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ENTIRE SOLUTIONS FOR THE HEAT EQUATION

VASSILIS G. PAPANICOLAOU, EVA KALLITSI, GEORGE SMYRLIS

ABSTRACT. We consider the solutions of the heat equation
WF = 8*F

which are entire in z and ¢ (caloric functions). We examine the relation of
the z-order and z-type of an entire caloric function F(t,z), viewed as function
of z, to its t-order and t-type respectively, if it is viewed as function of ¢.
Also, regarding the zeros zj(t) of an entire caloric function F'(¢, z), viewed as
function of z, we show that the points (¢, z) at which

F(t,z) =0.F(t,z) =0
form a discrete set in C2? and, then, we derive the t-evolution equations of

2k (t). These are differential equations that hold for all but countably many ts
in C.

1. INTRODUCTION

In this article we study certain properties of the solutions F'(t, z) of the standard
heat equation u; = u,, which are entire in z and . We believe that such solutions
deserve an independent study, since they exhibit some theoretically interesting phe-
nomena, while, at the same time, they are computationally friendly.

Suppose that the function F'(t, z) is entire in z for every ¢ € C and entire in ¢ for
every z € C. Then, a consequence of the celebrated theorem of Hartogs (see [11])
is that, for any given pair (tg,29) of complex numbers the function F(t,z) equals
to its Taylor expansion about (g, zg), namely

8{8§F(t0, Zo)

Flt.2) = 37 enlt = to)' (s = 20)",  where i = ==y

J;k20

(1.1)

and the series converges absolutely for any ¢,z € C. A further consequence of the
absolute convergence is that F(t, z) can be expanded as

F(t,z) = Z ap(t)(z — z)*, aswellas F(t,z) = ij(z)(t —to)?,  (1.2)

k>0 §>0

where ag(t), kK > 0, and b;(z), j > 0, are entire functions.
Let us now assume that F(¢, z) is also caloric, namely it satisfies the heat equa-
tion
OiF (t,2) = 0?F(t, 2) (1.3)
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with “initial condition”
f(z):=F(0,z2) (1.4)
(notice that if (1.3)) is satisfied in an open subset of C?, then, by analytic contin-
uation of 9;F(t,z) and §%F(t,z) we have that (1.3) is automatically satisfied for
every (t,z) € C?). Since the operators 9; and 9, commute, by differentiating (1.3
with respect to t repeatedly we obtain
AFE(t,z)=0%F(t,z), j>0. (1.5)

Also, a rather trivial observation is that if F'(t,z) satisfies ((1.5]), so does

F(t,z)=F@t+t,z+ 7).
Using (1.5 in (1.1) yields

F(t()+t,Z() +Z) = Z
J:k=>0

It is convenient to write (1.6]) as

8§j+kF(tU, Z())

T tizk, t,zeC. (1.6)

> 6;”F(t0, Zo)

m=0
where
ml lm2)
P (t z) = —— Ik = — M > 0. 1.
(t,2) zj;k_mj!k! ‘ jz::o A gy 2 M=l (1.8)

The quantity Py, (¢, z) is called the m-th caloric polynomial and it is clear from (1.8
that it is parabolically m-homogeneous, namely

P (Nt \2) = APy, (t, 2). (1.9)
The first six caloric polynomials are
Py(t,2) =1, Pi(t,z) =z, Pyt z) =242t Ps(t,z) = 2(2% + 61),
Py(t,z) = 2 + 12t2% + 12t3)  Ps(t,2) = 2(2* 4 20t2% + 60t?).

Let us review some important properties of the caloric polynomials. For each
m > 0 the polynomial P,,(t, z) satisfies the heat equation with initial condition

P (0,2) = 2™, (1.10)

hence, the entire solution F(t,z) of (L.3)), with f(z) = F(0,2) = 627]\:{:0 amz™, is
the polynomial F'(t,z) = Z]\m4=0 am P (t, 2).

Also, from the standard integral formula, involving the heat kernel, which gives
the solution of the heat equation in terms of the initial condition, we have

Pt 2) = / L —-0%atemae for w(t) > 0. (1.11)

oo 2Vt
Since
m! m! , . ) my, . . )
m =23~ @) — oy TIE ) 2= <2j> G+1G+2)2

it follows that the coefficients of the caloric polynomials are positive integers.
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It is easy to see from (1.8]) that a crude bound of P, (¢, z) is
m!(lm/2] +1)

Pn(t,2)] < t]z|™ 2 1.12
‘ m( 7Z)| — (Kim)'(m—2lim)' 0SJ2?£/2J| | |Z‘ I ( )
where
dm —1—+/ 1
Koy = { m - 8m + 7J 1 (1.13)
If we differentiate (1.8 with respect to z we obtain
m! .
_ Jk—1
0, Pn(t, 2z) = Z =) 1)!t z
2j+k=m
(m —1)! (1.14)
=m 3 g P =mPua(t2)
2j+l=m—1

for m > 1 (another way to see that 0, P,,(t,z) = mP,,_1(t, z) is by observing that,
since P, (t,z) is the solution of the heat equation with P, (0,2) = 2™, the
derivative 0, P, (t, z) is the solution of with initial condition mz™"1).
The function

Ex(t,2) i= X1+ (1.15)
is entire in (¢,z) and satisfies the heat equation for any value of the com-
plex parameter A (actually, even for the case of a square matrix A\ with constant
elements). Thus, we can apply to Ex(t,z) (for to = zp = 0) and obtain

2 > 9" E\(0,0 SPL
EA(t,Z) :e>‘ t+Az = E %(')Pm(t,Z) = E me(t,Z) (116)
m=0 ’ m=0 ’

In other words, e* *+*# is the generating function of the caloric polynomials.

Formula (1.8) also implies
_ m—2j5 __
where H,,(z) is the (physicists’) Hermite polynomial of order m, i.e. of degree m
(see, e.g., [19]). Thus, the parabolic homogeneity (1.9) yields

m z
Pty 2) = (iVi Hm(—)
and equation ([1.7)) can be written as (for ty = z9 = 0)

Flt,,) = Y ZE00 if!o’o) (V)" tn (5,7)

o~ S0) o z

Z:O m! (Z\/Z) Hm(mﬁ)’
where the second equality follows from . Thus, if F(t,2) and G(¢, z) are two
entire solutions of with F(0,z) = G(0, z) (or F(to,z) = G(to, z) for some fixed
to € C), then tells us that they have to be identical, namely F(t, z) = G(t, 2).
Equivalently, if for some fixed ¢, we have F(tg,z) = 0, then F(¢,z) = 0. On the
other hand, the relation F (¢, 2g) = 0, for some zo does not imply that F' is identically
0 (e.g., if f(z) # 0 1is odd, then F(t,z) is a solution of which is odd in z, and
hence F'(t,0) = 0).

