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NONLINEAR TRIPLE-POINT PROBLEMS ON TIME SCALES

DOUGLAS R. ANDERSON

ABSTRACT. We establish the existence of multiple positive solutions to the
nonlinear second-order triple-point boundary-value problem on time scales,

uBV (1) + h(t) f(t, u(t)) = 0,
u(a) = au(b) + su(a), Aule) +yu(c) = 0
for t € [a,c] C T, where T is a time scale, 3,7,§ > 0 with 8+ v > 0,

0<a< ¢ andbc (ac)CT.

1. INTRODUCTION TO THE BOUNDARY-VALUE PROBLEM

We are concerned with proving the existence of multiple positive solutions to
the second-order triple-point nonlinear boundary-value problem on a time scale T
given by the time-scale dynamic equation

ulV () + h(t) f(t,u(t) =0, te(a,c)cT (1.1)

with boundary conditions
u(a) = au(b) + 6u(a), Pulc) +yu(c) =0, (1.2)
where 3,7,6 > 0 with 3+ > 0,0 < a < ¢ and b € (a,c) C Tfora € Ty, c € T".

The function h € Cj4la, c] is nonnegative with h(tg) > 0 for at least one tg € (a, b],
and the nonlinearity f : [a, ] x [0,00) — [0, 00) is continuous such that f(¢,-) > 0
on any subset of T containing tg. This problem is related to that first studied in
the case T = R on the unit interval by He and Ge [I4] and Ma [19] 20| 21],

u' + ft,bu) =0, te€(0,1) u(0)=0, au(n)=mu(l) (1.3)

where 0 < < 1and 0 < a < 1/n. The boundary-value problem (1.3) has since
been extended to general time scales in Anderson [2] and Kaufmann [I7] as

uBV () + ftu(t) =0, w(0) =0, au(y) = u(T),
and in a slightly different way by Sun and Li [22]
uBV () +a(t) f(t,u(t) =0, u®(0) =0, au(n) =u(T).

In this paper there is a nexus between the boundary conditions at a and b instead of
at b=mnand ¢ =T, and we add the § > 0 term as well. Consequently these results
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are new for differential and difference equations as well as for dynamic equations
on general time scales.
For more on time scales and positive solutions, see the books by Bohner and

Peterson [8, @] and the following articles: [Tl Bl [ 5] 6} 10, 11, 12 15 16].

2. PRELIMINARY RESULTS

To prove the main existence results we will employ several straightforward lem-
mas. These lemmas are based on the linear boundary-value problem

utV () +y(t)=0 te(a,c)CT (2.1)
u(a) = au(b) + 6u”(a), Bulc) +yu(c) = 0. (2.2)

Lemma 2.1. Let
d:=~y(1—-a)+B[(c—a)—alc—b)+7]. (2.3)

If d # 0, then for y € Cigla,c] the boundary-value problem (2.1)), (2.2) has the
unique solution

c

1
u(t) == (y+Bc—1)| [ (s—a+dy(s)Vs
d [/ (2.4)

- a/ (s — b)y(s)Vs} 7/ (s —t)y(s)Vs.
b t
Proof. Let u be as in (2.4). Then the delta derivative of u is given by

0 =5 | [-arauovs-a [ nuevs| + [ a9

and

uV (1) = —y(1),

so that u given in ([2.4]) is a solution of (2.1]). It is routine to check that the boundary
conditions ([2.2]) are met by u in (2.4]) as well. O

Lemma 2.2. Ifd >0 and y € Cyyla, c] with y > 0, the unique solution u of (2.1)),
(2.2) given in (2.4) satisfies

u(t) >0, te€la,cCT.

Proof. From the fact that u®V(t) = —y(t) < 0, we know that if u(a) > 0 and
u(c) > 0, then u(t) > 0 for ¢ € [a,c]. For 0 < a <1,

we) =3[ [ aronevs—a [ -l

>

b
[(1 —a) [ 0uloTs+5 | Cy(sws}

(Y4
S
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c—a
For 1 < a < &=,

_l bs—a S S CS—G—OZS— S S
u<c>—d[/a< 89+ [ | (5~ b) + o)y W]

v
S a2

b c
[/ (s — a+6)y(s)Vs+/ (c—a—alc—0b) +5)y(s)Vs]
a b

v

since @ < (¢ —a)/(c —b). Finally,

wa) = 38 —a) [ [ aropevs-—a [ - nuevs] - § [ - auovs

b

= S0 ae=0) [ - aueTs+ 50-0) [ 48 - eI

8 [ pe - o7
> 0.

