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LOCAL ILL-POSEDNESS OF THE 1D ZAKHAROV SYSTEM

JUSTIN HOLMER

ABSTRACT. Ginibre-Tsutsumi-Velo (1997) proved local well-posedness for the
Zakharov system

10tu + Au = nu
9Zn — An = Alul?
u(z,0) = uo(x),
n(z,0) =no(z), On(z,0)=ni(z)

where v = u(z,t) € C, n = n(z,t) € R, z € R, and ¢ € R. The proof
was made for any dimension d, in the inhomogeneous Sobolev spaces (u,n) €
H*(R?) x H*(R?) for a range of exponents k, s depending on d. Here we
restrict to dimension d = 1 and present a few results establishing local ill-
posedness for exponent pairs (k, s) outside of the well-posedness regime. The
techniques employed are rooted in the work of Bourgain (1993), Birnir-Kenig-
Ponce-Svanstedt-Vega (1996), and Christ-Colliander-Tao (2003) applied to the
nonlinear Schrédinger equation.

1. INTRODUCTION
In this paper, we examine the one-dimensional Zakharov system (1DZS)
i0pu + 0%u = nu
O2n — 0%n = 92|ul?,
u(z,0) = up(x),
n(x,0) = no(z), n(x,0)=ny(z)

(1.1)

where v = u(x,t) € C, n = n(x,t) € R, 2z € R, and ¢t € R. Local well-posedness in
the inhomogeneous Sobolev spaces (u,n) € H¥(R) x H*(R) has been obtained by
means of the contraction method in the Bourgain space

1/2
Iuhsg,, = ([ €M+l ace. o) de )
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by Bourgain-Colliander [I] and Ginibre-Tsutsumi-Velo [7]. E| In the latter paper,
the following result is obtained.

Theorem 1.1 ([7, Prop. 1.2]). Problem (1.1) is locally well-posed for initial data
(ug,no,n1) € H* x H® x H*™! provided that

k>0, s>—3;
—1§s—k<%, s§2k‘—%

Specifically:

(1) Existence. For all R > 0, if ||uol| = + ||nollas + |n1||gs—1 < R, then there
exist T = T(R) and a solution (u,n) to (1.1)) on [0,T] such that

lulleo,rymry < clluollwx,

Il e oy + 10mlleo =1y < lllwollas)*(lnoll e + [lna | o)

and u € chsb17 where by is given by Table .
(2) Uniqueness| This solution is unique among solutions (u,n) such that

ue C([0,T); H) N Xz,

(3) Uniform continuity of the data-to-solution map. For a fized R > 0, taking
T = T(R) as above, the map (ug,ng,n1) — (u,n,0n) as a map from the
R-ball in H* x H® x H*= to C([0,T]; HF) x C([0, T); H2) x C([0, T]; H:™1)
s uniformly continuous.

The region of local well-posedness in this theorem is depicted in Fig.|[I} We shall
outline the [7] proof of Theorem in §2] since the estimates are needed in the
proof of Theorem in

Our goal in this paper is to establish local ill-posedness outside of the well-
posedness strip, in particular near the optimal corner £k = 0, s = —1/2. That
is, we consider the region (1) s > 2k — 4 (above the strip), and (2) s < —1/2
(below the strip). In the first region, the wave data (ng,n1) is somewhat smoother
than the Schrédinger data ug. As a result, the forcing term 92|u|? of the wave
equation, as time evolves, introduces disturbances that are rougher than the wave
data, and the wave solution n does not retain its higher initial regularity. This
is quantified in Theorem below. In the second region, the Schriodinger data
up is somewhat smoother than the wave data (ng,n1). As a result, the forcing
term nu of the Schrodinger equation introduces disturbances that are rougher than
the Schrodinger data, and the Schrodinger solution u does not retain its higher
initial regularity. This is quantified in Theorem and [L.4] below. These simplistic
explanations are, at least, accurate for k > 0. For k < 0, there are possibly multiple
simultaneous causes for breakdown, although we find that our methods still yield
information in this setting.

1Actually7 these papers consider, more generally, the system in dimensions d = 2,3 and d > 1,
respectively.

1} can be recast as an integral equation in u alone with W (ng,n1) solving appearing
as a coefficient. Then, n can be expressed in terms of u and W (ng,n1), and therefore n need not
enter into the uniqueness claim.
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FIGURE 1. The enclosed gray-shaded strip, which extends infin-
itely to the upper-right, gives the set of pairs (k,s) for which
well-posedness has been established by [7] (see Theorem for
(ug,no,m1) € H* x H® x H*~1. Solid lines are included in the
well-posedness region, while the dashed line is not. Theorem
provides an ill-posedness result of type “norm inflation in n” inside
the region bounded by the horizontal dotted line s = —1/2, the
slanted line s = 2k — %7 and the vertical dotted line k = 1. Theo-
rem [I.3] provides an ill-posedness result of type “phase decoherence
in u” along the solid vertical line extending down from the point
(0,—-3/2).

We will draw upon and suitably modify techniques developed by Birnir-Kenig-
Ponce-Svanstedt-Vega [2], Christ-Colliander-Tao [5], and Bourgain [3], who ad-
dressed ill-posedness issues for the nonlinear Schrédinger equation. For a survey of
ill-posedness results for nonlinear dispersive equations, see Tzvetkov [10].
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Our first result demonstrates that the boundary line s < 2k — % in Theorem (1.1
is sharp.

Theorem 1.2. Let0 < k<1 and s > 2k—% ork <0 and s> —1/2. There exists
a sequence ¢ € S such that ||¢n||gx < 1 for all N and the corresponding solution
(un,nn) to (1.1) on [0,T] with initial data (¢n,0,0) satisfies

Inn()||lms > tN®  for0<t<T, N>ct™' (1.2)
where o = a(k, s) > 0. The time interval [0, T] here is independent of N.

