Electronic Journal of Differential Equations, Vol. 2017 (2017), No. 51, pp. 1-15.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu

SOLVABILITY OF A SYSTEM OF TOTALLY CHARACTERISTIC
EQUATIONS RELATED TO KAHLER METRICS

JOSE ERNIE C. LOPE, MARK PHILIP F. ONA

ABSTRACT. We consider a system of equations composed of a higher order
singular partial differential equation of totally characteristic type and several
higher order non-Kowalevskian linear equations. This system is a higher order
version of a system that arose in Bielawski’s investigations on Kéhler metrics.
We first prove that this system has a unique holomorphic solution. We then
show that if the coefficients of the system are in some formal Gevrey class,
then the unique solution is also in the same formal Gevrey class.

1. INTRODUCTION
In 2002, Bielawski considered the system

topu = f(t, z,u,Opu, wy,. .., WN)

Oyw; = Li(x;0,)u+ hi(x) fori=1,... N, (1.1)

where the function f is holomorphic with respect to all its variables and each ¢;
is a second order linear differential operator whose coefficients are functions of x.
He showed that it has a unique holomorphic solution (u,ws,...,wy) that satisfies
u(0,2) = 0 and w;(0,2) = 0 for all ¢. This unique solvability result was necessary
in showing that it is possible to extend a Kéahler metric on a complex manifold X
to a Ricci-flat Kéhler metric in a neighborhood of X in a line bundle L, under the
condition that the canonical S*-action on L is Hamiltonian [1].

The first equation in this system is very similar to the one studied by Gérard
and Tahara in [3] and in several succeeding papers in the 1990s. In fact, in proving
the unique existence of a holomorphic solution to (1.1), Bielawski first converted
it into an integro-differential equation and then suitably modified the method of
Gérard-Tahara to tackle the resulting equation.

Suppose that the function g¢(t, z,w,v) is holomorphic in a neighborhood of the
origin (0,0,0,0) € C; x C? x C,, x C? and satisfies ¢g(0,x,0,0) = 0. The equation
of Gérard and Tahara is the nonlinear singular partial differential equation

tou = g(t, z,u, Oyu)

= a(z)t + b(x)u + c(z)0zu + ga(t, z, u, Opu), (12)

2010 Mathematics Subject Classification. 35G50, 35A20.

Key words and phrases. Totally characteristic equation; singular partial differential equation;
majorant function; formal Gevrey class.

(©2017 Texas State University.

Submitted October 31, 2016. Published February 21, 2017.

1



2 J. E. C. LOPE, M. P. F. ONA EJDE-2017/51

where we have denoted by g¢o(t,z,u,v) the collection of all nonlinear terms of
g(t, z,u,v) with respect to the variables ¢, u and v. Under the assumptions that
c(x) = 0 and b(0) is not a positive integer, Gérard and Tahara showed that (1.2)
has a unique solution u(t,z) that satisfies u(0,z) = 0. This is also known as the
nonlinear Fuchsian case of (1.2).

In 1999, Chen and Tahara considered the totally characteristic case of (1.2),
that is, instead of assuming that c¢(x) = 0, they assumed that ¢(x) vanishes at the
origin but not identically zero. More precisely, they assumed that c¢(z) = zc(x)
with ¢(0) # 0. Under some Poincaré condition involving b(0) and ¢(0), they were
able to show that the totally characteristic case also has a unique solution u(t,x)
that satisfies u(0,z) = 0.

In [4], we extended the unique solvability result of Bielawski to the following
higher order version of (1.1):

(t0)™u = F(tvxa {(tat)jagu}j+|a|§m,j<m7 {wz}zle)

. (1.3)
Ofw; = Li(t,z;0,)u+ H;(t,x), i=1,...,N,

where m,q > 1 and each L; is a linear differential operator of order ¢ + 1 having
coefficients which are dependent on both x and ¢. Note that the first equation
of the system is an mth order singular nonlinear Fuchsian equation. We used a
family of majorant functions used in [5] and [6] to show that the formal solution is
convergent.

In this article, we revisit Bielawski’s system of equations, this time under the
assumption that the first equation is a singular equation of totally characteristic
type. We shall show that the higher order version of the system possesses a unique
holomorphic solution under some Poincaré condition. Finally, we generalize our
results to the case when the coefficients of the partial Taylor expansion of (1.3)
are not holomorphic functions of & but rather belong in some formal Gevrey class.
This generalization is inspired by the work of Pongérard [6].