(1.18)

(1.19)




4 V. G. PAPANICOLAOU, E. KALLITSI, G. SMYRLIS EJDE-2021/44

There are many known facts about the zeros of the Hermite polynomials. For
instance, it is well known [19] that H,,(z) is an even (odd) function if and only if
m is even (odd). Furthermore, the zeros of H,,(z) are real and simple. It, then,
follows from that [I5] if m = 2I, the polynomial P,, is of the form

Pu(t,2) = (2% + ppat) -+ (22 + pmgt),  With 0 < ppy <o < g, (1.20)
while if m = 2] + 1, then P,, is of the form
P, (t,2) = 2(2* + Pmat) - - (2% + Pmt), with 0 < pp1 <--- <pmi.  (1.21)

From (1.20) and (1.21)) we have that if ¢ € C\ {0}, then the zeros of P,,(t, z), viewed
as a polynomial of z, are simple (the case t = 0 is exceptional since P,,(0, z) = z™).
Furthermore, by ([1.14) and Rolle’s Theorem we obtain the interlacing properties

0< Pl < Pm—1,1 < Pm2 < < Pm—1,1-1 < Pm,1, ifm= 21, (122)
while
0< Pm—1,1 < Pm,1 < Pm—1,2 < < Pm—1,0 < Pm,1, ifm=20+1. (123)

Let us also notice that and tell us that, if m > 0 is even, then the zeros
of P, (t,z) (viewed as a function of z) are real if and only if ¢ € R™ := (—00,0]
and the same is true for the non-zero zeros of P,,(t, z) in the case where m is odd
(z = 0 is always a zero of Py, (¢, z), if m is odd).

The rest of this article is organized as follows. In Section 2 we recall some general
results regarding the order and the type of an entire function. These results are
used in Section 3, where we study the relation of the orders p, and p;, as well as
the types 7, and 7, of an entire caloric function F(t, z), viewed as function of z and
t respectively. The main results of Section 3 are Theorems and Finally,
in Section 4 we first show that the multiple zeros of F(¢, z) are isolated (Theorem
4.1]). This enables us to get the dynamics of the zeros of F(¢, z), namely

1

2(t) =2 ————— 1.24
W0=22 S 24
for all but countably many ¢ € C. The above equations were first derived by Csor-
das, Smith, and Varga [5] for the case where ¢ is restricted in a real semiaxis (see
[16, [18]), since one must use Theorem of the present paper in order to analyt-
ically extend to t € C. The equations are a kind of “characteristics”
for the heat equation and they also remind the equations which arise in the solution

of the inverse spectral problem for the Hill operator (see [20]).

2. ORDER AND TYPE OF AN ENTIRE FUNCTION

Let
9(z) = Z anz”, z€C, (2.1)
n>0
be an entire function and
M(r) = My(r) := Sup l9(2)| = max|g(z)], >0, (2:2)

its maximum modulus.
We recall that the order of g(z) is the quantity [7]

. Inln M(r
p = p(g) := limsup 7()

00 Inr
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In other words, the order p of g(z) is the smallest exponent p’ > 0 such that for
any given € > 0 there is a 79 = 19(g) > 0 for which

lg(2)| < exp (|z\p/+5) whenever r = |z| > 7. (2.4)

Clearly, 0 < p < o0.
Let us also recall [7] that if 0 < p < oo, the quantity

7 =17(g) := limsup In M(r)

r—00 T

(2.5)

is the type of g(z). In other words, 7 is the smallest (extended) number 7" > 0 such
that for any given € > 0 there is a 79 = r¢(¢) > 0 for which

lg(2)| < exp ((7" + 8)\z|p) whenever r = |z| > rq. (2.6)

Clearly, 0 < 7 < co. If 7 = 0, we say that g(z) is of minimal type, whereas if
T = 00, we say that ¢g(z) is of maximal type. In the extreme cases where p = 0 or
p = oo the type is not defined.

A well-known fact of complex analysis is [7] that the order p and the type 7 of
g(z) are given by the formulas

nlnn

= limsup ——— 2.7
p = limsup — o (2.7)
and (in the case where 0 < p < 00)
1
7 = — limsup n|a, |”/" (2.8)
ep n
respectively, where a,, n = 0,1, ..., are the coefficients of the power series of g(z)
as seen in (2.1)).
Let us now set
9™ (2)
an(z) == oy n=0,1,... (2.9)
(so that a,(0) = a,). Then, in view of (2.3]), formulas (2.7)), (2.8), and (2.9) yield
nlnn
=1l —_— 2.10
p=limsup —3 s (2.10)
and (in the case where 0 < p < c0)
1 p—1 p/n
7 = — limsupn|a,(z)"/" = e—limsupnl_p ‘g(")(z)’ . (2.11)
ep n P n

Sometimes, it is convenient to write (2.10]) in the equivalent form (using that
lim,, |a,(z)| = 0 and, hence, —In |a,(2)]| is eventually positive)

e"1/P = limsup |an(z)|ﬁ (2.12)
or, in view of (2.9) and the fact that limn(n!)nliin =e, as
0 :=e'~(/P) = limsup |g(")(z)|”llm. (2.13)

Notice that 8 = 6(p) is smooth and strictly increasing for p € [0, +-00], with 6(0) :=
6(0") =0 and §(+00) = e.
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2.1. Additional properties of the order. For the purposes of the present work
we need to consider the cases where the lim sup appearing in (2.10]) is taken over
the subsequences agy(z) and agg+1(z), that is

2k In(2k) klnk
z) = limsup ————— = 2limsup ———, =z € C, 2.14
po(2) & p—ln|a2k(z)| k p—ln\agk(z)| (2.14)
and
2k+1)In(2k + 1 klnk
p1(z) = limsup( + D@k +1) :2limsup—n, ze€C, (2.15)
k —In |agk41(2)] ko —Infageia(2)]
respectively. Clearly, for every z € C we have
p = max{po(2), p1 ()} (2.16)
It is convenient to introduce the quantities
1
Op(z) :==exp (1 — = limsup |¢g®¥) (2)| =%, zeC, 2.17
o(z) = exp (1= - ) = limsup g (2) (2.17)
and
1
01(z) :=exp (1 - 7> = limsup |g(2k+1)(z)| ik zeC. (2.18)
p1(2) k

The following theorem tells us that pg(z) and p;(z) are essentially the same as
the order p of g(z).

Theorem 2.1. For an entire function g(z) let 0, 09(z), and 01(z) be as in (2.13)),
(2.17), and (2.18) respectively. Then
00(z) =0 and 01(z)=60 forae z€C. (2.19)

For a proof of the above theorem we refer to [I1].

2.2. Additional properties of the type. We, now, turn our attention to the
type of g(z) for the case 0 < p < co. In view of (2.11]) we set (in the spirit of (2.14)
and (215))

1
70(2) ::% 1imksup 2k |agr (2)|P/?
2
=—limsupk |a2k(z)\p/2k (2.20)
ep  k

2)r-1
_Wp) limksup kl*”|g(2k)(z)|p/2k7 zeC

and )
71(2) ::% limsup(2k + 1) \a2k+1(z)|ﬁ
k

2 o
=—1 k 2k
p” 1mksup |aok+1(2)] (2.21)

2)r-1
:(e/ ) lim sup kl—,o|g(2k+1)(z)|p/2k7 2 €C,
P k
where a,(z) is given by (2.9). From (2.11)) it is obvious that

7 =max{ro(2),71(2)}. (2.22)

The following theorem gives a property of the type of ¢g(z) analogous of the
property of the order of g(z) given in Theorem [2.1



EJDE-2021/44 ENTIRE SOLUTIONS FOR THE HEAT EQUATION 7

Theorem 2.2. Let 7 be the type of the entire function g(z), while T9(z) and 11(2)

be as in (2.20) and (2.21)) respectively.