The form of ill-posedness appearing in Theorem [I.2 is referred to as “norm
inflation”. The result is first reduced to the case where k > 0 and s is just above
the line s = 2k — % In this case, Theorem applied with s = 2k — % (the wave
initial data is 0) provides the existence of a solution (uy,ny) on a time interval
T, independent of N, with uniform-in-N control on HuNHXE.bl‘ The estimates of
[7] will enable us to show that uy is comparable to eitd: ¢n in a slightly stronger
norm than X ;f p, (on this fixed in N time interval) and then Theorem follows
from the fact that holds with ny = 07192 |uy|? replaced by O~ 102|¢!% ¢y |2,
which can be directly Veriﬁedﬂ The proof is given in

Our second theorem demonstrates lack of uniform continuity of the data-to-
solution map, for any 7' > 0, as a map from the unit ball in H* x H® x H*~! to
C([0,T); H*) x C([0,T]; H*) x C([0,T); H*~') for k = 0 and any s < —3. We first
show that if one issue is ignored, we can, in a manner similar to [2], make use of an
explicit soliton class to demonstrate that for any 7' > 0 there are two waves, close
in amplitude on all of [0, 7], initially of the same phase but that slide completely
out of phase by time T'. This form of ill-posedness is termed “phase decoherence”.
The soliton class for that we use appears in [§] [II]. The “ignored issue”
pertains to low frequencies of ng(x), and can be resolved by invoking the method
of [5] to construct a “near soliton” class offering more flexibility than the exact
explicit soliton class in the selection of ng(z). This is, however, not straightforward
since lacks scaling and Galilean invariance, which was used to manufacture
the solution class in [5].

Theorem 1.3. Suppose k =0, s < f%. Fix any T > 0 and § > 0. Then there is
a pair of Schwartz class initial data tuples (ug,no,0) and (4o, no,0) giving rise to
solutions (u,n) and (@,n) on [0,T] such that the data is of unit size
lwoll g, Inollzrs ~ 1, ol g, 1720l e ~ 1
and initially close
luo — ol + lIno — 7o 1= <6

but the solutions become well-separated by time T in the Schridinger variable
1) = i Ol s, ~ 1

We expect that this result can be extended to all k¥ € R and s < —3/2, although
preliminary efforts were abandoned since the computations became very lengthy
and technical. The proof of Theorem appears in

Our final theorem employs a method of Bourgain [3].

3w = [~1f is the solution to Chw = (02 — 92)w = f, w(z,0) = 0, dpw(x,0) = 0.
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Theorem 1.4. For any T > 0, the data-to-solution map, as a map from the unit
ball in H* x H® x H*~! to C([0,T); H*) x C([0,T); H*) x C([0,T); H*~Y) fails to
be C? fork € R and s < —1/2.

This is a weaker form of ill-posedness than the phase decoherence of Theorem
although it covers the full region below the well-posedness boundary s = —1/2
of [7]. The proof is given in

2. THE LOCAL THEORY

We outline and review the local well-posedness argument in [7] since the estimates
will be needed in the proofs of Theorems

Let [U(t)uol(€) = e~ iy (¢) and

U g f(-,t):/o Ut—t)ft")at

denote the Schrodinger group and Duhamel operators, respectively. Define the
Schrodinger Bourgain spaces X ,f +» Y;® by the norms

llixg, = (//T<g>2k<7 + \§|2>2a|2(§,7)|2d§dr)1/2

Ietve = ([0 ([t et mtar) ag)

Consider an initial wave data pair (ng,n1). Split n; = niy + n1g into low and

high frequencie and set D(§) = ﬁlfg(g), so that 0,v = nyy. Let

(2.1)

Wi (no,n1)(z,t) = gno(z —t) — sv(z —t) + 3 /:nlL(y) dy

x+t
W (no,ma)(a,t) = bmo(a )+ b+ 0+ 5 [ o) dy
so that
(8¢ £ 02)W(no,n1)(x,t) = gn1p(x)
W (ng, n1)(x,0) = $no(z) F $v(z).

By setting n = W, (ng,n1) + W_(ng,n1), we obtain a solution to the linear homo-

geneous problem
#n—0n=0 t,reR (2.2)
n(z,0) = no(x), dn(x,0) =ni(z) n=n(tz)eR .

Let
Wy g f(x,t) = /fxzpst—s) (2.3)
so that
(0y £ 0u)We 5 f(z,t) = 5 f(x,t), Wif(z,0)=0, OWxf(x,0)=3f(z,0).

4This decomposition is needed, for otherwise the estimate in Lemma li would have to be
modified to have ||n1]|gs in place of ||n1||zs—1 on the right-hand side
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It follows that if we set n = W_ xp f — W, xg f, then we obtain a solution to the
linear inhomogeneous problem

0*n—0?n=0,f t,xecR
n(x,0) =0, on(xz,0) =0 n(x,t) eR

Wt yW+ as
s

s, )

el = (//57<£>25<Ti5>2a2(£,T)I2d§ )"

Iotye = (102 ( [ 20t nlar) a)

Let 9(t) = 1 on [—1,1] and %(¢) = 0 outside of [-2,2]. Let ¢r(t) = ¢(¢/T), which
will serve as a time cutoff for the Bourgain space estimates. For clarity, we write

P1(t) = ¥(t). We can now recast ([1.1)) as
i0u+0*u=(ny +n_)u rERtER
(0y £ 0p)ny = :F%ax|u|2 + %nlL

Define the one-dimensional reduced wave Bourgain spaces X

(2.4)

(2.5)

where n = ny 4+ n_, which has the integral equation formulation
u(t) = U(t)ug — iU *g [(ny + n_)ul(t)
na (t) = Wi (t)(no,n1) F W *r (9z]ul?)(t) .
Lemma 2.1 (Group estimates).
(1) Sehédinger. o1 (U (Duollxz, S uolle-

(2) 1-d Wave. [[91 ()W (t)(no, na)ll  ws < llmollzrg + linall -1

Lemma 2.2 (Duhamel estimates). Suppose T' < 1.

