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UNIQUENESS FOR CROSS-DIFFUSION SYSTEMS ISSUING
FROM SEAWATER INTRUSION PROBLEMS

CATHERINE CHOQUET, JI LI, CAROLE ROSIER

ABSTRACT. We consider a model mixing sharp and diffuse interface approaches
for seawater intrusion phenomenons in confined and unconfined aquifers. More
precisely, a phase field model is introduced in the boundary conditions on
the virtual sharp interfaces. We thus include in the model the existence of
diffuse transition zones but we preserve the simplified structure allowing front
tracking. The three-dimensional problem then reduces to a two-dimensional
model involving a strongly coupled system of partial differential equations
of parabolic and elliptic type describing the evolution of the depth of the
interface between salt- and freshwater and the evolution of the freshwater
hydraulic head. Assuming a low hydraulic conductivity inside the aquifer, we
prove the uniqueness of a weak solution for the model completed with initial
and boundary conditions. Thanks to a generalization of a Meyer’s regularity
result, we establish that the gradient of the solution belongs to the space L",
r > 2. This additional regularity combined with the Gagliardo-Nirenberg
inequality for r = 4 allows to handle the nonlinearity of the system in the
proof of uniqueness.

1. INTRODUCTION

Seawater intrusion in coastal aquifers is a major problem for water supply. The
study of efficient and accurate models to simulate the displacement of a saltwater
front in unsaturated porous media is motivated by the need of efficient tools for the
optimal exploitation of fresh groundwater.

Observations show that, near the shoreline, fresh and salty underground water
tend to separate into two distinct layers. It was the motivation for the derivation of
seawater intrusion models treating salt- and freshwater as immiscible fluids. Points
where the salty phase disappears may be viewed as a sharp interface. Nevertheless
the explicit tracking of the interfaces remains unworkable to implement without
further assumptions. An additional assumption, the so-called Dupuit approxima-
tion, consists in considering that the hydraulic head is constant along each vertical
direction. It allows to assume the existence of a smooth sharp interface. Classical
sharp interface models are then obtained by vertical integration based on the as-
sumption that no mass transfer occurs between the fresh and the salty area (see
[4, 11] and even the Ghyben-Herzberg static approximation). This class of models
allows direct tracking of the salt front. Nevertheless the conservative form of the
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equations is perturbed by the upscaling procedure. In particular the maximum
principle does not apply. Of course fresh and salty water are two miscible fluids.

Following [6], we can mix the latter abrupt interface approach with a phase field
approach (here an Allen—-Cahn type model in fluid-fluid context see [1l [2, [B]) for
re-including the existence of a diffuse interface between fresh and salt water where
mass exchanges occur. We thus combine the advantage of respecting the physics of
the problem and that of the computational efficiency.

From a theoretical point of view, an advantage resulting from the addition of
the diffuse area compared to the sharp interface approximation is that the system
now has a parabolic structure, so it is not necessary to introduce viscous terms in a
preliminary fixed point for treating degeneracy as in the case of the sharp interface
approach. Another important point is that we can demonstrate a more efficient and
logical maximum principle from the point of view of physics, which is not possible
in the case of classical sharp interface approximation. But the main point is that
we can now show the uniqueness of the solution thanks to the parabolic structure
of the system that yields more regularity for the solution.

This article is devoted to the study of the wellposedness of the sharp-diffuse in-
terface seawater intrusion model. We focus on confined aquifers. As already men-
tioned, the problem consists in a coupled system of quasi-linear parabolic-elliptic
equations. It belongs to the wide class of cross-diffusion systems for which the
equations are coupled in the highest derivatives terms and there is no general the-
ory for such a kind of problem. For dealing with the nonlinearity in the uniqueness
proof, we first prove a L", r > 2, regularity result for the gradient of the unknowns.
More precisely we generalize to the quasilinear case, the regularity result given by
Meyers [10] in the elliptic case and extended to the parabolic case by Bensoussan,
Lions and Papanicolaou, for any elliptic operator A = — 7", 9ja;;(2)9; (see [3]).
The results assume that the operator A satisfies an uniform ellipticity assumption
and that its coefficients are L>° functions. The hypothesis on A ensure the exis-
tence of an exponent 7(A) > 2 such that the gradient of the solution of the elliptic
equation (resp. of the parabolic equation) belongs to the space L" with respect to
space (resp. L" with respect to time and space). This additional regularity com-
bined with the Gagliardo-Nirenberg inequality let us handle the nonlinearity of the
system in the proof of uniqueness.

This article is organized as follows: First, in Section [2] we detail all the mathe-
matical notations and we present some auxiliary results. In Section [3| we present a
new proof of global in time existence for the problem. Sections [4] and [5]are devoted
to the proofs of the regularity and uniqueness results.

2. AUXILIARY RESULTS

We consider an open bounded domain € of R? describing the projection of the
aquifer on the horizontal plane. The boundary of €, assumed C!, is denoted by I'.
The time interval of interest is (0,7"), T being any nonnegative real number, and
we set Qp = (0,T) x Q.

For the sake of brevity we shall write H*(2) = W2(Q) and

V=H}Q), V' =H'Q), H=L*Q).
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The embeddings V € H = H' C V' are dense and compact. For any T > 0, let
W(0,T) denote the space
W(0,T) :={w € L*(0,T;V), dw € L*(0,T;V")}
endowed with the Hilbertian norm || - |y (0,7 = (|| - HQLQ(O’T;V) + |0 - ||%2(0’T;V/))1/2
The following embeddings are continuous [9, Prop. 2.1 and Thm 3.1, chapter 1]
W(0,T) c C([0,T]; [V, V']1/2) = C([0, T]; H)

while the embedding

W(0,T) c L*(0,T; H) (2.1)
is compact (Aubin’s Lemma, see [12]). The following result by Mignot (see [§]) is

used in the sequel.

Lemma 2.1. Let f: R — R be a continuous and nondecreasing function such that
msup 5| 400 [F(A)/A| < 400. Let w € L?(0,T; H) be such that dyw € L*(0,T; V")
and f(w) € L*(0,T;V). Then

(O, fw)hv v = i/ﬂ(/{)wm}) f(r) dr) dy in D'(0,T).

Hence for all0 <t; <ty <T,

/:2 (Ow, f(w))vr,vdt = /Q(/W(tM) f(r) dT) dy.