O

Lemma 2.3. Letd > 0. Ify € Cyqla, c] with y nonnegative but nontrivial, then the
unique solution u as in (2.4) of (2.1), (2.2) satisfies
inf w(t) > klu|, |ull:= sup |u(t), (2.5)
t€[a,b] tela,c]

where
alc=0b) ¢c—b alb—a)

c—a 'c—a’ c—a—alc—Db)

} € (0,1). (2.6)

k.= min{

Proof. Note that u®V (t) = —y(t) < 0 for all t € (a,c), so that

trerg})] u(t) = min{u(a),u(b)}.

Then for any 7 € [a, ¢),

satisfies (1) = 0, n(c) = u(c) > 0, and n2V(t) = v2V(t) < 0 on [r,¢). In
particular,

for all t € [r,¢). Now fix 7 € [a,c) such that u(7) = |lul|]. Iff a < 7 < b and
u(a) < u(b), then
au(b) S au(T) S ou(T)

c—b " c—7 " c—a’
rewritten with the boundary condition at b as
-b
—oula) > (& .

u(a) — b (@) > (5= )allu]

Therefore,
-b
min_u(t) = u(a) > (— )alull,

t€la,b] c—a
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since u®(a) > 0 in this case. If a < 7 < b and u(b) < u(a), then
c—b -

u(®) = (S=)ulr) = (= )u(r),
so that .
Jin u(t) = u(v) > (=) llul.

If b < 7 < ¢, then u(a) = minsepqp) u(t), and by the concavity of u and a secant
line we have

u(r) < u(a) + (MUY )

[c —a—a(c—b)u(a) - d(c— a)u?(a)

a(b—a)
[c —a—a(c—b)]u(a)
a(b—a) ’
since again u®(a) > 0. Consequently,
. _ a(b—a)
i u(t) = ula) > .

3. EXISTENCE OF AT LEAST TwO POSITIVE SOLUTIONS

We apply the Avery-Henderson Fixed Point Theorem [7] to prove the existence of
at least two positive solutions to the nonlinear boundary-value problem , ,
where h € Cjqla, c] is nonnegative with h(to) > 0 for at least one ¢y € (a,b],and
the nonlinearity f : [a,c] x [0,00) — [0,00) is continuous such that f(¢,-) > 0 on
any subset of T containing tq3. The solutions are the fixed points of the operator A
defined by
Au(t) = é (v+ B(c—1)) [/ (s—a+d)h(s)f(s,u(s))Vs

a

—a/b (s — D)h(s)f (s, u(s)) Vs] —/t (s — )h(s)f (5, u(s)) Vs

by Lemma Notationally, the cone P has subsets of the form P(¢,r) := {u €
P : ¢(u) < r} for a given functional ¢.

Theorem 3.1. [7] Let P be a cone in a real Banach space S. If n and ¢ are
increasing, nonnegative continuous functionals on P, let 6 be a monnegative con-
tinuous functional on P with 0(0) = 0 such that, for some positive constants r and
M

)

¢(u) < 0(u) <n(u) and |lu|] < Mo(u)
for all uw € P(¢,r). Suppose that there exist positive numbers p < q < r such that
O(Au) < N(u), forall0 <A <1 andwu€ dP(0,q).

If A: P(¢,r) — P is a completely continuous operator satisfying
(i) ¢(Au) > r for all u € OP(¢p,r),

(ii) 0(Au) < q for all u € OP(0,q),

(iii) P(n,p) # 0 and n(Au) > p for all u € OP(n,p),
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then A has at least two fized points u; and ug such that
p <n(ur) with O(u1) <q and q < 0(uz) with ¢(uz) < 7.