(1) Schrodinger. If 0 < ¢ < %, 0 <by, by +c1 <1, then ||vrU *g f||X]ib1 <
T fllxg
[f0<bi < 5, then [lorU s fllxg, STH" (s, eve)-
|U *g fHC(Rt;H;;) < ||fHY,§-

(2) 1-d Wave. If0 < c <3, 0<b btec<1, then |[prWy *r fllyws <

T2 fll e -

FO<b< L, then [V We s fllyws S TE(1fws, ayovs).

W 5x fllogans S 1 fllyws h
Lemma 2.3 ([, Lemma 4.3/4.5]). Let k,s,b,c1,b1 satisfy

s>—2 k>0, s—k>-1,
bei,by >3 b+ >2, b+b >3
s—k>—-2c

Then

Insullxs

c

e S Insllws fullxg, -
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s—k=-1 by=13—c¢ b=3 -3¢
Cl:% :%+26
“l<s—k<-1/2 b= +1—-€|b=3—2¢
o =5 c=1+e
—3<s k<0 | =32 =32
c=7i+te =i+e
0§s—k<% 512%—26 :%_s;k_%
a=jte c=25E+ 1+

TABLE 1. Values of by, ¢1, b, ¢ meeting the criteria of Lemmas
for various intervals of s — k. Note that b; +¢; < 1 — € and
b+c < 1—¢in order to capture a factor 7¢ from Lemma[2.2] Also
note that by,b > % and c1,c < % for all cases except s — k = —1.

Lemma 2.4 ([7, Lemma 4.4/4.6]). Let k,s,c,by satisfy
s—2k< -1 k>0, s—k<i
c,by > i, c+b; > %,
s—k<2b —1, s—k:<20—%
Then
195 (o) | ews s 5 g, luallx, -
To obtain Theorem fix 0 < T < 1, and consider the maps Ag, Ay +
As(u,ne) = v1Uug + 97U *g [(ng + no)u (2.6)
Awt(u) = 1 W (ng,m) £ prWy xg (0z|ul?).
For T = T(|Jull s, o -
(u(t),n=(t)) = (As(u,nx), Aw(u))
is obtained in X]f,bl X X:fzi satisfying

[n1]|grs-1), a fixed point

lullxg,, < lluoll s (2.8)
Iollws S Imolle + s + uoll3 (2.9)

by applying Lemmas with values for by, c1, b, ¢ given by Table
Consider first the case s — kK > —1. We note from Table [1| that b1,b > %, and
thus we have the Sobolev imbeddings

lullo@eny S llullxg,,

(2.10)
Hn:I:HC(]Rt;H;) N ||ni||Xmi :
Also,
on(z,t) = Oe(ny +n)(x,t) = Op(—ny +n)(z,t) + nip(x)
and thus
19enll o, ey S Il xwse +llmallprs-r (2.11)

Similar estimates apply to differences of solutions.
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Consider now the case s — k = —1, where it is necessary to take b; < % We

return to (2.6)) and estimate directly using Lemma to obtain
||U||C(1R,,;H§) < luoll g + ||niu||y,§
and by Lemma [2.3
Insullye < sl s fulxs,

where b1, b are as specified in the Table[I} and the right-hand side is appropriately

bounded by (2.8]), (2.9). The bounds in (2.10)), (2.11) apply in this case since b > %

We further note that we can re-estimate w in X ;j 4, in (2.6) to obtain
’2

< lluollzre + (lnollzzs + Il o= + ol 2 ) lluol - (2.12)

lullxs,

¥

3. WAVE NORM-INFLATION FOR s > 2k — 3

Here we prove Theorem [T.2] In Steps 1-3, the result will be established for
0<k< % and s > 2k — % but with s near 2k — % In Steps 4-5, the general case
of the theorem is reduced to the case considered in Steps 1-3.

Proof. Let 0 < k < 1. Let

Sn,a() = N7\ 1 (€

dn.B(&) = N%_kX[N+1,N+1+%](§)
Let o5 = ¢~ 4 + &~ 8. Then ||¢n| g+ ~ 1. A solution to the integral equation
un(t) = vi(OU () on — ir(O)U g {Wy xr (Oslun]?) = W xg (Osun[*)] - un } (1)
provides a solution to with initial data (¢n,0,0) when ny is defined in tg’nllg

of uy as
nN:W+ *R (8z|uN|2)fW_ *R (81‘7.LN|2) (32)

By working with the estimates in Lemmas [2.3] (taking s = k — o — 1/2 in the
discussion of §2)), we obtain a solution uy to (3.1]) in leia 3, for 0 <o <k, on
)4

[0,T], where T' = T(||¢n || gr—-) (thus independent of N) satisfying
lunllogo ry sy < HUNHXf_G%_% < llonllgr-a ~ N7° (3.3)

Step 1. We show that
I[(Wy — W_) %5 0u|lUbN|2(1)|| o ~ tN*~F=2)  for N > ¢~ (3.4)

That says that holds provided up (t) is replaced by the linear flow U(t)¢n in
(3-2).

