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HARNACK’S INEQUALITY FOR QUASILINEAR ELLIPTIC
EQUATIONS WITH GENERALIZED ORLICZ GROWTH

MARIA A. SHAN, IGOR I. SKRYPNIK, MYKHAILO V. VOITOVYCH

ABSTRACT. We prove Harnack’s inequality for bounded weak solutions to
quasilinear second order elliptic equations with generalized Orlicz growth con-
ditions. Our approach covers new cases of variable exponent and (p, g) growth
conditions.

1. INTRODUCTION AND MAIN RESULTS

This article concerns quasilinear elliptic equations of the form
Vu

[V
where () is a bounded domain in R™, n > 2.

Throughout this article we assume that the function g(z,v) : Q@ x Ry — Ry,
Ry = [0, +00) satisfies the following assumptions:

div (g(x,\vu\) ):o, zeQ, (1.1)

(A1) g(-,v) € L} () for all v € R, g(x,) is continuous and non-decreasing for
almost all z € Q, limy_, 40 g(x,v) =0 and limy_; 4 g(z, V) = +00;
(A2) there exist ¢; > 0, ¢ > 1 and by > 0 such that

g(x,w) <e (y)q—l

g(x,v) v
for all z € Q and for all w > v > bg;

(A3) there exists p > 1 such that

g(z,w) w\P—L
> (— 1.

glx,v) — (v) (1)
for all z € Q and for all w > v > 0;

(A4) for any K > 0 and for any ball Bg,(z¢) C € there exists co(K) > 0 such
that

(1.2)

glz1,v/1) < co(K) e g(ag,v/r)
for all 21, 22 € B,.(z) and for all »r < v < K. Here A(r) : (0,7.) — Ry is
a continuous, non-increasing function, satisfying the conditions described
below.
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The following functions defined on €2 x R satisfy assumptions (A1)—(A4):
glz,v) = yP@)—=1 Vq(w)*l’
g(z,v) = vP@)~1 (1+In(1+v)),
g(z,v) =vP 1 +a(z)v?™!, a(x) >0,
g(z,v) =vP" 1+ b(z) In(1+v)), b(z) >0,

where the exponents p, ¢, p(+), q(-), and the coefficients a(-) and b(-) satisfy the
following conditions:

(i) 1<p<plx)<qlz)<qg<+ooforall z €
(i)

Ip(z) — p(y)| + la(z) — q(y)| < Mz =D
| In|z — yH

) x7y€Q7 x#y’ (1.4)
the function A(r)/|Inr| is non-decreasing on (0, r), lim,_,0 A(r)/|Inr| = 0;

(iii)
la(2) = a(y)| < Ale —y*eX*™ 2y e wy, (1.5)

A>0,0<qg—p<a<l,the function roe M) ig non-decreasing on (0,7,),
lim, _,o r®e ") = 0;
(iv)
BeMlz—yl)

[b(z) = b(y)| <

TR $7y€Q7$7éy,B>07 (16)
}ln|x—y\|

the function e*(") /| In 7| is non-decreasing on (0, 7), lim, 0 e*) /| Inr| = 0.

The study of regularity of minima of functionals with non-standard growth of
(p, q)-type was initiated by Zhikov [35], [36, [37, B8, [40], Marcellini [22] 23] and
Lieberman [2I]. In the last thirty years, the qualitative theory of second order
equations with so-called “log-condition” (i.e. if 0 < A(r) < L < +00) has been
actively developed; see, for instance, [11 [2, [ 5] [, @, 10} [T, 12} 13, 14, 17, 18] 19
25 [33]. These classes of equations have numerous applications in physics and have
been attracted attention for several decades; see [7), 28] [34] and references therein.