1 w(t1,y)

We now present two preliminary lemma, which are consequences of the Meyers
regularity results [I0], first for an elliptic equation, then for a parabolic one. The
adaptation of these results will be crucial for proving the L™(0,T; W17 (Q)), r > 2,
regularity of the solutions.
¢ Elliptic case. We recall the following result (see Lions and Magenes [9]):

Vp:1 < p<oo,—A is an isomorphism from W, (Q) to W~5P(Q).
We set G = (—A)~! and g(p) = Gl 2 w1002 7)) We notice that g(2)=L.
Lemma 2.2. Let A € (L*™°(Q2))™ be a symmetric tensor such that there exists o > 0

satisfying

n
Z Aij(2)6& > al€)?, Vo€ Q and € €R™.
ij=1
We set 3 = maxi<; j<n || Aijll1o). There exist r(a, 3) > 2, such that, for any
fewW=tm(Q) and for any go € W7 (Q), the unique solution u of the problem

V. (AVu) = f,Vz € Q
u € Hy(Q) + go,
belongs to W (Q). In addition, the following estimate holds:
lullwir) < Cla, B,m)| f =V - (AVgo)lw-1.r (@) (2.2)

where C(a, B,7) is a constant depending only on r and on constants « and 3 char-
acterizing the operator A.
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Remark 2.3. The proof given in [3] allows us to precise the constant C'(«, G, 7).
Let ¢ be a positive real number. We set

a—+c c
) V= b
B+c B+c

where ¢ is introduced in order to ensure v < p. Since g(2) =land 0 < 1—p+v < 1,
by using the properties of the map g, we can find r > 2 such that

0<k(r)=gr)(1—-—p+v)<l. (2.4)

Then, the smaller (1—pu+v) is, the bigger r can be. The determination of r depends
on the constants o and 3 characterizing the elliptic operator A.

p= (2.3)

Let us emphasize that Lemma holds for all p such that 2 < p < r(a, )
thanks to the classical interpolation inequalities.

The limit case corresponds to the settings where the operator A is proportional
to the Laplacian: then p =1, v =0 and is satisfied for all » > 2. Taking into
account the previous estimates, we can give an upper bound of C(«, 3,r) as follows

1 9(r) g(r)

ClonBr) < (A =g()( = p V) o = G+ o)

(2.5)

Parabolic case. Let us give now a lemma for the parabolic context. We define
X, = LP(0,T; Wy (R)), endowed with the norm

r 1/p
e R

We introduce Y, = L?(0,T; W~1?(Q)) and we point out that the application v —
div, v sends (LP(Qr))™ into LP(0,T;W~1P(Q)). We endow Y, with the norm
I flly, = infaiv, g=7 l9ll(zr(@z))»- We can state the following Lemma (cf. [3]).

Lemma 2.4. Let A € (L*=(Q))" be a symmetric tensor defined as in Lemma [2.4
Let f € L?(0,T, H1(Q2)) and u° € H, there exists u € L*(0,T; H}(Q)) solution of
ou

5 +Au=f inQp,u(0)=u’

Then, assuming that T' is sufficiently reqular, there exists r > 2, depending on
o, B and Q such that if f € L"(0,T;W=17(Q)) and u® € Wy (Q) then u €
L7(0,T; W," (). Furthermore, there exists C(a, 3,7) > 0 such that

||UHVV01’T(Q) < C(a, B,7)(|I f] L7 (0,T;W—1r(Q)) T ||’U’OHW01”"(Q))' (2.6)
Remark 2.5. As for lemma [2.2 . it is possible to precise C(a, 3,7) (cf. [3]). We
set P = % — A, the operator associated with the homogeneous Dirichlet boundary
condltlons We know that, being given F' € Y),, there is a unique solution u € X,

such that
Pu=F inQp, u(0)=u’.

We set §(p) = [P~ | z(v,:x,), We recall that §(2) = 1. Using the properties of the
map §(-), we claim that there exists r > 2 such that

0<k(r):=g(r)1—p+p)<1, (2.7)
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where the constants i, ¥ are defined by

. a+¢é N

Q= Y and 7= Fre
Since ¢ > 0, we have U < f[i. Again, the smaller (1 — i + ©), the bigger r, and
the determination of r will depend on the constants «, 8 characte}rizing the elliptic
operator A. The following condition is satisfied by the constant C(«, 3, 7)

ve > 0. (2.8)

Clapr) < (1L=g(r)(1 = ot ) AL — = ,%(9;()’"))( P

3. GLOBAL IN TIME EXISTENCE RESULT

Mathematical setting. We consider that the confined aquifer is bounded by two
layers, the lower surface corresponds to z = hy and the upper surface z = h;.
Quantity ho — hy is the thickness of the aquifer. We assume that depths hq, hy are
constant, such that he > §; > 0 and without lost of generality we can set h; = 0.
We introduce functions T and Ty defined by

Ts(u) =hy—u Yuc ((51,h2) and Tf(u) =u Yué€e (51,h2).

Functions Ty and Ty are extended continuously and constantly outside (d1,hs).
Ts(h) represents the thickness of the salt water zone in the reservoir, the previous
extension of T for h < §; enables us to ensure a thickness of freshwater zone always
greater than d; in the aquifer. We also emphasize that the function T only acts
on the source term Q¢ for avoiding the pumping when the thickness of freshwater
zone is smaller than d7.

In the case of confined aquifer, the well adapted unknowns are the interface
depth h and the freshwater hydraulic head f. The model reads (see [6]):

$Oh — ¥ - (KTS(h)Vh) V. (Wh) +V- (KTs(h)Vf) — Q. T.(h), (3.1)

V. (thv f) +V- (KTS(h)Vh> = QTy(h) + QsTs(h). (3.2)
The above system is complemented by the boundary and initial conditions
h:hD, f:fD in ' x (0,1—')7 (33)

h(07x) = ho(l’), in Qa
with the compatibility condition
ho(z) = hp(0,z), zel.

Let us now detail the mathematical assumptions. We begin with the characteris-
tics of the porous structure. We assume the existence of two positive real numbers
K_ and K such that the hydraulic conductivity K is a bounded symmetric elliptic
and uniformly positive definite tensor

0<K_[¢f < Y Kij(2)6&; S K4éfP <oo z€Q, E€R? £#0.
i,j=1,2
We assume that porosity ¢ is constant in the aquifer. Indeed, in the field envisaged
here, the effects due to variations in ¢ are negligible compared with those due to
density contrasts. From a mathematical point of view, these assumptions do not
change the complexity of the analysis but rather avoid cumbersome computations.
The parameter § represents the thickness of the diffuse interface. The source terms
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Qy and Q; are given functions of L?(0,T; H) and we assume that Q¢ > 0 and
Qs <0.

The functions hp and fp belong to (L*(0,T; H' () N H'(0,T; (H(22))")) x
L?(0,T; HY(Q)) while function hg belongs to H!(Q). Finally, we assume that the
boundary and initial data satisfy conditions on the hierarchy of interfaces depths:

0<d; <hp <hyae. ian(O,T), 0< 81 <hg<hya.e. in Q.

