q2) with Lg(€). Moreover, if u € Lg(2) and v € Lz(12)
then the inequality

[ twlde < 2lulloq vl (31)
holds. This estimate is an extension of Holder’s inequality to Orlicz spaces.

An Orlicz-Sobolev space. The Orlicz-Sobolev space W'Lg(Q) is the vector space
of functions in Le¢(€2) with first distributional derivatives in Lg(£2). This space is
Banach with the norm

N
lulle = llulle.o + Y 10:,ulls.0 (3-2)
i=1
where 0,, denotes the partial derivative 0/0x;. Usually, W!Lg(Q) is identified
with a subspace of the product Lg(Q2)NV+! = 1Ls (). The space W!Lg(£2) is not
separable in general.

3.2. Approximation properties. In what follows we consider 2 = R” in which
case further characterizations are possible. The Luxemburg norm || - [|¢ gy will be
simply denoted by || - | . The symbol D(RY) denotes the space of C*°-functions
with compact support in RY. We choose a mollifier p € D(RY); i.e. p is a real-
valued function such that

(a) p(x) >0, if x € RY;

(b) p(x) =0, if |z| > 1;

(©) fon pla) da = 1.
If ¢ is positive, it is clear that the function p.(z) = eV p(z/e) is non-negative,
belongs to D(RY) and satisfies p.(x) = 0 provided |x| > ¢. In addition,

/ pe(z)de = 1. (3.3)
RN
If u € Ly(RY) we define the regularized function u. of u by the convolution
usw) = (s )@) = [l =)o) do
It is easy to see that if u has compact support in RY then u. belongs to D(RY).

Proposition 3.3. If u € Ly(RY) then ue € Lo(RY) and |uclle < ||ulle.

Proof. Let A = ||u||g. Jensen’s inequality [13, pp. 18] yields

/RNQ(“EY)) da < /RN (/RN @(M)pe(y)dy)dx. (3.4)

Define the function F(z,y) = ®(u(z —y)/A)pe(y). It is clear from the definition of
A that

/R Fla,y)de = p.(y) / (Mg < ) (3.5)

Integration of this inequality with respect to y and condition (3.3) imply F €
LY (RN x RY). Hence Fubini’s theorem and (3.4) yield

/]RN q)(usT(x)) dz < /RN (/RN ‘I’(u(xf_y)) dz)p.(y) dy <1
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and then u. € Le(RY). By definition of the Luxemburg norm, |uclle < A =
[ulle-

O

Lemma 3.4 ([14]). If u € Es(RY) then ||u. — ulls — 0 as e — 0.

4. THE HOMOGENEOUS ORLICZ SPACE Z1®(RY)

In what follows we assume that ¢ : R — R is an odd, non-decreasing and not-
necessarily differentiable homeomorphism which generates the N-function . We
suppose that condition is fulfilled; i.e. ® satisfies a global As-condition. We
will assume that are met as well, so that the Sobolev conjugate @, is defined.
The set Br(zo) € RY will denote the ball of radius R with center at x5 € RY.
As mentioned previously, the operator 9., will denote the partial derivative 9/0x;,
i=1,...,N. We start out by defining the space

VP (RY) = {u € Lo, (RY) : [Vu| € Le(RN)} .
Proposition 4.1. The space 2%*(RY) equipped with the norm
o + [IVullle. (4.1)

[ullr.e = llul
is complete.
Proof. Let {u,} be a Cauchy sequence in 2%®(R"); that is,
o, =0 and |[|Vu, — Vunyl|le — 0 (4.2)

([tn — ]

as n,m — +oo. Since Lg, (R") is a Banach space we can find u € Lg, (RY) such
that u, — u in Lg, (RY). The second condition in implies that {0, un}
is a Cauchy sequence in Lg(RY). Then for each index i = 1,..., N there exists
w; € Ly(RYN) such that 9,,u,, — w; in Le(RY). Since d,,u, is the weak derivative
of u,, we have 9, u, € Lg(RY). Then

RN RN
for all ¢ € D(RY). Hélder’s inequality (3.1)) and uniqueness of limits yield

7/ uaxiwdm:/ w; Y dz.
RN RN

Thus, we get 0;,u = w; € Le(RY) and ||u, — ull1.6 — 0 as n — +oc. O

Definition 4.2. The homogeneous Orlicz space 21:®(RY) is the completion of
D(RYN) with respect to the norm (4.1)). Equivalently,

.@;’Q(RN) = Cl@l,@(RN) D(RN)
where clg1,2ry) denotes the closure operator.