The case when conditions , , hold differs substantially from the
log-case. To the best of our knowledge there are only a few results in this direction.
Zhikov [39] obtained a generalization of the logarithmic condition which guarantees
the denseness of smooth functions in a Sobolev space W1P(*)(Q). Particularly, this
result holds if 1 < p < p(z) and

Ip(z) —p(y)| < L

In the case when the variable exponent p(x) satisfies the condition

In|l —
Mnfinfe =ylll e vty L<pn
[In |z — y]|

Inlnln |z — zo|~?

i

— <L
|p(£l?) p(x0)| = hl‘.’l? _ $0|_1

0<L<p/in+1), mmzo€Q, |r— 30| <1/27,

(1.7)

Alkhutov and Krasheninnikova [3] proved the continuity of solutions to the p(z)-
Laplace equation at the point xg, and Surnachev [3I] established the Harnack in-
equality for solutions. The continuity of solutions to the p(x)-Laplace equation up
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to the boundary were proved by Alkhutov and Surnachev [6] under the additional

condition
dr

/exp ( — Cexp (ﬁ/\(r))) o= +o0, (1.8)
0

where C' and ( are some positive constants, depending only upon the data. We
note that the function A(r) = Llnlnlnr=!, r € (0,e7¢), LB < 1, satisfies condition
3.

In [30], we attempted to systematize and unify the approach to establish the
local regularity of bounded solutions of elliptic and parabolic equations with non-
standard growth. For this, we have introduced elliptic and parabolic B; classes,
which generalize the well-known 9B, classes (p > 1) of De Giorgi, Ladyzhenskaya,
Ural’tseva [20] and cover their other numerous and scattered analogues (see ref-
erences in [30]). It was proved in [30] that functions from the By 4 (£2) class are
continuous if conditions (A2), (A4) and are fulfilled. In addition, if con-
dition (A3) is fulfilled, then the solutions of belong to the By 41 (Q2) class.
At the same time, we do not use the specific properties of the generalized Orlicz
and Sobolev-Orlicz spaces, as was done, for example, in the papers of Harjulehto,
Hésto et al [16, [17), I8, 19]. Although it should be noted that in the case when
0 < A(r) < L < 400, the assumptions (A2)-(A4) are almost equivalent to the
conditions (aDec)g®, (Al-n), (alnc), from their papers.

Returning to our paper [30], we note that there are no Harnack-type theorems
in it. Although, such type results were obtained in [I} 2, [ Bl 27] in the log-
case and in [31] under condition (L.7). Therefore, it is natural to conjecture that
the Harnack inequality holds for bounded solutions of under the conditions
(A1)—(A4). In this paper, we give a positive answer to this hypothesis. This
also encompasses the classic results of Moser [26], Serrin [29], Trudinger [32] and
Di Benedetto & Trudinger [15] for bounded solutions in the standard growth case,
and of course, we use some of the ideas of Moser and Trudinger in our proofs.

Before formulating the main results, let us remind the reader the definition of
a weak solution to . Moreover, throughout the article, we use the well-known
notation for sets in R™, spaces of functions and their elements, etc. (see, e.g. [20]).
In particular, we will use the notation fE fdx=|E|7 [ p [ dx for any measurable
set £ C R™ with |E| # 0 and f € L'(E), where |E| denotes the n-dimensional
Lebesgue measure of E. We set

G(z,v)=g(x,v)v forxeQ,v>0 (1.9)
and write u € WHG(Q) if u € WH(Q) and [, G(z, |Vau|) dz < +o00; u € W55 ()
if u € WHY(E) for any open set E compactly embedding in Q. We denote by
Wy ““(Q) the set of all functions v € WG () which have a compact support in €.

Definition 1.1. We say that a function u : Q@ — R is a bounded weak solution
(subsolution, supersolution) to (1.1) if v € Wi)’CG(Q) N L>®(2) and the integral
equality (inequality)

Vu
x,|Vu|) = Vpdr = (<,>)0 1.10
| st Vi) e Vo = (<.2) (1.10)

holds for any ¢ € T/VO1 G(Q) (for subsolutions and supersolutions, we require ¢ > 0).

We refer to the parameters M = esssupg, |ul, n, p, g, ¢1, ca(M) as our structural
data, and we write ~ if it can be quantitatively determined a priori only in terms
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of the above quantities. The generic constant v may vary from line to line. The
main result of this paper reads as follows.