(i) If T < o0, then

T0(2) =7 and T (z)=71 fora.a z€C. (2.23)
(ii) If 7 = oo, then there exists a dense G5 subset Uy, of C such that
To(2) =00 and Ti(z) =00 forall z € Us. (2.24)

For a proof of the above theorem we refer to [I1]. In the case where 7 = oo, the
question whether 79(z) = oo and 79(z) = oo for a.a. z € C remains open.

2.3. Canonical products. Here we give a brief review of some basic facts regard-
ing canonical products. Suppose z1, 22, . . . is a finite or infinite sequence of non-zero
complex numbers such that

U::inf{sZO:Z

k>1

1
< oo} < 00. (2.25)
|2]*

Then, the canonical product (associated with {zj}r>1) is the quantity
z
I(z) := H ep(z—), (2.26)
E>1 k

where
z 22 2P
eo(z) i =1—2, ey(z):=(1—2)exp (I + 5 +e ;)7 p >0, (2.27)
and p is related to o as follows:

(i) If o is not an integer, then p = |o].
(ii) If o is an integer and

> ! = 0, (2.28)

=1zl

then p=o0.
(iii) If o is an integer and

1
Y —= <, (2.29)
=l
then p = max{oc —1,0}.
It is a well-known fact in complex analysis [7] that the canonical product of
(2.26]) is entire in z of order ¢ and, furthermore, in the case ¢ > 0, this entire
function is of minimal type if ), <, |2x| 77 < oc.

Remark 2.3. In view of (2.27)) formula (2.26) can be written as
2

H(z):H(1—i)exp(i+z—+~-~+i). (2.30)

2 P
E>1 22 Pz

Obviously,
I(0) = 1. (2.31)
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Also, in case where p > 1,

H/(Z):Z( 1 +1+§%+...+pr ) (2.32)

I(z) & l\z—z 2 2y
Thus
I’ (o
H((O)) =0, which implies II'(0) =0 (2.33)
and, more generally,
dr—l H/(Z)

eril[H(z) Hz:O =0 forr= 1a2v'~-ap7

which implies

N (z)=0 forr=1,2,...,p. (2.34)
Finally, let us notice that if
g(z) = eMEt Attt AT () (2.35)

where A, Ag, ..., A, are complex constants and II(z) is as in (2.30) with p > 1,
then

g(0)=1 and ¢'(0) =44 (2.36)
(if p > 2, then ¢”(0) = 245 + A?).

2.4. Some notation and terminology. From now on we will use the following
notation/terminology for typographical convenience.
Let g(z) be an entire function of order p € (0,00) and type 7.

(i) If 7 = 0 we will say that the ezact order of g(z) is p~.
(ii) If 0 < 7 < co we will say that the exact order of g(z) is p.
(iii) If 7 = co we will say that the exact order of g(z) is p*.
When p = 0 or p = 0o we can consider the notion of exact order as equivalent to the
order. For instance, the statement that the exact order of g(z) is in [0,27] means
that the order is between 0 and 2 (included), and in the case where it is equal to 2
the type of g(z) is 0.

3. ORDER AND TYPE CONSIDERATIONS FOR ENTIRE CALORIC FUNCTIONS

3.1. t- and z-power series of a caloric function. For ¢y = 0 the second equality
in (1.2)) can be written in the (Taylor) form

F(t,z)=>_ aFJ(?Z) t. (3.1)
j=0

If F(t,z) satisfies the heat equation (1.3), we can use (1.5 in (3.1) and get the
following expansion in powers of t,

Ptz =Y 2 F02) F,OZ J Zf( g, (3.2)
7>0 J: 720
where (recall (L.4)),
f(z)=F(0,2) = z crz. (3.3)

k>0
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Let us also expand F(t, z) in powers of z. For zp = 0 the first equality in (1.2))
can be written in the (Taylor) form

F(t,z) = Z wzk - Z wz% Z wz%ﬂ. (3.4)

= o (2k)! (2k + 1)!

If F(t,z) is caloric, so is 9,F (¢, z). Thus, we can use (1.5) in (3.4) and obtain the

expansion

k>0

k k
F(t,z) = ];) f (1;(:)7!0) 2k ];) 3,5([25;11(?)?)]22“1’ (3.5)
or
¢M(t) 4 VO ok
F(t’Z):kZN (2]6)' Zk+kz>()mz kt s (36)

where we have set
o(t) := F(t,0) and () :=9.F(t,0). (3.7)
We can say that formula (3.6) is the counterpart of (3.2]).

Remark 3.1. If F(t, z) satisfies the heat equation (1.3), so does F(t, —z). Conse-
quently, the z-even and z-odd parts of F'(t,z), namely

F(t F(t,— F(t,z) — F(t,—
Rt m TEATPOZD) Ly Pl =Pl
respectively, also satisfy (1.3), and, moreover, from (3.6) we obtain immediately

that

(3.8)

(k) (k)
}76(157 Z) — Z ¢(2k()1;) Z2k and Fo(t, Z) = Z (;/)k—’_(i))!z2k‘+l. (39)
k>0 k>0

Finally, let us notice that if ¢(t) and ¢ (t) are two arbitrary entire functions,
then, for any fixed ¢ € C the radii of convergence of the two z-power series in
are infinite (and the same is true for the t-derivatives of those z-power series),
hence both series are entire in (¢, z) and satisfy the heat equation . Thus, every
entire solution F(t, z) of is determined uniquely by a pair of (arbitrary) entire
functions ¢(t) and ¥(t) via (3.6)-(3.7). As we will see in the next subsection, the
situation is quite different if we want to determine an entire caloric solution F'(¢, 2)
from the initial condition f(z) via (3.2), since in this case the entire function f(z)
cannot be arbitrary.

3.2. Order of the initial condition f(z). Recall that in view of ([2.7)) the order
p of the entire function f(z) can be expressed as

klnk
p = lim sup 711, (3.10)
k —1I1|Ck|
where, in view of (3.3),
®) (0

k'
The following theorem is not new (actually it probably goes back to Kovalevskaya,
see [§]), but we include its proof here for the sake of completeness.
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Theorem 3.2. Suppose f(z) is the initial condition of an entire solution F(t,z) of
the heat equation (L.3)). Then the order p of f(z) satisfies 0 < p < 2. Furthermore,
in the extreme case p = 2 the type T of f(z) must be minimal, i.e. zero. Thus,
under the terminology introduced in Subsection 2.4, the exact order of f(z) is in
[0,27].

Conversely, if f(z) is an entire function whose exact order is in [0,27], then
F(t,z) given by (3.2) is entire in (t,z) and satisfies the heat equation (1.3|) with
F(0,2) = f(2).

