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PERIODIC SOLUTIONS OF MULTISPECIES-COMPETITION
PREDATOR-PREY SYSTEM WITH HOLLING’S TYPE III
FUNCTIONAL RESPONSE AND PREY SUPPLEMENT

JIWEI HE

ABSTRACT. In this paper, we consider a nonautonomous multispecies compe-
tition predator-prey system with Holling’s type III functional response and
prey supplement. It is proved that the system is uniformly persistent under
some conditions. Furthermore, we show that the system has a unique positive
periodic solution which is globally asymptotically stable.

1. INTRODUCTION

The ecological predator-prey systems with Holling’s type functional response
have been studied extensively by many authors [T}, 2], B [l [ [7, 8, O] 12l 13| 14
15]. One of the most interesting questions in mathematical biology concerns the
existence of positive periodic solutions for population dynamical systems [6] [IT,
16l [17, [18]. For the continuous Lotka-Volterra systems, such a problem has been
investigated extensively, and many skills and techniques have been developed.

The existence of positive periodic solutions for such systems can be obtained by
standard techniques of bifurcation theory [5], or by theory of topological degree [I1].
In fact, these methods have been widely applied to various Lotka-Volterra systems
[16, 17, 18]. However, in population dynamics, in order to keep the persistence
of Lotka-Volterra system, human always give some supplement of prey. To the
author’s knowledge, the population dynamical systems with prey supplement are
seldom discussed.

The purpose of this paper is to study the asymptotic behavior of a nonau-
tonomous multispecies predator-prey system with Holling’s type III functional re-
sponse and prey supplement. Moreover, the competition among predator species
and among prey species is simultaneously considered. We will investigate the fol-
lowing nonautonomous predator-prey system of differential equations
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Here, x;(t) denotes the density of prey species z; at time t, y;(t) denotes the
density of predator species y; at time ¢, ¢;(¢) represents the supplement of prey,
the functions bi(t), T’j(t), aij(t), Cij(t), dij(t), eij(t) (Z = 1, 2, oy, j = 1, 2, RPN ,m)
are continuous, nonnegative and b;(t), fjx(t), a:ii(t), e;;(t) are below bounded by
positive constants. In section 2, we prove the uniform persistence of the system.
In section 3, we prove the existence of positive periodic solution of the system. In
section 4, the sufficient conditions for the uniqueness and global attractivity of the
positive periodic solution of system (1.1)~(L.2)) are obtained.

2. UNIFORM PERSISTENCE

For the sake of simplicity, we take some notations as following:
X = (z1,29,...,2,), Y =(n,y2,-.-,Ym), F=(X,Y).

It is obvious that there exists a unique solution of the system (1.1)—(1.2]) corre-
sponding to any initial value F' = (X,Y) € R"*™. Assume that

Ft, F)=(X(tF),Y(tF))
= (xl(t’F)amQ(tvF)""axn(tvF)vyl(t7F)7y2(taF)’"'vym(t7F))7

and F(0,F) = F,t > 0.

Lemma 2.1. Ifa > 0,b> 0 and % < (>)z(b— az), when t > 0, for any positive
imitial value we have

lim sup z(¢t) < (liminf z(t) >

t—o00 a t—o0

Q| o

).

Lemma 2.2. Both positive and nonnegative cones of R™™™ are invariant with

respect to system (1.1)—(1.2)).

It follows from this lemma that any solution of system (1.1))—(1.2]) with nonneg-

ative initial conditions remains nonnegative.

Definition 2.3. System 7 is said to be uniformly persistent if for any
positive initial value, there exist positive constants A, B, C, D such that 0 < A <
liminfy 4o z4(t) < limsup, ,, 2i(t) < B < 400 (i = 1,2,...,n) and 0 < C' <
liminf, 4o y;(t) < limsup, o y;(t) <D <400 (j =1,2,...,m).
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Assume that 0 < f& = infy>g f(t) < supysq f(£) = f < +o0. In the following,
it is convenient to assume that

o} [
bi = aP + CLL ) q; = T + Zd
i i
m L
M kP ?;
a; = Sy altp YOI O
n k=1,k#i k=1 ik Qi
n o m
Jk k M
JJ G ¥

(t=1,2,...,n; j =1,2,...,m). It is obvious that if ¢; > 0, then a; < p;, and if
g; >0,0; >0, then §; <¢; (i=1,2,...,n; j=1,2,...,m). So, from now on, we
suppose that ¢; >0 (j =1,2,...,m).