2. HOLOMORPHIC SOLUTIONS

2.1. Main results. We denote the set of all nonnegative integers by N, and set
N* = N\ {0}. For any v = (v1,...,v,) and a = (aq,...,qp), we define v* =
o' v2m and |al = a1 + -+ 4+ an. Let (t,z) € C; x C, and fix m,q € N*.
Consider the system of differential equations

(tat)mu = F(t, xZ, {(tat)jagu}(j’a)ej\, {wl}f\[:l), (2 1)
Ofw; = Li(t,x;0,)u+ Hi(t,z) fori=1,... N, .

where the function F(¢,z,Y,Z) satisfies F(0,2,0,0) = 0 and is holomorphic in
some neighborhood containing

{(t,2,Y,Z) € C*TAN 1 4] <o, |2| < Ro, [Vjal < R1,|Zi| < Ri},

for some positive constants rg, Ry and R;. The index set A is defined by A =
{(j,a) € N?: j+a <m, j <m} and its cardinality is denoted by #A. The linear
differential operator L; is of order ¢ + m and of the form

Li(t,w;0.) = Y Liy(t,x)d], (2.2)

v<gq+m
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where for all i = 1,..., N and v < ¢ + m, the functions £, - (¢,z) and H,(t, z) are
holomorphic in some neighborhood of {(t,z) : [t| < 1o, || < Rp}.

We define the set Ag = {(j,«) € A : 9y, ,F(0,2,0,0) # 0}. Under the above
assumptions, we can expand F(¢,z,Y, Z) as

F(t,z,Y,Z) = a(x)t + Z bja(x)Y o+ Z d;(
(4,a)EAo 1<i<N

+ Z Ipw ()Y 21
pHv]+|pu>2

Now suppose that for all (j, &) € Ao, we have b; o(z) = %)\, (x) for some holomor-
phic function A, , that satisfies A; o(0) # 0. In other words, we are assuming that
the first equation of (2.1) is of totally characteristic type as defined by Chen-Tahara
n [2]. Let

P(r,&) =" Z Na(O)TIE(E 1) (£ —a+1). (2.3)

(7, a)EA

We have the following result on the existence and uniqueness of a holomorphic
solution.

Theorem 2.1. If P(7,£) # 0 for all (1,€§) € N* x N, then (2.1) has a unique
holomorphic solution (u,w1, ..., wy) that satisfies u(0,x) = 0 and OFw;(0,z) = 0
fork=0,1,...,.9q—1andt=1,...,N.

2.2. Existence of a unique formal solution. Under the assumption that b; o =
T\ o, We can rewrite each bj o (t0:)70%u as Aj o (t04)7 (20,) (€0 — 1) -+ - (20 —a+
Du. Thus if we let zA} ,(z) = Aja(z) —Aj,a(0), then the first equation of (2.1) can
be written as

P(t0y, 205 )u = a(z)t + Z x(xo‘)\;a(x))(tﬁt)j@;‘qu Z d; (x)w;

(4,0)€Ao 1<i<N

+ Y geen@ T (@) 02wy T wiv,

pH{v|+p[=2 (J,a)eA 1<isN

(2.4)

where P is the polynomial defined in (2.3).
We wish to find a formal solution (u, w1, ..., wn) of the form u(t,z) = 37,5, ;50

ujpt? 2" and wit,x) = Yo 10 wijkt'xk that satisfy (2.1). Let us expand
the coefficients as follows: a(x) = 3,5, akx s Aral®) =250 )\kaxk, di(x) =
> ks0 dik®® and gp () = 3150 Ip ke ” for the first equation, and £; ,(t, ) =
ngo,kzo L;~xtiz® and Hi(t,g) = 5050 H; ;xt?2z* for the second equation
of the system. Under the assumption that P(7,£) # 0, for any (7,£) € N* x N, we
see that

" P(1,0)"1ag ifg>1
1,0 = .
' P(l, 0)71((10 + ZISiSN di70wi71,0) ifg=1

wi g0 = (¢!) " Hipo-
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In addition, for J > 1 and K > 0, there exists functions F; g and G i such that
J!
(J +
(k+7)! }
. H )
{ KR ke y<qim’
1 JCk!
= 577 ) A 7{7 } ’
YK =PI K) Go.x (“K A brer & — )l " S ke ke (tareno
{dixYisNe<rcs {wi gk bi< N <k A9p vk Y k< K |+ ul>2>
{Jf(k +a)l }
bl Wl A
k! BRtef k<K, (a)e

Wi, J+q, K = I T I ({E iy,3k JIS N G< T k< K y<q+m s

’{wiyj,k}j<J,k§K)-

Observe that for any k& > 0, the coefficients w; 4 are uniquely determined by the
function H;. These will enable us to solve for u; . We move forward by solving for
Wi g+1,k for any k > 0, which will allow us to solve for us ;. We follow these steps
to recursively and uniquely determine all the coefficients of the formal solution.