Theorem 1.2 (weak Harnack inequality). Fiz a point x¢ € Q and consider the ball
Bs,(zo) C Q. Let u be a non-negative bounded weak supersolution to (1.1 under
conditions (A1)—(A4). Then for any 0 < s <n/(n—1) it holds:

(]{35”4(%) g° (5507 u+2(1p+b0)p)d:c) 1/s

m@%+ﬂ1+%W)
p )

where m(p) = essinfp 50y u and A(c, B, p) = exp (cexp (BA(p))) for any c, B € R
and p € (0,7y).

(1.11)

SAWJmmg@m

Corollary 1.3. Let u be a non-negative bounded weak solution to under
conditions (A1)—(A4), and let pg be a sufficiently small positive number such that
Bspo(x0) C Q2. There exist positive numbers ¢, 8 depending only on the data such
that if A(c, B,r) < %A(C,B7 2r) for all0 <r < p/2 < po/2, and additionally

d
/A(—c,ﬁ,r)—r =400 and limrA(e B,r) =0,
0 r r—0
then the solution u is continuous at xo. Particularly, the function \(r) = Llnlnlnr=1,
r € (0,e7¢), satisfies the above conditions if 0 < L < 1/p.

Theorem 1.4 (Moser-type sup-estimate of solutions). Fiz a point xg €  and
consider the ball Bs,(xo) C Q. Let conditions (Al)—(A4) be fulfilled, and let u be a
non-negative bounded weak solution to (L.1)), M(p) = esssupp (4,) u. Then

M 2(1+0b 2(1+ b

g(fl?o, (p) +2(1 + 0)P> < rYeQn)\(P)][ g(xo, ut2(1+ 0)p)dx. (1.12)
P Bs,/4(0) p

From Theorems and we arrive at the following theorem.

Theorem 1.5 (Harnack inequality). Let all the assumptions of Theorems
be fulfilled. Then there exist positive constants C, ¢, 8 depending only on the data,

such that

esSSupp (z) 4 < CA(c, B, p)(ess infp (pq)u+ (1+ bo)p), (1.13)
where A(c, B, p) was defined in Theorem .
The rest of this article contains the proofs of Theorems and

2. PROOF OF THEOREM (WEAK HARNACK INEQUALITY)

For proving Theorem we need some inequalities and several lemmas. First,
we note simple analogues of Young’s inequality:

g(z,a)b < eg(z,a)a+ g(z,b/e)b ife,a,0>0, x € Q; (2.1)
1
g(z,a)b < gg(x,a)a + el tg(z,b)b ife € (0,1], a,b >0, x € Q. (2.2)

In fact, if b < ea, then g(z,a) b < eg(x,a)a, and if b > ea, then since the function
v — g(x,v) is increasing we have that g(x,a)b < g(z,b/e)b, which proves inequality
(2.1). Using assumption (A3) by similar arguments we arrive at inequality (2.2)).
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Next, we set
G(z,w) = / g(z,v)dv for x € Q, w> 0. (2.3)
0

Then the following inequalities hold:
G(x,w) > vG(z,w) forall xzeQ, w>2(1+by), (2.4)
G(z,w) > pG(z,w) forallz e Q, w>0.

Indeed, if x €  and w > 2(1 + by) then by (L.2)), (1.9), and (2.3)), we have
w w w 1—2"4
G(z,w) = / g(z,v)dv > / g(xz,v)dv > g(z,wi / viTldy > G(z,w),
0 bo

bo cawi— c1q
which implies (2.4). Now, let x € Q and w > 0 be arbitrary, then by (1.3]), (1.9)
and (2.3]) we obtain

G(r.w) = [ glav)av < glw,w) |t = gtaww = 6w,
0

Wp71 0
which yields (2.5).
The rest of the lemmas in this section are successive stages in the proof of
Theorem The proof follows Trudinger’s strategy [32], which we adapted to
equation ([1.1)) under conditions (A1)—(A4).