Theorem 2.4. Ifo; >0, 3; >0,¢; >0, 1 =1,2,...,n; j=1,2,...,m), then
system (1.1] 7 18 uniformly persistent.

Proof. Tt follows from Lemma-that any solution of system (|1.1)—(1.2) which has
a nonnegative initial condition remains nonnegative. From equatlon 1.' we have
i < 2;(bM — akx;) + oM. For any initial value x;(0) > 0, from Lemma ﬂ, we

have
pM oM
limsupz;(t) < —5 + —=p, (i=1,2,...,n). (2.1)
t—00 ai; a;;

From (1.2), we have y; < yj(—er + >y d% — eijyj). Thus for any y;(0) > 0,
from Lemma we have

lim sup y; (¢) ST =T +Zd =q;, (j=12,....,m). (2.2)
t—o0 ]
For £; > 0 small enough, there exists ¢; > 0 such that
xp(t) < pr +e1,and yi(t) < g + €1, (2.3)
for ¢ > t1. From (1.1)) and inequality (2.3]), we have
n m M
. C; + € i 1 €
bz Y alleta)- Y E@EEDOID gy o o)
k=1,k#i k=1 ik

(t=1,2,...,n)fort > t;. From the above inequality, for any initial value 2;(0) > 0,
using Lemma 2.1} we get

- Mg+ e +e1) oF
ltierinfxi(t)Z—M(bL S e -y @ TA@Ta), o
> Gii k=1,k#i k=1 i Gig
(i=1,2,...,n). Let ¢, — 0, we have
o 1 o kD o
ltlglﬁgofxi(t) 2 T‘f Z ajipr — Z Lkz) + a& = ay, (2.5)
k=1,k#i k=1 [ i

(i=1,2,...,n). For eo > 0 small enough, there exists to > t; such that
zp(t) >ar —e2 >0, (k=1,2,...,n), (2.6)
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for t > t5. Using equation (1.2)) and inequalities (2.3)) and (2.6]), we have

- dJLk g — €)° "~ M
+Zf Tar Z ek (ar +€1) — €55y5),  t>ta.
o ta k=1,k#j
So, for any initial value y;(0) > 0, from Lemma 2.1} we obtain
fmint 3, (1) > R D DI E)
iminf y;(t) > —; (-’ + T 5 €;x(qk T €1)),
t—to0 77 1\]4 + (px +€1)? T J
(j =1,2,...,m), by the arbitrariness of €; and ez, we have
a m
M Jk k M _ .
ltu_)nﬁgfyj( ) > W Z A - Z €jkdi) = Bj, (2.7)
Jj ko k=1k#j
(=1, 2 m). Then, from (2.1), 2.5) and (2.2), ([2.7), we conclude that system
. is umformly persmtent (|

Assume Ko = {F = (X,Y) € RY™ : af < x;(t) < pi(i = 1,2,...,n),8; <
yi(t) <q;(j=1,2,...,m)}, where

0<oj <ai, p;>pi, 0<B7 <85, qf>q. (2.8)

Corollary 2.5. K is an invariant set with respect to system (1.1)—(1.2) and is
ultimately bounded area of the solution of (1.1)—(1.2).

Proof. Since o; < liminfy 4o 2(t) < limsup, ,,  2;(t) < p;, then there exists
t; > 0 such that af < x;(t) < P for t > t;.

By analogy with x;, we know that there exists to > t1, such that 6; <y;t) < qa;
for t > t5. It is obvious that 0 < o < p;f and 0 < 7 < ¢ are indepen-
dent of any positive solution of system 7. So for any solution F =
(1(t), s 20 (), y1(t), . .., ym(t)) with positive initial value, we have

(xl(t)a s >xn(t);y1(t)7 < -aym(t)) € KO
for ¢t > to. O

3. EXISTENCE OF POSITIVE PERIODIC SOLUTION

In this section, we assume that all the coefficient functions are w-periodic (w > 0),
continuous and nonnegative, and b;(t),r;(t), a;i(t),e;;(t) are positive functions,
then system (|1.1)—(1.2) will be a w period system.

Lemma 3.1 ([I0]). Suppose that a continuous operator U maps a closed bounded
conver set  C R™ into itself. Then € contains at least one fized point of U; that
is, there exists at least one z € Q for which Uz = z holds.

Theorem 3.2. If system (1.1)—(1.2) satisfies conditions (2.8)), then system (1.1])—
(1.2) at least have a positive w period solution in RT.