Theorem 3.1 (Existence theorem). Assume a low spatial heterogeneity for the
hydraulic conductivity tensor

ho . 0K _
K+ < mll’lf( %,K7>. (35)

Then for any T > 0, problem — admits a weak solution (h, f) satisfying
(h—hp, f — fp) € W(0,T) x L*(0,T; Hy (Q)).
Furthermore the following maximum principle holds true :
0<d1 <h(t,z) <hg forae x€Q and for anyt e (0,T).

Remark 3.2. Assumption (3.5)) (so as (4.4))) makes only sense when considering
low values for K. For the present application, this point is not restrictive since the
soil permeability typically ranges from 1078 to 1073 m/s.

With the additional diffuse interface, the system has a parabolic structure, it is
thus no longer necessary to introduce viscous terms in a preliminary fixed point step
for avoiding degeneracy. But we still need to impose a minimal freshwater thickness
strictly positive inside the aquifer to prove an uniform estimate in L?(Q7) of the
gradient of f since the presence of the diffuse interface does not allow us to get this
estimate. Let us briefly sketch the strategy of the proof. First step consists in using
a Schauder fixed point theorem for proving an existence result for the problemﬂ
Then we establish that the solution satisfies the maximum principles announced in
Theorem [3.1} First, we show that h > hs a.e. in Qr; finally we prove that 6; < h
a.e. in Q) under assumption Q5 > 0.

Step 1: Existence for the truncated system:

Definition of the map F = (F1,F2). For the fixed point strategy, we define
an application F : (W(0,T) + hp) x (L*(0,T; HY(Q)) + fp) — (W(0,T) + hp) x
(L*(0,T Hy(Q) + fp) by

f(hvf): (fl(ﬁaf)an(Baf)) :(h7f)>

1 More precisely, the present proof is based on the classical version of the Schauders fixed point
theorem applied to the initial problem. In [8], this fixed point theorem is applied to an auxiliary
truncated problem. The truncation is introduced to control the H'-norm of f. We thus had to
check that the map F defined below is sequentially continuous in L2 (0,T; H' (). Here we rather
choose working with the strong topology L2(0,T; L?(Q)), which is possible since the truncation
term has been dropped.
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where the couple (h, f) is the solution of the following initial boundary value prob-
lem, for all w € L2(0,T;V):

T
/ ¢<8th, ’LU>V7V/ dt + / (5 + TQ(FL)K)V}L -Vwdxdt
0 Q7
+ QsTs(ﬁ)wdxdt—/ Ty(h)KV f-Vwdzdt =0,
QT QT

heKVf-Vwdsdt— [ T.(0KVh- Vo dsdi
o (3.7)
- [ @1y + @y dedi <o
Qr

Qr

We know from the classical theory of linear parabolic PDE’s that this variational
linear system has a unique solution. The end of the present subsection is devoted
to the proof of the existence of a fixed point of F in some appropriate subset.

Sequential continuity of F; in L?(0,7;H) when F is restricted to any
bounded subset of W (0,7) x L*(0,T; H'(2)). Assume that given a bounded
sequence (h™, f*) in (W(0,T)+hp)x (L*(0,T; H:(2))+ fp) and a function (h, f) €
(W(0,T) + hp) x (L*(0,T; H}(Q)) + fp) such that
(s fn) = (h, f) in (L*(0,T; H))?.
We thus have
(R, ") = (h, f) weakly in W(0,T) x L*(0,T; H'(%));

that is, h™ — h weakly in L%(0,7,V) (the same for f* and f) and 9;h" — O;h
weakly in L*(0,T,V"). o

Set hy, = Fi(h™, f) and h = Fy(h, f). We first intend to show that h, — h
weakly in W (0,T) and thus strongly in L?(0,7; H) thanks to a classical result of

Aubin.
Pick a constant M > 0, that we will precise later on, such that

HVB’I’LH(LQ(O,T;H))Z <M and vanll(Lz(O,T;H))z < M. (3.8)
For all n € N, h,, satisfies (3.6]). Pick any 7 € [0,T] and take w = (h, —hp)x(0,7)(t)
in (3.6). It yields

d)/ <8t(hn - hD), hn — hD>V’,V dt +/ (5 + KTS(TLn))th . th dx dt
0 Qr

+ [ QuTo(hy)(hy — hp) da dtf/ KTo(h")V " - V(hy — hp)dzdt  (3.9)
Qr Q.

:/ (6 + KTo(h")Vhy - Vhp dxdt—¢/ {0chp, i = hp)yv,v dt.
Q. 0

The functions h,, — hp belong to W(0,T) and hence to C([0, T]; L*(2)). Thanks to
Lemma 2.1} we can write

4 1 1
@t = ) ew = )y de = 3l 7) = il = 5 o ~ o O)
0
On the other hand, we have

/ (64 KTu (™)) V- Vhy dadt > 6V hn2a0r.10y2-

-
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The real number M > 0 is such that sup,,> IV ™l 20,1, 1)) < M. Using Cauchy-
Schwarz and Young inequalities, we obtain that, for any n; > 0,

|/Q KT, (h")V f* - Vhy, dz dt| < MK VA || (12(0,7:01))2

K2 M? n
<ot 2 hyI? .
= + 1 VR (r2(0,m0)2

and

| | (0 + KTs(h™))Vhy, - Vhp da dt|
Qr

m
< ZHthH%L?(o,T;H)V +

(6 4+ K hy)?
T Vhp ||%L2(O,T;H))2 :

Since it depends on hp, the next term is simply estimated by
| | KT, (h™)Vf*-Vhpdzdt| < MK hs||hpllrz0,7.m)-
Qr
Finally we have

T
‘_/ $(0ihp, (hy — hp))yr vdt|
0

42 5 5
< 275HathD||%2(0,T;(H1(Q))/) + §th||%2(o,T;H1) + iHhDH%Q(O,T;Hl)?

and

. 1QslZ 20,7,

|~ [ Q) (h — hp) drdt] < ———L T p2 %nhn — hpl22 (0 1m)-
Qr

We choose 17 such that § —n; > 1 > 0 for some 7y > 0. Using the above estimates

in (3.9)), we obtain for all T € [0, 7]

¢ 1
ZH(hn —hp) (-, 7)|l7r + 5(5 = VUi nllr2 0,2
K2 M? ¢ (6 + Ky hg)?
<=+ §Hh0 —hp(-,0)[|7 + 7+|‘VhDH%L2(O,T;H))2
m m
¢2 (310)
+ MK ho|hpllr20,7:m1) + ?5||<9thDH%2(o,T;(H1(Q))/)
) ||Qs\|%2 0,T;H
+ 50 Es oz + =g .