Lemma 2.1. Let all the assumptions of Theorem[1.2 be fulfilled. Then there exists
positive constant v depending only on the known data such that

exp (][ In (u+ 2(1 4+ bo)p) daz) < A(v,3n,p)[m(p) +2(1 + bo)p].  (2.6)
BQP(‘TO)

Proof. We fix 0 € (0,1), for any p < r < r(l + o) < 2p, we take a function
¢ € C§°(Br140)(0)), 0 < ¢ <1, ¢ =11in B,(20) and |V¢| < (or)!. Let

wzln%, T =u+2(1+ bo)p, (2.7)
where the constant « is defined by the condition (w)a,,2, = f3, (o) WAz =0, ie.
K = exp (][ lnﬂdx). (2.8)
B2p(m0)
We test (1.10) by ¢ = %gq, (w—k); = max{0, w—k}, k > 0. Since we are

dealing with bounded and non-negative solutions (supersolutions), then this and

all other test functions used in the paper belong to VVO1 G(Q) This is a consequence
of conditions (A1) and (A2) and the result of Marcus and Mizel [24, Theorem 2].

So, we have
[ geimg,
Ak,7-(1+a) g(IO?u/p)

G(z, |Vul|)  G(zo,u/p) CVw -
" /A’“W(Hﬂ) g(x07ﬂ/p) { g(l‘o,ﬂ/p) 1}( k)—O—C d

S l/ g(a:, |VU|) E (w _ k)+€q—l d.]?,
Ap,r(140) p

o G(xo,u/p)
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where Ay, = B,(xo) N {w > k}. By (2.5), the value in curly brackets is estimated
from below as follows:
G(:EOa H/p)

Glao,a/p) 1 2PTh (29)

and therefore

Gl Vo) L G |vul),
/Ak r(1+o) g(‘x()vﬂ/p) C et (p 1) /Ak r(1+0) g(ifo,ﬂ/p) (w k)+< dzx

9(z,|Vu|) u '
= G o (w— k)t dr.
- ’y‘/Ak r(1+0) G(wo,/p) opC (w )+¢? du

We use inequality with a = |Vul, b = ¢ and sufficiently small £ > 0, and
then with w = u/ p, to estimate from above the right-hand side of (| -
of SRl
A r(140) (3307U/P) UPC
-1 G(z,|Vul)

< -
2 Ak,r(1+a) (x()’u/p)

g(z, 2%
+1/ <7fc)(w—k)+§q_1dx.
o Ak,r(1+o) g(x07u/p)
Combining this inequality and (2.10]), we obtain
G 9(2, 75
/ G, [Vub) g g < v/ M(w—kﬁ{‘rldw (2.11)
ar v, Go0,/0) ety 90 TP)

Since J—pﬂ( > % > b and |x — x0| < 7(1+0) < 2p for ¥ € Ay 1 (144), then using
conditions (A2) and (A4), we get that for all x € Ay ;(144), it holds

u - _ - _
g(2 L) <@ g, T/p) < 700N g (20,7 p).
op¢
So, from (2.11]) we obtain

/ wcq dz < ~yo~1eMP) / (w— k)4 dx. (2.12)
Ak r(140) g(.’L'(), u/p) Ap,r(140)

To estimate the term on the left-hand side of (2.12), we use (2.1) with ¢ = 1,
a =1u/p, b = |Vu|, assumption (A4), the definitions of the functions G, G, w (see

equalities (|1.9), (2.3) and (2.7), respectively) and (2.5)):
/ \Vw\quxz/ @M@dw
Ap,r(1+40)

Ak,r(1+a) U g(x?u/p)

(2.10)

(W —k) (T de

1 1 G(z,|Vul)
- A T o + 7/ %Cq dl’ 2.13
p ksl 5 Aprinsny G (@,/p) (2.13)

1 erp) G(z,|Vul)
—Apr1re)| + / —————2(%dx.

\ kor(14+0) Y 0 ar i g(mo,u/p)C
Collecting (2.12)) and (| - we obtain

ye e2M(p)
/ Vulctde < 5 (1Manl+ [ - R)do).
Ak, r(140) aip

Ak r(140)

IN

I A
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From this, using Sobolev’s embedding theorem and standard iteration arguments
(see, for instance [20), Section 2, Theorem 5.3]), and choosing k from the condition

k>~ 2 (P) <][
- B

eSSSUPp (5,) W < ~ 2P (f |w| 7T dw) oL (2.14)
? Bz, (z0)