Proof. We need to consider the cases k = 2j and k = 2j + 1 separately. Observe
that p = max{po, p1} where

27 1n(2y) jlnj

po := lim sup = 2limsup ———, (3.12)
i —Infeyl i —Infeyl
27+ 1) In(25+1 jIn j
p1 = limsup (2 +1) In(2j +1) = 21imsup#. (3.13)
i —Infeg;] i —Infegipal

Let us first estimate pg. For 2 =0, in view of (8.11)), formula (3.2) becomes
2
Z f @i ) = 30 ey, (3.14)
]>O 7>0 J:

Since the second power series in converges for all ¢ € C, i.e. has an infinite
radius of convergence, we must have

(29) (25)!
hmsup’ (27)!c2 ’UJ =0 (hence hm‘ ] 627 ‘1/3 = ) (3.15)
J J!
equivalently, there is a sequence €; — 0 such that
. 1
Jea; 17 < 5[ 211 (3.16)

(27)!
By applying Stirling’s asymptotic formula for n! to (3.16]) we obtain that there is a
sequence €; — 0 (not necessarily the same ¢; appearing in (3.16])) such that

lea; V9 < ZL. (3.17)
J
Now, (3.12) tells us that 2/pg is the supremum of all exponents r such that
. 1
|02j|1/3 < — for every sufficiently large j. (3.18)
j'l"
Therefore, by comparing (3.17) and (3.18]) we obtain that
To determine p; we differentiate (3.2] . ) with respect to z and arrive at
D, F(t,z) Z f 23+ ( (3.20)
j>0

Then, in exactly the same way as in the case of py we conclude that there is a
sequence €; — 0 such that

leajaa |V < 73 (3.21)

Hence
p1 <2 (3.22)
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and, therefore, the order of f(z) satisfies p < 2.
Next, let us estimate the type 7 of f(z) in the case where p = 2. Recall that if
p =2, then

1
7 = — limsup k|eg|?/". (3.23)
2e k

As in the case of p we, again, need to consider the cases k = 2j and k = 25+ 1 odd
separately. We, thus, observe that 7 = max{7g, 71 } where

1 - 1 ,
0= limsupj|02j\1/] and 7 = - limfsupj|02j+1|1/7. (3.24)
j J

Then, by (3.17) and (3.21)) we obtain immediately that 7 = 73 = 0 and, conse-
quently 7 = 0. In other words, if f(z) is of order 2, then it is of minimal type.
The second part of the theorem is easy (see also Remark [3.7 below). O

Using the Hadamard Factorization Theorem [7] we obtain immediately the fol-
lowing corollary of Theorem [3.2]

Corollary 3.3. Suppose f(z) # 0 is the initial condition of an entire solution
F(t,z) of the heat equation (1.3)). Then f(z) has the form

f(z) = M TP2T1(2), (3.25)

where X\ and 8 are complex constants, d is a nonnegative integer and II(2) is a
canonical product whose exact order is in [0,27].

Finally note that from Subsection 2.1 it follows that the canonical product II(z)
of (3.25)) must be of the form

II(z) = H e,,(i» where p=0or 1 or 2. (3.26)
k>1

The case p = 2 can happen only if the exact order of II(z) is 27 and Y, o 2|72 =
0.

3.3. Order and type of a caloric function F(t,z) when t or z is fixed.
Suppose we freeze ¢t € C and we consider

p.:i=ord, F(t,z) and 7, :=type, F(t,z2), (3.27)
namely the order and the type of F(t,-), which for convenience we call the z-order
and z-type of F(t,z). One might think that these quantities depend on ¢. However,
by applying [4, Theorem 1.1] for the choice f(D) = ¢'P” (in the notation of [4,
Theorem 1.1]) and noticing that F(¢,z) = etD2F(O, z) with D = 0,, we obtain that
p. and 7, are, actually, independent of ¢ (actually, this also follows from (3.6))). We
can, therefore, choose t = 0 and conclude that

p:=p and T,=T7, (3.28)

where p and 7 are the order and type of f(z) = F(0, z) respectively. And then,

Theorem implies immediately that the exact z-order of F(t,z) is in [0,27].
The following open question envisages a refinement of formula .

Open Question. Let z1(t), 22(t), ... be the zeros of F(t,z) (viewed as an entire

function of z). Is it true that for any t1,t2 € C and any « > 0 we have that

1 1
————— < oo if and only if — < 07
2 Tatup 2 o
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More specifically, if the zeros are infinitely many and arranged so that |z (t)| <
|zk+1(t) for all k& > 1, how close are the asymptotics of the sequences {z(t1)}x>1
and {zx(t2) }r>1 as k — oo?

Regarding the order and the type of F(t,z) viewed as a function of ¢ things
are more complicated, since these quantities may depend on z. For instance it is
clear from — that there are nontrivial caloric functions F'(¢, z) such that,
for a given zy the quantity F(t, zo) can vanish for all ¢t € C (e.g., just think of
F(t,2) = e Ntsin(\z2), for zo = kr/\, k € 7).

The goal of this subsection is to clarify the notions of t-order and t-type of
an entire caloric function F(t,z) and to relate them to its z-order and its z-type
respectively.

Theorem 3.4. Let F(t,z) be an entire solution of the heat equation (L.3). For a
fized z € C we consider the orders of F(t,z) and 0,F(t,z) viewed as functions of
t, namely
pro(z) :=ord, F(t,z), pi1(z):=ords D, F(t,2), (3.29)
and we set
pe = max{p0(2), pr1(2)}. (3.30)
Then:
(i) The quantity p; is independent of z and is related to the z-order p, (= p)
of F(t,z) via the formula
_p
2-p
(in particular, if p = 2, then p; = oo, while p; is finite in the case where
p €10,2), and ps =0 if and only if p=10).
(ii) We have

Pt (3.31)

pto(z)=pr and pa1(z)=p for a.a. z €C. (3.32)
Proof. Let us set

9 (5
ck(z) ::fkk:'( ), k>0, zeC (3.33)

(so that, in view of (3.11), ¢x(0) = ¢x). Then, by substituting (3.33)) in (3.2) we

obtain

F(t,z) =) (?)!czﬂz)tﬂ‘ (3.34)

>0
0. F(t,z) = Z (i?;)!céj(z)tj = Z (Z‘jj—’!—l)!cwﬂ(z)tj. (3.35)
=0 >0
Then, by and we obtain
) j1n 5
pro(z) =ordy F(t,z) = hmjsup . \czj(z)j(Qj)!/jH , (3.36)
which implies

pto(z) = limsup ! (3.37)

—Injez;(2)| _ In((2)) | In(Gh ~
jln;' jlnyj + Jjlng

J
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Now, by Stirling’s formula we have that In ((25)!) /(jInj) — 2 and In (j!) /(jInj) —
1 as j — oo. Thus (3.37)) becomes

Jlngj
. 1 . —In|caj(z z
pto(2) = limsup e = lim sup | ;Jlij)l =3 fo( 22) ,  (3.38)
I jlng L I T —Infez;(2)] Po
where i
. Jjmj
z) = 2limsup ————. 3.39
Likewise, from ([3.35) we have
. jlnj
z) = ordy 0. F(t, z) = lim sup - - 3.40
pale) Zord B2 =t e oy O
and in the same way as above we obtain
p1(2)
= 341
pt71<2’) 2 *P1(2)7 ( )
where i
. Jmj
p1(z) == 2limsup —————. 3.42
1(2) i —Infegipa(2)] (34

But in view of (3.33)), the quantities po(z) and p1(z) of (3.39) and (3.42) re-

spectively, associated with f(z), are the analogs of the quantities introduced in

(2.14) and (2.15), associated to g(z). Hence, by Theorem [2.1] we obtain that
po(z) = p1(z) = p for a.a. z € C and, therefore, formulas (3.38) and (3.41),
(]

together with , imply and .
We will refer to p; of as the caloric t-order of F(t,z). Also, let us set
Eo={2€C:po(z)=p} and & :={z€C: p1(z)=p}, (3.43)
so that, in view of , &y U & = C. Theorem tells us that both & and &;
have full measure. Consequently,
E:=& N& s asubset of C of full measure. (3.44)

In general it might happen that p;o(20) < p¢ for some zy and py1(21) < p; for
some 21 # z9. For instance, if F(t,z) = e~ Nt sin(Az), then p; = 1. However,
F(t,z0) = 0 for z9 = kn /A, k € Z, while 0,F(t,z1) = 0 for z1 = [k + (1/2)]7/A,
k € Z, and, consequently, p; 0(20) = pr,1(z1) = 0 for those values of zg and z;.