Let S denote the Banach space C[p(a),o(c)] with the supremum norm. Define
the cone P C S by

P ={ueS:u(t) >0,uis concave, and n%iri]u(t) > kllul|}, (3.1)
te

)

where k is given in (2.6). Finally, let the nonnegative, increasing, continuous func-
tionals ¢, 6, and n be defined on the cone P by

¢(u) ;== min u(t), 6O(u):= max u(t), n(u):= max u(t).
t€la,b] telb,c] t€la,c]

Observe that, for each u € P, the concavity of v implies

$(u) < 0(u) < n(u), (32)
Jull =< § min u(t) = £o(u) < 16 < n(w). (33)

Theorem 3.2. Let d > 0 and k be as in (2.6). Suppose there exist positive numbers
0 < p < q < r such that the function f satisfies the following conditions:
(i) f(s,u) >pM for s € [a,b] and u € [kp,p],
(i4) f(s,u) < gm for s € [a,c] and u € [0,q/k],

(133) f(s,u) >rM fors € [a,b] and u € [r,7/k]
for some positive constants m and M. Then the second-order boundary-value prob-
lem (L1.1]), (1.2), has at least two positive solutions uy and us such that

p < max u(t) with max uy(t) < g,
t€la,c] teb,c]

< t th  mi t) <r.
TSy e <

Proof. For u € P, u(t) > k|lu| for all ¢ € [a,b]. By Lemma [2.3] A(P) C P.
Standard arguments show that A : P — P is completely continuous. For any

u € P, (3.2) and (3.3) imply
1
¢(u) < 0(w) <n(u), lull < £ o(u).
It is clear that #(0) = 0, and for all u € P, \ € [0, 1] we have

O(Au) = max (Au)(t) = A max u(t) = A\(u).
telb,c] telb,c]
Since 0 € P and p > 0, P(n,p) # 0.
In the following claims, we verify the remaining conditions of Theorem [3.1

Claim 1: If u € 9P(n, p), then n(Au) > p: Since u € P (n,p), kp < u(t) < |ul| =p
for ¢ € [a, b]. Define

b

M = d(min{a, 1}y + B(c— b)) / (s —a+ §)h(s)Vs) - (3.4)

a
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Thus
n(Au) = max Au(t)

t€la,c]

> Au(b)
=08 =0) [ [ (5 a4 O (s u(e) Vs

- oz/b (s = b)h(s)f(s, u(s))Vs} - /b (s = b)h(s)f(s,u(s))Vs

o b
W/a (s—a+3d)h(s)f(s,u(s))Vs

e /bc<v+ﬂ<c— $)h(s)f (s, u(s))Vs

o b
> ””Bflb)/a (s — a+ 8)h(s)f(s, u(s)) Vs

b
> pM’HﬂC(lc_b)/a (s —a+0d)h(s)Vs
>p

by hypothesis (i) and (3.4).
Claim 2: If u € OP(6, q), then 8(Au) < ¢: Note that u € 9P(0,q) and (3.3) imply
that 0 < u(t) < ||u|| < ¢/k for t € [a, c]. Define
e -1
m = d((y + Ble — b)) / (s—a+h(s)Vs) . (3.5)
Then

0(Au) = tgl[%)c{] Au(t)

< x5 O+ Be = 1) [ [ (5= at h(s)1(s,u(s) Vs

 telb d

—a/b (s — b)A(s) (s, u(s))Vs|
<24 8e=0) [ (5= a+ D) s, u(s) Vs
—_ d " )

< % (v + B(c — b)) /ac(s —a+8)h(s)Vs
=q

using ([2.4)), hypothesis (ii), and (3.5)).
Claim 3: If u € OP(¢, ), then ¢p(Au) > r: Since u € OP(¢,r), from (3.3) we have

that n%iri]u(t) =rand r < |lul| < . Since § > 0, as in the proof of Claim 1 we
tela,

have

o b
Au(b) = W/ (s — a+ 6)h(s) (s, u(s)) Vs

b +0

d /b (v+ B(c—s))h(s)f(s,u(s))Vs.
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In a similar fashion from the proof of Lemma [2.2 we have

_ b
Au(a) = Q[W / (s —a)h(s)f(s,u(s))Vs

+ b ; a /bc(’Y + B(c— 3))h(8)f(8,u(3))vs]

v / (7 + Be = )h(s) (s, u(s) V.

By concavity,

tghilg] Au(t) = min{ Au(a), Au(b)}.

