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HOLDER CONTINUITY OF BOUNDED GENERALIZED
SOLUTIONS FOR NONLINEAR FOURTH-ORDER ELLIPTIC
EQUATIONS WITH STRENGTHENED COERCIVITY AND
NATURAL GROWTH TERMS

MYKHAILO V. VOITOVYCH

Communicated by Pavel Drabek

ABSTRACT. In this article we extend the author’s previous results on the ex-
istence of bounded generalized solutions of a Dirichlet problem for nonlinear
elliptic fourth-order equations with the principal part satisfying a strength-
ened coercivity condition, and a lower-order term having a “natural” growth
with respect to the derivatives of the unknown function. Namely, we prove the
Hoélder continuity of bounded generalized solutions of such equations.

1. INTRODUCTION

Let ©Q be a bounded domain of R®, n > 3. Then we consider the nonlinear
fourth-order elliptic equations of divergent form

> (=)D Aq(x,u, Vou) + B(z,u, Vau) =0 in Q, (1.1)

la|=1,2
where a = (aq,...,ay,) is an n-dimensional multiindex with nonnegative integer
components o, i = 1,...,n, la] = a; + - + ay,, D* = 9!°1/928* ... 922 and

Vaou = {D% : |a| =1, 2}.

The main structural requirements for the coefficients A, and B are the following
strengthened coercivity condition: for a.e. z € Q and for every s € R and £ =
{{a €R: |a] = 1,2},

> Aa(ws, 0= C{ Y Gt + Y 1l - file), (1.2)

la|=1,2 |a|=1 |a]=2

and the natural growth condition: for a.e. x € Q and for every s € R and £ =
{{a €R: |a] =1,2}

B, 5, Ol <b(sD{ 3 [€al”+ Y [€al} + fala), (1.3)

l]=1 le|=2
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where C' > 0, p € (1,n/2), ¢ € (2p,n), b: Ry — R, is a continuous nondecreasing
function, f12 >0 and fi12 € L™(Q), 7 > n/q.

We recall that the strengthened coercivity condition goes back to Skrypnik [25],
used because of the regularity problem of generalized solutions from the class
WP (Q) for nonlinear elliptic equations of the divergent form

> (=D Ag(z,u,...,DMu) =0 in Q. (1.4)

la]<m

In this problem the relation n = mp is important. If n < mp, the Holder
continuity of solutions is a simple consequence of the embedding theorem (see,
e.g., [12 Section 7.7]). For n > mp, the embedding theorems do not ensure the
boundedness of an arbitrary solution v € W™ (Q).

In the case m = 1 and n > p, the properties of the boundedness and the continu-
ity of generalized solutions are well known (see, e.g., [I}, 2} 10, 13| 14], [I9, Chapter
IV, §7, and Chapter IX, §2]).

For m > 2 and n = mp, the boundedness of solutions is established in [IT], 32} [33],
and the continuity is proved in [24] Chapter II, § 3], [28], [34].

Eventually, in the case where m > 2 and n > mp, there are examples of equations
of the form with the smooth coefficients A, and unbounded solutions (see,
e.g., [8, 2I]). In this case, Skrypnik [25] separated a subclass of equations of the
form whose all generalized solutions are bounded and Hoélder continuous.
The separated subclass of equations is characterized by the strengthened coercivity
condition under which the natural energy space is the space W™P(Q) N W14(€)
with ¢ > mp. In particular, for m = 2, the structure of this class of equations is
determined by the inequality of the form .

Article [25] initiated a research on local properties of solutions for nonlinear
high-order elliptic equations with strengthened coercivity and sufficiently regular
data. For example, there were established sufficient conditions for regularity of a
boundary point [26] and for the removability of isolated singularities of solutions [7],
obtained pointwise estimates for solutions of some model problems [5, 27], proved
the Harnack inequality [6] 23].

At the same time, in the cited papers on the equations with the strengthened
coercivity it was assumed that the coefficients A, satisfy the standard growth
conditions for the space W,,4(Q) = W™P(Q) N W4(€). In this situation, the
solvability of equation is equivalent to the solvability of the operator equation
Au = 0 where the nonlinear operator A : W% () — [W,,%(Q)]* is defined by the

equality
(Au, v) Z / Aa( "u)D%vdx.

|| <m

So, the standard theory of equations with pseudomonotone operators (see, e.g., [20])
is applicable. The case where the lower-order term has the natural (g, p)-growth
like is beyond the scope of this theory and requires separate consideration.
In this regard, we refer to [29], [30], [3I] where the existence and L*°-estimates of
solutions of the Dirichlet problem for nonlinear high-order elliptic equations with
the strengthened coercivity and natural growth terms were established.