Next, we present the analog of Theorem regarding the t-type of F(t,z).

Theorem 3.5. Let F(t,z) be an entire solution of the heat equation (1.3) whose
z-order p, (= p) satisfies 0 < p, < 2 (or, equivalently, by (3.31)) the caloric t-order
of F(t,z) satisfies 0 < py < o0). Thinking of z as a parameter, we consider the
types of F(t,z) and 0, F(t,z) viewed as functions of t, namely
Te0(2) :==type, F(t, 2), z¢€ &, (3.45)
Te1(2) == type, 0, F(t,2), z¢€ &, (3.46)
where the sets & and &, are the full measure sets defined by (3.43])-(3.29))-(3.30).
We also set

7 o= max{ro(z), 7a(2)}, 2 €E=E&NEL. (3.47)
Then
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(i) The quantity 7, is independent of z € £ and is related to the z-order p,
(= p) and the z-type T, (= 1) of F(t,z) via the formula
= (1 - g)(Qp)ﬁT%. (3.48)
In particular, . = 0 if and only if T = 0 and 7 = oo if and only if T = co.
(ii) If 1 < oo, then

To(z) =7 and ma(z) =7 fora.a zeC. (3.49)
Proof. (i) In view of (3.33)) and (2.11)) the type 7 of f(2) = F(0, 2) is given by
1
7= — limsupk |cx(2)|?/* for any z € C. (3.50)
ep k

If we set

2 , 2 .
T0(2) :i= — limsupj|czj(z)|pz/2], 71(2) = — limsupj|02j+1(z)|pz/2], (3.51)
€p ep

then, obviously (3.50) implies

7 =max{70(z),71(2)} for any z € C, (3.52)
while by Theorem , if 7, < 0o, we have
T70(2) =7 and 7 (2) =7 fora.a. z€C. (3.53)
Next, let us set
Tro(z) = L limsupj|Lc,2j(z)|“”, z € C, (3.54)
€Pt J J:
fon() == — limsup3| (25 + 1)%,02”1(2) 19 zec. (3.55)
Pt g J:
Then, formulas (3.34), (3.35)), (3.43), (3.45]), and (3.46]) imply
T1,0(2) =T o(z) forall z € &, (3.56)
Ti1(2) =11(z) forall z € &. (3.57)

Application of Stirling’s asymptotic formula for the factorial to (3.54) gives

1 45, -
o) = - timsup ()" (lezs(2)]'1)”
J

. L[limsn (‘C -(Z)‘l/j)#]pt+1 LeC (3.58)
- ppepttl i b Jlc2; ’ :
Since (3.31]) can be written as
p p
> i =5 (3.59)
in view of (3.31)), (3.59), and (3.51)), formula (3.58]) yields
4Pt .
~ . . . } p/2j pe+1
ro(2) = oy lmsup s (2) %]
A [epTo(Z)]thrl (3.60)
B Pt ept"rl 2

= (1-2)(2p) ™7 m0o(2) ™7

e C.
5 z
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In the same way, starting from (3.55) we obtain
Fa(z)=(1— g)(zp)ﬁﬁ(z)%, zeC. (3.61)

Therefore (3.48) follows by using (3.56) and (3.57) in (3.47), and then invoking
3.60), (3.61) and (3.52)). As for (3.49), it follows from (3.53)), (3.56)), (3.57), (3.60),
O

3.61), and (3.47).

We will refer to 7 of as the caloric t-type of F(t,z). The question whether
(3.49) remains valid in the case where 7, = co remains open.

As an example let us observe that in the special case p, = p = 1 formula
implies that p; = 1 and then yields 7, = 72 = 72 (e.g., this is the case of
the special solution Fy(t,z) = et t+A=
T =A%)

Remark 3.6. From the definition of the caloric t-order p; we know that the
t-orders py o(z) = ord; F(t, z) and py1(2) = ord; 0, F (¢, z) are < p, for every z € C.
However, the t-type type, F(t, z) of F(t, z) or the t-type type, 0, F(t, z) of 0,F (¢, 2)
can become bigger than the caloric t-type 7 of F (¢, z) for some exceptional values
of z. For instance, suppose f(z) = f1(z)+ f2(z), where the order of f1(z) is smaller
than the order of f(2), while the type of f1(z) is bigger than the type of fa(z).
Furthermore, let us assume that f2(z) is an odd function. Then, we can easily
construct examples where type, F'(t,0) > 7.

, where, clearly, p, = p; = 1, 7, = ||, and

Remark 3.7. Let f(z) be an entire function whose exact order is in [0,27]. Then

< 1 2
F(t,z):= O/ d¢  for R(t) >0 3.62
o= [ o= f(€)de for R() (3.62)
satisfies the heat equation ([1.3)) for R(¢) > 0. Actually,
Oo 1 2
F(t—to,2) = / — (O Py €) d 3.63
( 0 ) e 2\/m (0 5) f ( )

for R(t — tg) > 0. Also F(¢, z) satisfies (1.3).

If t and z are real, with ¢ > 0, then we can use the substitution n = (2 — £)/v/t
or n = (€ — z)/+/t in the integral of (3.62)) and obtain

F(t,z) = 2\1/}/00 e_”2/4f(z—|—77\/1?) dn
S e

Then, from our assumption for the order and type of f(z), the integral in the right-
hand side of (3.64)) is entire in (, z), satisfies the heat equation for every ¢,z € C
(e.g., by analytic continuation) and it is clear from (3.64)) that F(0,z) = f(z).

Example 3.8. (i) Suppose
f(z) = e, where a e C\ {0}, (3.65)

so that p = 2 and 7 = |a| > 0 (thus the exact order of f(z) is 2). Here, if
F(t,z) is as in (3.62), and hence it satisfies the heat equation with initial condition
F(0,2) = f(z), then

(3.64)

0z’ ) (3.66)

1
Fltz) = — (
t2) = e P (T
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Obviously, this F(t, z) is not entire since it has a strong singularity at ¢t = 1/4a
(independent of z), a combination of an essential singularity and a square-root
branch point (this singularity “disappears” as a — 0). If ¢ starts at 0, makes a
loop around 1/4a and comes back to 0, then we obtain a different value of F(0, z).
Thus, if initially F'(0,z) = 6“2, then, after one loop we obtain the other branch
of F(0,z), namely F(0,z) = —e%?*. This counterexample is in agreement with the
previous discussion. Another observation is that for ¢ # 1/4a the function F(¢, z)
is entire in z and its z-order is p, = p = 2, independent of t. However, its z-type is
7. = |a||l — 4at|~! (thus depends on t). Finally, notice that F(t,z) is never 0.
(ii) As a variant of the above case, we consider

) )
elaZ + e*laz

2 b

so that, again, p = 2 and 7 = |a| > 0. Then F(t, z) of (3.62)) becomes

f(2) = cos(az?) = where a € C\ {0}, (3.67)

2 2

1 ( 10z ) + 1 ( —iaz ) (3.68)
— X ex . .
oV diat  P\T—diat) " 2T+ diat D \1+ diat
Here F(t, z) has a strong singularities at ¢ = +1/4ia; furthermore, it has infinitely
many zeros. Actually, z is a zero of F(t,z) if and only if

1 1 — 4iat s
2 2,2
— (1+16a% [— 1 (7 ) —},
i ( + 16a )4zan 1+ 4iat +2a

where In(+) stands for the multivalued logarithmic function.

