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REMARKS ON PERIODIC ZAKHAROV SYSTEMS

NOBU KISHIMOTO

ABSTRACT. In this article, we consider the Cauchy problem associated with
the Zakharov system on the torus. We obtain unconditional uniqueness of
solutions in low regularity Sobolev spaces including the energy space in one
and two dimensions. We also prove convergence of solutions in the energy
space, as the ion sound speed tends to infinity, to the solution of a cubic
nonlinear Schrédinger equation, for dimensions one and two. Our proof of
unconditional uniqueness is based on the method of infinite iteration of the
normal form reduction; actually, we simply show a certain set of multilinear
estimates, which was proposed as a criterion for unconditional uniqueness in
[I1]. The convergence result is obtained by a similar argument to the non-
periodic case [I3], which uses conservation laws and unconditional uniqueness
for the limit equation.

1. INTRODUCTION

We consider the Cauchy problem associated with the Zakharov system under a
periodic boundary condition

1
0w+ Au=nu, —0in—An=A(lu?®), teR, zeTf,
10 u=mnu, —0in n (Ju]®) x S (1)

(u7 n, atn)’tzo - (UO, no, nl) € Hs,l(’]rt)i\)?

where @ > 0 is a constant, A € (0,00)¢, and T¢ := R?/(27\Z) x - X (2 \4Z)
is the torus with period 27\ = (271, ...,27Ag). We treat the torus of arbitrary
period and (by rescaling) normalize the coefficient of the Laplace operator: A :=
92 + -+ 02%,. Write Z{ to denote the lattice )\%Z X e X )\idZ corresponding to
’]T‘}\. The unknown functions u, n are C- and R-valued, respectively, and H* (TSI\) =
H*(T¢;C) x HY(T¢;R) x H'=}(T¢; R) for s,1 € R. For an interval I C R, we denote
by C(I; H*'(T4)) the space of all functions (u,n) such that

we C(I; H¥(TS;C)), ne C(I; H(TS;R) N CH(I; HH(TS;R)).

If I = [0, 7], we further abbreviate it as CoH*!(T$).
The (vector-valued) Zakharov system was derived as a model for propagation
of Langmuir waves in a plasma; see [I7] for more details. There is a wealth of

literature on local and global well-posedness, as well as asymptotic behavior of
global solutions, of the Cauchy problem (I.I) on R? and on T%; we refer to the

2020 Mathematics Subject Classification. 35Q55, 35A02.

Key words and phrases. Zakharov system; periodic boundary condition;
unconditional uniqueness; subsonic limit.

(©2022. This work is licensed under a CC BY 4.0 license.

Submitted July 5, 2020. Published March 18, 2022.

1



2 N. KISHIMOTO EJDE-2022/20

recent article [5] and references therein. The aim of this note is to give two results
on the property of the solutions to the periodic Cauchy problem : unconditional
uniqueness and convergence to a cubic nonlinear Schrédinger equation as @ — oo
(the subsonic limit). These properties have also been studied in the non-periodic
case, while there seems no result in the periodic setting.

Let us recall the following result on local well-posedness of the periodic Cauchy
problem in Sobolev spaces, which was given by Takaoka [I§] for d = 1 and
the author [9] for d > 2 (see also an earlier work of Bourgain [3]).

Theorem 1.1 ([9,[18]). The Cauchy problem is locally well-posed in H*'(T%)
in the following cases:

ed=1,a)¢Z -1 <1<25-1 0<s-1<1;

e d=1,a0e€Z,0<1<2s—1,0<s—-1<1;

o d=2, a, A are arbitrary, 0 <1 <2s—1,0<s—-1<1;

e d>3, a,\ arearbitmry,d;—2<l§25—%,0§s—l§1.

The above result was obtained by an iteration argument using the Fourier restric-
tion norm (Bourgain norm), and thus uniqueness is ensured only for those solutions
with such an auxiliary norm being finite. In very low regularities (e.g., the case
d=1,a\ € Z, and (s,l) = (0,—1) in the theorem), one has to impose some
additional requirement on solutions (not only to be in C’THS*I) to ensure that both
of the nonlinear terms nu, A(|u|?) are well-defined in a certain sense. However, at
least when s+ > 0 and s > 0, these nonlinear terms make sense in the framework
of distributions for any (u,n) € H*!, so that one can ask uniqueness within the
class of all (distributional) solutions in C7H*!, which we refer to as unconditional
uniqueness. Our result on unconditional uniqueness reads as follows.

Theorem 1.2. Let T > 0. For any (ug,no,n1) € H>Y(TY), there is at most one
solution (in the sense of distributions) to the Cauchy problem in CrH>(TE)
in the following cases:

d=1,a\N¢Z, s> ¢, 1>—% and s+1>0;

([11, Theorem 6.1])) d =1, aXA € Z, s > % and | > 0;

d=2, a,\ are arbitrary, s > 1/2 and | > 0;

d >3, a, A are arbitrary, s > % andl > %.

A result on unconditional uniqueness for the non-periodic problem was obtained
in [I4] by means of various estimates in Strichartz- and Bourgain-type norms. We
prove the theorem by a different approach: infinite iteration of the Poincaré-Dulac
normal form reduction. In [IT], the author developed this methodology for uncon-
ditional uniqueness, which had been introduced in the work of Guo, Kwon, and
Oh [6] for the cubic nonlinear Schrodinger equation on T, in an abstract setting
and proved that the overall argument can be reduced to a certain set of multilinear
estimates associated with the nonlinearity of the equation. In this note, we rely on
the abstract theory in [II] and simply show these multilinear estimates. The case
d =1, « = X =1 of Theorem was treated in [I1] for a demonstration of the
method, and it is easy to see that the same proof works in the case oA € Z. Note
that, in the above theorem, we only consider (s,1) satisfying s > 0 and s+ 1 > 0,
so that the nonlinear terms make sense in the framework of distributions.