Proof. Firstly we define a Poincaré mapping P : R*"™™ — R"™™ ie. Prg = z(w+
to; to; .230), here Trog = (l‘l(to), xg(to), N ,J)n(to); yl(to), yg(to), N ,ym(to)) S Rier
It is easy to know, if P has a fixed point z* € RT‘m, it is equivalent that system
f at least have a w period positive solution. For Ky mentioned above, it
is obvious that Kq C R1+m is a bounded closed convex set and a positive invariant
set with system Mj.
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Since the solution is continuous with the initial value, if zyp € Ky, then P is
continuous with zg in Ky and P maps K into itself. That is to say that if zq € K,
then x(t + to;to, o) € Ko(t > tp). Let t = w, we have x(w + to; g, z0) € Ko, i.e.
PKy C Ky. By Lemma we know that P at least have a fixed point z*, i.e.
Pz* = x*, and then the corresponding system f at least have a w positive
period solution. O

4. GLOBAL ASYMPTOTIC STABILITY AND UNIQUENESS OF THE POSITIVE
PERIOD SOLUTION

Without loss of generality, we assume m < n,cx =0, k =m+1,...,n, i =
1,2,...,n, let p = maxi<i<n{pi}, @ = mini<;<p {ou}, ¢ = maxi<j<m{q;}, and
B =mini<;j<m{B;}-

In the following, we assume that

(A) ¢;>0,;>0and 3; >0, (1 =1,2,...,n; j =1,2,...,m).

(B)

. = Cik fzk t \~ 2d; ’ t
o = min {aii (t) — Z (air(t) + X (t) Z f] t)
k=1, ki ik j=1 il
aCJJ Z ac’k Ze
jk } > 0,
Fii (1) k=1, kj Tik(®) k=1

(i=1,2,...,n;5=1,2,....m).

Lemma 4.1 ([I]). Let g be a nonnegative function defined on [0, +00) such that g
is integrable on [0,+00) and is uniformly continuous on [0,+00). Then

lim g¢(t) =0.

t—+o00

Theorem 4.2. If system (L.1)—(1.2)) satisfies the conditions (A) and (B), then sys-
tem (L.1)—(1.2)) has a unique positive period solution which is globally asymptotically
stable.

Proof. Let G(t) = (u1(t),u2(t), ..., un(t),v1(t),v2(t),...,vm(t)) € RY™™ be a pos-
itive periodic solution obtained in the proof of Theorem and let F(t) =

(x1(t), z2(t), ..., xn(t),y1(t), y2(t), ..., ym(t)) € RTLm be a solution of f

with F'(0) > 0. Since solution of system ([1.1))—(1.2)) remains positive, we can set

Ui(t) =Inwu(t), Xi(t)=lnz(t) (1=1,2,...,n),
Vi) =g, Vi) =lngs(t) (G =1,2,....m).

Consider a Lyapunov function V'(t) = 321, |Ui(t) — Xi(t)] + 2271, [V;(t) = Y;(t)]-
Now we calculate and estimate the upper right derivative of V' (¢) along the solution
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of system (L.1)-(1.2):

DTV ()

<3 e O - 50+ O 60 - o)

: Xj; M[‘ g aip(t) (VO — Xy é Cik(t)u}f:g t(;:(; (t)@ykm)
R s
+ ﬁ; Vi(t) - Y t;| [ éejk(t)( W _ o

= " Cik fzk t +P2 2d; z t . .
< [ Z (azk(t) + ( )( ((t)) Z f] t _ (t)HeUz(t) _ eXL(t)|
i=1 k=1,k#i ji(
. ] aci( Vi(t) _ Yi(t)
+2 - “ S yROETCRS > enhle” |
j=1 Jii( +p k=1,k#j Fir(®) +p k=1
< —a[z ui(t) —2i(t)] +Z|UJ ).
i=1

An integration of the above inequality leads to

o [ 13 uste) = it |+Z|vj Dl < V(0) < +oo.
Then

lim sup / 3 Juilt) — i) + 3 log(®) — 0] < 2 < 4o,
0 =1 =1 @

t——+oo

Thus by Lemma [£.1] we have
lm |u;(t) —z;(t)| =0 (i=1,2,...,n);

t——+o0

lim |vj(t) —y;(t)]=0(j=1,2,...,m).

t——+oo

This implies that the positive w periodic solution G(t) is globally asymptotically
stable, and then it is unique. O
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