Existence and L*°-estimates of bounded solutions of nonlinear second-order ellip-
tic equations with natural growth lower-order terms were established for instance
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in [3, @], and the Holder continuity of the solutions was proved in [19, Chapter
X, §2)).

In the present article, we strengthen and supplement our previous results in [29],
[30]. Namely, we prove the Holder continuity in € of every generalized solution
u € Wzlg(ﬂ) N L>(9) of equation under the conditions (1.2), (1.3). For the
proof, we use an analogue of Moser’s method (see [19, Chapter IX], [22]) proposed in
[25]. This method is based on obtaining of uniform L*-estimates (at k — +o0) for
an auxiliary function ¢(u) such that its boundedness implies the Holder continuity
of the solution . The new point in the proof (compared to [25]) is an additional
requirement on the power exponent k in the test function in [25]. Namely, the use
of the condition k > ko with a suitable ky = ko(data) > 0 leads to the absorption
of the lower-order term of natural growth by the coercive principal part of the
equation. In this regard, to complete the proof we need some further integral
estimates of the solution associated with the use of the Lemma of John-Nirenberg
[15].

We remark that a theory of existence and properties of solutions of nonlinear
fourth-order elliptic equations with coefficients satisfying the strengthened coerciv-
ity condition and L!-right-hand sides was developed in [16]17], [I8, Part I, Section 2]
(see also [4] for equations with natural growth terms).

This article is organized as follows. In Section [ we give the statement of the
problem and present the main result (Theorem . In the same section, we provide
examples of equations that satisfy all the hypotheses. In Section[3] we present some
auxiliary results needed to the proof of Theorem [2.3| which is set out in Section

2. PRELIMINARIES AND THE STATEMENT OF THE MAIN RESULT

Let n € N, n > 2, and let 2 be a bounded domain of R".

We shall use the following notation: Ry = [0, 400); 95 is the boundary of the
set S C R?, S = SUOS is the closure of S; A is the set of all n-dimensional multi-
indices a such that |a] = 1 or |a| = 2; R™? is the space of all mappings & : A — R;
if u € W21(Q), then Vou : © — R™2, and for every x € Q and for every a € A,
(Vau(x))o = D*u(z). If 7 € [1,+00], then || - ||+ is the norm in L7 (). For every
measurable set E C R™ we denote by |E| n-dimensional Lebesgue measure of the
set E.

Let p € (1,n/2) and q € (2p,n). We denote by Wzl;f(ﬂ) the set of all functions
in WhH4(Q) that have the second-order generalized derivatives in LP(£2). The set
Wzlg(ﬂ) is a Banach space with the norm

1/p
Jull = oy + (3 [ poupa) ™.

le|=2

We denote by WQS(Q) the closure of the set C§°(Q2) in W;g(Q)
We consider the equation
> (=1l DY Ay (z,u, Vou) + B(w,u, Vou) =0 in Q (2.1)
aEA
under the following assumptions:

(A1) Forevery « € A, Ay : QxR xR - Rand B: Q x Rx R*? — R
are Carathéodory functions, i.e. for every (s,&) € R x R™2, the functions
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Aq(+,8,€) and B(, s,&) are measurable on Q and, for almost every = € Q,
the functions A, (z,-,-) and B(x,-,-) are continuous in R x R™2,

(A2) For almost every = € Q and for every (s,£) € R x R™? the following
inequalities hold:

> Aalw,5, 0 2 als){ D lealt+ Y el —go(@),  (22)

acA la|=1 lor|=2
> Malw,s O 0D <ar(sh{ 3 Il + D el +arl@), (23)
|a]=1 la|]=1 |a]=2
> a5 O/ <ar(sh{ D Il + Y 6} +02(0),  (24)
|a]=2 |a|=1 || =2
B(a,5, 0l <b(sD{ 3 [6al”+ Y [€al”} + gs(a), (2:5)
laj=1 |a|=2

where a : Ry — (0,+00) is a continuous nonincreasing function, a1, as,b :
R4 — R, are continuous nondecreasing functions, go, g1, g2, g3 are nonneg-
ative summable functions on (2.

Assumptions (A1) and (A2) provide the correct setting for the following definition.

Definition 2.1. A generalized solution of (2.1]) is a function u € WQI;,](Q) NL>(£)
such that for every function v € W;;,’(Q) N L>(Q),

/{ZA x,u, Vou)D v+B(x,u,V2u)v}dx:0. (2.6)

a€A

Remark 2.2. Note that if in addition to assumptions (A1) and (A2) the functions
a, a1, ag are positive constants, the inequalities

Z [Aa(%s,g) - Aa(x,s,fl)](ga - 5:1) > 0,
a€A (27)

B(CE,S,f)S 2 _94(x)’ 94($> >0

hold for almost every x € € and any s € R and &, ¢ € R™2, ¢ # ¢, and the
functions go, g1, g2, g3, 94 belong to L7™(Q)) with 7 > n/q, then there exists a
generalized solution u € W2 () N L>=(Q) of equation (2.I). This follows from
[29, Theorem 2.1]. The result remains true if instead of , we assume that
the function b in is bounded and the left-hand side of equation has an
absorption term like c|u|7?u, ¢ > 0 (see [30, Theorem 2.2]).