To estimate the right-hand side of (2.14)) we use the Poincaré inequality by our
choice of k (see (2.8])) we have

n—1
n

|w|7-T dx) +1,

2/J($0)

we obtain that

n—1 n—1

(]{32 ( )|w|ﬁ da:) [ (]{32 ( )|w_ (w)l(),Qp‘ﬁdx) o
(o (2o

(2.15)
< Wpl_"/ |Vw| dz.
Bz (o)
Next, similarly to (2.13)), we have
/ |[Vw|dx < / |[Vw|¢? dx
Bz (o) Bap(zo) (2.16)

<"ty

A
e (p)/ G(x,|Yu|)Cq i,
P JBy,(x0) 9(x0,T/p)
here we have ¢ € C§°(Buay(x0)), 0 < ¢ <1, ( =1 in By,(xp), and |V({| < 2/p. In
addition, testing (|1.10]) by ¢ = g(%;/p)v similarly to (2.12)), we obtain
G

/ ng dx < q,pne/\(p). (2.17)

Ba, (o) 9(20,U/p)
Now, collecting (2.14])—(2.17) and taking into account (2.7]) and (2.8)), we arrive at

9).

the required inequality The proof is complete. (I

Lemma 2.2. Under the assumptions of Theorem there exists dg = dp(p) > 0
depending only on the data and p, such that

1/6
(/ (u+2(1 +bo)p)50dx) ’
Bs,/2(z0)

< A(y,2n, p) exp (f

Bap(zo)
Proof. Let us fix o € (0,1) and for any 3p/2 < r < r(1 4 o) < 2p consider the
function ¢ € C§°(By(140)(20)), 0 < ¢ < 1, ¢ = 1 in By(x), |V(| < (or)~1 We
define

(2.18)
In (u+ 2(1 + bo)p) daz).

21+ u
zlnwzlng’ vp:max{'l),ﬂ}7 ‘LL>O
K K
s—1— 41
Testing (1.10) by ¢ = 9”&07%7 s> 1,1 > g, and using (2.9)), we have
G
(p - 1)/ Mvi‘lcl dx
B (140)(z0) (zo,u/p)
<(s— 1)/ w v3=2C! da
Br(140) (wo){v>p} G(zo,u/p)
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z,|Vul) w
+’yl/ g( 7|7 D Uzilldﬁl.
BT(1+U)(£E0) g('xO? u/p) O-pg
s

Choosing p from the condition £ = % and using inequalities (2.1), (2.4) and
conditions (A2) and (A4) similarly to the derivation of (2.12)), from the previous
we obtain

[7eAP)
/ wvfjld dx < L/ v . (2.19)
Bi(140)(%0) G(xo,u/p) ot Br(1+4q)(%0)
Estimating the term on the left-hand side of (2.19)), similarly to (2.13]), we obtain

\Y
/ |Vvu\vz_1§l dr < / |7—U|v2_1gl dx
Br(1+0)(%0) B,(140)(z0) W
Y e2X(p)
< yle / U;—l(l—q da
ol p Br(140)(%0)

Y e2X(p)
< %e / V3¢ da
g P Bi.(140)(%0)

Using Sobolev’s embedding theorem, from this we have

_sn_ 2X(p) o
]1 v tdr < (L][ v dz) " (2.20)
By (z0) o4 Bi(140)(20)

For j =0,1,2,..., we define the sequences

ry = §(3 +2779),  Bj = B,,(x0),

n j+1 23], .
Sj:(n—l) ) Mj:p—l’ yj:][B‘UHdex.

J
Then inequality (2.20) can be rewritten in the form

YIS < (y2iasy MO0 102, (2.21)
and by Sobolev’s inequality and (2.17)), we have
2nA
Yo < yexp (r('i))- (2:22)

From this by iteration, for j =0,1,2,..., we have

; j
1/s; i1 ioi/om i=0 "5, 1y n=t
e (n - 1) P (2)‘@) > ;)yo (2.23)

< 76270\(9).