We infer from that there exist real numbers Ay = Ap (6, K, ho, ho, hp, 1, M)
and By = By (6, K, ho, ho, hp,l, M) depending only on the data of the problem
such that

[hnllLoe o3y < Anty hnll20,r3v) < Bur- (3.11)
Thus the sequence (hy,),, is uniformly bounded in L>(0,T; H) N L?(0,T;V). Set

Cyr = max(Apg, By).

We now prove that (9;(h, — hp))n is bounded in L2(0,7;V’). Due to the
assumption hp € HY(0,T; (H(£2))"), it will follow that (h,,), is uniformly bounded
in H(0,T;V"). We have

10t (hre — hp)l 220,777
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T
— awp \/<at(hn—hD>,w>V,,th|
0

llwll 20, 7v) <1

T
= sup |/ —(O¢hp,w)yr v dt — %(/Q (5+KTS(7L”))th'de:L’dt
0 T

”w”L2(o,T;v)§1
+ [ KT, ("VF" Vwdedt — QSTS(E”)w) da dt|.
QT QT
Since
| | (6 + KTy(h"))Vhy, - Vwda dt|
Qr
< (04 Ky ho) lhall 220,000 @) 1wl 22 0,77v),
and since h,, is uniformly bounded in L%(0,T; H'(f2)), we write

| [ (64 KTy(h"))Vhy - Vwdzdt| < (6 + Kihe)Cullw|201v)-  (3.12)
Qr

Furthermore we have

| S(RP)V ™ Vwda dt| < Mhs|wl|r20,7:v), (3.13)
\/Q QSTS(E”)wda:dt| < |Qsllr2(0, 11y llwl| L2 (0,71 (3.14)
T
Summing (3.12)—(3.14]), we conclude that
10:(hyy — D)l L2(0,75v7) < D, (3.15)

where

Das = 10:h 3o rsanyy +0Chu + 2 (K4 ot + M+ 1Qull 20

We have proved that the sequence (h”)n is uniformly bounded in the space
W(0,T). Using Aubin-Lions’ lemma, we can extract a subsequence (hy, ), con-
verging strongly in L?(Qr), almost everywhere in (0, T) x 2, and weakly in W (0, T)
to some limit denoted by v. From the a.e. convergence in 0p, we see that for all
w € W(0,T), Ty(h")Vw — T;(h)Vw strongly in L?(Q27) by dominated convergence.
It follows that v solves and —. By uniqueness of the solution of that
system, we conclude that v = h and that the whole sequence h,, — h weakly in
W(0,T) and strongly in L?(0,T; H).

The sequential continuity of F; in L?(0,T; H) is established.
Sequential continuity of F, in L?(0,T;H) when F is restricted to any
bounded subset of W (0,7T) x L?(0,T; H'(2)) As above, we study the sequential
continuity of F» by setting f, := Fo(h™, f*), f := Fa(h, f), and showing first
that f, — f in L%(0,T; H'(2)) weakly. The key estimates are obtained using the
same type of arguments than those in the proof of the sequential continuity of Fj.
The details are omitted. We only point out that we can use the estimate
previously derived for h,, to obtain the following estimates for f,,:

| frll Lo 0,50y < Ene = Eng (82, K, fp, ha, [, M, Car), (3.16)
I falle2o,rvy < Fau = Far (02, K, fp, he, 1, M, Chy). (3.17)
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For proving the sequential compactness of f,, in L?(0,T; H), we need some fur-
ther work since we can not use a Aubin’s compactness criterium in the elliptic
context characterizing f,. We actually get a stronger result: we claim and prove
that ho f, — 75 (hy) converges in L2(0,T; H'(f2)), where 7, is any function such that
7] = Ts. Indeed, we recall that the variational formulations defining respectively
fn and f are, for any w € L?(0,T;V),

/ ho KV fo - Vwdaedt — | KTy(h)Vhn - Vo da di
o i e (3.18)
- / (Qs Ty () + QT () )w dadt = 0,
Qr

ho KV f - Vwdx dt — KT,(h)Vh - Vwdx dt
o o (3.19)
- / (QsTs(h) + Qs Ty (h))wdxdt = 0.
Qr

Choosing w = ha fr, — To(hn) — hafp + Ts(hp) in (3.18)) we let n — co. The already
known convergence results let us pass to the limit in

n—oo QT

= /Q (QsTs(h) + QsTy(h)) (hof — To(h) — hafp + Ty(hp)) da dt.

Using moreover (3.19) for the test function w = hof — T5(h) — hafp + Ts(hp), we
conclude that

lim [ KV(hafy — To(hn) — hafp + To(hp))

n—oo QT

-V (hafn — Ts(hn) — haofp + To(hp)) dz dt
- /Q KV (haf = T.(R) - hafp + To(hp))
-V (haf = Ty(h) — hofp + To(hp)) da dt.

It follows that
lim KV(F,—F)-V(F,— F)dxdt=0

n—oo Jo.
if Fy = hofn —Ts(hy) —haofp+7s(hp) and F = hof —T,(h) —hafp+7s(hp). Since
K¢ &> K_[€]? for any € € R? with K_ > 0, the latter result and the Poincaré
inequality let us ensure that F,, — F in L?(0,7T;V). Since 7, (h,) — 7T5(h) almost
everywhere in Q7 and hy > 0, it follows in particular that f,, — f in L%(0,T; H).
Existence of C ¢ W(0,7) x L?(0,T;(H'(Q)) such that F(C) C C. We aim
now to prove that there exists a nonempty bounded closed convex set of W (0,T") x
L?(0,T; HY(Q)), denoted by C, such that F(C) C C. We notice that this result will

imply that there exists a real number M > 0, depending only on the initial data,
such that for (h, f) = F(h, f) € W, we have

||Vh||(L2(0,T;H))2 S M and ||fo(L2(0,T;H))2 S M. (320)
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Taking w = h — hp € L*(0,T;V) (resp. w = f — fp € L?(0,T;V)) in (3.6) (resp.
13.7)) leads to

T
¢/ <8th,h—hD>vl’th+ 5VhV(h—hD>d£L'dt
0 Qr

+ [ KT, (h)Vh-V(h—hp)dedt+ | QsTy(h)(h—hp)dedt  (3.21)
QT QT

— KTS(E)Vf~V(h—hD)dxdt:0,
Qr

and

/ ho KV f-V(f — fp)dedt — | KTy (R)Vh-V(f — fp)dwdt
o o (3.22)
~ [ Q)+ QT ~ o) st =0,

We apply Lemma to the function f defined by f(u) = u for u € R to compute
the first terms of (3.21). We obtain

4 1 2 1 2
/o (0e(h—hp), (h=hp))v: vdt = §/Q(h—hD) (T, ) dm—a/ﬂ(h—hD) (0,7) da.