The main result of the present article is a theorem on the local Holder conti-
nuity of any generalized solution u € ngg(ﬂ) N L*>®(Q) of equation under
assumptions (A1) and (A2). Following [12, Chapter 4], we recall that a function
f:D— R, D CR"is uniformly Holder continuous with exponent € € (0,1) in D if

the quantity
fooe sy H@ 1)
z,y€D,x#y |$ - y|E
is finite; and locally Holder continuous with exponent € € (0,1) in the domain D if
f is uniformly Holder continuous with exponent € € (0,1) on compact subsets of
D. We denote by C%¢(D) the set of all functions that are locally Holder continuous
with exponent € € (0,1) in D.
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Now let us state the main result of this paper.

Theorem 2.3. Assume that conditions (A1) and (A2) are satisfied with the func-
tions go, g1, g2, g3 belonging to L™(), 7 > n/q. Let u € WQI;J(Q) N L>®(Q2) be a
generalized solution of equation [2.1) and M = ||ul|oc. Then u € C%¢(Q) and for
any domain € such that ' C , we have

[ul. @ <C

where € = e(data) and C = C(d,data) are positive constants, d = dist(Q', 9Q) and
data = (n,p, q,T, |Q|7 M7 a(M)a ai (M)7 GQ(M)v b(M)7 maXp<i<3 ||91||T) .

Before proving Theorem we give several auxiliary results and quote some
examples where all the hypotheses are verified.

Example 2.4. Let b, A1, A2 : Ry — R, be continuous nondecreasing functions
and let p : Ry — (0,400) be a continuous nonincreasing function. For every n-
dimensional multiindex «, |a| = 1,2, we define the functions A, : @ x Rx R™? — R
and B: Q xR x R™2? — R as follows:

(1) + Ml1sD) (Sypn ) e

if (2,5,) € AX R xR™2, |a] =1,

(1) + 2allsD) ( Sy )

if (7,5,€) € QX R x R™2, |a] = 2,
B(x,5,8) =b(IsN{ D [&al?+ D €al’}, (2,58 € QxR xR™2.

lee|=1 | =2

These functions satisfy assumptions (Al) and (A2). Suppose that there exists a
generalized solution ug € W;;(Q) N L*(Q) of the equation

Z DO‘[ (Ju]) + Az (Ju]) ( Z |DPu)? )(p_Q)/QDau}

|a|=2 |B8]=2
=3 () + maltu) (X 102" D]
jal=1 B=1
+ b(|u)) ( S D+ S (Dl ) in Q.
=2 jal=1

Then applying Theorem to the solution ug, we obtain that ug € C%¢(Q2) with
some ¢ depending only on n, p, g, |Q], M = ||ug]|co, (M), A1 (M), A2(M) and b(M).

Example 2.5. We consider the equation

Sl )l = 3 el )
+ubi(ful) (Y 1D+ > D) = f@) i Q
|a|=2 =1

(2.8)
where f € L7(Q), 7 > n/q and b1 : Ry — Ry is a continuous nondecreasing
function, for example, by (s) = s", K > 0, or by(s) = €°.
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The coefficients and the right-hand side of this equation satisfy the conditions
(A1), (A2) and all the assumptions in [29, Theorem 2.1] (see Remark [2.2). There-
fore, there exists a generalized solution u; € Wzlz'f(Q) N L*°(Q) of equation
such that ||u;||ec < C, where C' is a positive constant depending only on n, p, g, 7,
| f||- and |©2]. By Theorem we have that u; € C%¢(Q) with some e depending
only on n, p, ¢, 7, || fll- and |Q.

Example 2.6. We consider the equation

(r—2)/2 (a—2)/2

3 Da{( 3 \D%F) D"‘u} -3 Da[( 3 |D5u|2) Dau}

lor|=2 181=2 le]=1 1Bl1=1

+c\u|q*2u+b2(z)( Z |DYu|? + Z |Do‘u|q) = f(z) inQ

|a]=2 |a]=1

where ¢ > 0, by € L>*(2), f € L™(Q2) with 7 > n/q.