Combining Theorems and we obtain unconditional well-posedness of
. In particular, when d = 1,2, the energy space (s,1) = (1,0) is included for
arbitrary o, .
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Corollary 1.3. The Cauchy problem s unconditionally locally well-posed in
HH(TS) if:

d=1,a ¢ Z, —s<1<2s—2,0<s—1<1and(s])# (é,—%),(%,—%);
d=1,arA€Z,0<1<2s—-1,0<s—-1<1;

d=2, a,\ are arbitrary, 0 <1 <2s—-1,0<s—-1<1;

d >3, a, A are arbitrary, d%<l§2$—%,0§s—l§1.

Next, we study convergence of the solutions (u®,n®) of the periodic Zakharov
system

1
i0u® + Au® = n®u®, =82 — An® = A(|u®?), teR, zeTY,
t e () S
(ua7na76tna)’t:0 = (uS‘,nS‘,n‘f)

as o — oo. This problem has also been well studied in the R? case. In principle,
the Schrodinger part u® of the solution converges to the unique solution u of the
focusing cubic nonlinear Schrodinger equation

0w+ Au = —|ul*u, teR, =zcR? (1.3)
with initial condition u(0) = lim w§, while the wave part n® converges to —|u|?.
a—00

In the non-compatible case ng + |ug|? /4 0, the strong convergence of the wave
part is verified after correction by a fast oscillating linear wave solution; this is
called the initial layer. The strong convergence in Sobolev spaces was first proved
in [I6] for compatible data, and then the initial layer phenomenon and the rate
of convergence were investigated in subsequent works [Il, [I5] [8]. While a certain
amount of regularity (H®, for instance) had been assumed in the above results,
Masmoudi and Nakanishi [I3] proved the strong convergence in the energy class
H'x L2 x H ~1(R%). Their proof is substantially simpler than the previous ones,
only using local well-posedness (conservation laws) of , and unconditional
uniqueness for the limit equation in the energy class, though the rate of
convergence is difficult to obtain by this approach.

We aim here to give an analogous result of [I3] in the periodic setting. We focus
on one and two dimensions, because local well-posedness for in the energy
class has been shown only in one and two dimensions. In the limit o — oo, we
formally obtain A(n® + |u®|?) ~ 0, namely, Ps.(n® + [u®|?) ~ 0, where P. and
P, denote the orthogonal projections onto zero and non-zero frequency modes,
respectively. In contrast to the non-periodic (spatially decaying) case, one cannot
determine the asymptotic behavior of the zero mode (spatial mean) of n® from the
relation A(n® + |u®|?) ~ 0. In the periodic case, however, the zero mode of the
wave part of the system can be decoupled and explicitly solved as

02P.n™ =0,
(Pen®,0,P.n®)|,_, = (Pen§, Pent)
implies
P.n®(t) = Pong +tP:nf (t € R).
This suggests that
n(t,z) = Pgen®(t,z) + Pen®(t) ~ —Pye(|u®|?)(t, x) + Pong + tPunf
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as @ — 00, and that the Schrodinger part u® converges to the solution of a “shifted”
cubic NLS:

0+ Au = —(Jul® = P(juf®) — lim [Pan§ + tPens] Ju

Note that, even in the case of mean-zero wave initial data P.nf = P.n{ = 0, the
expected limit equation in the periodic setting differs by P.(|u|?) from the usual
focusing cubic NLS (1.3). This is also different from the renormalized (or Wick-
ordered) cubic NLS, where 2P.(|u|?) is subtracted. We also remark that, if the
initial data (ug,ng) do not satisfy the condition P.(n§ + |ug|?) = 0 in the limit
a — oo (i.e., non-compatible), the initial layer should appear as a — oco.

We denote by P<pg, P~ g the projections in spatial frequency onto {|k| < R} and
{|k] > R}, respectively. Here is our theorem on convergence.

Theorem 1.4. Let d = 1,2 and A\ € (0,00)¢ be arbitrary. Let {ug,ng,n$}a C
HEO(TS) be a family of initial data satisfying

Ju® = lim u§ in HY(TS),
a—r00

< 00,

sup ||(P;£cn0aa |OZV|71P¢C’I’L?)||L2XL2
(0%

lim limsup |(Psgng, |aV| ™" Psgnf
R—oo g—o0o

)HL2><L2 = O’

and

3 (vo,11) := ah_)rréo (P.ng, Pont). (1.4)
Let (u®,n®) € C([0,T%); HYO(T$)) be the (forward-in-time) mazimal-lifespan solu-
tion of . The mazimal-lifespan solution is uniquely defined in the energy class
CyHLO by the existence result given in [I8, 9] and the uniqueness result established
in Theorem , Let w € C([0,T); H') be the (forward-in-time) mazimal-lifespan
solution of

iOu+ Au= —(|u|® — Pu(|ul?) —vo — vit)u, te€ (0,T), x € TS, (L5)
u|t:0 = ug”.
This is also uniquely defined in C;HY. See Remark (i) below.
Then, we have T* < liminf,_,o T%, and for any T € (0,T°°),
u® = u in C([0,T); HY),
Puen® —ng — —Py(|u*) in C([0,T); L?),
|aV| 710y (Pyen®™ —n$) — 0 in C([0,T]; L?),
Pn® — vy +uvit  in C*([0,T))
as o — oo, where the initial layer ng; is given by
sin (t|aV))
V|
Remark 1.5. The assumptions in the above theorem trivially hold if the initial
data are independent of «; (ug,ng,n$) = (ug,no,n1) € HYO. In this case, one
can simply take ng = cos (t|aV|) Pxc(n§ + |ug|?) as the initial layer, since the
remaining part is of O(a™!). On the other hand, (non-zero modes of) the initial

data n{ € H~! are allowed to diverge with growth order at most O(«) as o — oc.
For instance, the data nf = aPx.ni + P.n for a fixed ny € H~' also satisfy the

N (1) = cos (taV[) Prc(ng + [u§|?) + Pyen§.



EJDE-2022/20 REMARKS ON PERIODIC ZAKHAROV SYSTEMS 5

assumptions. In this case, one needs to modify the initial layer depending on n{ as
in the theorem.