The space Z1®(RY) is endowed with the seminorm

0@ = [[[Vull|e. (4.3)

[[ul

Lemma 4.3. On 21®(RYN) the seminorm ([4.3)) defines a norm which is equivalent
to (@4.1).
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Proof. By [8, Theorem 3.4], if u € D(RY) then
e, <ECN)|[[IVullle = C(N) l|ullo.e (4.4)

[[ul

where €' (N) is a positive constant. This inequality extends to all of Z1®(RY) by
density. 0

We remark that since D(RY) C 21®(RY), the inclusions
WlLe(RYN) C 212 (RN) € 282 (RY) (4.5)

hold. Example [£.7] below proves that there exist N-functions ® for which the
inclusion W!Lg(RY) C 2L®(RY) is strict.
The following theorem is the main result in this article.

Theorem 4.4. Assume that there exists 1 < r < N such that estimates (2.5)) are
fulfilled. If g5 < N then the reversed inclusion 2+*(RY) C 2L2(RYN) holds as
well. That is,

L2 RN = {u € Ly, (RY) : |Vu| € Ls(RY)}.
Proof. Take u € 2%®(RY) and define w € D(RY) by
0 if |z| > 2,
w(x) = .
1 if 2| < 1.
Next, form the functions

wr(z) =w (%) and  wug(z) = u(z)wk(x), keN.

For each fixed k € N we consider the sequence of regularized functions v* = p; /n ¥
ug, n € N, where p1,,(z) = (1/n) " p(na) and p is the mollifier satisfying (a), (b)
and (c) in Note that as uj has compact support the convolution vX € D(RY).
Moreover, since 0,05 = py/,, * Oy, u, € Eo(RY), Lemma implies

10,05 — 0, unlle — 0 asn — +oo.

Then, for k € N, we have
lim |[|Vof — Vug||le = 0.

n—-+4oo

For every natural number k, Cantor’s diagonalization method produces an integer
ni € N (which depends only on k) such that if we set vy, = v¥ = py/,, * uy, then

1
|||V’l)k—vuk”|q>§ %, k € N.
The triangle inequality thus implies

1
IVoe = Vaullle < - +[[[Vur = Vullle.

We must prove that
klirf Vur — Vul|le = 0. (4.6)

We note that the product rule yields 0., ur = u Oy, wy + wi, 0, u and hence

IVur = Vaullle < [[(1 = wi)[Vullle + [[u Vor|[|e.
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Since @ is increasing,

/RN<1><(1 fwk)@) dz < /RN\B’C@@('VA“') dz

where the parameter A\ > 0 is arbitrary. Note that Lg(RY) = Lg(RY) since ®
satisfies a Aj-condition. Therefore ®(|Vu|/\) € LY(RY). The definition of the
Luxemburg norm thus implies

1 —wi)|Vullle = 0 as k — +oo.

To prove (4.6) we need |||uVwg|||e — 0 as k — +oo. This is the case. Indeed, if
e > 0 is sufficiently small, there exists sg = so(g) such that items (a) and (b) from
Lemma will be satisfied for all 0 < s < sg. Also, note that (2.4) implies

< +o0. (4.7)

We define the sets Q1 = {z € RV : |u(z)| < so} and Qs = {z € RV : |u(z)| > so}
and take the closed annulus A = Bk (0)\Bx(0) € RY. Choose A positive and
denote by M = supgn 0,,w. We take k sufficiently large such that k > M/A. The
monotonicity of ® and yield

1
/Akq>(A|amw,€||u|) dx
:/ @(i|8miw||u\)dx+/ & (7[00, fu]) da
ANy )\k ArNQo )\k
M
g/ o <|u|> dx+/ &(|ul) dz
Akﬂﬂl )\k Akﬂﬂg

M
< O —|u dm—l—C/ D, (lu|) dx.
/Am () [ .