Summing equations (3.21]) and , we obtain
% (h — hp)(T, z)* dz + 0V (h — hp) -V (h —hp)dxdt
Q Qr

+ [ heKV(f—fp) -V(f—fp)dxdt

Qr

+ / T,(WEV(h — hp) - V(h — hp) de dt
Qr

= [ K= hp) - V(  f)) dode

(M
+/ KT, (R)V(f — fp) - V(h — hp) da dt
Q

T

(2

/(h —hp)(0,2)2dz — | 6Vhp - V(h— hp) dx dt
Q Qr

ho KV fr - V(f — fp)dedt —/Q Tu(RKVhp - V(h — hp) dz dt

+

[CIRSS

D

+

/ T.(WKVhp -V(f — fp)dedi+ | KT,(R)Vfp-V(h— hp)dedt
Qr Qr

- o QsTs(h)(h_hD)dxdtJ’_/Q (QSTS(B)+Qfo(B))(f_fD)dxdt

We have

0, = 3(hy — 61)%K2
1< [ 36— ho)dear+ 20T [ (s o) de
QT QT
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K_hy
Qr
3K2(hy — 61) 7 2
_— s(h h—nh dx dt.

1 & el MRS ORI

()] <

IV(f — fp)|? dadt

Also

| 6VhD-V(h—hD)dxdt|§§/ |V(h—hD)\2dxdt+§/ \Vhp|? da dt,
QT 2 QT 2 QT

| ) ho KV fp - V(f — fp) da dt|

hoK_
<
- 12

3K h
IV(f — fp)|* dxdt + 2/ |V fp|? dz dt,
Qr K_ Qr

! T,(R)KVhp - V(h — hp) da di|

2K2h
<= R)|V(h — hp)|? dzdt + 2/ \Vhp|? dz dt,
8 K Jo,
| T(?L)KVhD (f—fD)dxdt|
SZT
K_ 3K2h
< h212 \V(f — fp)|* dadt + —= 2/ |Vhp|? dx dt,
T - Qr

\/ To(h)KV fp - V(h — hp) dz dt|
Qr
_ 2K2h
g£/ To(h)|V(h — hp)|? dz dt + == 2/ |V fp|? dz dt,
8 QT K QT

| [ QsTu(h)(h — hp) dz dt|
6 7 2 20123 22 (7,
<35 | TMIV(=hp)Pdedt+ =L | QIT(h)drdt,
QT QT

| (@) + QT (i) (s — fo) it

2 3C% _ .
< /QT IV(f = fp)l dxdt+h2K7 . (QsTs(h) + QT (h))” du dt,

where the Poincaré’s constant is denoted by Cp
conclude that

S [o—noyrarin sl [ V0o

. Gathering these estimates, we

IV(f — fp)|? dadt

Qr
th, 3(h2 - 61)2Ki )
+( 4 46 >/QT IV(f = fp)|"dxdt
S B0\ [ o 2
+( 4 4K _hy )/QT Ts(h)|V(h — hp)|” dxdt

_ K_h _
< é/ IV (h = hp)[* da dt + 2 / \V(f — fp)|? dz dt
3 Jar 3 Qr
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+?/(h—hD)(0,x)2dm+é/ |Vhpl|? dx dt
2 Ja 2 Jar

5K2h 5K2h
#/ IV fp|? dx dt + 2/ \Vhp|? dz dt
K_ Ja, - Jar
1 92 3C% = —132
+ — Q2TZ?(h) dx dt + (QsTs(h) + Qs Ty (h))” dx dt. (3.23)
2¢ Qr h'QK* Qr
Introducing the constant
o ::6(?/(h—hD)(o,x)2dx+§/ Vhp|? da dt
2 Ja 2 Jar
5K2h 5K2h
+ 2/ |V fp|?dedt + —+ 2/ |Vhp|? dx dt (3.24)
K_ Qr — Qr
1 22 2
— T: T, T
v | @nmaa 2B [ Qnm @) drar)

and recalling that the parameters satisfy (3.5| ., we infer that
SIV(h = hp)Pysaryys + heK IV (f = F0)P1s(ary < Co.
and
IV (h = hp)Itr2(apyyz + P2 K-V (f = fD)Fr20ry)2 < Co-
Note that (3.23)) yields
[V(h=hp)lr2r) < VCo/d, IV(f = fp)llr20r) < VCo/haK—

and )
3 / (h—hp)(r,2)*dx < Cy, forall 7 <T.
Q

Conclusion. We introduce the set
C:={(h—hp,f—fp) € W(0,T) x L*(0,T; (H'(Q)) : (h(0,),
£(0,)) = (o, fo), 8V (h = hp)I72(0n) (3.25)
+ho K|V (f = fo)l 22000 < Co, 10:hllL2 0.0y < D}

where C) is defined by and M := max(\/Cy/d,/Co/haK_). Then C is a
nonempty, closed, convex, bounded set in (L?(0,T; H))?, defined such that F(C) C
C. Indeed, let us check that C is closed. Let (hg,, fn)n be a sequence in C such
that (hn, fn) — (h, f) in L?(Q7). Since the sequence (h")n is uniformly bounded
in the space W(0,T), we can extract a subsequence (hy, ) converging weakly in
W(0,T) to some limit denoted by h. Then h = h € W(0,T) and ||Allwor) <
lim infg oo ||Pon, [[w(0,r)- Similarly, since the sequence ( f")n is uniformly bounded
in the space L?(0,T; H(f2)), there exists a subsequence such that Vf,, — Vf
weakly in L?(Qr) and Ilfll 220,50 ()) < Hminfr oo || fry [l 220, 7351 () Since C is
also a bounded set in W (0, 7)) x L?(0,T; H*(£2)), we also proved that F restricted
to C is sequentially continuous in (L?(0,T; H))2. For the fixed point strategy, it
remains to show the compactness of F(C). Since we work in metric spaces, proving
its sequential compactness is sufficient. The compactness of F; (C) is straightforward
due to the Aubin’s theorem. Let us further detail the proof for F5(C). Let {f,} be
a sequence in F5(C). It is associated with a sequence {(hy, f,} in C. The Aubin’s
compactness theorem let us ensure that there exists a subsequence, not renamed
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for convenience, and h € W(0,T) + hp such that h, — h in L?(0,7;H) and
almost everywhere in 7. Thus we can follow the lines beginning just after
for proving that f, — f in L?(0,7; H). The sequential compactness of F»(C) in
L?(0,T; H) is proven.