Remark 1.6. The first three assumptions on initial data in the theorem are the
same as those in the R? case [13]. The last one , which was not assumed in
[13], is necessary for the convergence of u® in the periodic case. To see this, we
first note that, in the periodic case, for any solution (u®,n®) of in the energy
class, the transformation

. N l N 2
(u®,n®) = (u®e At ne oo — i), co,e1 €R

gives another energy-class solution of ((1.2). Then, consider three families of solu-

tions )
(u*,n%), (u®e™™™* n® —sina), (u®e’ S n* - 2tsina).

We observe that the first three assumptions are equivalent for all of them. However,

the claimed convergence cannot hold for any two of them at the same time, unless

u=0.

The rest of this note is devoted to the proofs of Theorems [I.2] and [[.4] which
will be given in Sections [2] and [3] respectively. Throughout this note, we often use
the notation

X~Y, X <Y X>Y
as abbreviations for
Cly<X<Qy, X<CY, X>CY

with a suitably large positive constant C'.

2. PROOF OF UNCONDITIONAL UNIQUENESS

2.1. Reduction to the fundamental bilinear estimates. For p € [1,00] and
s € R, let 2 = ¢2(Z4) be the weighted ¢P space on Z¢ with the norm || fx
1<k)2 frller, where (k) := 1+ |K|.

We employ the infinite normal form reduction machinery. As discussed in [11]
Sections 1 and 6], unconditional uniqueness of solutions to in HSYTY) is
established once we have the following bilinear estimates with some ¢ > 0:

0 =

Jho Pk
> s S A llezRllez,
Hk1_k0+k2 ()2 ez (@i, 7l Wl
Ghy Moy
k T 1 /o < 2 h 27
I o 30 Gl S loleltl
ko) + (k h
| i) fuhe ) e,
k1=ko+k> <k1> <lu’2t> eg((zx)kl) |
(k1) + (k2) gk, he
k. 1 2 < h, ,
H| ol D e?((Z;’)kO)N”g e2l[Ple

T R T
1f = hllee | S 1 fllezlPlez,
g * hllez < llgllezllRlle
for any non-negative sequences f € (?(Z4), g, h € (2(Z4), where

it = k1)? — k2| £ kol
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and * denotes the convolution.

In [I1], fix = |k1]? — |ko|? £ (ako) was used instead of ps (and a was taken to
be 1). Since (ur) ~ (j14+), there is no difference in the above estimates.

We see that the first four estimates are equivalent by duality to the trilinear
estimates

> Wik, kv k2) frogm hks S I fleellglleellilles, G =1,...,4  (2.1)

ko,k1,ko €24
k(J:k] —kg

for non-negative sequences f, g, h € (2(Z4$), where

) C (ko)lkl
M= R ey 2 T G (ke (R
()~ (o) + (), (R (k) + ()
()t (ko) (ka)® ()t == (k)5 (ka)s

The next proposition is the main ingredient of the proof of Theorem [1.2

Proposition 2.1. FEstimate (2.1)) holds with some € > 0 in the following cases:
(i) d=1,a ¢ N, 1/6 < s <1/2, and | = —s;
(i) d =2, (s,1) = (1/2,0);

(i) d >3, s > L I=s— 1.

Wy =

We observe that the last two estimates on the convolution, which are equivalent
to the Sobolev estimates on the product, hold if and only if

Ay :=min{l —s+1,s+1} >0, B :=1+l—520 with (41, By) # (0,0)

and Ap :=min{s—1,2s} >0, By:=2s—1— g >0 with (4y, B2) # (0,0).

These conditions are satisfied in each of the cases (i)—(iii) in Proposition[2.1] Finally,
note that uniqueness of solution in CyH*! implies that in CrHs for any s’ > s
and [’ > . Therefore, to establish Theorem it suffices to show Proposition

2.2. One dimensional case. In this subsection, we prove Proposition [2.1| (). Tt
is easy to check W; < 1 when kg = 0. This implies that the estimate holds
if the sum is restricted to {kg = 0}. We therefore assume ko # 0, then it holds
(na) = (ko(ko + 2ko = asgn(kp))) under the relation ko = k1 — k2. If aX € N, we

have |ko + 2k; & asgn(kg)| > dist($Z,a) > 0, and in particular,

<,ui> ~ <k‘o><k0 + 2ko £ OzSgIl(k'o» ~ <k‘0><k’0 + 2/{12> (22)
Let [ = —s. Using this factorization, for W7 and W5, we see that
ko + ko)®
Wl ~ 1 < 0 + 2>
(ko)2 =% (ko + 2k2)1/2(ko)*
L kgt | ks Liko+ka S kol
™ (ko)E 7 (ko + 2k2) T (ka)* (ko) ™S (ko + 2kg) /2
ko)2—*
W (ko)

(ko + 2k)1/2(ko + ka2)* (ko)
< Liko+2k2 2 kol i Liko+2ks | < o
™ (ko + 2k2)" (ko + k2)* (k2)* (ko + 2k2>1/2<k2>337%

3
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where 1, denotes the characteristic function of the set A or the set of variables
satisfying the condition A. For W3, we take € = % to have

(ko) + (k2)
<k0>%—s<k0 —+ 2]€2>1/2<k0 + k2>178<k2>5
Likotkal> kol Lk ks | ~vlkal L ko+hs| <ol
™ (ko) 25 (ka)* <k0>%—8<k0 +2k)1/2 (ko + ko)1m® ’
and for Wy we take e = 1/3, so that

(ko + k2) + (k2)
(ko) 35 (ko + 2k2)2/3 (ko + ko) ® (ka)*
< Likot+2ka> kol 1 kg +20s |~ o | 1 g2k | < o
- <k0>%+s</€2>287% <k0>%+s<k0 + ko) (kg)s (ko + 2k2>2/3(k2>35*% :

W3 ~

Wy ~

If1/6 < s < 1/2, we deduce from these estimates that
P N L, R |
~ <k0>%+6 (ko + 2k2>§+6 (ko + k2>5+5 <k2>§+5’
for some § > 0. We then apply the Holder inequality to obtain .

j=1,...,4

2.3. Two and higher dimensional cases. In this subsection, we shall prove
Proposition (ii), (ili). The main difficulty comes from the fact that we do not
have a factorization like (2.2]). We divide the analysis into three cases according
to the size of |us|. Let kmax and ki be the largest and the smallest quantities
among {|ko|, |k1|, |k2|}, respectively.