We have thus shown that there exists a unique formal solution to (2.1). It
remains to show that this formal solution is convergent.

2.3. Convergence of the formal solution. To show convergence, we use the
majorant method. For power series a(z) = 3,50 @z and A(z) =3, 50 4az,
we say that A majorizes a, written as a < A, if for all |a| > 0, we have |aq| < Aq.
We construct a system of majorant relations whose solution majorizes the formal
solution to (2.1).
For simplicity suppose that constants rg, Ry and R; are all less than 1. We
choose M large enough such that the functions F(t,z,Y,Z), £, ,(t,z) (for i =
N,y < g+ m), Hi(t,z) (for i = 1,...,N) and A}, (z) (for (j,a) € Ao)
appearing in (2.1), (2.2) and (2.4), are bounded by M for all |z| < Ry, |t| < 7o,
Y ol < Ry and |Z;] < R;. In addition, we fix a sufficiently large A > 0 such that
for all (7,¢) € N* x N, we have

1 A
Pl =TT

We can choose such a constant since P(7,£) # 0 for all (1,¢) € N* x N and since
the polynomial P(7,¢) is of degree m in 7 and &.

(2.5)

Proposition 2.2. Consider the system of majorant relations

[(t@t)m + (20,)™ + 1} Ult,z)

AM t
X t@t J@“U—&—
1= 1-2/Ry [To G ;AO 1<§<:N RJ (2.6)
AM tP , Vj,a v
JH™ i
Y e 11 (eararv) ™ T wre
pHv|+|pl>2 01 (J,)eA 1<i<N
M
oW > U +1 i—1,....N, 2.7
t >>1x/Rot/To{<%;mz +] for i (2.7)

U,z) >0, 0FW;0,2)>0 fori=1,...,N, k=0,...,q—1. (2.8)
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Then for any (U, Wi,...,Wy) that satisfies the above relations, we have u < U
and w; K Wy fori=1,..., N, where (u,wy,...,wy) is the unique formal solution

of (2.1).

The above proposition implies that the task of proving the convergence of the
formal solution is reduced to finding holomorphic functions U (¢, x) and W;(¢t,x)
that satisfy the above relations. The proof of this proposition is an easy calculation
and will be omitted here.

2.4. Majorant functions. The same family of majorant functions found in [4]
will be used in the proof of our main result. Let S =1+ 1/22 4 ... = 72/6. For
1 € N and s € N*, define the following family of functions:

1 " D*Pp,(x)

vi(z) = — ——— and ®(t,x)=>» tF———.

45 ;;O (n + 1)2+i I; (sp)!
Note that for any ¢ € N and s € N*, ¢;(x) converges when |z| < 1, and ®i(¢t,z/R)
converges when [t|'/* + |z| < R. We enumerate some useful properties of ¢; and
7.

Proposition 2.3. The following hold for all i € N, s € N*:

(1) pi(z)pi(r) < 2'pi(x)
) piy1(z) < ¢i(z)
) 27 pi(x) < @ (x) < i)
) For any k € N, zD*¢;(z) < 2*T DFg,(x)
) @3() 5 (x) < 200 (z)
) For any € € (0,1), there exists a constant B; . > 0 such that for all j € N,
(1 —ex) "t Dip;(x) < B D’pi(x).
(7) For a sufficiently small R(< 27277,
(a) (p+q)!DPpi(z/R) < p!DP*ip;(z/R)
(b) ¢i(t+2/R) < ®i(t,z/R)
(¢) For any e € (0,1), there exists a constant B; . > 0 such that

@i (t, 2/ R)
1—€(t+z/R)

Proof. The first four assertions easily follow from the definition of ;. The proof
for (5) may be found in [6] but essentially rests on (1) and the fact that

D*(¢7)

< B, 0i(t,z/R).

= DRig; Dig,

k! (=) !