To show this, note that in the pairing U(t)¢nU (t)¢n, there are 4 combinations

Ut)pn ;U(t)on i, where j, k € {A, B}. We claim that
Wi g 0, (Upn aUdn &) ~ i6tN'" e " hy (€) (3.5)

1
N of

where hq(§) is the “triangular step function” with peak at £ = —2N — 1 —
width %, and of height %, ie.

m(s):{g‘(—?N—l—ﬁ) e [N 1 f, ooV 1)
(—2N —1)—¢ if &€ [-2N —1— L, —2N —1]



EJDE-2007/24 LOCAL ILL-POSEDNESS 9

Here, the symbol ~ means that the difference between the two quantities has H*®
norm of lower order in N. It then follows by taking complex conjugates in (3.5))
that

(W +r 0:(Upn,5USN,A)(E, €) ~ i&te™ N2 Ry (€) (3.6)

where ho(§) is the “triangular step function” centered at 2V + 1+ %, of width %,
and of height +, i.e.

ha(€) = £E— (2N +1) if ¢ € 2N+ 1,2N + 1+ %]
YT N+ 14+ 2)—¢ EERN+ 14+ L 2N +14 2]
Hence
I[W+ R 0:(Udn,aUbN, 5 + Ubn,sUSN, A ()| s ~ tN*~CF73 (3.7)

We further claim that the AA and BB interactions for the W, term are of lower
order in NV, i.e. specifically,

Wy 5k 0:(Udn ;Ubnp) ()|l zre < N1 for j—k=Aand j=k=B
(3.8)
Finally, we claim that all of the interactions AA, AB, BA, and BB for the W_

term are of lower order in N, i.e.
W= 5r 0n (U ;UN 1)) < N*=CE=D7L for j ke {A4,B}  (3.9)

Combining (3.7), (3.8) (3.9) establishes (3.4). We begin by proving (3.5). Note
that

U(t)(bN,A(x) = Néik/ einI e*itff dé,
&1E[-N—4,—N]

Ut)gnplx) = N2~ / €762 163 ¢,
E€[-N—1—4% ,—N-1]

after the change of variable £&; — —&; in the second equation. For the remainder of
the computation, &; is restricted to [-N — %+, —N] and &; is restricted to [N —

1*%,7N7”' By 7
Wi xg 8z(U¢N}AWN,B) (t)
t
- Nl_Qk/ / / i(E1 + &)e! @) Erte)mit=E-62) g¢, de, dis
s=0 1 2
- Nlizk/ / (&1 + 52)6"(51+£2)eit(£f7£§)g(ta €1,&2) didés
1 2

where

t it(&1+ 1—&2—1
g(t,£17§2) _ / e—is(§1+§2)eis(ﬁ_fg) ds — e (61+62)(&1—€2—-1) _ 1
=0 i(& +&2)(6 —&—1)

Since & + & is confined to a %—Sized interval around —2N — 1 and & — & — 1
is confined to a +-sized interval around 0, we have that (& + &)(& — & — 1) is
confined to a unit-sized interval around 0. By the power series expansion for e*, we
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have g(t, 51752) ~ t.
(W, xg 0:(Udn,aUdN,B) ()&, 1)

=N it a6+ - e Bg(t,61, ) dey dea

Using that e —it(67-€5) — e*lt §1—6—1)(&1+82) p—it(&1+82) ~, —it(€1+€2) gnd that

g(t,&1,&2) ~ t, we obtain (3.5). (3.8) and (3.9) are proved by a similar computation;
we only present the proof of 1 8) in the case j =k = A. For t € [0,T],

_ emitt

) itT
W, 00U ATON A)(t) = / geimt S~
7€

| 7_769(7, &)drd¢ (3.10)

where

9.8 = [, [1U0n A1) BT al(E2: )

T=T1+T2

//5 €1+52 1(m 51)(25]\[ A(§1)1/11(T2 - 52)¢N 4(—&2)

T=T1+T2

In this integral, & and & are each confined to a % sized interval around —N,

forcing £ to lie in a 4 sized interval around —2N. The (11 + €2) and 9 (72 — £2)
factors then (essentially) restrict 71 to a unit sized interval around —N? and restrict
T5 to a unit sized interval around N2, so that 7 is forced to lie within a unit sized
interval around 0. Consequently,

<L o if(¢,7)e[-2N - 2, —2N] x [-1,1
g(w{N (7)€ [=2N = §,—2N] x [-1,1]
=0 otherwise
On the support of g(§, 7), the factor |7 +&| ~ N. From (3.10]),
[[Wy *r 0:(Upn,aUdn,4)] )HHs

<N1 2k /|§| /|g +§| 7_ 2 >1/2

< NS— 2k—§) 1

Step 2. Also, on this time interval [0, 7] independent of N, we claim that

lun = b1V Owllxs,,, < NonFw x| ares ~ N2EHT (3.11)
where
by — §-M2 ifo<k+o<z ,_JoO f0<k+o<3 (3.12)
i ifl<k+o<3 ko 1 ifi<k+o<3

Note that 2(k’ — k) 4+ o will be < 0 provided o > 0 is not chosen too large. This
says that uy (t) is well-approximated by the linear flow ¥1(¢)U(t)¢n in the stronger

norm X,f+a.
We now prove (3.11)). From (3.1),
lux —¥1Usnllxs,,
(W xR Oz|lunl?) - uN||st+a . if0§k+0§%
|Ws #r Oobun®) - unllxs, vz, B3<kto<}
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for b1 as defined above and

{}1+’“+2°' if0<k+o<i
=91 1 5
3 lf 5 S k+0 < 5
Following with Lemma [2.3]
lun =1Udnlixg,,, < Ws g az|uN|2|‘nyHUNHX,QS,JFG,Z)I
where
v -1 fo<k+o<i - 1_Mogie if0<kt+o<i
k+o—1 ifl<k+o<3 I+e if§<k+o<3
By Lemma [2.4]
W g Oalun|* | xws < l|Oslunl?|lxws < ||UN||§<5, y
o e 7,
where

3 i 1 5
3 - ifl<kto<?