~ max

High modulation interactions. We begin with the case || > k2, and prove (2.1)
with € = % Under the condition | = s — %, it holds that

1
<kmax>1/2 <kmin>s ’

This and the Sobolev inequality imply (2.1); in fact, the desired estimate

freoGrey Pk
S IR <l glle ] bl

k 1/2(f .
ko,kthGZ‘i < max> < m1n>
k():k?l*kg

W; < j=1,....4.

is the dual of the product estimate
luvllpz2eray S llull gz ey [0l s cra),

which holds if d > 2 and s > %.

Middle modulation interactions. Hereafter, we assume |u4| < k2,.. This in par-
ticular implies |ko| < |ki| ~ |ko|. Taking s = [+ 1 (> %) and € = 1, we see

2 2
that

1
W; <

<——  j=1,....4
()2 (ko)
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If |ko| < 1, then the left-hand side of (2.1]) is bounded by [|1,,<1.fller[lgllez |2l ¢2,
which is sufficient. It then suffices to prove

E fkggklhk2 <

()2 (ko) h 2.3
L () P Ro)t 1 £1le2llgllez IRl (2.3)
0—R1 2

1< ko| Skt [~ (k2|
114 | K2 o

forl—Oifd—Qandl>;ifd>3

Here, we consider the mlddle modulation case kmax < |pa| < k2., following
the idea in [9, Section 3.2] for the corresponding bilinear estimates in Bourgain
spaces. First, restrict ko, k1, k2 to (k;) ~ N; for dyadic numbers Ny, N1, Ny with
N; ~ Ny 2 No > 1, and then restrict u4 to (u+) ~ M for a dyadic Ny < M < N3,
so that

1
L.H.S. of (2.3) < Z Z V2N Z Jro ks Pk -
0

Ni1~N2z 1«No<N; k<0 ;61 k2
NISM<<N2 kj NNj
! (nt)~M

Since in the last sum we have

| F alkol| _ (%)
k1| + k2| Ny

the following decomposition into annuli:

Gkhiy = > (Lay, 9k (La,, Bk,

my,msa

|[k1] — |ke|| =

2

M M N.
Am = {k € 25 imoe < K| < (m+ 1) 5}, m € Zym~ 0

exhibits almost orthogonality. If Ny < Nj, we make further decomposition into
cubes:

Grey Py, = Z (ling)kl(lanh)kza

ni,n2
Qui={kezi|lb—nleNo]"}, neNoz)?, |nl~M

and make use of its almost orthogonality. Hence,

LHS. of @3 < Y. Y M1/2Nl Z Z > FroGk: P

Ni,N» 1<<N05N1 mi,ma 7117712< >ko k1< k2>
N1 <M<N? ko)~No, (p4)~M
oM K1 € Apn, NQn,
k2€Am,NQny
where Y stand for almost orthogonal sums (i.e., one index determines the other
up to O(1) ambiguity). Now, we recall another identity

ko

Tk = 2|k‘(|ko|2m|ko|+ui) 2|k|(|k/’0|2¥a|ko|)+0( 0)

which restricts k Tk -cOmponent of k1 into an interval of length O( ) for each kg
fixed. Therefore, for fixed kg, k1 is confined to the intersection of a cube an annulus,
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and a plate. An elementary computation (see [9, Lemma 2.9 (i)]) evaluates the
number of frequencies ki € Z‘}\ in such a region by

M M
Cmin{Ng,ﬁNgl LMY 2 mvg2(
0

Non1/2 Ng M/251/2
N1> mm{ﬁ’ NO} :

By the Cauchy-Schwarz inequality in ki, we have (for d > 2 and | > %)

L.H.S. of (2.3)
S 3 Z e B, 2 Lt () e 5T

N1,N2 No,M 0 mi,mz ni,n2

1/2
X3 fr ( > (1, n@u, Dy (14,00, h)il_ko)
ko k1

% N2 M1/2 1/4
<I7le Y Muyemsleamhle 3 (e ) me{M Nt

N1,N2 No<SN:
S 1 llellgllez 1]l ez

Low modulation interactions. The remaining case |pu+| < kmax can also be treated
by mimicking the proof of the corresponding bilinear estimates in [9, Section 3.3].
Note that we need more delicate analysis including decomposition with respect to
the angles between frequencies.

Here, we take a different approach. It was mentioned in [II, Remark 1.2] that
some of the multilinear estimates required for the normal form reduction argument
have close relationship with the standard multilinear estimates in Bourgain spaces,
which are used to prove conditional well-posedness. In our setting, the desired
estimate corresponds to the bilinear estimate

1
S Tk — ok — ko) d H
I L X otk - kdn],,
koeZd
1< ko Sk |~]k1—kol (2.4)
[+ | K Emax

< | tko) (o F alkol) 0w (70, ko) || .- . (72 + k2| ) P2 t(72, k)| 2 .

T0:R0 T2,R2

with bg = by = by = 1/2. Tt is not clear whether the equivalence of these estimates
holds in a general setting. Nevertheless, we will see that (2.4]) implies (2.3) if
bo+b1 +b2 < 1:

Lemma 2.2. Let s1,82,1l € R, v >0, and Q be a subset of {(ko, k1, k2) € (Z$)3
ko = k1 — ka}. Assume that there exist bo, bp, b1, be, by > 0 with max{by + b1 +
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ba, by + b1 + by} < l+7 such that
(ky)*
H / D Lalko ki k2) 1< (o) o~ ()

1=T0+T2 Ko k2 €74

x W (70, ko)u(r2, k2)d7'0HL2

T1:k1

H<k0>l<ﬂo>b°@(707k‘o)HLz H<k2>32<Pz>b25(727k2 HLz )
T0,ko T2,k2 (2.5)

(k1)
H Z La(ko, k1, k2) L (p0) < (p0) S (pr) ~ (i)
T1=To+T2 ko ko Zd

A

X w(To, ko)u(Te, k2) dTo‘ .