Let m € N be arbitrary, then there exists j > 1 such that s;_; < m < s;. Using
Holder’s inequality, from (2.23)) we obtain

m/s;

m m X m-+1
][ ,Uidl' Sf Uﬂd.’ﬂ < ’}’y] < Y e?nm)\(p) < ,Ym+162nm)\(p).
330/2(330) m)! Bsp/z(wo) m! m' m'
Choosing 69 = dg(p) from the condition
1
6o = — e 2P, (2.24)
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from the previous we have

which implies

m
][ €%V dx S][ %0+ dg < Z ][ 50U+ dx < 2.
Bs,/2(%0) Bs,/2(%0) Bs,/2(x0)

501} e

From this, since e (w/k)% we have

1/5
(f w0 dx) ’ < (29)Y%k < A(y,2n, p) &
Bgsp/2(x0)

that together with (2.8) yields the desired inequality (2.18]). This completes the
proof. (Il

The next lemma is a simple consequence of Lemmas [2.1] and 2.2
Lemma 2.3. Let all the assumptions of Lemma[2.9 be fulfilled, and set
b1 =00/(q—1), (2.25)
where &g is defined by . Then

(]{330/2(10) g’ (1‘0, 1‘+2(;+b0)p> dx) 1/6

m(p) +2(1 + bo)P)
P :

(2.26)

< A(v,3n, p) g(wo,

Proof. By condition (A2) we have
][ g% (o, %)
Bsp/2(x0) g% (1'0» w)
5
§1+c‘f1][ ( u+2(1+bo)p )0
B3, /2 (zo)N{u>m(p)} m(p) +2(1+bo)p

By Lemmas [2.1] and [2.2] the second term on the right-hand side of this inequality
is estimated from above as follows:

u + 2(1 -+ bo)p do
dz < A(v,3n, p),
]{3&/)/2(10) (m(p) +2(1+ bO)P)

which completes the proof. (I
To complete the proof of Theorem we need the following lemma.

Lemma 2.4 (Inverse Holder inequality). Let the assumptions of Theorem be
fulfilled, then for all 5 < s <mn/(n —1) we have

/s
(j{%p/dxo) g (930, u+ 2(1p+ bo)P)dx) 1

+2(1+5b 1/6
SA(%2n+17p)(j[ g (xo,w)dx) P
B3, 2(70)

(2.27)
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Proof. We set ¥(x,w) = g(x Y for z € ), w > 0, and note that by (2.4) and ([2.5),
we have

g(x,w) <y¢(x,w) forall z € Q, w>2(1+by), (2.28)
1
P(z,w) < ;g(m,w) for all x € Q, w > 0, (2.29)
which gives

(ow) <7 2EY) o all e € Q) w > 2(1 + by), (2.30)

w
Wl (x,w) = 9z, w) = (@, w) >(p—1) v, w) forallz € Q, w>0. (2.31)

w W

We need a Cacciopoli-type inequality for negative powers of ¥ (zo,u/p). To
establish it, we fix o € (0,1) and 7 > 0 such that 5p/4 <r <r(1+ o) < 3p/2, and
take a functlon ¢ € C§°(Bra140)(20)), 0< ¢ <1, ¢ =1 in By(xg), [V¢| < (or)7!

Testing (1.10) by ¢ = =" (xg,u/p)¢? 0 < 7 < 1, § > ¢, and using (2.31)), we

obtain

- )T o, U w
(p—1) /B R

<20 W7 (20, 1/ g, |Vul)CO d,

0P JB,(110y(x0)

which by (2.1), (A2), (A4) and (2.28]) implies

Gl |Vul) oy,

/ 4" (w0,7/p)
Br(1+40)(x0)
v 09 P

(om)e p

(2.32)

/ BV (20, T/ p)C0 da
Bi(140)(%0)

Based on inequality (2.32]), we organize Moser-type iterations for the function
¥(zo,u/p). To do this, we fix 0 < t <n/(n—1) and I > ng/(n — 1), then by the
Sobolev inequality and by (2.30)) and (2.29), we obtain

n—1

( /B Vg dr)

t(n—1) l(n 1)

SW/ V[ (x0,7/p)C
B,.(140)(%0)