We now have the tools for using the Schauder’s fixed point theorem [13] Corollary
3.6]. There exists (h — hp, f — fp) € C such that F(h, f) = (h, f). Then (h, f) is
a weak solution of problem 7.

Step 2: Maximum Principles. We are going to prove that for almost every
x € Q and for all t € (0,7),
51 S h(t,fﬂ) S hQ.
First show that h(t,z) < hy a.e. € Q and for all ¢ € (0,T). We set
ho = (h—hy) " = sup(0,h — hy) € L*(0,T; V).

It satisfies Vhy, = X{n>hy VA and hy(t,x) # 0 if and only if A(t,x) > ha,
where X denotes the characteristic function. Let 7 € (0,7T). Taking w(t,z) =
han (t, )X (0,7 (t) in - 3.1)) yields:

/ ¢<8th,th(O,T)>V/7vdt+/ /5Vh-thdxdt

/ /KT )Vh-Vhn, dmdt+/ /KT YWV f-Vhy,dedt

//QS s(h)hy, dz dt = 0;
that is,

/ ¢<3th,hm>\//,vdt+/ /5X{h>h2}|Vh|2d$dt
0 0 Q

+/ /KTS(h)X{h>h2}\Vh\2dxdt+/ /KTS(h)Vf-th(x,t) dodt (3.26)
0 Q

/ /Qs s(h)h (2, t) dz dt = 0.

To evaluate the first term in the left-hand side of above equation, we apply Lemma
2.1 with function f defined by f(A) = A—ha, A € R. We set W1(0,T) := W(0,T) x
L2(0,T; HY(Q)). We write

/OT SO, b )y ydt = g/ﬂ (hfn(r ) — hfn(o,x)) da = g/ghfn(f, ) dz,

since hp, (0,+) = (ho(-)—ha(: )) = 0. Moreover since T (h)x{h>h } = 0 by definition
of T, the three last terms in the left-hand side of (| are null. Hence ([3.26))

becomes i
?/ h2 (1,z)dx < —/ / SX{h>hat| VA dz dt < 0.
2 Jo 0o Jo

Then h,, =0 a.e. in Q7.
Now we claim that §; < h(t,z) a.e. € Q and for all ¢t € (0,T). We set

h = (h—061) € L*(0,T; V).

Let 7 € (0,T). We recall that h,, (0, ) = 0 a.e. in 2 by the maximum principle satis-
fied by the initial data hg. Moreover, V(h—61)-Vhn = X{s,—n>0}|V(h—061)[*. Thus,
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taking ’LU(t,.I’) = hm(l‘,t)X(o)-,-) (t) in " and UJ(t,iE) = hzh_jl hm(xat)X(Oﬂ')(t) in
(3.2) and adding the two equations gives

/ (00 T (2, 1)) vyt + / (6 + KTy(h))Vh - Vhy da dt
0

Q.

—/ KTs(h)Vf~thdxdt+/ (hy — 6) KNV f - Vhy, dz dt
Q. Q

T

f/ TS(h)h2 _§1KVh~thd:cdt
Q, ha

Cha= b ha — 61
he h

Yhm — Qs Ty (h) hm) dzdt = 0.

+ /Q (QsTs(h)(l

By definition of T5(h), Ts(h)X{nh<s,} = h2 — d1, we can simplify the above equation
as follows

%/ h?n(nm)dwr/ X{h<siy0Vh - Vhdzdt
Q Q.

ho — 6
+/ QT (h)X{n<s,} (61— h) th L dxdt
Qr
ha — 01
+ [ (ha = 0)(1 = =) Xqnes} KVh - Vhddt
Q. 2
ho — 61

4 / Xinessy (h — 81)Qu(hs — 61) (1 —
Q

-

) dxdt = 0.
2
We first note that 1 — (hg — d1)/ha > 0. Since moreover Q5 > 0 and Qs < 0, the

previous equation leads to

1/ hZ (7, x)dx < 0
2 Q

and then h,, = 0 a.e. in Q.

4. REGULARITY RESULT

Thanks to a generalization of the Meyer’s regularity result given in section
we establish that the gradient of the solution belongs to the space (L (Qr))?, for
some r > 2. We remind that the exponent r depends only on coefficients (a, 3)
determined by the elliptic operator A. We are going to precise this dependency with
respect to the physical parameters. In our particular case, the tensor A defined
in Lemma is equal to K. Then it is symmetric and « = K_,3 = K and
g(r) = ||(A)_1||L(W_1,T(Q),W01,T(Q)). Thus we have, for any real number ¢ > 0,
_Kowe and v = L, (4.1)

K+ +c (K+ + C)
the positivity of ¢ ensuring v < p. If r > 2 is such that k(r) := g(r)(1 —p+v) < 1,
then the exponent r is appropriate. Conversely, being given r > 2, we can always
adjust K_ and K so that k(r) = g(r)(1 — p+ v) < 1 (since tensor K is assumed
to be symmetric). Let us detail this part. We take ¢ > 0 and we fix r > 2. We
choose the physical parameters (K_, K ) is in the following way:

g(r)
g(r) =1

I

g(r)(1- Ki{;c) <1, Ve>0 < (Ky+c) <

K_, Ve>0.
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Letting ¢ — 0, we obtain
9(r)
K, < ——K_. (4.2)
g(r)—1
The condition (4.2]) implies a low spatial heterogeneity for the hydraulic conductiv-
ity tensor, so as the assumption (3.5)).
Concerning the parabolic equation, the tensor A defined in Lemma[2.4]is equal to

(0Zd+T;(h)K), then it is symmetric. Thereby, we have o = %, 8= %+K+@
and g(r) = [|[P~|| Ly, x,)- It follows that

a+é 5+ i -
HeB5e  6+¢e+ Ky(ha—01) w3
— oC Ve > 0.

B+6) 0+¢e+Ky(ha—01)

Since ¢ > 0, we obtain © < fi. If 7 > 2 is such that k(r) := §(r)(1 — 4+ ) < 1, the
exponent r is appropriate.

As previously, let r > 2, we can always adjust hs, d1, Ky and § such that k(r) =
§(r)(1 — i+ P) < 1. Namely, we impose
g(r)

o r o
((5+K+(h2 —(51) +¢C) < mé, Ve >0

1 y 1) oé
gr)—=1"hy =61 ha—0d1’
Letting ¢ — 0, we obtain the following limitation for hydraulic conductivity inside
the aquifer,

Ve > 0.