2

71, k1

S (140} (o) o (ro, kol 2 [|(k2)™Cp2) (s R2) 1
ke T2,R2

|2. Then, we have

where py := 7o F alkol, p1 := 71 + [k1]?, and ps = 72 + |ko
La(ko, k1, k2) fio Pk
o S Al llbllez, -

H ko%gzi (pt)Y (2 )k,
Proof. Let
Z:={(1%)":n€Z,n>0},
Li%L), opy >0}, LETI, o€ {£1}.

QL,a’ = {(k()aklakQ) €f:1+ |Mi| < [ 7100
5, and define

Take arbitrary non-negative sequences f € £7, h € (2
wr(1,k) :== 1[_%,%](7' Falk])fe, up(r,k):= 1[_%7%](7' +k*hy, LeT.
We observe that, for (ko, k1, k2) € Qr» and 71 € R,

/Rl[_%7%](7'0 F Oz|k‘0|)1[_%71%](7'1 — 70+ ‘k2|2) dro
L 2 L 2

2 ﬁl[_l%,l%](ﬁ + k1" = pt) 2 ot~ L Ly(m + [k1]” —o(L — 1)),

and that
1[_% %](7‘0 F a\k0|)1[_%71%}(71 —To+ |k‘2|2)d7'0 #0

implies (p1) ~ (u+) ~ L. Hence, for each L € T and o € {£1}, we have

H Z 1a, , (Ko, k1, k2) fro Pk,
, ()
A

ko, ko €Z2
~L*”Hw||1[_m<m oDy 3 S
ko,k2€Z4 pt

AN

ko kGZd

(k1)
(o)t D Lo o) () S~ (is)
TI=TOFT2 o ko ezd

(€2 )k,

(62)’%

2
T1,k1

'LUL (70, ko)ur (11 — 70, k2) dTo’ .

2—y+ba

SLT
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X@L(ka‘o)ﬂL(kaz)dTo‘ ,

T1,k1

and then, using (2.5),

S L4 [0k} (o) oK) [Oh2) " )T 72,k

Jko
+ H<k0>l<ﬂo>bz’@L(To,ko)HLz . H<k2>52<ﬂ2>bgﬂL(T27kz)HLz . )
70RO T2,R2
< Hf”e?”h e, (L—%—'y+bo+b1+b2 + L—%—'y+bg+b1+b’2).
From the assumption on by, by, b1, b, b, we have
H Z 1ka:0f";k2 ] < Z H Z 1QL,frfk?th2 .
ko,k2€ZS <Hi> () LeT,oe{*1} ko,ka€Zd <‘ui> m
S fllezlllez, ,
as desired. O

From [9, Propositions 3.9, 3.6], we can easily deduce the bilinear estimates (2.5

for s1 = s, =0,1=0ifd=2and > %2 if d > 3, and Q = {(ko,k1,k2) | ko =

ki — ko, |pt| < Kmax, [ko| > 1}, under the condition that by = by = b > 2,
bp = b4 > 0. In view of Lemma the desired estimate (2.3)) is obtained. This

completes the proof of Proposition [2.1

3. PROOF OF CONVERGENCE AS @ — 00

Before the proof, we first reduce the problem to the case of mean-zero wave part.
As mentioned in Section 1, any solution (u®,n%) € CrH? to (1.2)) (in the sense
of distributions) is also a solution to

i0pu® + Au® = (Pgen® + Pen§ + tPen$)u® t € (0,T), x € TS,
1
Eagpfcna —AP.n® = A(|ua|2)’ te(0,1), z € Tgﬂ
(u"‘, P.c.n®, 8tP¢Cna) }tzo = (ug, Preng, Prent).
We introduce
; o 12 o
(@, %) () = (u(t)e' o+ 5 Pent) P ono(t)),
which solves
10,0 + Au® = nu® te (0,T), x € TS,
1 .5 - ~
—SOFR" — AT = A(@®), te(0,T), ze T, (3.1)

(ue, 7, o) | (ug, 7§, ng) == (ug, Pgen§, Peen) € HyO(TY),

t=0
where
H{(TY) := Pz H'(TS), Hy°(TS) := H'(T§; C) x L§(TS:; R) x Hy ' (T R).

Conversely, for any (uf, Pzcng, Pzcng) € Hé’o the maximal-lifespan solution of
B1) exists uniquely in C([0,7%);H°), and (with P.ng, P.n¢ € R given) the
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maximal-lifespan solution of the original equation (1.2)) (with the same maximal
existence time) is given by
. o 2 AN
(u,n®) () = (@ (e~ P TPnD) G0 (4, ) + Pony + tPenf ).
Clearly, Theorem follows once we prove the following proposition.

Proposition 3.1. Let {ug,n§, 75} e C Hy'(TS) be a family of initial data such
that

Ju® = lim u§ in HY(TS), (3.2)
a— 00
sup ||(ﬁg, |on|7lﬁf‘)||szL2 < 00, (3.3)

lim limsup |(Psgng, |aV| ™' Pspnf
—00  a—o0

Let (U, n®) € C([0,T%);Hy°(TS)) be the (unique) mazimal-lifespan solution of
(3-1), and let w € C([0,T°°); H') be the (unique) maximal-lifespan solution of the
Cauchy problem

100 + AT = — Py ([u2)a, te (0,7%), x T4,

)| 22 =0 (3.4)

N - (3.5)
u’f:o - UO .
Then, we have
T < liminf T, (3.6)
a—r 00
and for any T € (0,T),
(@, 7% = 18, |aV| 710, (n* — 7%)) = (@, —Pre(|a[?),0) 57

in C([0,T); H' x L x L3)
as a — oo, where 7 € C(R; L3(TY; R)) N CH(R; Hy ' (T¢;R)) is the solution of the

linear wave equation:

%8?%3 —AR% =0, teR, zeTy,
(5, 0m5) [,y = (A + Pre(lug|*), A7)
For the solution of in CT’Hé’O, with the property P.0;n“(t) = 0, the mass
and the energy
M(u* (1)) = [|a*(t)|Z,
£ (us(t),n"(t))
= IV Ol + 51O + 5V a7 O]} + [ 7o
b

are well-defined and formally conserved. The solution of (3.5 (as well as that of
the standard NLS (1.3))) in the energy class & € H' also (formally) conserves the
mass M (u(t)) and the energy