Czl_b:{gw“ig"—e if0<k+o<i
4

;o %—i—e if0<k+o§%
PUlEe 4l ifl<kto<d

and k’, b; are defined above. Note that b] < % — 2¢. Combining,
lunv —P1UdN| xs

k+o,by

k+o,by

luny —01Uén| xs

k4o,b1

< unlys, luvlxs
U1

< fuwlls, +lhunlles, linUonllx;
oy S|

v | kto,by
1

which by (3.3) is less than or equal to
lonlZur s — e OU@bnlxg, + lox 2 lon s

Since [|on | g ~ N~ provided N is taken large enough and k' < k, (B.11)
will follow.
Step 3. Here, we establish

Iy ()| ge > tN*~F=2) for N > ¢!

fO<k<land2k—1<s<4k—1/2,0orif 1 <k<land2k—3<s<ik+
To show this, we note that by (3.2) and (3.4)), it suffices to show that

W 51 D (Jun]® = [ U [?) ()| 2 < 1.

=

Writing
lun|? = |1 Uon|? = lun — v1UdN|* + 2Re [(un — 01 UdN) 1 UbN]

we see that it suffices to show that
[[Wy #g Ozlun — 01UdN|*]()]| = < 1

W4 %Rk 0z(un — 01UN) 1 UdN] ()5 <1 (3.13)
|[W4 *r 0x(01UdN - un — 01 UodN)] ()]s <1
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We focus on the middle estimate (3.13)); the other two are handled similarly. As
we describe in detail below, by requiring s to lie sufficiently close to (but above)
2k — %, we can assign o > 0 such that

2 — 1 if 1
5 < (k+o0)—3 ??<k+0<25 (3.14)
k+o ifs<k+o<y
and
K+ (k+0) <2k (3.15)

where &’ is given in (3.12). Then proceed to estimate the left-hand side of (3.13))
by Lemma [2.2(|2) as
lun =1 UdnlIxg,, .

By Step 2 and Lemma [2.1{[1]), the above expression is less than or equal to
~ N2(k/7k:)N2(k+0'7k:) )

V1 UbN| x5

k+o,by

I on Il N [ Fruss

By (3.15)), it follows that the exponent is less than or equal to zero.
We now provide the details assigning o in terms of k and s. The condition (3.15|)
is equivalent to the restriction

k if k<1
Ug{l 1 l 174 (316)
The following assignments meet the criteria (3.16)) and (3.14)).

e [fO< k< %, restrict to s such that 2k — % < s <4k —1/2, and set o0 = k.

o If i < k < 1, then restrict to s such that 2k — % < s < %k +% and set

_1 1
Step 4. Suppose 0 < k < 1 and s > 2k — 3. Let s’ be such that s’ < s and s’
meets the restrictions outlined in Step 3 with s replaced by s’. Then by Steps 1-3
(with s replaced by s’)
Iny @) > nn (@)l gor > tN* =2 for N > ¢~}

so we can take a = s’ — (2k — 1) in the statement of the theorem.

Step 5. Next, suppose k < 0 and s > —1/2. By the reasoning of Step 4, it suffices
to restrict to s < 2. Set 0 < k” < s+ 1, and note that s > 2k” — 1/2. Clearly
lun @l < lun (@) grr, so we can just appeal to the conclusion of Steps 1-4
applied with k replaced by k”. O

4. A PRELIMINARY ANALYSIS FOR s < —%

Let f(z) = v/2sech(z), which is the unique positive ground state solution to
—f+Rf+IfPf=0 (4.1)
Let fa(z) = Af(A\x) and set
uyn(z,t) = e“(/\2*N2)einmf)\(x — 2Nt)
nan (@, t) = —|falz — 2N)|?

From (4.1)), it follows that (ux, n,7,n) solves (L.I) for all A € R and —3 < N < 1.
This is the exact soliton class appearing in [§] and [1T].
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Our next goal is to prove Theorem [[.3] demonstrating phase decoherence ill-
posedness for £k =0, s < f%. We first, however, settle for a partial result (Propo-
sition using a pair from the above exact explicit soliton class. We include this
result since it is clear and straightforward and exhibits the idea behind the proof
of the full result (Theorem , which is considerably more technical and appears
in the next section.

Define the norm for H*(|¢] > M) as

. 1/2
otz = ([ | 1P 6@ )

The limitation of the following partial result is the use of H®(|(| > M) and
H*~1(]¢] > M) norms as opposed to the full H* and H*~! norms.

Proposition 4.1. Suppose s < —%, Fiz any T >0, § > 0. Then there exist M (9)
sufficiently large and N (§) < % sufficiently close to % so that if

™
- M - IMm2a =
A1 , Ao + 5T

then the solutions are of unit size on [0,T],

HuAj,N('at)”Li ~1

(4.2)
5, 8 (D) e e=an ~ 1, 10, N (D) -1 g2y ~ 1
and are initially close
g, N (-, 0) —ux, N (- 0)][2 <0 (4.3)
”n)\mN(')O) _n)\hN('aO)HHS(\{\ZM) <9 (44)

[0¢nxs, N (+0) — Fgnny N (5 O) | s -1 (g >0y <6

but become fully separated in the u-variable by time T,
e, v (5 T) = un, N (T2 ~ 1 (4.5)

Proof. We will select M = M (¢) sufficiently large later. Take 0 < N < % sufficiently
close to 1 so that (1 —2N)'/2M1/2 = 1. Then since N ~ 3 we have 1 — 4N2 ~
(1 —2N)'/? and noting that A\; = M and (1 — 2N)Y/2M'/2 =1 gives

Jetrao (00 = ur e Ol = (1= 28027 () = ()
Mg

= Hf()\j) - f(§)||Lg

Take M sufficiently large so that A;/\q is sufficiently close to 1 in order to make
the above expression < §. Thus (4.3)) is established. Next, we establish (4.4]). By
the change of variable £ — A&