<

Item (6) follows from the estimates 4Se™(n + 1)>** < B, for any n > 0, and
DI[(1 — ex)"tpi(z)] > (1 — ex) " Dig;(x) for any j > 0. The proof for (7a)
is also found in [6] where it was shown by induction that (p + 1)DPp;(z/R) <
DPtlyi(z/R). This is equivalent in showing that for all k,p,i € N,

(k+p—|—2)2+i p+1
k+p+1) k+p+1

for some R. This is achieved when R is chosen to be less than 2727¢. Ttem (7b)
easily follows from (7a), and (7c) follows from (6) and (7b). O




6 J. E. C. LOPE, M. P. F. ONA EJDE-2017/51

‘We now present holomorphic functions that satisfy all the relations in Proposition
2.2.

Proposition 2.4. Letr € (0,19) andn = m+q. Then there exist positive constants
L1, Lo, Lz, c and R(< 2727"Ry) such that the functions

U(t,z) = Lyt®] (iT %) (2.9)

g1 > t \k+e D", (z/R) gan(t T
Wi(t,z) = La(cr)t* ;(k+1)(cr) L et ( — R) (2.10)

fori=1,...,N satisfy (2.6), (2.7) and (2.8).

Proof. For brevity, assume that the argument of ®{ is always (t/cr,x/R) and the
argument of p; is always z/R, and thus omit these from our notations. We also
choose the constant K to be sufficiently large such that (1 —z/Ro — t/ro) '@ <
K®! and (1 —x/Ro) " 'Dip; < KDIp; for alli <n, 0 < jand R <2 27"R,.

Let us begin with (2.7). Using Proposition 2.3(3) and the fact that 87 (#/V) >V
for any V > 0, the left-hand side can be estimated as follows:

- (k4 2)(k+q+1)! tk“% L;®!

(2.11)

Lot = kD"kapo . LQt@g .
> 9n(n+2) nq+1 Z cr (nk)! +La®y = 2n(n+2)pa+1 + Ls®y.

As for the corresponding right-hand side, we again use Proposition 2.3(3) to obtain

Lt t g, DRy L
! F P«

Y g N /| Lipn
QU < % Z(CT) oI Tnt -

Here, we used the fact that v < 7. Since 1 < 45®], the right-hand side of relation
(2.7) will be majorized by

1o + 45@;;), (2.12)
where we used Proposition 2.3(7
of the proof. Comparing (2.11
the constants Ly, Lo, L3 and R:

¢) and K is the constant defined at the beginning
and (2.12), we obtain the following conditions for

\.//\

KMLlT] < L2

B S pap and 4SKM < Ls. (2.13)
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Let us now turn our attention to (2.6). Since n > m, we have

) nk
(tat)mU _ LlcTZ(k+ l)m(i)/wle ¥n

|
— cr (nk)!
Licr > (i)kJrl an(pn
nmo = er (nk —m)!

L16T Z k+1 an m‘pn—m
m cr

Qm(n+2)n (nk —m)! (2.14)

Licr > t k+2D"k G m
~ gm "+2)nmk ‘ cr (nk —m +n)!

Lier i k+2 D" Pn—m
2’” om(n+2)pym nm £ cr nk)!

— Lyt n

- 2m(’fl+2)nmc7« n—m:
We used Proposition 2.3(3) in the third line, while in the last simplification, we used
Proposition 2.3(7a) and the fact that n —m > 0. Now, consider the other terms

on the left-hand side. Since m > 1 and (20,)™V > x0,V for any holomorphic
function V' > 0, we have

Lit o~ t \kxD"F g,

R ~ (E (nk)!

(28,)™U > =L

Lit
> o 2
k=0
thﬂl‘
2n+2R 1T
To majorize the third summation on the right-hand side of (2.6), we will estimate
the term ((¢0:)™ + 1)U in the following manner:

LD (2.15)
cr (nk)!

>

> k+1 D",
o)™+ 1)U > L E+1 Lyt®]
(0" + 1)U > Lner 3k + 1) G
= ks (2.16)
t k2 DT,
L k+2 —— + L1t®].
> 167‘];( + )(cr) (nk + n)! T
Therefore, using (2.14), (2.15) and (2.16), the left-hand side of (2.6) will majorize
1 Lqt? " ; Litz _,
§<2m(n+2)nm (I)ﬂ—m+L1t(I)77> 2n+2R(I)77 m
(2.17)

1 k2 D7 +n¢n
L (k 2 ——— + Lit®]].
+ 2[ 107"2 + CT) k)] + 1

We will deal separately w1th each summation on the right-hand side of (2.6).
Using Proposition 2.3 items (7a), (3) and (4) in this order, we have for any j+a < m:

Licr & t k12D
(k+17 ()" — 5

R £~ cr (nk)!
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e a k+a+j
BT S o 17 (Lt 222

+ -
R = cr (nk + 7)!