} ’ dx
(2.33)

t(n—1) _ xo, U
<ot [ P (g, ) L0 L 0)
By(110)(z0) u

l t(n— n—
- W (o fp) T d
TP J B4y (w0)
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Using (2.1), (A4), (2.28) and (2.32) with 7 =1 —t(n — 1)/n and 6 = I(n — 1)/n,
we estimate the first term on the right-hand side of (2.33)) as follows:

t(n—1) _, . 9(xo,u p) Un=1)
/ T a1/ p) L) (g g
B (140)(%0) u

I(n—1)

<y [ 5 o, /) L) gy 2 g
Bi(1406)(%0)

u

G (z,|Vu|)  1n-1
= ¢ da (2.34)

tn=1) _
<y [ " o, /p)
Br(1+0)(%0)

I(n—1)

) 1), B B
Ll A e G O R T
By (140)(%0)

p

11 t(n —1),_qe2rP) t(n—1) . Un—1)
S%[l_ ( >} ! / Y (o, u/p)C T d.
g n P By (140)(%0)

Combining (2.33)), (2.34), we arrive at

n—1

(]{3 (@ )wt(mo’a/p)dx) n

lq t - 1 —-q t(n—
S L (1 — M) €2A(p)][ 'lp ¢ n L (x07ﬂ/p)dl‘7
o1 n By (1+40)(%0)

(2.35)

for 0 <t < 25 and [ > .

n—1

Now, let 1 < s <n/(n—1), and let j be a non-negative integer such that

(2.36)

Setting in (2.35) I = ng, r =r; = £(6 —27), r(1 4 0) = ri;1, B; = By, (x0) and
t:ti:s("T_l)lfori:O71,...,j+1, we have

(. " Gwoamas)"”

< [y2% (1 — Es> 7q62>\(p)j|1/ti+1 ( tiar
n

V1 (w0, /p)d

Biy1

Iterating this relation and using Holder’s inequality, we obtain

(fB ( )ws(x07ﬂ/p)dx)
50/4(T0

— (f v o.u/par)””

By

J
; —1 \—aq/tiqa 1/tj41
<[I[p2ee(1-"=s) '] () v @oa/pde)
=0 Bj+1

n

P 1 N 1/t 1/8
< 242 i/ti+ [’Yez’\(p) (1 - Ls) ] v (’Yf Yo (ﬂfoﬂ/ﬂ)dw) 17
B3, /2(%0)

1/s

n
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and by (2.36), (2.25) and (2.24) we have
i 1 1 n
1=0 tl 5 -1 z:O

L +1
Z; (53 -

l

2

—_

n—l n
1(7?,71)7

Mg

<.

z:O

From this, and recalling the definition of d; (see again and - we arrive
at the required inequality - This completes the proof (I

Combining Lemmas [2.3] and [2.4] we obtain that

<f35 Ja@0) 9° (iCo, U+2(1p+bo)0)d$) 1/s < Ay, 37%;0)9(330, m(p) + 2p(1 + bo)p)’

which proves Theorem

3. PROOF OF THEOREM (SUP-ESTIMATE OF SOLUTIONS)
Let us fix 0, 01 € (0,1), p <r <r(l+001) < r(l+0) < 5p/4, and consider
a function ¢ € C§°(By(14001)(®0)) such that 0 < ¢ < 1, ¢ = 1 in B,(z) and
V(| < (001r) ™" Testing (L10) by ¢ = uG* " (z0,/p)¢", s > 1, 1 > max{q, s/2},
and using (2.5)), we have

s G, [V 6 o, 1/p)¢! d
Br(1400q)(%0) (3.1)

<tf ol V) G a0,/ p)C do
r(14oop)(T0) 001 C

Using (2.1) with e = 35, a = |Vul|, b = %194’ we estimate the right-hand side of
(3.1) from above as follows:

z / oz, |Vul) —— G5 (z0,1/p)C* da
BT(1+601)(w0) 001 C

S

<3 / G, [Vul) G~ (w0, u/p)C! da (3.2)
7(1+aal)($0)

u
—|—l/ z, G Y(xo, T dz,
T(1+001)(Io) ( 50’0’1p€>0‘0'1p<' ( 0 /p)c

> > = 2(1+bo), conditions (A2), (A4), inequality (2.4) and

€ooq p( =
e = s/(2l) give the estlmate

moreover, since

u
l/ g(gc G Ywo,u/p)Ct da
Brsoyy(wo) © €T01P6 )C’UlpC (o /¢)

c1l 1 / U\NU Lo g _ —
<l o(e. )L g o alp)C a3
gq—1 (O’O’l)q BT(1+001)($0) p/p (3 3)