If a > 1, then Au(a) > Au(b). If 0 < a < 1, then Au(a) > aAu(b). It follows that
Au) = min_ Au(t
¢(Au) = min Au(t)

> min{a, 1} Au(b)

_ b
> min{a,l}(W)/ (s—a+d)h(s)f(s,u(s))Vs
v+ Be—b)

b
> min{a, 1}rM( ] ) / (s—a+06)h(s)Vs

>r

by hypothesis (iii) and (3.4). Therefore the hypotheses of Theorem [3.] are satisfied
and there exist at least two positive fixed points u; and ug of A in P(¢,r). Thus,
the second-order triple-point boundary-value problem (L.1)), (L.2)), has at least two
positive solutions u; and ug such that

p<n(uy) with 0(u;) < gq,
q < 6(uz) with ¢(ug) < r.
([l

Corollary 3.3. Let d > 0. If there exists ¢ > 0 such that the function f satisfies
the following conditions:
(7) lirnirifM > M/k for s € [a,!],
u—0 u

(i7) f(s,u) < gm for s € [a,c] and u € [0, q/k],

(i3i) liminf @ > M for s € [a,b],
then the second-order boundary-value problem (L.1)), (L.2]), has at least two positive
solutions w1 and ua such that

p < max u1(t) with max uy(f) < ¢,
tela,c] telb,c]

< max us(t) with min us(t) < r.
q tE[b,}c(] 2() te(a,b] 2()

Proof. From assumption (¢) of the corollary we know there exists p € (0,¢q) such
that

fls,u) M
w > ?a (S (07p]ﬂ s € [aab]'
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In particular,
f(s,u) >uM/k > pk(M/k) = pM, wu € [kp,p], s € [a,b],
and (i) of Theorem holds. Now let
s
foo 1= limint (min, =),

and n € (M, fso). Then there exists r' > ¢ such that mingcp, 5 f(s,u) > nu,
u € [r',00). Set
w:=min{ min f(s,u):u € [0,7]}

s€la,b]
and take -
/ [
r>max{r,n_M}.

Then

n}iri]f(s,u) >nu—w>nr—w>rM, wu€r 00),

s€|a,
so that (ii7) of Theorem holds. The conclusion follows. O

Similar to Corollary one can prove the following statement.
Corollary 3.4. Let d > 0. If there exists ¢ > 0 such that the function [ satisfies
the following conditions:
(1) limsup

f(s,u)
u—0t U

(1) f(s,u) > qM for s € [a,b] and u € [kq, q],
f(s

Jisw) < mk for s € [a,c],
u

<m fors € [a,c],

(#i7) limsup
U—00

then the second-order boundary-value problem (1.1)), (L.2)), has at least two positive
solutions.

4. EXISTENCE OF AT LEAST THREE POSITIVE SOLUTIONS

To prove the existence of at least three positive solutions to (1.1)), (1.2)) we will
use the Leggett-Williams fixed point theorem [13] [18]:

Theorem 4.1. Let P be a cone in the real Banach space S, A : P, — P, be
completely continuous and ¢ be a nonnegative continuous concave functional on P
with ¢(u) < ||u|| for all w € P,. Suppose there exists 0 < p < q < £ < r such that
the following conditions hold:

(i) {u € P(¢,q,0) : 6(u) > g} # 0 and ¢(Au) > q for all u € P(¢,q,0);
(id) [|Aul| <p for [lul| < p;
(791) ¢(Au) > q for u € P(¢p,q,r) with ||Au|| > £.

Then A has at least three fized points uy, uz, and ug in P, satisfying:
[urll <p,  @(u2) >q, p<llus| with ¢(us) <gq.

Again define the continuous concave functional ¢ : P — [0,00) to be ¢(u) :=

minge(q,p) u(t), the cone P as in (3.1)), M as in (3.4), and
c
mi=a(lr+sle—a) [

a

(s—a-+ 5)h(s)Vs) _1.
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Moreover, we take
Po={ueP:|lul| <r}, P(¢,p,q):={ueP:p<ou), ul <qg}.

Theorem 4.2. Let d > 0. Suppose that there exist constants 0 < p < g < q/k <r
such that

(D1) f(s,u) <rm fors € [a,c], u € 0,r];

(D2) f(s,u) = q¢M for s € [a,b], u € [q,q/K];

(D3) f(s,u) <pm fors € la,c], u € [0,p],

where k is given in (2.6)). Then the boundary-value problem (1.1), (1.2) has at least
three positive solutions uy, us, us satisfying

lui]] <p, ¢ < min us(t), |us| > p with min us(t) < gq.
te(a,b] tela,b]

)

Proof. Again the solutions are the fixed points of the operator A defined by
Aut) = 3 (4 8= 0) [ [ (5= a+ 8)h(s) (s, u(s) Vs
— a/ (s = b)h(s)f(s, u(s))Vs} — / (s —t)h(s)f(s,u(s))Vs.
b t

The conditions of Theorem Wiﬂl now be shown to be satisfied. For all u € P
we have ¢(u) < |ul|l. If w € P, then |lu]| < r and assumption (D1) implies
f(s,u(s)) < rm for s € [a,c]. Consequently,

|Au|| = max Au(t)

€la,c]

< max L (v 4 Ble— 1)) [/C(s—a+5)h(s)f(s,u(s))vs

T tefa,d d

- a/c(s - b)h(s)f(s,u(s))Vs}
b c

< g Ble=a)) [ (5= at )h(s) (s, u(s) Vs

a

< T2 (v + Ble - a) /C(s —a+8)h(s)Vs

.