Since u € Ly, (RY) it is evident that fAk D, (Ju|) dr — 0 as k — +o0.
Note that the choice of k above implies that M|u|/Ak < sp on ;. Item (a) in
Lemma yields the following estimate for the integral on the right-hand side in

€3,

(4.8)

M MT
/ @ () dr < (B +2) / luf" da. (4.9)
Akﬂgl >\k T)\Tk’l" Akﬁﬂl
Since P, satisfies a global As-condition, @, (|u|) € L1(ArN4). Ttem (b) in Lemma
yields
o (r,)|ul ¥ < . (Jul)
where «7(r,e) is positive. Therefore |u|” € L%(Ak N Q) and then Holder’s
inequality, with p = N/(N — r) and ¢ = N/r, implies
N—r

/ lu|" dz < (meas(A N Ql))T/N(/ |u\% dm) v
AkﬂQl Akﬁﬂl

N—r
N

< (meas(m))r/N<[4 . M%dm)
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where meas(Bog(0)) = 7V/2(2k)N/T(N/2 4 1) is the volume of the closed ball
B (0) and T is Euler’s gamma function. Thus, we obtain

N—r

/ lu|" dz < %’M(/ |u| ¥ dx) N
ANy ANy

where 8 = %(r, N) is a positive constant. Therefore, estimate (4.9) yields

N—r

/Amle o(Gplul)dr < -6+ (/Am jul ¥ dz) T

Since the integral on the right tends to 0 as k — +o0o, from (4.8]) we obtain

1
/ <I><—|6wiwk||u\) dr — 0 ask — +oo.
Ay )\

The definition of the Luxemburg norm thus ensures |||uVwi|||le — 0 as & — +o0
and hence holds.

To conclude the proof we must show that ||vx — ul|s, — 0 as k — 4o00. Notice
that vy, —u € 2L2(RY)N LY (RY) and hence inequality does not apply in this
case. We proceed as follows, instead. The triangle inequality and Proposition
yield

®, = ||P1/nk * Uk — u||<1>*
< lprjmy * (Wi w = wlle, + [lp1/n, * v —ul
< lwwu = ulle. + lp1/n, *
Since @, satisfies a global As-condition we have wyu—u € Z2H*(RN) C Ly, (RV) =
Eg, (RY). Lemma (with 2z = wiu—u) produces ||w, u—ulle, — 0 as k — +oo.
Lemma in turn implies that ||py/,, * v — ulle, — 0 as k — +o0 and hence the

inequality above ensures that vy — u in Lg, (RY). Along with (4.6)), the latter
implies |lvg — ulj1,6 — 0 as k — +o00. The proof of the theorem is complete. O

Lo

Example 4.5. We define

_ sl
P o )

where p > 2. In this case,

|8|P [s] tP
/d)l ~ plog(i+1s) | p /0 (1+t)(ln(1+t))2dt'

If we take « = p—1 and § =1 in [7, Example III], then we obtain

. s¢1(s) s¢1(s)
Per = 809, (s) e T P

By Lemma ®; satisfies a Ag-condition. Since p > 2 estimate (2.2) is also
fulfilled (i.e. the complementary N-function ®; satisfies a Ag-condition). On the
other hand, the choice » = p — 1 and L’Hopital’s rule yield
lim inf ¢1( ) = lim sup f1(s) _ = lim ¢1(5) - lim ——— =1

s—0t+ 8" s—o+ 8" -1 s—0+ s71 s—0t 10g(1 +S)
Conditions (2.5 are met in this case and hence Theorem [4.4] implies 21:%1(RY) =
Z3®1(RN).
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Example 4.6. Consider the function ¢5(s) = |s|P~2s log(1 + p + |s|) where p > 1
and p > 0 is a parameter. A simple calculation shows that

‘ /| P
t)dt = log(1 - - —dt
9= [ et gL+ +lsh— [

For values s > 0 we consider the differentiable function

S
0 1+u+t T 4t

940) = Fogl+ ur )

A simple application of L’Hopital’s rule proves that g,(s) — 0 as s — 0 and also
gu(s) — 0 as s — +o0. Since

S S tp
Plog(l4 p+s) = / P~ log(1 + —|—tdt+/ ———dt
Flog(ltp+s)=p | og(l+p+1) CTracd
it is evident that 0 < g,(s) < 1if s > 0. It follows that
spa(s) __ p > lim s¢a(s) _
Do(s) 1 —guls) — s—o+ Do(s)
for all s > 0. Therefore
po, = inf 22208) _ 5028 _ (4.10)

5>0 Po(s)  s—0t Pa(s)

On the other hand, the implicit function theorem allows to determine a local max-
imum of g, at s = s* > 0 from the equation