Licr =t k12D, o s
< R l;)(cr> (nk)!

< 20D @) < 2T

m?
and therefore by Proposition 2.3(7c),

AMzx N ) ()
1—2/R, (.2A 2% (t0,)7 (0:)U < (2mCTINGAK M) Lita®)_,
J,x 0

where §A( is the cardinality of Ag. Comparing this to the term with tx<I>Z_m in
(2.17), we then see that we need to satisfy the inequality

1
2R’

Now, we consider the linear terms containing W;. Using Proposition 2.3(7a), we
have

MM N AK M < (2.18)

i t k+q+1 Dﬂ(k'f‘l)'f‘??(q—l)@
W; < L a+1 E+2)(— 1 4 Lati®7
2(en)™ D+ 2 () Ty gy et
o0 t ko DD
= Lo(cr)Tt! k—qg+3 7’7+Ltq¢>
2(cr) k;ﬂ( q+3)(— TSR (2.19)
%) t k2 an-ﬁ—n@
L a+1 kE+2)(— T 4 Lat®]).
< Lo(cr) kZ:O( + )(cr) h ) + L3

Note that t971 <« (1 —t/ro)”! < (1 —t/ro —x/Ro)™" < 4SK®] since ry < 1.
Thus, the summation of the W;’s on the right-hand side is majorized by

4AKMNS = e Dkt
2 La(er)®) (k4 2)( 4 K Lgt®" 2.20
i [ a(cr) ];) + 7" k£ 1) + 3 } ( )

and by comparing this with (2.17), we obtain the inequalities:

and —— <

4AKMNSL L
AAKMNSLaer Ly (2.21)
2 Ry

_ 4AK®MNSLs _ Ly
R = 2

As for the nonlinear terms, note that for j + o < m, j < m, we have

) Licr 0 AN e an+a+j<p
t0;)7 (02U <« k+1)y(—) " ——1
( t) ( $) R kzo( ) (CT) (nk"_‘])'

Llcr > ot ]g+1D77k(p —a—17
k1) (L) e
< Ra ;;J( UG )

Licr <, t k+1D77k<p —m Lt
TS () v _ L

< Ra — ter (nk)! ~— Rm "™
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Note that we again used (7a) and (3) of Proposition 2.3. Since ¢r < 1 and rg < 1,
we see that

k—1
k+q D" Pn—1

apn
E D T bt

=t
Wi < L2(C7’)q+1 kz::l (g)

=t kD%, _
Locrt? i e o/ bl LUNR ¥ Y
<« falr ; (cr) (nk)! + sy

< AKS(Ly + L3)t®]

n—m:

(2.22)

Using the above estimates for (t9;)7(0%)U and W;, we can now majorize the re-
maining terms on the right-hand side of (2.6). Setting x = 2"~™ max{A, N}, the
remaining terms of the right-hand side will be majorized by

AM > t\k t \k th(I)VI_m [v|
Tyt D G B D D Cog Ml oy e
1= a/Ro { e N E ( Ry )
[v]+ul 21
<4KS(L2 + Lg)tq)z_m ) W|}
X
Ry
AM 1 t t\k/ kLt \?
A o T )
1—xz/Ro\1—t/ro 1o fiitis2 1O R™Ry
i+j>1
. (;@4KS(L2 v L3)t)j} (2.23)
Ry
AM 45t®7 1 kL1 k4K S(Lg + L3)\2
< { +(=+ + )
1-— .%‘/R() 7‘0(1 — t/’l"()) 0 R™R, R,
267
y t (I)nfm }
_t  kLit k4K S(La+L3)t
70 R™ Ry Ry
48 1 kLy  ®4KS(Ly+ L3)\2
AMK{—t‘I)” (7 ) 237 }
< ro - o * R™ Ry - Ry e
where the last simplification is possible if
1 kL1 H4KS(L2 + L3) 1
— < —. 2.24
0 + R™R, + Ry Torg ( )
Comparing (2.17) and (2.23), we obtain the conditions
4SAMK L
ASAME I, (2.25)
To 2
1 liLl H4KS(L2 + L3) 2 Ll
AMK | — < . 2.26
(TO + R™R; Ry ) = 2m+2)+lpmey (2:26)