F(t,z) =

Example 3.9. Here we examine the case where the initial condition is
f(z)=2% «ae€eC. (3.69)

For this f(z) the solution of the heat equation (|1.3)) cannot be entire in (¢, z), unless,
of course, a = m, a nonnegative integer. We consider the function

oo 6—§2+7,'t_1/2z§
ta/2/ —————d¢, R(a) <0, (3.70)
0

F(t,z) == F(t, z;a) := gatl

['(=a)
where T'(-) is the gamma function. Notice that F(t,z;«) is entire in z for any
complex ¢t # 0 and analytic in ¢ # 0 for any complex z. The singularity at ¢ = 0
it is a combination of a branch point and an essential singularity. Also, it is not
hard to check that F'(¢, z) satisfies the heat equation for every z € C, ¢t € C\ {0}.
Furthermore, if ¢ — 0 in a way so that I(t~/22) > 0, then F(t, z; ) approaches
(some branch of) z*. However, if ¢t — 0 in an arbitrary way, then lim;_,o F'(¢, z; &)
may not be equal to z®. This is the sense in which the initial condition F(0, z; ) =
2% is satisfied.

The integral representation of F(t,z;a) given in makes sense only for
R(a) < 0. We can give other (contour) integral representations of F'(¢,z; ) over
contours in the complex plane avoiding the positive semiaxis, which are valid for
any o € C. But, instead of doing that, we continue the analysis of F(¢, z;a) as
follows.

We observe that F(t,z) = F(t, z;«) in (3.70) can be written as

00 =& 422€

>7 where h(z) := h(z; a) ::/ ﬁdé (3.71)

0

it/? (it‘l/Qz

Ft2) = 5 2
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where the function h(z) of (3.71) satisfies the Hermite equation, namely

u”( ) — 2z (x) = —2au(z), (3.72)
with ) 1
h(0) = 30(~ E) and 1/(0) = F(Ta). (3.73)

Clearly, every solution of (3.72)) is entire in x. Actually, the general solution of

(3.72) can be expressed as

= anah, (3.74)
n=0
where the coefficients ay, satisfy the recursion
any2  2(n—a) (3.75)

an  (n+1)(n+2)
We can single out two linearly independent solutions of (3.72)) in a convenient way.
By taking ap = 1 and a; = 0 we obtain the solution w.(x) = wu.(x;a) which is
even in z and satisfies u.(0) = 1, while by taking ap = 0 and a; = 1 we obtain the
solution u,(z) = u,(z; &) which is odd in x and satisfies u/,(0) = 1. Thus,

_1+Z p2Fa(a—2) - (2153—2(1@—1))96% (3.76)

and
e k a —_ a —_ DRI a —
() =z + k§_1j(—1)’“2 (a —1)( (212 1)'( 284 1) vt (3.77)

Evidently (because of the analytic dependence on the parameter «), u.(x; «) and
uo(x; @) are also entire in . Furthermore, in view of (3.73)),

h(z) = h(z;a) = F( e (a; a)—l—F(l Yo (; ). (3.78)

2 2 2
An additional consequence of formula ([3.78)) is that, by analytic continuation in «,
we obtain the meromorphic extension of h(z;«), which we also denote by h(z;a),
for all complex a.

Using (3.78) in (3.71)) yields
zo‘ta/Q a it=1/2, — it—1/2,
m[gf( = F)ue(m5—0) +T (5 )uo(— ja)]. (3.79)

With the help of the well-known Legendre’s duplication formula for the Gamma
function, namely the formula

VAT(22) = 27 TN (= 4 3),

equation (3.79)) simplifies as
F(t,z;a)

1
F(t,z;a) =

1 it=1/2z 2 it=1/2 (3.80)
= V(i) (F5—0) (Fz—e)]
V(2i) I‘(l_T"‘)ue 5 i +F(—a/2)u0 5
It follows that for ¢ # 0 the function F(¢,z;a) is entire in z and «, while for

any z and « it is analytic in ¢, except for ¢ = 0, where it may have a strong
singularity (branch point combined with an essential singularity). Thus, if ¢ makes
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a loop around 0 in the complex t-plane, then we may arrive at a different value
of F(t,z;a). Notice, however, that if m > 0 is an integer, F'(¢,z;m) becomes the
m-~th caloric polynomial, i.e.

F(t,z;m) = Py(t, 2). (3.81)

Generically, the z-order of F(t, z; @) is 2, while its z-type depends on t.
The case « = —1 is of particular interest. The solutions u.(z;a) and u,(x; @)
become respectively

ue(x; —1) = e”  and Uo(x;—1) = e / e*§2d§ (3.82)
0

for every x € C. Then, with the help of (3.82) and (3.80) we can construct the
solution of the heat equation

. —iz/2\/f
F(t,z) = Le_zz/“/ e_czdg“
Vi o (3.83)
(V[T e
= e + e > d¢),
Vi 2 Jo
where the first contour integral is taken over a contour which approaches the neg-
ative real axis at —oo. Formula (3.83)) implies that

1
F(t,z) - — ast — 0 in certain directions. (3.84)
z

From F'(t,z) of we can also obtain the solution of the heat equation with
“initial condition” f(z) =Inz as [ F(t,{)d( (the quotations here remind us that
the initial condition is satisfied in a certain sense). Furthermore, the solutions of the
heat equation with “initial conditions” f(z) = z=™, m € N, can be also obtained
from F(t, z) by differentiating it m — 1 times with respect to z (or (m — 1)/2 times
with respect to ¢, in m is odd).

4. ZEROS OF ENTIRE CALORIC FUNCTIONS

We start with a result stating that the multiple zeros of a (nontrivial) entire
caloric function F(t, z), viewed as a function of z, cannot accumulate in C2.

Theorem 4.1. Suppose F(t,z) £ 0 is entire in (t, z) and satisfies the heat equation

@. i

F(t*,2*) = 0.F(t*,2*) =0 for some (t*,2*) € C?, (4.1)
then there is a (C2-open) neighborhood U of (t*,z*) such that
|F(t,2)| + |0, F(t, z)| >0 for every (t,z) € U\ {(t",z")}. (4.2)

Proof. Without loss of generality and for typographical convenience we take t* =
z* = 0. If the statement of the theorem is false, then there exists a sequence of
points (t,, z,) # (0,0), n =1,2,..., such that (¢,,z,) — (0,0) and

F(tn,2zn) = 0. F(tn,2,) =0 for every n > 1. (4.3)

Let p be the smallest value of m such that 97"F(0,0) # 0 (since F(t,z) # 0,
formula (1.7) guarantees that p exists; of course, due to the assumption (4.1} we
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have p > 2). Then, by taking to = zg = 0 in (1.7)) we obtain

O»F(0,0 = 9™F(0,0
F(t,z)Z#PH(t,zH 3 #Pm(t,zx (4.4)
! e 1 m/!
which also implies
“E = 9M"F
0.7, = 200 p oy + S @T(,O’O)azpma,z). (4.5)
! !
m=p+1