- - 1
E(u(t)) = IVa)ze = )l z.-
It is worth noticing that the energy functionals for (3.1]) and (3.5] satisfy the relation

£, i) = £) + 3[7° + [ — ila?| 0
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We recall the result on local well-posedness of these Cauchy problems in the
energy space including (rigorous) conservation laws, which is a crucial tool to prove

Proposition 3.1]

Lemma 3.2 (Local well-posedness; [18, O 2, 4]). Let d = 1,2 for and d =
1,2,3 for , A € (0,00) be arbitrary. Then, the initial value problems for
(with any « > 0) and on T4 are locally well-posed in the energy space
H = Hé’O(Tﬁ) and HY(TY), respectively. In particular, for any initial data in
H, there exists a local-in-time solution in C([0,T];H), with existence time T > 0
depending only on the size of the initial data in H (and also on « in the case of
), which depends continuously on the initial data. Moreover, the mass and the
energy are conserved for these solutions.

These conservation laws can be deduced from the local well-posedness result in
the energy space by a standard approximation argument based on persistence of
regularity and continuous dependence of solutions upon initial data.

Another important ingredient of the proof is the following lemma.

Lemma 3.3 (Unconditional uniqueness; [7]). Let d = 1,2,3, A € (0,00)¢ be ar-
bitrary, and T > 0. For any ug € H'(T$), there are at most one solution (in the
sense of distributions) of (3.5) in L>°(0,T; H(T4)) satisfying u(0) = ug.

Any distributional solution u(t) in L>(0,T; H') belongs to W1 (0, T; H~!) by
the equation, and thus has limits in H~! at endpoints t — 0,7 and is extended to
a function in C'([0,T]; H~1). The initial condition then makes sense in H 1.

Remark 3.4. (i) The known results [2} [4] [7] on local Well—posedness and uncondi-
tional uniqueness in the energy space for the cubic NLS (1.3)) on ’]I‘)\ are transformed
into the same results for shifted NLS ({ and . by the following changes of

the unknown function

t
. 1
u(t,z) = ult,z)exp {z/ W||u( N2anay dt’} for (3.3),
t
u(t,z) — u(t,:c)exp{ / (md‘Hu(t')HLz ) +y0+y1t)dt’} for ().

As easily seen, these maps are homeomorphisms on L>(0,T; H*(T4)) or on C([0, T);
H'(T%)) for any T > 0 and transform a solution (in the sense of distributions) of
and , respectively, to a solution of .

(ii) In [7], uniqueness of solutions to on T¢, d = 2,3, was shown in the class
of mild H*-solutions (see [7, Definition 1.1]) for some s < 1. First, we see that any
distributional solution in C'([0,7]; H*) turns out to be a mild H*-solution if d = 2,3
and s is close to 1; see [I0, Remark 1.3] for details. Then, any distributional solution
in L>°(0,T; H') belongs to W (0,T; H=') c C([0,T]; H~!) by the equation and
hence to C ([0, T]; H®) for any s < 1 by interpolation. Consequently, we can deduce
uniqueness in L>(0,T; H') from the result in [7]. In the one-dimensional case,
uniqueness holds in C([0,T]; H®) for s > 1/2 by the Sobolev inequality, which
implies uniqueness in L>°(0,T; H') as above.

(iii) To prove Proposition we need uniqueness of the solution to in
L*°(0,T; H'); in fact, uniqueness in C([0,T]; H') is not sufficient. For the Za-
kharov system (L.2), we have proved uniqueness in C([0,T]; H*!) as “unconditional
uniqueness” in Theorem Concerning the energy-space regularity, uniqueness
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in a wider class L>(0,T;H"?) follows from Theorem [1.2] in the case d = 1 and
aX € 7Z by the same argument as above, whereas it does not follow if a\ € Z
or in the two-dimensional case, since we do not have uniqueness in C([0,77], H**)
with [ < 0. Note, however, that uniqueness in L>(0,T; H'?) for will not be
required in our proof of Proposition

Proof of Proposition[3.1 We follow closely the argument for the non-periodic case
given in [I3], Section 6]. We focus on the two-dimensional case; note that the one-
dimensional case can be treated by the same argument with some modifications on
exponents related to the Sobolev embedding. We proceed in several steps.
Step 1. We shall show uniform-in-« a priori bound on the energy norm of (u*,n%):
there exists Ty > 0 and C' > 0 independent of a such that
- 1, - 1 ~ 2

— 2 2 -1

Xo = max (30 + 513013 + 5 l0v| o 0)]}.) < ¢ (38)
In particular, by Lemma [3:2] it holds that T* > Ty for any a.

By the conservation laws and (3.2)), (3.3)), together with the Holder inequality and
the Sobolev embedding, the conserved quantities M (u®(t)) and £*(a®(t),n*(t)) are
bounded uniformly in « as long as the solution exists. Since

Xor = gmae (M@ () + €@ (0,7°(0) - [ 7 Ofa"OF).
it suffices to control the cubic term [ n*|u® |2. By the Holder inequality, the Sobolev
embedding, interpolation and the Duhamel formula, we see that, for ¢ € [0, T,

| [ae @ OF | S 17Ol (160 1+ 170 - 205 )

1/2 A 4/3 1 ~a~a12/3
S X2 (g 13 + 170 (1) = 2 121G 13 ropgr/a) ),

which is, by Sobolev and interpolation again as well as the mass conservation law,
bounded by

X3 (a8 132 + (X203 + N I T2 213 12 o 32 a2y )
S X2 (I8 32 + (X253 + g 132) T X2 X g 1)
< ||u8‘||H1/2X”2 + T3 ud |57 X + T2 |ug |15 X0
Using (3.2) again, we have
Xog < Co(1+ T3 + O T?3X)/2

for some constants Cp,C; > 0 independent of «. Since X, 7 is continuous in T,
a bootstrap argument shows X, r < 2C, if T is sufficiently small depending on
Cy, C1, which yields .