By choosing a small enough R and fixing it, and then choosing sufficiently large
L3, Ly and Ly in that order, and lastly choosing ¢ small enough, we can satisfy
conditions (2.13), (2.18), (2.21), (2.24), (2.25) and (2.26) so that U and W; satisfy
(2.6), (2.7) and (2.8). |

In view of Proposition 2.2, the functions U and W; defined in (2.9) and (2.10)
are majorants of u and wj;, respectively. Since W; <« 4KS(Ly + Lg)tq)z_m from
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(2.22), we know that the formal solution (u,ws,...,w,) converges on
{(t, ) [t/(cr)|Y" + || < R},

and this completes our proof for Theorem 2.1.

3. GEVREY CLASS SOLUTIONS

3.1. Formulation and result. In this section, we consider the case when the
coefficients of (2.1) are in some formal Gevrey class. This space is defined as
follows: for d > 1, the formal Gevrey class G2 of index d is defined to be the space
of all formal series u(x) = > <, uox® such that

>

a>0

is a convergent power series. Similarly, we define the formal Gevrey class G%[Z] to
be the space of all formal expansions u(z,Z) = 3 5 ua(Z)z® such that

Z ’U/O[(Z)l‘a
d—1
= (al)
is a convergent power series. The function u(z, Z) is said to be (formal) Gevrey of

index d in the variable x and holomorphic in the variable Z.
We now state the problem. Fix d > 1 and consider the system

(t0)™u = F(t, 2, {(t0) 020}, o cpar {wit),

3.1
Ofw; = Li(t, ;0. )u+ Hi(t,x) fori=1,...,N, 3.1)

where A? = {(j,a) € N?: j + |da| < m, j <m} and L; is a linear operator given
by
Li(t,;0,) = > Liy(tz)d]. (3.2)
ldy|<gq+m
In addition, assume that
F(t,,Y,Z) € Gi[t,Y, Z]
Li(t,x), Hy(t,x) € GI[t].
Note that A? is a subset of the index set A defined in Section 2 and is equal to
A if d = 1. In addition, the linear operator £; is of degree at most |(¢ +m)/d],
where |z is the floor function of x.
Define Ad = {(j, @) € A% 9y, . F(0,2,0,0) # 0}. Assume that for all (j, ) € A,
there exists \jo(z) € G¢ such that bj o (r) = 2%\j o (2) and A4 (0) # 0. Define
the polynomial

Plr)=7"— > XNal0)mEE—1)-(—a+1).
(j,a)eAd

We have the following result.

Theorem 3.1. If P4(7,¢) # 0 for all (1,€) € N*xN, then (3.1) has a unique formal
solution (u,wy, ..., wy) of class G4[t] that satisfies u(0,r) =0 and OFw;(0,7) =0
fork=0,1,...,q—1andi=1,...,N.
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Under the assumptions on F' and £;, (3.1) can be rewritten as

(o)™ u=a(@)t+ Y bia(@)t0)05u+ Y di(z)w;

(j.)eAd 1<i<N
+ D genlt” [T (@0) 07w T w54
vl Hlul>2 (ja)eAd 1<i<N
Ofw; = Z L~ x)0Ju+ Hi(t,x) fori=1,...,N.
ldy|<q+m

As in the holomorphic case, the existence of a formal solution directly follows from
the assumption that P4(7, &) # 0 for all (1,£) € N* x N.

3.2. Preparatory lemmas. To study the formal series of class GZ[Z], we use the
following notation: given u(z,Z) =3_,, u;(Z)x7, define

ul (@, 2) =Y ui(Z)()* e
Jj=0
We have a similar definition for formal series of class G9. In view of this notation,
observe that if u(x, Z) is of class G2[Z], then there is a unique holomorphic function
w(x, Z) such that w(?) = u. We shall denote this w by @. We shall do the same for
formal series of class G<.

It is easy to show that for formal series u and w, u < w <= u¥ < w@ and
uDw® < (uw)@. These two results imply that by replacing ¢; and ®¢ by ()@
and (®$)(D respectively, the results for Proposition 2.3 will all hold except for (4),
(6), (7a) and (7c). The next lemma states the modified results.