By [30, Theorem 2.2] (see also Remark there exists a generalized solution
ug € W;g(Q) N L () of this equation such that ||uz||ec < C, where C is a positive
constant depending only on n, p, ¢, ¢, 7, || f||+, [[b2]lec and |Q|. By Theorem [2.3] we

have that uy € C%¢(Q) with some € depending only on n, p, q, ¢, 7, || f|l+, [|b2]/co
and |Q].

3. AUXILIARY RESULTS

The following is the well-known Sobolev inequality for functions in W17q(Q); see
for example [I2] Theorem 7.10].

Lemma 3.1. Set ¢* = ng/(n —q). Then WY4(Q) C L9*(Q). Furthermore, there
exists a positive constant ¢, 4 depending only on n and q such that, for every func-
tion u € WH1(Q),

(S

We denote by B,(y) := {z € R" : |x — y| < p} the open ball with center y and
radius p > 0; when not important, or clear from the context, we shall omit denoting
the center as follows: B, = B,(y).

q*dx>1/q* <ena( D /Q|Do‘u|qu)l/q. (3.1)

Jal=1

Lemma 3.2. Let f € WY9(B,). Suppose there exists a measurable subset G C B,
and positive constants C' and C" such that

Gl = C'p, max|f| < C".

Then
/ fl7de < Cot( Y / |D° fl*da + p" )
B — JB
P la|=1 7 Bo
where C' is a positive constant depending only on n, q, C’, C".
The proof of the above lemma is given in [24] Chapter 1, §2, Lemma 4].

The following lemma is due to John and Nirenberg [I5] (see also [I2l Theorem
7.21)).
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Lemma 3.3. Let f € WH(O) where O is a convex domain in R™. Suppose there
exists a positive constant K such that

> /O N |D* fldx < Kp™~"  for all balls B,.
laf=1 “ONBsp

Then there exist positive constants og and C depending only on n such that
/ exp (i\f - (f)@|)dx < O(diam O)"
o K
where 0 = 0¢|O](diam O)™", (f)o = ﬁ Jo fd.

The following result is discussed in [12, Lemma 8.23].

Lemma 3.4. Let w be a non-decreasing function on an interval (0, Ry| satisfying,
for all R < Ry, the inequality

w(IR) < bw(R) + ¢(R)

where @ is also non-decreasing function and 0 < ¥,0 < 1. Then, for any ¢ € (0,1)
and R < Ry, we have

R\e 5 pl—s
< -
w(R) < c((RO) w(Ro) + p(R° Ry ™))
where C = C(¢,0) and ¢ = €(9,0, ) are positive constants.

4. PROOF OF THEOREM 2.3
Suppose that conditions (2.2)—(2.5) hold with the functions

90,91,92,93 € LT(), 7 >n/q.
Let u € W;g(ﬂ) N L>(£2) be a generalized solution of equation (2.1). We set
M = [u|oo, thus
lu] <M < 400 on . (4.1)

By ¢;, 1 =0,1,..., we shall denote positive constants depending only on

data = (na p,q, T, ‘Q|7 Mv a‘(M)7 al(M)va‘Q(M)v b(M)vorng(g ng”'r)

Furthermore, let €’ be an arbitrary open subset of € such that & C Q and
d = dist(Q, 09). We fix o € . For every R € (0, min{1,d/4}), we set
w(R)= min u, M(R)= max u, w(R)=M(R)— u(R).
Br(xo) Br(zo)
Here the symbols min and max of course stands for essential infimum and supre-
mum.
We fix a positive number r such that

: n og—2p
r<minql ——, . 4.2
{ qr q—p } (4.2)
For every R € (0,min{1,d/4}), we shall establish the inequality
w(R) < 0w(2R)+ R" (4.3)

with a constant 8 € (0,1) depending only on data. This inequality and Lemma
imply the validity of Theorem
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To prove (4.3]), we fix R such that 0 < R < min{1,d/4} and set

Gl(R) = {1' S BgR/Q(xo) ’LL($) < w}

Ga(R) = Bagr/a(wo) \ G1(R),

and define a function vy : Bag(zg) — R as follows:

b

2w(2R) . |Bsry/2(z0)|
wo(a) = L+ yom e i GHR)] > =25, (44
L+ i I [Ga(R)] 2 gl

It is easy to see that (4.3]), and hence Theorem follows from the estimate

lvollzo (Br(z0)) < €05 (4.5)

For definiteness we assume that the function vy is defined by the first line in (4.4).
We can also assume that
eR"
2 K
and therefore, vg > 1 a.e. in Bag(zy), otherwise inequality holds.
To derive inequality , we need some integral estimates of the solution u. We

set
o= |D%|"+ > |[Dul.

lal=1 ler|=2

w(2R) >

(4.6)