Step 2. Let Ty be as in Step 1. We shall show that for any sequence ay — oo
there exist a subsequence ay, and 7> € L>(0, To; H') N C([0, To]; H'/?) such that

%% — > in C([0,Ty); w-H' N HY?),
N 4 7% |2 — P.(|u™°|?)  weakly in L*((0,Tp) x T3).
Here, convergence in C([0, Tp); w-H') means that
sup (@i (t) —u>(t), () .| = 0, ¢ e C([0,Tp; H').

0<t<Ty
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In particular, by the Sobolev embedding, ©** — u* strongly in C([0, Tp]; L*).

Let us first establish the convergence of u®. By Step 1, {(a%, %)}, is bounded in
C([0, To); H' x L?), so that {9,u® = i(Au® —n*u*)}4 is bounded in C([0, Ty]; H~1).
This implies that {4}, is equicontinuous in H~! at any ¢ € [0,7p], and thus in
H? for any s < 1 by interpolation. Since {u*(t)},, is relatively compact in H?® for
s < 1 by the compact embedding H' — H*, Ascoli’s theorem (cf. [I2, Chapter
ITI, Theorem 3.1]) shows that {u®}, is relatively compact in C([0,Tp]; H®) for
s < 1. The case of s = % implies, for any {ay}r, existence of a subsequence
{@*}; converging to some u> strongly in C([0,Ty]; HY/?). Moreover, since for
each t € [0,Tp] (any subsequence of) the bounded sequence {u®* (t)}; C H' has
a weakly convergent subsequence, we see the sequence itself converges to u™(t)
weakly in H'. The weak lower semi-continuity of the norm and the bound from
Step 1 then show that 4> € L>(0,To; H'). Finally, for any v € C([0,Tp]; H'), we
use strong convergence in C ([0, Ty); H'/?) and boundedness of 4> (t) in H' obtained
so far and notice }_{H_I}no<J | P> r[| Loo (0,10;:1) = O to have

limsup sup [(G%(t) — u™(t), 1/J(t)>H1‘
l—so0 0<t<T,

< lim [[w*t — U™ Loo (0,10;11/2) | P<RY || oo (0,105 113/2)
—00

+ (Slllp @ ([ oo 0, 10311y + ||ﬂoo||L°°(07To§H1)) |1 P> r3 || Los (0,10; 1)
—0 (as R — 0),

which shows convergence in C([0, Tp]; w-H?).
Next, we obtain weak convergence of n® + |[u®|?. We see that

A+ [a %) = ag 207 — 0

in D’((0, ) x T3) by the uniform bound on 7 from Step 1. This particularly im-
plies that n®* 4+ P.(|u®*|*) — 0 in D’((0, Tp) x T3 ). Moreover, strong convergence
of {u**}; obtained above shows P.(|u**|?) — P.(|u*>|?) in C(]0,Tp]). Conse-
quently, we have n*: +|u®* |2 — P.(|a*°|?) in D’((0,Tp) x T3). On the other hand,
(any subsequence of) {n*: 4 |u* |2}, is bounded in L%((0,Tp) x T3) and therefore
has a weakly convergent subsequence. Hence, the sequence {n®* + |[u®*|?}; itself
converges to P.(|u*|?) weakly in L%((0,Tp) x T%).

In the non-periodic case [13], A(n®* + |[u®*|?) — 0 in D'((0, Tp) x R?) and weak

convergence of a subsequence in L2((0,7p) x R?) imply that n®: + [u®|2 — 0
weakly in L2((0,Tp) x R?). That is why u®* converges to a solution of the standard
NLS (L.3).
Step 3. We shall show that 7> > Ty and a® — u in C([0, To); w-H' N H'/?) as
a — oo. We first prove that u® given in Step 2 is a solution of on (0,7p) x T%
in the sense of distributions. The initial condition is easily verified from strong
convergence in Step 2 and , so it suffices to show that

RO — — Py (|a®*)a>  in D'((0,Tp) x T3).

For any v € C§°((0,Ty) x T3), we see that

To
R
o Jrz
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To
< ]/ / Aok (% —ﬂoo)wdxdt‘
o Jr

T
+ // (7% + [@®* |* — Po([a™| ))~°°¢dxdt‘
o Jr2

To
+/ /(|ﬂ°°|2—|aakz\2)a°°zpdxdt‘
0 T2

<[P || oo 0,02 [0t — U™ | oo 0,70:22) 1| 1 (0,70:2)

+ (A @ P = Pe([u> ), 17001/’>L2(<0,To)x1r§)

+ [u™ = w || poe (0,70;24) (||ﬁ°°\|L°c(o,To;L4) + [[u ||L°°(07T0;L4))

X [a| o 0,70;:22) 19l L 0,105 -
By the uniform bound given in Step 1 and the convergence results proved in Step 2,
the right-hand side vanishes as | — co. Hence, u™ satisfies (3.5)).

Now, we invoke Lemma to conclude that u>* = u € C([0,Ty]; H'). In
particular, u* — % in C([0, To];w-H' N HY?) as | — oo. This is true for any
sequence ay — 00, so that {u®}, itself converges to u as o — oo.

Step 4. We shall show (3.7) with T = Tp. Let N* := 2% — i|aV|~19,n® and
Ng :=n% —i|laV|~19;ng. Note that P.N*(t) = P.N%(t) = 0. N and N§ solve
the following inhomogeneous and homogeneous linear Cauchy problems:

N = i|aVIN® +ilaV|([a*|?),

a}tzo = ﬁ0 Z|O‘v‘ 1”17
and
o = Z|04V| g+ P#(\ug‘\ )-
In particular, we have ||Ni‘;‘(t)||Lz = ||[N5(0)|| 2. To prove the claim, it suffices to
show that
~o -~ 1 (0%
sup (I (@ (8) = @(0) 32 + 5[V (0) = N (1) + Pre([))[[7.) =0

0<t<To

as a — 0.