Lemma 3.2. The following hold for all i € N:
(1) 2(D¥pi(x))'D < 22D i) @ ;
(2) For any e € (0,1), there exists a constant B; . > 0 such that for all j € N,
(1= ex) ) D (DIipy(2))D < By o(DIipy(2))
(3) For a sufficiently small R < 2727¢,

(p + @){(DPpi(z/R)) < (p)(DP*pi(x/R)) @,

(4) Let p,q € N. There exists a constant Cy (dependent on d but not on p and
q) such that
(DPHp)) D <« DP(Dp;) D <« Cy(DIP1Hap,) (@),
Here, [x] is the ceiling of x;
(5) For any € € (0,1) and R < 2727%, there exists a constant B; . > 0 such
that
() s < 1
1—€e(t+2/R) ! ’ b ' '
Proof. The proofs for (2), (3) and (5) follow from our two previous assertions
and the proof for (1) uses the fact that z = (). To prove (4), we note that
Drtip)d) « DP(D1p,;)@ by inspection. For the second majorant relation, it is
(Dr e @ y insp j
sufficient to show that for all 7, p, ¢ > 0, the quantity
(J+p+q) (j+ [dp] +q+1>2+i((j+p)!)d*1
G+ldpl+ !\ j+p+aq+1 7!
is bounded, which easily follows from the definition of [z]. O
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Proof of Theorem 3.1. Let F(t,z,Y,Z), L;(t,x) and H;(t,x) be the holomor-
phic functions derived from F'(¢t,z,Y,Z), £, ,(t,z) and H;(t,z) in (3.1) and (3.2).
Define A} , by A% (%) = Aj o (2) —A;,a(0). Let S\ja(aﬁ) be the holomorphic function
derived from Aj ,.

Suppose that the functions F(t,x,Y, Z), ﬁm(t,az), Hlv(t,:z:), and 5\;*&(:17) are
bounded by some constant M > 0 for |z| < Ry, [t| < ro, |Yj ol < Ry and |Z;| < R;.
In addition, fix a constant Az > 0 such that

1 < Ag
[P O — 147+ £/l

(3.4)

for all (7,£) € N* x N. We present this proposition as a counterpart of Proposition
2.2.

Proposition 3.3. Consider the following majorant system:

[(tatw 4 (29,) Y 4 1] Ut z)

»(%)(d)[r x> (YU + Y RJ

(j,a)eo 1<1<N
AM (d) tP . Vj,a )
" e 0.y 02U W
p+u|z+|:u>2 <1 _x/RO) rpRY (j,lf;[eA< o ) KlgN (3.5)
3.5
M (d)

U0,2) >0 and OFW;(0,2) >0 forz—l LN, k=1,...,q. (3.7)

If the formal series U(t,x) and W;(t,z) (i =1,...,N) satisfy the above relations,
then u < U and w; < W; fori =1,...,N, where (u,w1,...,wy) is the formal
solution to (3.1).

The task of proving the Gevrey regularity of the formal solution is now reduced
to finding a formal solution (U, W1y,...,Wy) of class G¢ that satisfies the above
relations.

Proposition 3.4. Letr € (0,19) andn = m+q. Then there exist positive constants
Ly, Ly, L3, ¢ and R(< 2727"Rg) such that

U(t,x) = Lyt(@]) @ (Cir %) (3.8)

and

s nk oy (x (d) x
Wilt,2) = La(er)? 32 (k4 1)(2) 7L so{v??(k)/'R» + Lot(@)) @ (=, 1)
k=1 ’
(3.9)
fori=1,...,N, satisfy (3.5), (3.6) and (3.7).

The proof of this proposition is very similar to the proof of the holomorphic case.
The only notable difference is when we deal with derivatives of (¢;)(@ and (®g)(®.
For brevity, we shall omit the arguments of ®{ and ¢ in our notations. Choose
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the constant K to be sufficiently large such that

1 (d)
- - M) (D) K(dM)(D
(1fx/R07t/r0) () < K2,

1 (d) . .
- DI M) K(DIoM(@
(Tom) (D7D < KWDIg)®,
for any i <7, 0 < j and R < 2727"Ry. Choose also a constant Cy to be sufficiently
large to satisfy Lemma 3.2(4).