Lemma 4.1. Let B, C Q and let { € C§°(Q) be a function such that
¢(=0inQ\B, and 0<(<1 (4.7
Then there exists a positive constant ¢ such that
¢ (%dz <c ”<1+ *q+max{ D¢l + D® p}). 4.8
/BP ctin < g (1470 e 32 el 3 v (48)
Proof. For every x € Q we set vy (z) = eM(®)4(z) where
A =2b(M)/a(M). (4.9)

Simple calculations show that v, € W;g(Q) N L>() and the following assertions
hold:

(a) for every n-dimensional multi-index «, |a| =1,
D%y = AeMCID% + qeM ¢ D¢ a. e. in Q,
(b) for every n-dimensional multi-index «, |a| = 2,
| D0y — Ae* ¢ D%
< NN Y |Dﬁu\2+2qung—1{ 3 |Dﬁu|}{ 3 |D5<|}
1Bl=1 |B|=1 |Bl=1

+q(q—1)eM¢T72 > DI + qeM ¢ D| ae. in Q.
B1=1
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Since v € Wy(Q) N L=(Q), by (2-6), we have

/ { Z Aq(z,u, Vou) D1 + B(z, u, Vgu)vl}dx =0.
Q

aEA

From this equality, using (2.2)), (2.5), (4.1), (4.7)), (4.9) and assertions (a) and (b),

we deduce that
b(M) / PN (lde < I + Ip + I3 + Iy + e)‘M/ (g3 + Ago)dx (4.10)
B, B,
where

L= qZ/ (z,u, Vou)| | D*¢| ¢ da,

acA

L=X3> 2 / (2,4, Vau)| [D7uf? (",

lal=21]8]=1

Ii=¢ > Y / (z,u, Vou)| |DP¢)? M ¢ 2d,

la|=2|B8|=1
=2 Y2 S0 S [ Ao Tl D% D7
la|=218|=1 |y|=1

Let us obtain suitable estimates for the addends in the right-hand side of (4.10).

Estimate for I,. Using the Young’s inequality with the exponents ¢/(¢ — 1) and g,

(2.3), (4.1) and @, we obtain
q Z/ | Ay (z,u, Vou)| | DYC| e ¢ L da

lee|=1

b(M
< u/ (I>eAqudx+C2/ grda + c2p" max Z D
16 B, B, Be la|=1

Using the Young’s inequality with the exponents p/(p — 1) and p, (2.4)), (4.1) and
(4.7), we obtain

03 / (2,4, V)| D] ¢

b(M
< Q/ <I>em<qu+c3/ gada + csp" max Y [DCPP.
16 B, B,

Be jalm2
We set
Be= Y IDCT+ Y D
=1 lor|=2
From the last two inequalities it follows that
b

I 3

IA

/ PeMCldr + C4/ (g1 + g2)dx + c4p” max .. (4.11)
B p

P B,
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Estimates for I, I3 and I4. It is obvious that

-1 2 -2
p7+7+q p:l’ q—l:(p—l)g+(g—1). (4.12)
p q ap p p
Using this equalities, the Young’s inequality, (2.4)), (4.1)) and (4.7]), we obtain
b(M
I < u/ PeM(CIdx + 05/ godx + c5p", (4.13)
8 Bp B/J
b(M
I3 < Q / PN Cldr + ¢ / g2dx + cgp” max ®¢ + cgp”, (4.14)
8 B, B, B,
b(M> Au ~q n n
< —-—-= e (dx + 7 ga2dx + c7p" max ®¢ + crp”, (4.15)
8 B, B, By

From (4.10), (4.11), (4.13)—(4.15) it follows that

b(M

Q/ Pe M (ldx < 08(/ gdx + p" max & + p”)
2 B, B, B,

where g = go + g1 + g2 + g3. By Holder’s inequality and the inequality 7 > n/q we

have

/ gdz < |lgll+|B,| VI < cop,

BP
The last two inequalities and (4.1) imply inequality (4.8). The proof is complete.
([

Lemma 4.2. Let B, C Bag(xo) and let ¢ € C3°(Q) be a function such that condi-
tion (4.7) be satisfied. Then there exists a positive constant c1g such that

® (dx
/Bp (M(2R) —u+ R")4
< c10p" (p‘q + r%ax{ DD+ Y ID“CIP} (4.16)
" lal=1 |or|=2

+p2p7q n}lgax Z |D¢|P +p*q(q72p)/(q7p) H}B’ax Z |Dac|qp/(q7p)>'
? al=2 ? lal=1

Proof. For every x € Bag(xo), we set U(x) = M(2R) — u(z) + R",
CUx)[U()]' 71 if @ € Bag(wo),
va(@) = {0 it 2 € Q\ Bag(zo).
Simple calculations show that
va € Wyrl(Q) N L(Q)

and the following assertions hold:

(c) for every n-dimensional multi-index a, |a| = 1,

D%y = qU'™C D + (¢ — 1)U %D a. e. in Bag(zo),
(d) for every n-dimensional multi-index «, |a| = 2,

D%y — (¢ — 1)UI¢ID

<qU'IN D¢+ qlg - 1)U Y DA
|B]=1
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+2q(q - 1)U ST Dl Y 107}

[B]=1 |Bl=1
+q(g—1) Ut Z |DPu)? a.e. in Bag(xo).
|Bl=1

Putting the function vy into (2.6)) instead of v and using (2.2), (2.5), (4.1), (4.7)

and assertions (c¢) and (d), we obtain

a(M)/ SU ¢z
o (4.17)
Sh+L+L+IL+I +/ (9o + (2M + 1)g3)U %z,
B

P

where

n —qz / (z,u, Vou)| |D¢| U —9¢T

a€EA
I =q Z Z / (z,u, Vou)| | DPul?U~1 "¢,
la|=2|B|=1
=0 X5 [ e Vo DR
la|=2|B|=1

L=%4% 3 % / (@, 1, Vou)| [DPul [DV¢|U~9¢ A da,

la|=218]=1|v|=1

I :b(M)/ dUT .
B

P

Next we obtain suitable estimates for I, I3, I3, I}, If.

FEstimate for I]. Using the Young’s inequality with the exponents ¢/(¢ — 1) and ¢,

(2.3), (4.1) and (4.7), we obtain
q Z / (z,u, Vou)| |D¢| U9 da

'“‘G(IM) (4.18)
< —4q-9 —q n @ q'
<50 /B,)(I)U Cdx—i—cu/pglU dx 4 c11p r%a;xZ|D ¢|

lo=1

We use the Young’s inequality with the exponents p/(p — 1) and p, (2.4), (4.1) and

(4.7) to obtain

q Z / (z,u, Vou)| |D¢| U —1¢1

la]=2

< a(M)/ dU~ qudx+clg/
20 Jp,

B,

92Uz + cq0 Z/ |DCPUP— 9P,

lor|=2
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whence, taking into account the inequalities U > R", p/2 < R < 1 and (4.2)), we
derive

0 Y [ (e Va0 ¢

|a]=2
M
< (M) / O UTICIdx + 10 / 92U dz + c13p" TP max > [DCIP.
20 Jp, B, B, s
(4.19)
Summing inequalities (4.18)) and (4.19)), we obtain
M
I{ < a(M) / dUU(dx +Cl4/ (g1 + 92)U " Ydzx
0 Js, Be (4.20)
n arq n—q+2p aprp '
+ crap” max Z |DYC|T + c14p max Z |DCP.

P P

lal=1 |a]=2

FEstimate for I},. We use (4.1)), the first equality in (4.12)), Young’s inequality, (2.4))
and (4.7)) to obtain

M
I, < o )/ @U*chdxﬂw/
10 Bp Bp

gszqd£C+c15/ U*q(qu)/(q%p)chx.
BP

Estimating the last integral in this inequality by means of the inequalities U > R",
p/2 < R <1 and (4.2)), we obtain

M
< )/ @U—ngczx+c15/ 92U~z + c16p™ 1. (4.21)
10 Jp, 5,

Estimates for I} and Ij. Using the reasoning similar the proof of (4.21]), we obtain

M
Ié < il )/ ‘I)U_ngdJ?—FCn/ goU dzx
Be Be (4.22)
n Decle n—q
+ c17p H}BfiXZ|:1| ¢+ crrp" Y,
M
L’l < a(l())/ ‘I)U_ngdx—Fqg/ goU dzx
Bﬂ( 2p)/(q—p) Y /(a—p) (4.23)
n—a(q—2p)/(a—p peclae/(a—p)
+c1sp meax |z|:1 |D(|

Estimate for If. We use Young’s inequality and Lemma to obtain
a(M) _ n — e «
I 10 /BPCDU 1Cdx + ci9p (p qun]leZX{Z |D C|q+z |D C|p}).

la]=1 |a]=2

IN

Collecting (4.17)), (4.20)—(4.23)) and the above inequality, we obtain

@ /B QU 1(dx

P

< co0p" " + co0p" H?X{ Z [D¢|* + Z |DaC|p}
P

la|=1 |a|=2
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+ coop™ It max Z |DYCIP + cqopn~2a—2p)/(a=p) max Z | De¢|ap/(a=p)
I3 P
la|=2 lal=1

+620/ gU™dx
B

o
where g = go + g1 + g2 + g3. Finally, to obtain (4.16)), we estimate the last integral
in this inequality by means of Holder’s inequality and the relations (4.2), U > R"
and p/2 < R < 1. The proof is complete. ([l