127 P) -
<1 / G* (20, @/ p)¢'" " da.
0-0-1) B'r(1+f7'0'1)(w0)
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Combining (3.1)), (3.2, (3.3), we obtain

s Gz, [Vul) G~ (w0, T/p)C! da
B (1400q)(%0)

12eMP) a
< G* (0, 0/p)(! " do.
001 Br(1400q)(20)

In turn, using this inequality, as well as (A4), (2.1) and (2.4), we deduce that

/ V(9% (w0, 7/ p)C"] | da
BT(1+001)(5L’0)

s _ _ _
< / G~ (wo,/p)g(wo,7/p)|Vul (' do
p BT(1+001)(w0)
l
T e
oo1p Br(1400q)(T0)
A(p)
< & G(z,|Vu|) G* Yz, u/p)¢t da
¥ P
P Br(14o0q)(20)
v f G* (w0, /p)C' ! da
O01P JB,(1100y)(x0)

519 2A(p) _
] G* (o, W/p)C! " d
(001) P Br(14007)(%0)

Combining this and Sobolev’s inequality, we arrive to

(/Br(xo)gwf"l(xmu/p)dx)y:l S/B ’V[Qs(xo,ﬂ/p)d”dx

r(1+00q) (T0)

4
sl 2P (3-4)
S / gs(xg,ﬂ/p)dx.
(00'1)‘1 P Bir(1400q)(20)
Now, for 7, 7 =0,1,2,..., we define the sequences
P —iy , P o—i—j no\j no\j
i =—(0—2"")+ =27 P = , = .
Tij 4( )+8 Sj (’I’L—l) J q(n—l)
. i+j+4
Let Cij € C3°(Br,, (), 0 < Ciy < 1, Ciy = 110 By, (w0), [VCigl < 2
Fori, j=0,1,2,..., we also set 1, = 1; 00, M; = esssupp_(,,)u and
< B 1/s;
Yij = ( g ](xo,U/P)dﬂi) :
B’V‘Lj (IU)
From (3.4) we obtain
"y 1/s;
Yij+1 < (72(””%”@)) Yij, 4,7 =0,1,2,.... (3.5)

We iterate inequality (3.5) with respect to j and use the fact that 7,11 = r; o to
obtain
M;+2(1+b ,
g(ggo7 M) < 7Qwe%/\(p)f G(xo,u/p)da
P Br,, (w0)

< 4217207 () M1 +2(1 4+ bo)

p][ 90,0/ p)d.
p B""i-{-l ($0)
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This inequality, (2.2)), and (2.4) imply that, for any € € (0,1) and ¢ = 0,1,2,...,
the following inequalities hold:
M; 4+ 2(1+ b
o (xo. M)
P
Mg +2(1+ bO)P)

p
1 ( M; +2(1+ bo)p) M; +2(1 4 bo)p
+ —g\ Zo,
€ p M1 +2(1+bo)p
M; 2(1+b 20
1 +2(1+ 0)/)) + gl e2n>\(p)f 9(w0, 7/ p)dz.
P € Bsp/4(9ﬂo)

Iterating the resulting inequality, for each ¢ > 1 we have

g(aco, M(p) +2(1+ bo)P) _ g(xo, Mo +2(1+ bO)P)

< 6”*19(%0,

< ep_lg(xo,

P P
, M;+2(1+b
e M)
p
i—1 )
e 1e2m) Z(epw)a][ g0,/ p)dx.
j=0 5p/4(10)

Finally, choosing ¢ from the condition e?P~127 = 1/2 and passing i to infinity, we
arrive at

2(1+0b
a(xo. (o, L 2LEI0PY g,
) P

M(p) +2(1+ bo)ﬂ) < ,}/eQn/\(p)f
P N B

50/4(T0

This completes the proof of Theorem |1.4
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