S tp

PP log(1 4+ p+s) = (/ P T —
g(l+p+s) TEatl

The condition g, (s) — 0 as s — 400 ensures that s* is also global. Therefore,

4o, = Sup 592(5) = max 592(5) = P

7 >0 Pa(s) s>0 Dy(s) 1—gu(s*)
By Lemma @, satisfies a As-condition. Bound (4.10) implies that estimate
(2.2)) is also fulfilled in this case (i.e. @ satisfies a Ag-condition). Furthermore, if
we choose r = p then

0 < liminf ¢2( ) = lim sup L(Sl) = lim ¢i7g) =log(1l + u) < +oo.

s—0t s—0+ s” s—0t S

Hence conditions (2.5 are fulfilled. Theorem |4.4] yields 21:2(RY) = @L-®2(RY).

dt) (p(l-i—ﬂ—f—s)log(l—i—u-i—s)—i—s).

< +o00.

Example 4.7. This example proves that there exists an N-function ® for which
the corresponding Orlicz-Sobolev space W1 Lg(RY) is in general a proper subset of
2V®(RN). Consider p > 1 and set the real homeomorphism ¢(t) = [t|P~2t. Let us
define a function

u(@) = (1+||z[*)~
where ||z|| is the Euclidean norm of z € RY and s is a positive quantity to be fixed
later. It is easy to see that
25|l

VI T el
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We take spherical coordinates F : (z1,...,2x5) — (p,1,...,pn_1) in RY defined
by
T1 = pCosy;
T; = psinpysingy...sinp;_jcosp;, +1=2,...,N—1

TN = psinegsings...sinpn_2sinYn_1

where p = (22 +...+2%)Y2 and p; € [0, 7] fori =1,...,N—2and ¢ny_; € [0,27].
A simple computation yields the Jacobian:

6($1,$2, s ,JjN)
JF(I)MPl,.-.,(PN—l): 8([) 01 @N*l)
= pN(singr) V72 (singy) V7P (sinpn_3)? sinpy .

Let us define the integral

/ dzx
I = 2\ sr
'V B, (0) (1 + [|7?)

where 1 < r < N. (Obviously, u" € L'(R") if and only if I is finite). Change to
spherical coordinates and further integration yields

+oo 2m T T
JF(p7<p1a"'7<pN—1)
= doi...don_odpn_1d
/ / / / (1+p2)sr ¥1 PN-2APN—-1 AP
+o0 N 1
/ 1—|—p P

where €’ depends on [ sin® on_p_1doN_p_1, for all index k =1,..., N —2. The
limit comparison test for improper integrals yields

+oo prl
- dp < +00
/1 (1+p2)er

if and only if N < 2sr. If we set r = p in the latter inequality, we obtain that
convergence of the integral is equivalent to the condition s > N/2p. Thus if s <
N/2p we get u & LP(RY). Likewise, in the particular case r = p* = Np/(N — p),
convergence of the integral means s > (N — p)/2p. Therefore,

. N—-p N
u ¢ LP(RY) and u € LP (RN)ifandonlyifse( 5 p,Q}.
p p

The same argument we employed above proves that

» » +oo N+p—1
J = Vul|’ dx = (2s) ‘5/ 7d
/]RN\Bl(O) Vel (14 p2)s+Dp P

Hence, the integral J is finite if and only if N + p — 2sp — 2p < 0. That is,

N —
|Vu| € LP(RY) if and only if s € ( 2pp, )

We conclude that u € 2% (RN) and u ¢ W' Lg(RY) (with ®(¢) = [t|”/p) provided
the parameter s € ((N - p)/2p, N/2p}.
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5. APPLICATION

In this section the number pe defined in (2.2) plays a paramount role. We
prove existence of nontrivial and non-negative solutions of equation (|1.4)) under the
assumptions made at the beginning of Section [l Additionally we will require the
following hypotheses:

(HO) Condition (2.2) is fulfilled (i.e. ® satisfies a Ap-condition);

(H1) go < N and ¢o < ps =ps N/(N — pg) (the conjugate exponent);

(H2) g € L92/(e=Pe)(RN) 0 L>°(RY) and the positive part gt # 0.

We define functionals

I(u) = / O(|Vu|)dz and G(u) = / g(x)®(u)dz.
RN RN

Since ® satisfies a global As-condition, the functional I is well-defined on 1% (RY)
and real-valued there. Further, [10, Lemma A.3] ensures that I is of class C! with
Fréchet derivative

I'(u)(v) = /]RN ¢(|Vu|)|§zl - Vudz.