£

17235, 85 (-5 0) = 25, & (-5 O) [ (11 a0

A A 2
= [ JRE - oe| ee
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Since s < —2 we have A3T25 < 1 and the above difference is made < § by again

taking M sufficiently large. Also
HatnAQ,N(W O) - atn)\17N(. 0)”?{-*—1(|£|>M)

A2 A
:NZX;)—&-QS /£>1 )é(f )(i\l) fz/ ‘ |§|2(e 1)d§

(Here, the notation ’ indicates the derivative). Since s < —2 we have A2 <
and the above difference is made < § by again taking M sufficiently large. The
statements are proved by similar change of variable calculations. The need for
the restrictions to |£| > M in is clear from these calculations. In fact, one can
show that for s < —3, we have ||n,\ N(50)|[gs ~ A as A — 400 due to the [¢] < A
frequency contrlbutlon

Now we establish (4.5). The key observation here is that while Ay — Ay is very
small (as M — +00), A3 — A? is of fixed size 7/(2T) and thus TSN = j is
purely imaginary. Now

lua (-, T) = ur (- D)7 = llua (DT + lua (- T)Z — QRG/ZW(%T)WM‘
but the last term on the right-hand side is

—2Re TR (1 — 4N?) / Xof(Mom)A f(Mz) daz =0
which, combined with gives . (Il

5. SCHRODINGER PHASE DECOHERENCE FOR s < —3/2

Here, we remove the shortcoming of Proposition (high frequency truncated
norms H*(|¢| > M), H*71(|¢| > M) used instead of H*, H*~!) and prove Theorem
[I-3] The soliton class employed in the proof of Proposition [£.1] involved assigning

n(z,t) = =\ f*(M(x — 2tN))

and thus 7(€,t) = —A(|f]2)(€/N)e2#NE Replace |f|? in the definition of n by g
defined by §(¢) = (|f*)(€)xje|>1(§) (i-e. the restriction to frequencies > 1) and set
Ai(z,t) = —A2g(\(x — 2tN))

Then

Hﬁ(7t)”H* + Hatﬁ('ﬂt)”Hs—l <1, asA— +o00
Unfortunately, (u,7) is no longer a solution to . We shall thus adapt the
method of Christ-Colliander-Tao [5] to construct a “near soliton” class that grants
more flexibility in the selection of the wave initial data. The method proceeds
by solving a “small dispersion approximation” to the equation, and by introduc-
ing scaling and phase translation parameters, building the “near soliton” class.
The main new obstacle, in comparison to the work of [5] applied to the nonlinear
Schrodinger equation, is that does not possess scaling nor the Galilean (phase
shift) identity. We thus need to carry out the small dispersion approximation for
a modified Zakharov system with the property that when scaling and phase shift
operations are performed, the modified Zakharov system is converted into the true
Zakharov system.
Consider fixed initial data (ng,ug) (to be defined later).
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Step 1. The solution to the small dispersion approximation

10w = ng(x)v
with v(z,0) = ugp(x) is
vz, t) = e @y (2)
Step 2. For parameters A > 1,0 < v < 1, —% <N < %, consider the initial-value
problem for the modified Zakharov system u = u*N) ny = ng’V’N),
1+2N
10pu + V26§u = % [no (x + L)

v(l—2N
\ t)—|—no(x—M

5y t)]u+ (ny +n_)u

A _ 1 2

u(z,0) = uo(x), ns(z,0)=0
(5.1)
If £k > 1 and (implicit constants here depend on |lug||g= and ||ng|| g+)
T<|Iny|, A=2v?

(5.2)
then, on [0, 7], we have the two estimates

lull Lo s S w2

~

(5.3)
1—4N?
HniHL%H’;*l ~ TN (5.4)
To show this, note first that
tpt s
n+:—%(1+2N)/ Oplul*(z — s,t — —) ds
0 H+
tu— s
n,:%(l—QN)/ Oplul(z+s,t— —)ds
0 H—
where py =v(1 —2N)/X and p— = v(1+2N)/A, and thus for k > 1,
(1 — AN?)uT
Il e st < Sl ey (55)

By the energy method applied to (5.1]), we have
105u(T)1Z2 — 195u(0)]Z2

T L T L
:—Rei/ /3§[n0(---)u]8§ud:cdt—2Rei/ /3§[niu]8’;udajdt
0 T 0 T

=I1+1I

Term I will be addressed via the Gronwall inequality, while in estimating IT we will
produce a small coefficient.

T
1 < ol / ()12 dt
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Term II is decomposed as

II = —Rei Z Ca,g/ /aaniaﬁuakudxdt—QRez/ /Bkniuakuda@dt

a+pB=k
a<lk—1
=11, +1I,
From ([5.5)),
(1 — 4N?)yT?
Mol < Tl sy < SN il (56)

while for IT,, we integrate by parts (here &~ means up to terms bounded similarly

to )

T [E—
11, = 2Rei/ /8f_lni Oy [u O%u) dx dt
0 T

T
~ / / OF =ty 0P (iud2u — iud?u) dx dt
0 T

1 T
_72/ /3’;_1ni 81;_18t|u\2dxdt
124 .

1 T
/8k 1 ak 1|’LL| ( )dl‘dtﬁ-ﬁ/ /@8’;*1”1 (9!;71|u|2 dx dt
0 T
= Hbl + Iy
From (5.5, we have
(1 - 4N?)T
e | < 71/”“”@0@?