By a direct calculation, we have

o~ 1
IV@E* = @)zz + 5N = Nif + Pre([]* [

=E&%(u*,n®) - &(u) - *H ill7e — §||Pc(|ﬁ|2)||%2 (3.9)
+ R(N, [a]* — [a*? ) 12 T 2R(V (@ — %), V), (3.10)
—R(N® = Njj + Pee([uf®), Nj) .- (3.11)

The first line (3.9) consists of conserved quantities, and hence for any ¢,
1 1 1
B-9) = £(ug) + IN*(0) + lug 72 — E(ug®) — 5| HONPE §||Pc(|US°|2)||%2

= (£8) — £0)) + 5 (1PN ~ 1P PR ),



EJDE-2022/20 REMARKS ON PERIODIC ZAKHAROV SYSTEMS 17

which vanishes as @ — oo by (3.2). The second line (3.10) vanishes uniformly in
t by the uniform-in-o bound from Step 1 and the convergence result from Step 3.
Therefore, we only have to show that the last line (3.11]) vanishes uniformly in ¢.
By (3.4) and the Sobolev inequality
1P r(lug P e S BRV2([ug Pll e S B2 ug 13,

~

we see limsup,_, o [|P>rNS ()| L2 = limsup,_, o ||P>rNF(0)||z2 — 0 as R — oo.
Hence, the uniform-in-a bound from Step 1 implies that for any ¢ there exist R > 0
and g > 0 such that for any a > ag

(N(t) = N (t) + Pee(ja(t)]*), PsrNG (8))

sup <e.

0<t<T,

We fix such an R > 0 and estimate the low-frequency part. Noticing

sup
0<t<Ty

(03 (0% -~ 5 o
SN = N + Pre([a*)l| 1< (0,715 R2 I N7 (0) | 2,

(N2(t) = Nij (8) + Pre([u(t)|*), P<aNi (1)) -

we shall estimate the H~%/2 norm of N® — N§ + P.(|u|?).
By the Duhamel formula and an integration by parts in ¢, we have

Ne(t) = Nii (8) + Pee(|u(t)?)

= Pre([a(t)?) — eV Pac(lug]?) — @ (@) + eV (jug]?)

t
+/ ei(t—s)\aV\aS(‘ﬂa(s)F)ds

0

= Pre([u(t)]*) — Pe(|u(1)[*) +/0 ¢ =INeVIg, ([at (s) ) ds,

where we have used the L? conservation for u® at the last equality. The Sobolev
embedding gives a bound for the first two terms as

|| |’71|2 - |ﬂa|2 HLOO(O7TO;H75/2)

S (1l 0.70582) + 18 | oo 0,135 ) 1 = 8|1 0,70512)-
On the other hand, by the equation for a® we have 9;([u®[?) = 2V - R(iu>Vu®).
We shall apply integration by parts once more to deal with this term.

In the non-periodic case [I3], the integral term was dealt with by the Strichartz
estimate for the reduced wave equation, which yields some negative power of «.
Although the same argument may be valid in the periodic case as well, we take a
different approach here.

Since (in the two-dimensional case) the high-frequency components will be dif-
ficult to control after integration by parts, we first remove them and then perform
integration by parts, as follows. For ¢ € [0,Ty] and R > 0, we use the 2D Sobolev
estimate

1 gllr-22 SN fllrar2llgll -2
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to have

t
HQV / e’(t_s)l(wl?}%[iﬂa(s)Vﬁa(s) —iP_gu*(s)VP_gu(s } dsHLm 0 TosH—5)

< 2Tp[[ue v — P_pueVP R“aHLoo(o To;H-3/2)
< ||ﬂa”Loo(o TU,H1/2)|| Ru ||L°°(0 To; H/2)
S RPN < 0111

On the other hand, using the equation for u® again we have
0 (iP_ueVP_gu®) = AP_pueVP_gu® — P_pueVAP_pu®
— P_g(n"u )VPSEE“ + P_pucVP_g(n%u*),
so the Sobolev inequality yields
10 (P V P_5i®) | oo S RO + B 2121 -
Then, integration by parts 1mplies
HW / i(t—s \aVUR[zP o (s )vpgéaa(s)} d‘SHmo,Tmes/z)

< 2H|avrlv. (R[P-za= @OV P_ga )]

et aV
_ it] ‘%|:ZP RuOVP<Ru0DHLm(O Touti—5/2)

¢
I 2H V|~V - / et=9)1aVipg [Z'Pgﬁﬂa(g)vpgﬁﬂa(s)} dSHLOO(O ToH-5/2)
s L0

(RH&O‘HLOO 0,To;L2) T T0R3||uO‘HLOO(O To;L2)

+ TR o 0,235 1813 o 0 i) )

Using the above estimates and the uniform-in-a bound from Step 1, we obtain
IN® = N + Pac([@*) | oo 0,101 -572) S 18 = ll oo 0,70:2) + B + RPa™
for any R > 1, with the implicit constant independent of R, a. We set R largely
enough depending on € > 0 and R > 0 fixed above, and recall strong convergence

of u® shown in Step 3, to verify

sup |(N*(t) = N () + Pec([u(t)]*), Ni(1)) | < 2¢

0<t<Tp

for all sufficiently large «, as desired.

Step 5. We shall show and for any T € (0,7°°), concluding the proof.
This follows once we can show the following. Let T € [Ty, min{T>°, liminf T%})
be such that holds on the time interval [0,7]. Then, there exists T =
Ty (|u(T)||gr) > 0 such that min{7T°°, liminf 7%} > T + T} and holds on
[0,T + T1]. Note that the hypothesis is true for T = T, by the previous steps.

If holds for some T € [Ty, min{T°, liminf 7*}), then T* > T for suffi-
ciently large o and u®(T) — @(T) in H'. A similar argument as in Step 1 then
gives a uniform a priori bound as on the time interval [T, T + T3], where T}
depends only on sup,, ||a®(T")|| g1, which is bounded by 2||u(T)|| g for sufficiently
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large . Hence, we have lim inf 7% > T'+73 and a uniform a priori bound on the in-
terval [0, 7+ T1], and then repeat the arguments in Steps 2—4 to show T > T+ T}

and on [0, T + T1]. O
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