Application of the same lemma (with the term f(x,t) = g(z)¢(t) in (1.2)) shows
that G is real-valued on 21®(RY) and that G : 21®?(RY) — R is of class C! as
well with Fréchet derivative

G () = [ al)otu)ods

where u,v € 232 (RY).

Proposition 5.1. Let {u,} be a sequence in P21 (RY) such that u, — u (weak
convergence). Then there exists a subsequence denoted again by {u,} such that

G(upn) — G(u).

Proof. By definition there exists d’ > 0 such that ||u,|le. < F(N) ||unllo,e < d for
alln € N, where € (V) is the constant in (4.4). Choose R > 0 and let Br be a ball of
radius R centered at 0. For each natural number n we have G(u,,)—G(u) = IF+JE,
where

R Xz u — U X R: X u — U Z.
= [ g @) —0de, = [ @) @) - #)d

Let us define Ag,, = {z € R¥\Bgr : 0 < u,(z) < 1} and Cr,, = {z € RV\Bg :
un(x) > 1}. Let 0 = ¢4 /(¢5 — ps). Items (a) and (b) in Proposition applied
with p = u, € Ar,, and t =1 yield

(@(1))@/%

9(0) 4617 < ulr 1)/ = a5 (1)) 5/ < 2

D, (up)-

Hence Holder’s inequality produces

1/c * P2 /%
/ j99(u)| dr < (1) / 17 dz) " ( / |95 )
AR,n AR,n AR

,n

< Cl(/RN\BR |g"dx>1/0</RN Q*(un)dxy@/qi
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where C; = ®(1)/(®.(1))P2/%. Since o < p%/(p — qo) by interpolation we have
g € LPe/Pa—a2)(RN) as well. If u € CRr,» then analogue arguments as the ones
used above yield

x 1/e" 92 /P
/ lg®(uy,)|dz < Cg(/ lgl® dx) (/ D, (up) dac)
Cron RN\Bg RN

where 0* = p3 /(py —qe) and C > 0. Since |Juy, ¢, < d’ the integral [,y ®.(uy) dx
is bounded and then the two inequalities above imply

/ lg®(uy,)|dz < +o0.
RN

Thus, given € > 0, there exists Ry = Ry(¢) > 0 such that

/ 9P (uy)|dx < /4.
RN\Bp,

One can similarly prove that
/ lg®(u)|dx < /4
RN\ Bg,

for Ry large enough. Thus, if Ry = max{Ry, R1} then we have |JF2| < £/2 for
n € N.

Let us study now IF2. Since the injection Lg~(Br,) — La(Bg,) is continuous
(see [I, Theorem 8.16]) the inclusions yield u,,u € W'Lg(Bg,) and hence
there exist d, d > 0 such that

lunllzr, < dlunllos <d

for all n € N where || - || 55, is the norm (3.2) on the ball Bg,. Since the imbedding
W'Lg(Br,) — La&(Bg,) is compact (see [I1, Theorem 2.2]) we have u,, — u in
Lo (Br,). Thus, passing to a subsequence (denoted by {u,} again) we can further
assume that u, — u, a.e. in Bg, and that there exists w € Lg¢(Bg,) such that
|un| < w, a.e. in Bg,, for all n € N. By Lebesgue’s dominated convergence on Bp,,
lim |®(u,) — ®(u)| dz = 0.
n—-4oo BR,2
Thus, for n sufficiently large, |17 < ||g|ool|® () — ®(u)||L1(Bg,) < €/2. Since
|G (un) — G(u)| < |IF2| + | JEF2| the result is proved. O

Lemma 5.2 (Lagrange multipliers rule [6]). Let vg € 2L®(RY) be such that
G'(vg) # 0. If I has a local minimum at vy with respect to the set {v : G(v) = G(vg)}
then there exists A € R such that I' (vg) = AG' (vp).