From (5.1), 9510+ = Fpua0fne F Spue (1 +2N)0%ul?, so

5o —j:—/ /ak Yy OF|ul?de dt

(1 - 4N?)7?
— Mol < 5l

All together, (using L? conservation as well),

T
lu(T)Fe < luollz + ||n0||Hk/() ()1 dt + ellull e

with )
(1—4N5T T 1 1

by ( Y + - + T) — )\1/2
where the last inequality follows from the assumptlons (5.2). By the Gronwall
inequality,

€ =

ol g < el (g2 + A2 ] ) (5.7)
Provided that we have
A~ /2 < e_HnUHHkT”uOHE[i’ (5.8)
we obtain, from (5.7) and a continuity in time argument, the bound

lulZse e < 260l T g |2 (5.9)
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Now, the assumptions imply (5.7); and implies by the first of the
assumptions in .

Step 3. With u = u**) as defined in Step 2, v as defined in Step 1, and
satisfied, we claim that

[lu— U||L~';°H’; Sv
where the implicit constant depends on ||ug || ;;x+2 and |[ng|| ;x+2. For this, we appeal

to the result of Step 2 at the level of k 4 2 derivatives, and then apply the energy
method to the difference v — v in H*:

107 (w = 0)(T)]172

T S —
= —2Re iyz/ / O 24 Ok (u — v) dx dt
0 T

T
72Rei/0 A@f[no(aﬂi wt)ufno(x)v]ﬁ’;(ufv)dxdt

T
—2Rez'/ /af[niu]8§(u—v)dxdt
0 T
=14+ 1T+ 1II
Direct estimates using (5.3)), (5.4) give
0 < T2 ull o s + 3105 (w = 0) [T r2 < T + 3107 (w = ) [Tz -
By (5.3) and (5.3),
) < T2 e s Nl + 21050 = ) 21
c(1 — 4N?)2T?
< - 7
- A2y

o (£ ED)

(1+2N)t
Eet e A L2 5

= [ ; Ozno(z + ) dS]U-i-no(x)(u—U)

+ i“af(“ - v)H%%"L%

By rewriting

term II can be estimated as

v(1+2N)T? T
11 < 520 sl — o ms + Dalls [ =)0y
0

Combining, and applying the Gronwall inequality, we have

v(1 £2N)*1? 1 —4N?)27?
||u_v||%;°Hf secT[ ( 3 ) +T2V3—|—( )\21/) }

The result follows from the assumptions (5.2)).
Step 4. For —% <N < %, set

w(z,t) = A(1 — AN?)H/2iN o =itN* O N) (N (2 — 2¢N), A2¢)
ng (z,t) = X200 (Aw(z — 2tN), A2¢) .
Then (u, n) solves (L)), with
n(z,t) = ny(2,t) + n_(z,t) + $X%no(Av(z + 1)) + $X%no(Av(z — 1))
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and initial data u(x,0) = Aug(Avx), n(z,0) = XN2ng(Avzx), n(x,0) = 0.
Consider 0 < v < 1 and A > 1. Since |[u™*M(z,t)||r2 = |lug||z2 for all ¢, we
have by change of variable

)\1/2(1 —4N2)1/2
[u(z, )]z = i l[uol| 2

Also, if ng(§) = 0 for [¢] < 1 and Av > 1, then another change of variable gives
[, )1z < A3 90" o |

If s < —3/2 and A and v satisfy
A>v® with @ = max (L‘Z 5) (5.10)

then |[n(z,0) 1; < |Inol a.
Step 5. Fix M > 1 and 0 < v < 1, to be chosen momentarily. In terms of M and
v, define the following quantities: Let T = |Inv|/M?, and set

AL =M, Azz,/%ﬂw

eTAI-A) = (5.11)
is purely imaginary. Note further that

A
2_ T +1—1, asv—0, independently of M (5.12)
A 2| Inv|

Take N sufficiently close to 1/2 so that
(1-2N)M
v

Take ug(z) € S(R) such that ug(x) =1 for —1 <z < 1, and ng(z) to be the smooth
function given on the Fourier side as

‘We note that

=1 (5.13)

0 iffgl<2
no(§) = qm/2 if2<[f <4
0 if|¢ >4

so that in fact
cos 3z sinx
no(r) = ————
x
Now consider the solutions u*1**N) and u(*2:*"N) of the modified Zakharov system
given at the beginning of Step 2, both in terms of the data ug(z) and ng(x). Define,
as in Step 4, the (I.1)) solution (uy,7n;) in terms of u*1*"N) and (ug,nz) in terms

of u2»:N) By the comments at the end of Step 4,
[Juj (@, )|z =1,
[nj(z, O) | s + (10 (2, 0)|| s <1

where, in order to meet condition (5.10)), we need M = M (v) > v~%. By a change
of variable and (5.13)),
)\2$

A
luz(z, t) — wi (2, t)]| 12 = ||>\7iu(>\2,l/7N)(7 )\gt) N (5 32

)\1 ’ )HLg
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By (5.12) and the fact that [|u**™)(z,t)]|z2 = |jug| 22 for all ¢ and uniformly in
all the parameters, we can take v = v(§) > 0 sufficiently small so that

s (2, £) — wa (@, Bllzz = [lu®>N) (@, 336) — w2, X20)] 12 + O(8)

By the results of Step 1 and 3, again taking v = v(9) sufficiently small, if 0 < ¢ <
|Inv|/M?, then

lus(a,t) — us ()| 12 = [|(/OEAD0E@) 1) (2)]| 12 + O(6) (5.14)

Here, the first condition of (5.2)) is met, since the T appearing there is our A2t ~
A3t < |Inwv|. We see trivially from (5.14]) that

[ua(x,0) — w1 (2,0)l[Lz S 6
But by (5.11]) and (5.14) and the choice of ug(z) and ng(x),
ua(z, T) — Ul(IaT)HLﬁiT]Li =0(1)

We further note that

T— [1Inv|

e <|Invjp* -0 asv—0

and therefore we can accommodate an arbitrarily small preselected time, T as in
the statement of the theorem.