Lemma 4.3. For every > 1 there is a positive constant ¢ = c(data, ) such that
limg_, 4o c(data, k) = +00 and

/ vydr < cR". (4.24)
Bspr/2(o)

Proof. First, we estimate from above the average integral
1

e — ’Uodl‘
|B3R/2(x0)| 333/2(I0)

(UO)BsR,/z(ﬂJO) =
by a constant depending only on data. For this purpose we choose a function
G € C§°(9) such that

0S<1 S 1in Q, Cl =1in BSR/2(£O)7 §1 :OinQ\BQR(xo),
|DY¢| < KyR71el for |a] = 1,2,

where K7 is an absolute constant, not depending on R. Taking into account the
facts that 1 < vg < 14 1In4 on G1(R) and |G1(R)| > |Bsgr/2(0)|/2, and using
Holder’s inequality, Lemmas and and the properties of the function ¢;, we

obtain
1/q
(V0) By a(z0) < 0213_"/q(/ vgdat)
BsR/z(ﬂco)
q 1/
< 622R17n/q(/ beidr — + Rnfq) ¢ (4.25)
Bspr/2(%0) (M(2R) -u+R )q

< ca3.
Next, let By, C Bag(xo), and let (2 € C3°(Q2) be a function such that
Oggggllnﬂ, Cgilian, §2:01HQ\B2p,
|DYC| < Kop™l®l for o] = 1,2,

where K5 is an absolute constant, not depending on p. Using Holder’s inequality,
Lemma[4.2] and the properties of the function (s, we derive that

1/q
Z/ |Davo|dx§024p”_"/q(2/ |D°‘vo|qu>
B, B,

lal=1 la|=1

_ ® (ldx 1/q
< n—n/q 2
= cnp (/B (M(2R) —u + Rr)q)

2p

< cosp™
Hence, by Lemma, we have

/ exp (026| vy — (,UO)BBR/Z('TU”)d'T < co7R". (4.26)
B3r/2(zo)
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Now let x > 1. Then inequalities (4.25) and (4.26)) imply (4.24). The proof is

complete. ([
Now we are ready to prove inequality (4.5)).

Lemma 4.4. There is a positive constant ¢y such that inequality (4.5)) holds.

Proof. We proceed the proof in four steps.
Step 1. We fix a function ¢y € C§°(R) such that

0<¢o<1lonR, to=1in[-1,1], ¢ =0inR\(-3/2,3/2).
For any z € Q we set ¢(x) = wo(‘x;;ol),

i) = {[vo<w>]kwf<x>[v<x>1lq if & € Ban(ro),

0 if x € Q\ Bagr(zo),
where U = M(2R) —u+ R",
k >k = max{q, (4M + 1)b(M)/a(M)}, (4.27)
v := max{q, 2qp/(q — 2p)} < t < Cyk, (4.28)

and Cy = Cy(n,p,q,7) > 1 is a constant that will be specified below. Simple
calculations show that
b€ Wyl(Q) N Le(Q)
and the following assertions hold:
(al) for every o € A, |a| =1,
ngk/”ug’(ﬂt_l

|DY0 — (q — D' U™ 1D — kvl 1t U 1D < R

a.e. in €,
(a2) for every a € A, |a] =2,
|DY% — (q — D)ofyt U~ 1D% — kof =t U~ 1D

ngk2 kwt 2 \Dﬁu|2 )
< e {RZ Z } a.e. in §,
|B]=1

where cog > 0 depends only on Cy, maxg |1| and maxg |¢{|.

Putting the function o in (2.6) instead of v and using (2.2), (2.5), and assertions
(al) and (a2), we obtain

(q — 1)a(M) / O U~ Wit dr + ka(M) / QU i ptde
Bar(zo) Bar(zo) (429)
< bM) / i} Ulfqvgwtdx + / kg4vowt U dx + 11 + 1,
Bar(zo) Bar (o)

where g4 = 299 + (2M + 1)gs,

k
o= 2= /B o oo Vo)l oy, (4.30)
|a|:1 2R(Zo
DByl?
Ty = cogk? Z / (z,u, Vou)|[U'~9vfpt~ 2{R2 Z | U2| }dac.
‘0‘| 2 Bar :EO) |ﬁ| 1

(4.31)
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Step 2. We show that the first term in the right-hand side of inequality (4.29) is
absorbed by the second term in its left-hand side. For this we need the inequality

Uvg <AM+1 a.c. in Bag(xo). (4.32)
To prove it, we consider the function
2w(2R)
s+ R"
By (4.6), we have that x > 0 in [0,w(2R)] and § := 2 'w(2R) — R" € [0,w(2R)].
By standard techniques of differential calculus we obtain

= v(8) = 2 w(2R) < 2M.
Se[glgéR)]x(S) X(8) =2ew(2R) <

Now inequality (4.32)) follows from the relations R < 1 and
Uvg=M2R) —u+ R+ x(M(2R) —u) <4M+1 a.e. in Bagr(zo).