Lagrange multipliers rule motivates the following definition. A pair (A, u) €
R x 21*(RY) is a solution of (T4) if ¢(|Vul|) € Lz(RY) and

Vu
/RN ¢(|Vu|)W -Vldr = )\/RN g(x)p(u) 0 dx

forall @ € 21%(RYN). If (A, u) is a solution of and u # 0 we call A an eigenvalue
of with corresponding eigenfunction u. That is, A is the eigenvalue associated
to the eigenfunction u. Note that the inclusion on the right in ensures that
any solution u belongs to Lg, (RY) and |Vu| € Lg(RY).
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Theorem 5.3. The optimization problem

inf [
G 5o T

has a nontrivial solution u, € 22*(RYN). Define the nonzero number

f]RN |v“u| |Vuu|dx

w =
Jan 9(@)p(up)uy, de

(5.1)

Then u,, is a non-negative eigenfunction of equation (1.4) with associated eigenvalue

A=A

Proof. The first part is motivated by the ideas in the proof of [16, Theorem 3.1].
Compare also with the proof of [19, Theorem 2.2]. We prove that for any p > 0, the
set M, = {u € Z2L?(R"Y) : G(u) = u} is not empty. Since G(0) = 0, by continuity
of G, it will be sufficient to find w € D(RY) such that G(u) > pu.

Since gt # 0 in R there exists a compact subset K of RY, with meas(K) > 0,
such that ¢ > 0 on K. If € R we define u,(z) = rxx(x) where xx : RN — R is
the characteristic function

1 ifzxe K,
Xk (x) = { .

0 ifxe K-

We choose 79 > 0 such that the number pg = G(ur,) — p = ®(ro) [ gdz — p be
strictly positive. Let 2 C RY be a bounded domain such that K C . Since the
function

u € Ly(Q) — ®(u) € LY(Q)
is continuous, we have that ®(u.) converges to ®(roxx) in L*(£2), as e — 07 where
ue € D(R) is the regularized function of roxx and D(2) denotes the space of C'*°-
functions with compact support in 2. Holder’s inequality yields G(us) — u + po
and hence we can choose ¢ sufficiently small such that G(7) = G(ug,) > p.
Denote by 3 = infy, I and let {u,} be a sequence in M, such that
lim I(u,)=p.

n——+oo

Hence, there exists C > 1 such that for each n € N,

I(u,) = /RN O(|Vuy|)dx <C.

Since ®(u/t) < ®(u)/t for t > 1 (convexity), we get

V| / D(|Vuy,|)
(M )de < | — 5 dr <1
/IRN ( ¢ )x_ v C o

and by definition of the Luxemburg norm, ||unllo,0 = |||Vun||le < C. That is, the
minimizing sequence {u,} is bounded in Z}®(RY). Inclusions imply that
this space is a closed subspace of Lg, (RY). Corollary proves that 21®(RY)
is itself reflexive. Then there exists u, € Z3*(RY) and a subsequence in M,,
denoted again by {u,}, such that u,, — u, in the weak topology. As the function
G is sequentially continuous with respect to this weak topology, Proposition [5.1]
yields
G(uy) = lim G(up) =p

n—-+4oo
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and hence u, € M,. Since the convex functional I is continuously Fréchet-
differentiable on 21 (RY) we obtain by [4, Corollary II1.8],

B < I(uy) < liminfl(un) =74

which is what we wanted to prove.

On the other hand, as |g®(u,)| < |gé(uu)uy| and g # 0, we obtain both
gd(uy)u, # 0 and gé(u,) # 0 in RY. The latter implies that there exists K/ C RV,
with meas(K’) > 0, such that g¢(u,) # 0 on K’ and the sign of g¢(u,) on K’ is
constant. Thus, for a suitable r € R,

/ 9(w)p(uu)rx K d$>/ g(z)p(uy)uy, dz
RN

RN
where x g is the characteristic function on K’. Since gp(u,) € Lz (RY) and as
the regularized function (7 xx+). € D(RY) converges to 7Y in Lg, (RY),

GI(“#)(ul) = /]RN 9(z)p(uy)ur dz > /]RN 9(z)p(up)uy dv = G/(uu)(“u)

where u; = (r xx)e for € > 0 sufficiently small. Notice that G’(u,) # 0 (otherwise,
0 > G'(uy)(uy) = 0 in the above strict inequality). By Lemma there exists
Au € R such that

v
/RN ¢(|Vuu|)ﬁ Vudr =\, /RN 9(2)p(uy,) udz (5.2)

for all u € ZL®(RN). Thus, u,, is a weak solution of (1.4). We then set u = u,, in
and we obtain the value of the eigenvalue in

Since @ is even it is clear that G(|u,|) = G(uy). Moreover, the chain rule
implies |V|u,|| = |Vu,| and hence the equivalence I(|u,|) = I(u,,) follows as well.
Therefore, we can take u,(x) > 0 for a.e. z € RY. The proof of the theorem is
complete. ([l
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