= K; <

K, (hy — 61) - 1
) glr)y—1
Let r1 (K_, K) > 2 be the biggest real number such that g(r1)(1—p—v) < 1 where

w and v are defined by (4.1]) and we denote by 72(d, d1, hao, K1) > 2 the biggest real
number such that g(re)(1 — ft — ©) < 1 where i and & are defined by (4.3)). We set

7‘(5, 51, hg, K_,K+) = Inf(Tl(K_,K+),T2(5, 51, hg, K+)) (45)

Proposition 4.1. Let (h, f) be a solution of (3.1)—(3.4) and r(8, 1, ha, K_, K1) >
2 be the real number determined by (4.5). Furthermore we assume that there exists
v,0 < v < 1, such that the physical parameters satisfy (3.5) and

Ky (hs — 61) (k) Q=) ho

6 g(r) g(r) hy — 61

If (hp, fp) € L™ (0, T; WL (Q))?2, d;hp € L™(0,T; W=L7(Q)), hg € W—12(Q) and
(Qs,Qf) € L™(Qr)?, then Vh and Vhy are in (L™ (Qr))%. Moreover, we have

||VhH(L'"(QT))2 < Cl(¢7 h2a hOa hD> fD) QS) Qf7 K*? K+7 5) 61)a (47)

||Vf||(LT(QT))2 < 02(¢7 h27 h07 hDa fD7 QS7 Qf7 K—a K+7 67 61) (48)

Proof. We turn back to the construction of the solution in Step 1 of Theorem

We recall that this solution appears as the fixed point of an application. In the

following lines, we thus give the tools for incorporating the L™ (Qr), r > 2, regularity
result in this construction process.

(4.4)

<S(l=9)x

(4.6)
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We set W1(0,T) := X(0,T) x L2(0,T; H (Q)). Let (M', M") be two strictly
positive real numbers that we will define later. We set
— . 9
W = {(gagl) € (WI(O7T) N (Lr<0aT7 WL (Q))) : g(O) = hO?
(glr, 91lr) = (hp, fp), (g 9)llw, 0,7y < Kt (4.9)
IVgrllwriary < M5 199l @y < M},
where Kj; depends on the constants Cy and Dy defined in (3.25). Our goal is

to check that the application F defined in the first step of Theorem satisfies
F(W) C W. Applying Lemma [2.4] to (3.6]), we deduce that

VAl (L @r))2
g(r) {(hz —61)

(K4 IVl + 1QsllLr@r))

< = A
A-krN@B+e L @ (4.10)
+ 10shp || L0, 0;w -1 (02))
1 6+ Ki(hyg — 6
+ —lhollw-1.2(0) + MHV}LDH(LT(QT))Q}'
) ¢
In the same way, applying Lemma to (3.7), we obtain
ha|[V fll(Lr (272
g(r)
< _ . -
S ARG ((h2 81) (K+ VAl (Lr@q))2 + 1QsllLr0r)) (4.11)

+ h2l|Qs (@) + h2ll Vol @ry2 )

So, taking into account (4.10)), we infer from (4.11]) that

IVl @r)2
g(r) g(r) (ho — 61)°K2
=S A—kmGro - kNGBt o) oha IVl @2
)

g(r (hg —01)? x g(r) K4 B ‘
+ ho(1 —k(r))(B + C){< o(1— k(r) (B + ) + (he 51)) Qs - (r) i
he —61)g(r)K 5+ K. (hy — 0,
((1 - ,;(r))f((glg (GMtolhwsrioy + = T

+ ”athDHLT(O,T;W—LT(Q)))
+ (hall Qs ey + IV ol iy ) }

Let ~ be such that 0 <y < 1 and assume that ¢, ho, K_, K., § and & satisfy, for
any positive real numbers ¢ and ¢,
J ho — 81)2K2
g(r) X Ag(r) _ - ( 2 1) + Slify (413)
I=k()NB+e) " A—k(r)(B+e)  dhe
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Using # = K, and =24 KJFW, it is easy to check that assumption (4.6)

implies (4.13]), indeed (4.6) holds if and only if

(k) (-k() b 8
o(r) i) R0 T o)

n<1

Ky <(1—79)x

which in turn implies

(1— k() _ (1— k() hy 5
g TG a0 —nhy  (ha— o)

hy (L—k(r)  (L—k(r))  oh
— K, (1-— <(l—7)x X — X
g ) = U W) o
(1—k(r) (1 —k(r) ho(6+Ki(ha—61))
X — X 5
g(r) g(r) (ha —é1)
The constant M’ is chosen such that the initial and boundary conditions and the
source terms satisfy
1 g(r) { (he — 61)9(r) K+
7 ha(L=k(r)(B+¢) L(1—k(r)(B+e)

| 5+ Ky (hs — 61)
+ thOHWLT(Q) + %HV%H(LT(QTW

Ky <(1-9)x

= K; <(1—-7)x = (4.13).

ho — 0
(2221020

(4.14)
+ ||3thD||LT(0,T;W—1»T(Q))>
+ ((hz = 0)QslLrr) + h2llQf || L r) + h2||va||LT(QT)2)} <M.
Considering (4.12)), and ([4.14), we deduce that
IVfller@ryz < M,
and
IVAll(Lr (@)

< M" = Ag(r) _ (hQ - 51)
- (1—/€(T))(ﬁ—é)( ¢

+ [0:hp]
0+ Ky (hy—§6
i + +;2 1)

(KyM' + Qs ()
(4.15)

1
Lr(o, w1 (@))) + $||h0HW1vT(Q)
I9holl s @)

Let W be the bounded closed convex defined by (4.9), (4.14) and (4.15). In-
deed, let us check that D is closed. Let (hy, fn). be a sequence of D such that

(hn, fn) — (h, f) in L?(Qr). We know that Vh,, — Vh weakly in L?(Qr) and
Vfn, = Vf weakly in L?(Qr). Since the sequence (thk,ank)k is uniformly
bounded in the space (L™ (Qr))? with r > 2, then (Vh, Vf) € (L"(Qr))?, moreover
||VhH(LT(QT))2 < M" and ”fo(LT(QT))Z < M'. We pI‘OVGd that ]:(/VV) C /V\[//v It
follows from the Schauder theorem that there exist (h, f) € W such that F (h,f) =
(iz, f ). This fixed point of F is a weak solution of the truncated problem. The proof
of the maximum principle then remains of course unchanged. (I
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5. UNIQUENESS

We are now able to establish the result of uniqueness yielding the wellposedness
of the problem in the space W(0,T).

Theorem 5.1. Let (hy, K_, K, ,8,61) € (R])® satisfying and ([4.2), and
forr =4. If hog € WH*(Q), (hp, fp) € L*(0,T;W"4(Q))? and (Qs,Qy) €
L*(Qr)?, then the solution of the system (3.1)-(3.4) is unique in (W (0,T)+ hp) x
(L*(0,T; H'(Q)) + fp)-

Remark 5.2. Assumption (4.6) is stronger than (4.4)) except when the thickness
of freshwater zone inside the aquifer, d1, is sufficiently large.