6. THE SCHRODINGER FLOW MAP IS NOT C? FOR s < —1/2

In this section, we give the proof of Theorem|1.4] For fixed H*> data (ug, 1o, n1),
to be specified later, and a parameter v € R. We consider the initial data

(Ul =g O] ;) = (110, Ym0, 771)
and the corresponding 1DZS solutions (u, n

) = (uy,ny). Clearly
2
0, 8zu|7:0 =0, 8zu|7:0 =0,

u =0, G| _,=0 (6.1)

y=0 " n|7=0

The solution, written in integral equation form, is:
t
u(t) = U(t)(yuo) — Z/ U(t —t")[(un)(t")] dt’
0

¢
n(t) = W(t)(yng,yn1) £ %/ Bplul?(x £ 5,t — s)ds
0
from which it follows that

t
D u(t) = U(tyuo — i / Ut = )[(8yun +ud,n)(¢')] dt’
o, (6.2)
dyn(t) = W(t)(ng,n) £+ % / 02 (0yut + udyu)(x £ s,t — s)ds
0
By (6.1).

87u|7:0 = UUO, 3fyn|7:0 = W(Tlo,nl) (63)

By applying 0, to and again appealing to , we get
8I87u|7:0 = 0, Uug, &Yaxn’yzo = 0, W(ng,n1) (6.4)
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By applying 0, to (6.2), we obtain

t
D2u(t) = —i /0 U(t — t)[(OZun + 20,udyn + udin)(t)) dt’

v

t
6‘,371(15) = :I:/0 8m(3,2yuﬂ + 2|0y ul® + u@)(x +s,t—)ds

from which we find, together with (6.3])(6.4]), that

Oul _o(t) = 721‘/0 Ut —t')[Uug(t") W (ng,ny)(t')] dt’

¢
('“)zn’ﬂfzo(t) = :I:/O O |U( Yuo|*(x F s,t — ) ds

Let X = H¥ x H* x H*"1, Y = H¥ x H. Fixt >0, and let F : X — Y
be the solution map F(ug,ng,n1) = (u(t),n(t)). Let G : R — X be given by
G(v) = (yuo,yno,yn1). Let H(y) = F o G(v) so that H : R — Y. Then (here
L(A; B) denotes a linear map A — B)

DH(y) = DF(G(v)) o DG(7)
—_— Y =
L(R;Y) L(X;Y) L(R;X)
Also
D*H(y) = D*F(G(y)) o(DG(y), DG(v)) + DF(G(y)) o D*G(y)
——— N N—— ———— N —
B(XxX;Y) LR;X) L(R;X) L(X;Y) BRXR; X)
and since D?G(y) = 0,
D2H(7)(a1,a2) = D2F(G(’y))((a1u0, a1ng, 041“1), (042U0, Qaany, C¥2n1))
Hence

DQF(O)((uo,no,nl), (ug,np,n1)) = DQH(O)(l7 1) = (8?/u|wzo(t)783nlﬁy:0(t))

We now note how to prescribe an appropriate sequence (un,0,nn,0, 7n,1) (indexed
by N) to show that D?F(0) € B(X x X;Y) is not a bounded (continuous) bilinear
map in the two cases (1) s < —1/2 and (2) s > 2k — 3.

o If s < —1/2,

nino(§) = NéisX[2N—1,2N—1+%](§) + N2 7X_ong1-2 —an41)(§)
and ny,1 = 0, then (un,0,nn,0,nn51) IS & sequence such that
[(un0, N0, nn1)|lx ~ 1,
but
1030l _o ()l > c(t)N "2,

We note that the second term in the definition of Ay (&) is included solely
to make ng(x) real.
. Ifs>2kf%andweset

ino(€) = N2 (x_y_ 1 —n1(&) + Xivsrn14 21 (6)
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and nyo = 0, ny1 = 0, then (uno,nn,0,nn,1) IS & sequence such that
|(un 0, N0, 7N,1) || x ~ 1 but

s (2k_1
105n], @) l- = e(t)N*~EF2)

The second was considered in §3] as part of the proof of Theorem and thus
reproduces a weaker version of that result. We now carry out a proof of the first
case to establish Theorem [[.4l Since

2] _ (010 = [ O Wy o)W (. OO ' (65)
we need to examine

[Uun,o(t)W (nn,0,0)(t)(E)
= / €7it/§%ﬁN,o(€1) cos(t'(€ — &), o(€ — &) déy

1

= (e—it’N2 COS(f’(QN — 1)) + O(t/))/ ’IAJ,N’O(gl)’IAlN@(g — §1) dfl

1
by the support properties of uy and ny,. Directly evaluating the convolution
gives
(e—it’(]v—1)2 + e_it'(N2+2N—1) + O(t/))Nl_k_sg(f)

where g(£) = g1(€) + g2(€) consists of two triangular step functions, each of height
1/N and width 2/N, centered at N — 1 and —3N + 1, respectively. Specifically,

gl(@:{}v—g—w—l) if 6~ (N - 1) < &

0 otherwise

¥ €= (=3N+1)| if[¢-(-3N+1)|< 5
_JN N
92(8) = {O otherwise

We have by the support properties of g1 (§) and g2(¢) and (6.5)),

02u] (7€)

~7=0

t
:+Nl—k—sgl(§)/ e—i(t—t’)(N—1)2(e—it’(N—l)Z +e—it’(N2+2N—1))dt/
0

t
+ lekfsgg(g)/ e*i(t—t’)(,SNﬁ’l)z (efit’(Nfl)z n efit’(N2+2N71))dt/
0

+ N9 Oo?)

Evaluating each component separately gives

[@3u| _ (€)= N'F0gu(©)e "N N1E2g() (0(%) + OV )
’y:
Thus, provided ¢ is chosen small and N sufficiently large, the first term is pointwise
dominant, giving
102u]__ ()l = tNT270

completing the proof.
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