As in the result for the holomorphic case, we have the following estimate for the
left-hand side of (3.6):

Lot(®0)

aTr.
AW >

+ Ly(®7) . (3.10)

For the corresponding right-hand side, note that if |[dy| < g+m = 7 then [dy] <7
By Lemma 3.2(4), we have

CoLit Nt Dnk+Tdy] (d)
U < 5=y (— DT o) p f")
= er (nk)!
Cdth s antpo)(d)
= cr nk)!
L
< Cld__i Li(@n)( @),

Therefore by Lemma 3.2(5), the right-hand side of (3.6) will be majorized by
CdL n d
KM(#WDQ)(‘“ +4S(<1>g)<d>). (3.11)

Comparing (3.10) and (3.11), we obtain the conditions

CaKMLi|n/d] _ L

Rn = on(n+2)pat and 4SKM < Ls. (3.12)

Now for left-hand side of (3.5), we have a similar result as in the holomorphic
case given by
Lqt?

(@)D, (3.13)

n—m

For the term with (zd,) Lm/d] e use the same technique as in the previous section
to obtain

=tk (20,) (DR, (@D
AN UU > Lt [ L b CL7A Sl o/ VA
(20:) > kZ:O (cr) (nk)!
s Lt g (L yra(D7 o) (3.14)
R = "er (nk)!
th.’l? n (d)
277+2R((b m) :
Thus by using (3.13) and (3.14), the left-hand side of (3.5) will majorize
L1t2 d thz d d
W(@Z_mﬂ ) + Srizp (- )+ Lt (@)D, (3.15)
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Similarly, we will majorize the summation with W;’s separately using a stronger
majorant derived from ((¢t9y)™ + 1)U which is given by

()™ + 1)U > Lier 3 (k + 2) (L) o)

Lit(®7) @D, 1
D) g RS (40

For the corresponding right-hand side, note that for all j + [da] < m,

o0

CyLqcr ot k41 xa(an""[da-‘(p )(d)
k1) (= n
e ;;( PG (1k)!

x(t0;)7 00U <
< CGalacr i (i)’c+1 2 (D™ 9y taa1—5)
R =er (nk)!

< 22y Lit(@)_, )Y < 2m IOy Lit(®) )@,

where we applied Lemma 3.2(1) to obtain the last line. Thus the linear terms with
z* will have the estimate

(AiM)(d)x S w10, (9,)°U < (2" TV EAGACHK M) Lyt (@0 _, )@

1— SC/R() t T 0 d 1T .

n—m
(J,a)€Ao

Comparing this to the term with tx(sz_m)(d) in (3.15), we have the necessary
condition:

1
m(2+
2mHMYN AC KM < T (3.17)

For the linear terms containing W;, we follow a similar process as in the previous
section by using 147! < 4SK(<I>Z)(d) to obtain
oo

(Lg(cr)2 Z(k +2)(

k=0

4AKMNS
R

U\ k+2 (an+n@n)(d)

cr) (nk +n)! —|—KL3t(<I>Z)(d)). (3.18)

By comparing this to (2.16), we obtain the following requirements:

AAKMNSLoer Ly 4AK?’MNSLs L,
— < — and —= < —.
Rl 2 R1 2
For the nonlinear terms, we have similar results given by
. CyL1t
(t0:) (9)U < Rim((pzim)(d)
W; < ASK(Ly + Ls)t(®)_ ).

(3.19)

Therefore by again setting £ = 2"~™ max{fA, N}, the remaining terms of the right-
hand side of (3.5) will be majorized by

CaLyt(®7_ (D ) vl

(T Y (e

k=1 FvIp>2
| +lul>1
ASK (Lo + L3)t(®"_ YD 5|

X( (L2 + L3)t(®,_,,) ) }

Ry

45 1 KJCdLl I{4SK(L2+L3) 2
AMEK{ =@M 4 (= 2(@7_ )
< {7«0 (®3) +(r0+RmR1 i ) @)},

(3.20)
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where the last simplification is possible if
1 HCdLl H4SK(L2 + Lg) i

— . 3.21
0 + R™R, Ry —cryg ( )
Therefore, by (3.15) and (3.20), we obtain the conditions
4SAMK < Ly
o - 2
1 KZCdLl K4KS(L2 + L3) 2 L1
AMEK (= )
0 + R™R, + R, - 2m(n+2)+1nmc7a

Finally, similar to the previous section, we may choose constants Ly, Lo, L3, ¢
and R that will satisfy conditions (3.12), (3.17), (3.19), (3.21), (3.2) and (3.2) so
that U and W; satisfy the majorant system in Proposition 3.3.
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