In view of (1.8), formulas (4.4) and (4.5) imply that, given an open ball B C C?
centered at (0,0) there is an C > 0 (i.e. depending only on B) such that for every

(t,z) € B we have

13
F(t,2) — ZECOD b1 o)) < Cmax {Ja 4, o, 1049721} (4.6)
i
and
13
|0.F(t,z) — W@PM(WH < C'max {|z]", [2|*72t],..., [t D2 (47

Now, given B there is an ng such that (¢,, z,) € B for all n > ng. Hence, by using

(4.3) in (4.6) and (4.7) we obtain

|Pu(tns 20)| < C"max {2, "1, |2 [ ], [t [LF2/20Y (4.8)
10:Po(tn, z0)] < €' max {[zal”, [zal*?|tnl, ... [t T2} (4.9)
for every n > ng, where for typographical convenience we have set
ulC
= . 4.10
9EF(0.0)] 10

Let us consider the case where p = 2[. Then, substituting ((1.20)) in (4.8) yields
|25+ Puitnl - 20 + puitnl

- (4.11)
< O’ max {|2n|2l+17 ‘zn|2l 1|tn‘, el |Zn||tn|ly |tn|l+1}
for every n > ng, while, in view of (|1.14)), substituting (1.21)) in (4.9) yields
|ZTL||272L + p,u—l,ltn| te ‘ZTQL + p#_u_ltn\
¢’ _ _ (4.12)
< S masc {lzal P P

for every n > ng.

If z, = 0 (hence t,, # 0), then becomes [p,1 - puith] < C'|t, |, which,
in view of and the assumption t,, — 0, cannot be satisfied for any sufficiently
large n. Thus, without loss of generality we can assume z, # 0.

We set

ln
M= (4.13)

Then, (4.11)) and (4.12)) become respectively
11+ puadnl - 114 puidnl < Czn|max {1, [A\s], ..., Anl |/\n|l+1|zn|} (4.14)

and

C/
11+ ppe1adn] - |1+ pu_1i1An| < ;|zn| max {1, Ay, ..., [ An|'} (4.15)
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for sufficiently large n.
If |\,| becomes arbitrarily large, then, in view of (1.22)), formula (4.14) should
imply that there is a constant C” > 0 such that

Anl' < C"zn  max {[Anl', (Aol "z} = O max {[ Azl [Anl|ta] } - (4.16)
ie. 1 < C"max{|zn|, |tn|}, which is, obviously, impossible since z,,t, — 0. There-
fore, the sequence \,, must be bounded and, hence, by (4.14]) and (4.15)) there must
exist a constant M > 0 such that

11+ puadnl - [T+ pupdn| < Mz (4.17)

1L+ pu—11Anl - L+ pu—11-1An| < M|zy| (4.18)

for every sufficiently large n. Let A,, be a convergent subsequence of the sequence

An, with lim A,, = A € C. However, if take limits in (4.17) and (4.18) as ny — oo
we obtain

14 Pl [14+ puA] =0, (4.19)

1+ Pt Al [1+ Pt A = 0 (4.20)

which contradict (1.22]).
The remaining case is u = 20+ 1. Here, by substituting (1.21]) in (4.8) we obtain

|22 + Puttnl- - |25 + Puitn] < C' max{|zn\21+2, EN |tn|l+1} (4.21)

for every n > ng, while, in view of (|1.14)), substituting (1.20) in (4.9) yields

|2n + pu—tatnl -+ |2 + pu—1its|

c - (4.22)
< m max {|zn|21+17 S S T I PR AN L |tn|l+1}

for every n > ny.

By proceeding in the same manner as in the case p = 2, we again arrive at a
contradiction. Therefore, our assumption of the existence of the sequence (t,, z,)
is false. O

An immediate consequence of Theoremis that, if F(t,z) # 0 is entire in (¢, 2)
and satisfies the heat equation, then the set
Mp = {(t,z) € C* : F(t,z) = 0.F(t,z) = 0} (4.23)
is discrete in C2. For example, if F is a caloric polynomial, then by (1.20) and
(1.21]) we have
Mp ={(0,00}, m>2, while Mp, =Mp =0. (4.24)

One peculiar consequence of Theorem (together with the fact [I1] that zeros
of entire functions of two or more complex variables are never isolated) is that if
an entire function A(t, z) can be written as

A(t,2) = Aq(t, 2)2 Ay(t, 2), (4.25)
where A; (t, z) and Ax(t, 2) are entire and A (to, 29) = 0 for some point (¢, 29) € C?,
then A(t, z) cannot satisfy the heat equation (L.3).

Finally, let us notice that the analog to Theorem in the case where F(t, z)
is viewed as a function of ¢ does not hold. For example if we consider the caloric
function F(t,z) = e *'sin(\z), then F(t,0) = 0, hence I F(t,0) = 0 for every
jeN
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4.1. Dynamics of the zeros. The following lemma is well known (see [5, Lemma
2.3]). Since its proof is very short, we include it here for the sake of completeness.

Lemma 4.2. Let g(z) be analytic in a domain D of C. If zg € D is such that
g(z0) # 0 and we set G(z) := (z — 20)g(z), then

G"(x0) _, 9 (%)

G'(20) 9(z0)

Proof. For z € D We have
G"(2) _ (2=20)9"(2) +29'(2)

G'(z)  (z—20)9'(2) +9(2)

and the statement follows by setting z = zj. [

Corollary 4.3. Suppose G(z) is an entire function with zeros zg, 21, 22, - . . , where
zo is a simple zero of G(z). Furthermore, let us also assume (essentially without
loss of generality) that G(0) # 0.

(i) If Sg>olzk| ™! < 0o and

_ Az _ i
Glz) = ce™ [ (1 z;)’ (4.26)
k>0
where A and C # 0 are complex constants, then
1
1
G"0) _9pt 3 (4.27)

G'(20) sy 20~ Z

(ii) If Sp>ol2k| 72 < 0o and

G(z) = Ce?* H (1 — i)ez/zk, (4.28)

V4
k>0 k

where, again, A and C # 0 are complex constants, then

G"(z0) :2A+2Z( L 2 ) (4.29)

G'(z0) =1 \20 — 2k 2k
Proof. Set
G(z
9(2) = - _( Z)o (4.30)

(thus G(0) # 0 implies g(0) # 0). Then, by Lemma [4.2| we have
G"(x0) _, 9 (=)
G'(20) 9(z0)

(4.31)

Using (4.26) in (4.30) yields
_ Az _ i
g(z) = ce H (1 Zk), (4.32)
k>1
where ¢ # 0. Thus, the Mittag-Leffler expansion of ¢'(z)/g(z) is [7]

’
g(Z):AJrZle.
— %k

9(2) =

Therefore, formula (4.27) follows by setting z = 2 in the above formula and sub-

stituting in (4.31)).
The proof of formula (4.29)) is very similar. O
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Notice that formula (4.29) differs from ([#.27) only if X;>olzk|™! = co. Let us
now consider the set

I:={F(t,z) =0} := {(t,z) € C*: F(t,2) =0} (4.33)
If T is empty, that is if F(¢,z) is never 0, then by the Hadamard Factorization
Theorem and by Theorems [3.2] and [3.4] of the previous section it follows that (recall
([T15))
F(t,z) = cEx\(t,2) = e THAE, (4.34)
for some constants ¢, A € C, with ¢ # 0.