Proof of Theorem[5.1] Let (h, f) and (h, f) be two solutions of (3.1)-(3.4). Setting
u=h—heW(0,T)and v=f—feL?0,T;V), (u,v) is a solution of the system
¢Ou —V - (6 + KTy(h))Vu — V - (K(Ts(h) — Ts(h))Vh)

+ V- (K(Ts(h) = Ty(h))V ) + V - (KTs(h)Vv) =0,

—hoV - (KVv) + V- (K(Ts(h) — Ts(h))Vh) + V - (KTs(h)Vu) = 0.

We point out that all the estimates previously established for time 7', are valid for
any t < T. Furthermore h, h € [d1, ha], thus Ts(h) — Ts(h) = h — h = —u and the
previous system can be simplified as follows:

¢Ou —V - (§ + KTs(h))Vu+ V- (KuVh) =V - (KuVf) + V- (KTs(h)Vv) = 0,

—hyV - (KVv) =V - (KuVh) +V - (KT,(h)Vu) = 0.

Let ¢t € [0,T]. Using the variational formulation of two latter equations in ; :=
(0,t) x Q, we obtain, for any (w1, ws) € (W(0,T)):

¢ [ Owwwidrds+ / ((6 + KTy(h))Vu - Vwy — KuVh - Vw, + KuVf - Vw,
Q4 Q

— KT,(h)Vv - le) drds =0,

he | KVv-Vwydrds+ KuVf-Vwsdrds — KTy(h)Vv - Vwy dr ds = 0.
Qy Q Q

Taking w; = w and wy = v, since u(t = 0,.) = 0 a.e. on ), we obtain after

summation of the two previous equations

%/UQ(t,x)d.T-i-/ (6 + KTs(h))Vu-Vudzds+hy [ KVv-Vuvdrds
Q Q Q

-2 [ KTy(h)Vv-Vudrds+ KuVf-Vudzds
Q¢ Q4

+ KuVh-V(v—u)dxds=0;
Q4
that is

g/uz(t,x)dx—i—/ SVuldrds+ | KT.(h)V(u—v)-V(u—wv)dxds
Q Q Qy

+/ hKVv-Vvdrds+ | KuV(f—h)-Vudrds+ KuVh-Vuvdzds =0.
Q, Q Q
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Thanks to the definition of T,(h), we obtain
0< . KT (h)V(u —v)-V(u—v)dzds
and furthermore, since h € [0y, ha),
SK_ | |Vu|rdeds < /Q hKVv - Vo dz ds.
‘

Q

‘We have also

’/0 /QKuV(f—h)-Vudwds‘
! 4 1/4 N4 1/4 9 1/2
§/0 K_,_(/Qu dz) (/Q|V(f h)|* dx) (/Q\Vu| dz) "'~ ds.

Using Proposition [4.1] for » = 4 leads to

1/4 1/4
(/ |Vh|4d:17dt) <Cy1 and (/ |Vf|4dxdt) < Cya,
QT QT

(5.1)

hence
([ wu-npara)” <+ cip=cy
Also the Gagliardo—liTziTrenberg inequality for r = 4 can be written as
(] tutta) ™" < Callull g, 19l
Combining Gagliardo-Nirenberg and Young inequalities applied to , we obtain

’ KuV(f —h)-Vudzds|
[N

t ) ) 1/4 A 1/4
<K ([ Wl IV ulfisaede) (190 =)t o ds)
T
1/2
X |Vu|? dx ds
(), )
12 ) 3/4
<
< K CgCy max ||u||L2(Q)(/Qt [Vl dwds)

I 3
< K+CGC4<§61 ax [ullZ2 () + 261 /Qt |VU|2>7 €1 > 0.
As the same time,

t
|/ Kth-Vvdxds|
0 JO
t 1/4 1/2
g/o K+(/Qu4dx)1/4(/g|Vh|4dx) (/Q|Vv|2dx) dt
t 1/4 1/2
<K CG/ al| Y2 IVl M2 /Vh4 /vu2dx ds
+Ca | el oy IVl (| 1901) ([ 9ol dz)

t 1/4 1/4
T
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) 1/2
X ( |Vl dxds)
Q¢

12 ) 1/4 ) 1/2
< K CaCur s ul o ( / IV da ds) / Vof? du ds)

1
< K1 CqCy, 1(%;&%}; llull £z Q) / |Vu|2dmds / |Vo|? da ds)
2
<K+CGC41<166 te(Ot) X ||lu HLZ(Q +€1/ |Vul ddeS)
K
+ 7+CC;C4’161 |Vv|2 dx ds.
Q

Finally, we obtain

%/ u?(t,z) de + (6 — K4 Cae(2Cy + Cy 1)) |Vul|? dz ds
Q

Qy
K
+ (0, K_ — %q) |Vo|? de ds (5.2)
Q
< 8 —5Ca( ) )tél(lgm’%g)/ﬂu (t,x)dx.

Fix €; > 0 such that

K. Cy:1C
w61>0'

6 — K+€1CG(2C4 + C411) >0 and &HK_ —

Hence, passing to the maximum for ¢t € (0,7") on the left-hand side of (5.2)), we
obtain

K C
¢ max /uz(t,x)dxg %Cg( L1 max /uz(t,x)dx;
2 te(0,7) Jq 8€y 2 "te(0,1) Jq

that is
Cin

5~ 23 : 2 <0. .
(2 86;)0@(6’44- 5 ))tér(l&);)/gu (t,z)dz <0 (5.3)

If ¢ satisfies
o K Cgqg 201K ) ) (
2 166‘;’ K+C4 1CG7 K+(2C4+C4 1) Cg) ’

the relation (5.3) implies that max;¢co,r) fQ (t,z)dx = 0 and so v = 0 a.e. in

Qr.

This information combined with the inequality (5.2) yields fQT |Vol?dz dt = 0.

Since v € L2(0,T; H}(Q)), we conclude that v = 0 a.e. in Q7.

Conditions (5.4]) may look very restrictive. However, we can pick the coefficient ¢
arbitrary large (by introducing an appropriate time scaling), so that the conditions

(5.4) can indeed be satisfied. Setting

(204+Cy1) >0, € < inf( 5.4)

T x 8¢}
K+Cg(204 + 04’1) ’

we proved the uniqueness for the short time ¢ € [0,%p]. But taking ¢ = ¢y as new
initial time, the uniqueness is obtained for all ¢to <t < 2ty. Using this observation
inductively, we derive the uniqueness on the whole range of study [0,7]. The proof
of Theorem is complete. (I

to =
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