Using (4.32)), the first term on the right-hand side of inequality (4.29)) is estimated
in the following way

x(s)=(s+R")In , s €[0,w(2R)].

b(M)/B ( )@Ul—%gwtdxg (4M+1)b(M)/B QU i Yptdr.  (4.33)
2R\(Z0

2r(20)

Now (4.27)), (4.29) and (4.33) imply the inequality

(g~ Da0) [

Bapr (o)

dU ofplde < k / G PtU e + Ty + T, . (4.34)
Bar(zo)

Step 3. Let us estimate from above the quantities Z; and Z5, which are defined by
(4.30) and (4.31]) respectively. We use (2.3) and the Young’s inequality
lyz| <ely|” @D + 79|21,
where
y = [Aa(,u, Vou)[U 0@V o] =1, 2 = ky=//R,
and ¢ is an appropriate positive number, to obtain

7, < (g = 1)a(M) / U Tkt da
4 Bar(zo)

4.
epok (4.35)

+029/ 91U§¢tU7qu + " / vgwt*qd:ﬂ,
Bar (o) R Bar(zo0)

where a9 > 0 depends only on cag, ¢, a(M) and a; (M).
Using the first equality in (4.12)), Young’s inequality and (4.2)), we establish that
ife>0,a, B€A,|a=2and |G =1, then
|Aw(z,u, Vou)|[U 92 . K2R ™2
< e|Au(z,u, V2u>|p/(p—1)U—qwt +e(1+ E—qp/(q—2p))qu—qwt—2qz)/(q—2p) on ,
(4.36)

|Ag (2, u, Vou) U2t =2 . k2| DPul?U 2
< e|An(,u, Vou) [P/ P=HU 9 4 | DOu|TU %t (4.37)
+ 5lfqp/(qf2p)k2qp/(qf2p)R*qwtﬂqp/(117217) on Q.
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From ([2.4)), (4.31)), (4.36), (4.37), taking into account (4.28]) and the suitable choice

of €, we deduce the estimate
—1a(M
1, < 4= DalM) 4)“( ) / U~ Ikt da
Ban(zo) » (4.38)
c
+ 30 / ggvgth_qda: + 30q vgwt_”dm,
Bar(zo) R Bar (o)

where ¢3g > 0 depends only on csg, ¢, p, a(M) and as(M).
From (4.34), (4.35)), (4.38), (4.28)) and (4.2) it follows that

/ O U Wiyt de
Bar(zo)
ca1k? .
o / (91 + 92 + 94)7)]5?/1t dx.
Bar(zo)

- c31k” / T
= "Rua Bar(zo) 0 Ra—n/T
Estimating the last two integrals by Holder’s inequality with the exponents 7 and

7/(T —1) and taking into account (4.27) and (4.2§), we obtain that for every k > k
and t € (v, Cok] the following inequality holds (see also [25], inequality (39)]):

- C32k” k,t—v\T/(T—1) (r=1)/7
SU Wwipldr < —= / (vgt=") da . (4.39)
»/an(zo) Ra=n/7 ( Bar(zo0) )

Step 4. We set
/ vhtde, keR, t >0,
Bar(z0)

g7 .4 5 _latv)d
T—1 ¢’ q '

kq*/q and v < t < Cyk, then

The following assertion holds: if k&
(4.40)

>
J(k,t) < cssk”[J (k0,10 — 7)]1/°.
Let k > kq*/q and 7 < t < Cok. Then, applying inequality (3.1)) to the function

vo/q Y7 we obtain

q “ .
J(k, 1) < caak (/ (I)quvéfq/q P/ gy
Rr Bar(zo)

1 ka/q* . tq/q"— a"/q
T

R /By (o)
From this inequality, estimating the first addend in the brackets by means of (4.39)
and the second addend by means of Holder’s inequality, we deduce (4.40)).

We choose a number iy € N such that §=% > kq*/q and set Cy = v/(1 — 0),

= 7i07i _
_ - i=0,1,2,....

)

Then (4.40) and the inequality € < 1 imply that for every ¢ =0, 1,2
Jil/ki § 035Jgi0.
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By Lemma we have Jgio < c36. From the last two inequalities it follows that

11— 00 R’I’L 11— 00

1 . 1/ki ;
[voll Lo (Br(ze)) = lim (7/ véﬁdm) < lim sup Jz'l/kl < ¢o-
Br(z0) 2
The proof is complete. (]

Inequality (4.5)) implies (4.3)), and hence according to Lemma the assertions
of Theorem [2.3] hold.
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