Suppose now that F'(t,z) is a nontrivial entire solution of the heat equation,
which is not of the form and, hence, it vanishes for some values of ¢ and z.
Then T is a nonempty set in C? (and, of course, I' # C?). If F(t,z) is irreducible,
namely it cannot be written as

F(t,z) = A1(t,2)Aa(t, 2), (4.35)
where both A;(¢,z) and As(t,2) are entire and assume the value 0, then we can
say that I is a “curve” in C2. Otherwise I is a union of such component-curves (as
we have seen, a consequence of Theorem is that multiple components do not
exist). For example, if F' is a caloric polynomial, then, in view of ([1.20]) and (1.21))

we have

I'=U_{z*+ pmt =0}, ifm=2I, (4.36)
I'={z=0 UU\_ {z°+ pm t =0}, ifm=20+1. (4.37)
Let z1(t), z2(t), ... be the zeros of F(t,z). These zeros can be seen as branches

of a global analytic function, say Z(T') defined on a Riemann surface which can
be identified with I". In general, this will be an infinitely sheeted surface. The
ramification points of I' are the points (t*,2*) satisfying and Theorem
assures us that they form a discrete set in C2. Thus, for every zero z;(t) we
have that 0,F(t, z,(t)) # 0 for a.a. t € C, where here “a.a.” means “almost all,”
namely all except for a discrete subset of C. Then, by differentiating (implicitly)
F(t, z(t)) = 0 with respect to ¢ we obtain

O F(t, 21(t)) + 0. F(t, 21(t)) 2. (t) = 0 (4.38)
or, in view of ,
O F(t, 2 (1)) O?F(t, z(t))

2.(t) = TOFGal) Ot a(D) for a.a. t € C. (4.39)

Thus, if for F(t,z) we have that p, < 1, then we can apply Corollary to (4.39)
and obtain

1
2. (t) = =2 ———— foraa. teC. 4.40
The above derivation of (4.40)) is an imitation of the derivation of (1.24)) as presented
in [5].
As an application, let us consider the system of ordinary differential equations

z;(t)Q;CM, 1<k<N, (4.41)

with initial condition
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where aq,...,an are distinct non-zero complex numbers. To solve this system, we
form the polynomial
£(z) = (1—1).-.(1—i):1+Alz+-~~+ANzN. (4.43)
ay anN
Then, the solution z1(t), ..., zy(t) of the system is the set of zeros of the polynomial
in (t,z) given by
N
F(t,z) =1+ ApPi(t, 2), (4.44)
k=1

where Py (t, z) is the k-th caloric polynomial.
We expect that this application extends to the infinite case (i.e. N = oo) under
the restriction that Y, |ax| ™" < occ.

4.1.1. Even caloric functions. Suppose that the initial condition f(z) is even, i.e. it
satisfies f(—z) = f(z), Then, by formula we have that the solution F'(t, z) of
the heat equation also satisfies F(t, —2) = F(t,z). Hence F(t,z) = ®(t,2?%), where
(¢, p) is entire in (¢, ) and if p, is the z-order of F(t, z), then the order of ®(t, )
with respect to u (the p-order) is p, /2. Furthermore, ®(¢, i) satisfies the heat-type
equation
Oy ®(t, ) = Apd®(t, 1) 4 20, (¢, ). (4.45)
Let +21(t), £22(t), ... be the zeros of F(t, z). Then the zeros of ®(t, ) are p(t) =
21(t)2, ua(t) = z2(t)?, ..., and by imitating the derivation of we now have, in
view of
2
M;c(t) _ 8tq)(taﬂk(t)) _ _4ﬂk(t) 8p(1>(tnuk<t))
0,0 (t, 1) XIOYN0)

If p. < 2, then the p-order of ®(¢, ) is less than 1. We can, therefore apply

Corollary [4.3| to (4.46) and obtain
1

ph(t) = —2 — 8 (t) ]; PROETO] for a.a. t € C. (4.47)

—2 fora.a. teC. (4.46)

4.1.2. Odd caloric functions. Now, suppose that the initial condition f(z) satisfies
f(=z) = =f(2), i.e. is odd. Then, by formula (3.2) we have that the solution F(¢, z)
of the heat equation also satisfies F'(t,—z) = —F(t,2). Hence F(t,2) = 2V(t, 2?),
where U(t, p) is entire in (¢, 1) and if p, is the z-order of F(t, z), then the p-order
of U(t,p) is p,/2. Furthermore, W(t, u) satisfies the heat-type equation
O (t, p) = Apd W (t, p) + 60,9 (t, ). (4.48)

Let zo(t) = 0,121 (t), £22(t), ... be the zeros of F(t,z). Then the zeros of ¥(t, )
are i (t) = z1(t)%, pa(t) = 22(t)?, ..., and by imitating the derivation of (4.39)) we
now have, in view of (4.48))

OV (t, p(t)) OV (t, p(t))
If p. < 2, then the p-order of (¢, u) is less than 1. We can, therefore apply
Corollary |3.3|to (4.49) and obtain

Hh(t) = =6 — 8u(t) 3

i#k

wi(t) = —6 foraa.teC. (4.49)

1

PROERO) @) (4.50)
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4.1.3. General examples. Let us start with an observation whose validity is easily
checked.

Observation. Suppose F(t,z) satisfies the heat equation (1.3), with F(0,z) =
f(2). Then

G(t,2) = F(t,z + 2\t) Ex(t, z) = F(t, z + 2\t) X 727, (4.51)

where ) is a complex constant, also satisfies (1.3, with G(0, 2) = e** f(z) (actually,
we can even take A to be a square matrix with constant elements).

As an example, let us take f(z) = z™, where m is a positive integer. Then
F(t,z) = Ppy(t, z), the m-th caloric polynomial, and

G(t,z) = =P, (¢, 2 + 2)), (4.52)

is the solution of the heat equation with initial condition G(0, z) = zme)‘z

(i) Let F(t,z) and G(t, z) be entire solutions of the heat equation with
initial conditions

M0-2) w -t TI0-2) o
f(2) 1;[ (1 ak) and g(z)=¢e 1;[ 1 o (4.53)
respectively, where the order of the product [l — (z/ax)] is ¢ < 1 (in other
words, there is an @ < 1 such that Y|ag|™® < o0). Then, as we have seen the
z-order of F'(t,z) is o. It follows that if z1(t), 22(t), . . . are the zeros of F'(¢,z), then
Y lzk(t)| 7 < oo for some a < 1 (the prime on the sum indicates that we omit the
z(t)’s which are equal to 0).

The relation of G(t,z) and F(t,z) is given by (4.51)). Thus, if wi(t),wa(t),...
are the zeros of G(t,z) (viewed as a function of z), then implies that

wi(t) = 2(t) — 22, k> 1, (4.54)

and it follows that X} |wy(t)| ™ < oo.
Finally, since (£.52) implies wj(t) = z}(t) — 2, while z,(t), k > 1, satisfies
(4.40)), we have

=-2\-2 for a.a. t € C. 4.55

e > oD (4.55)
Ji#k

(ii) Let F'(t,2) be an entire solution of the heat equation (|1.3) with initial con-

dition
f(z) = etz H (1 — aik)ez/a’“, (4.56)

where, d > 0 is an integer and the order p of f(z) is < 2. Then, by applying
Corollary -(11 we can get that the zeros z1(t), z2(t), ... of F(t, z) satisfy

2(
( = -2\ — 22 [Zk — Zj ) zjl(t)} for a.a. t € C.
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