This proves that A : P, — P,. Similarly, if u € P,, then assumption (D3) yields
f(s,u(s)) < pm for s € [a,c]. Just as above, we have A : P, — P,. It follows that
condition (4i) of Theorem [4.1]is satisfied.

We now consider condition (i) of Theorem pick up(t) = q/k for t € [a, (],
for k given in (2.6). Then up € P(¢,q,q/k) and ¢(up) = ¢(q/k) > g, so that {u €

P(¢,q,q/k) : ¢(u) > q} # 0. Consequently, if u € P(¢,q,q/k), then ¢ < u(s) < g/k
when s € [a,b]. From assumption (D2) we have that

f(s,u(s)) = ¢M
for s € [a,b]. As in Claim 3 of the proof of Theorem (3.2

tg(ilg] Au(t) = min{Au(a), Au(b)}.
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If @ > 1, then Au(a) > Au(b); if 0 < a < 1, then Au(a) > aAu(b). It follows that
Au) = min Au(t
¢(Au) min u(t)
> min{«, 1} Au(b)
b

> min{a,l}(W)/ (s —a+6)h(s)f(s,u(s))Vs

a

v+ B(c—=0)

b
> min{a, 1}¢M ( pi ) / (s—a+0d)h(s)Vs

>q
by hypothesis (D2) and (3.4). Therefore,

¢(Au) >q, ue P(¢,q,q/k),
so that condition (¢) of Theorem holds. To check on Theorem [4.1] (7ii), we
suppose that u € P(¢,q,7) with ||Au| > ¢/k. Then, Lemma[2.3|and the definition
of ¢ yield
¢(Au) = min_ Au(t) > k|| Aul| > kq/k = q.

te(a,b]

)

O

Using the ideas in the proof of the above theorem, we can establish the existence
of an arbitrary odd number of positive solutions of (L.1), (L.2)), assuming the right
conditions on the nonlinearity f.

Theorem 4.3. Let d > 0. Suppose that there exist constants
O<pri<qp<q/k<pr<@<q@/k<ps<--<pn nec{2,3,4, -}
such that
(D1) f(s,u) > @M for s € [a,b], u € [g;,qi/k];
(D2) f(s,u) < pim for s € [a,c], u € [0,p;],
where k is given in . Then the boundary-value problem , has at least

2n — 1 positive solutions.

5. EXAMPLE

Let T = {1 — (1/2)Ne} U {1}. Takinga =0,b =31/32, c =0 =1, a = 20,

v =1/19, and § = 3/4, we have d = 1/8 and k = 1/32. If we let h(s) = 1, then

m = 57/680 and M = 77824/71145. Suppose
2000e"

ftu) = f(u) == 996700 1 gu’

Clearly f is always increasing. If we take p = 701, ¢ = 705, and r = 24000, then

tel0,1], u>0.

O<p<g<qlk<r.

We check that (D1), (D2), and (D3) of Theorem are satisfied. Since f(715) ~
1999.94 and lim f(u) = 2000,

f(u) <24000m ~ 2011.76, wu € [0,7],
so that (D1) is met. To verify (D2), note that f(705) ~ 1199.72, so that
Fu) > T05M ~ 77118, u € [g,32q).
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Lastly, as f(701) ~ 53.45,

f(u) < 701m ~ 58.76, wu € [0, p]

and (D3) holds. Therefore by Theorem the boundary-value problem

WAV () + Fut) =0, u(0) = 20u(31/32) + ZUA(O), u(1) + 1—19UA(1) —0

has at least three positive solutions uy, us, ug satisfying

lui|| < 701, 705 < min wg(t), |jusl|>701 with min wus(t) < 705.

(1]
2]
(3]
(4]

(10]

(11]

(12]

(13]
(14]
[15]
[16]
(17]
18]
(19]
20]

21]

t€[0,31/32) te[0,31/32]
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