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MAXIMUM PRINCIPLE AND EXISTENCE OF POSITIVE
SOLUTIONS FOR NONLINEAR SYSTEMS ON R¥

HASSAN M. SERAG, EADA A. EL-ZAHRANI

ABSTRACT. In this paper, we study the following non-linear system on RY
[ulP~2u + b@)ulo|Pv + f @ € RY
[ulolPu + d(@)[v]* 20+ g @ RN

—Apu = a(x)

—Aqv = ¢(z)

lim w(z)= lim v(z)=0, wu,0v>0 inRY
xr|—00

|| =00 ||

where Apu = div|Vu|P72Vu) with p > 1 and p # 2 is the “p-Laplacian”,
a,B > 0, p,g > 1, and f,g are given functions. We obtain necessary and
sufficient conditions for having a maximum principle; then we use an approx-
imation method to prove the existence of positive solution for this system.

1. INTRODUCTION

The operator —A,, occurs in problems arising in pure mathematics, such as the
theory of quasiregular and quasiconformal mappings and in a variety of applications,
such as non-Newtonian fluids, reaction-diffusion problems, flow through porous
media, nonlinear elasticity, glaciology, petroleum extraction, astronomy, etc (see
[14, [16]).

We are concerned with existence of positive solutions and with the following
form of the maximum principle: If f,¢g > 0 then u,v > 0 for any solution (u,v) of
3.

The maximum principle for linear elliptic systems with constant coefficients and
the same differential operator in all the equations, have been studied in [7, [9].
Systems defined on unbounded domains and involving Schrédinger operators have
been considered in [Il 2, 22]. In [I8, [19], the authors presented necessary and
sufficient conditions for having the maximum principle and for existence of positive
solutions for linear systems involving Laplace operator with variable coefficients.
These results have been extended in [I5], to the nonlinear system

prui = Zaij|uj|p72uj + fz Uj in Q
= (1.1)

UZ:O on 0f2
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In [6], it has been proved the validity of the maximum principle and the existence
of positive solutions for the following system defined on bounded domain Q of RY,
and with cooperative constant coefficients a, b, ¢, d:

—Apu = alulP"%u 4+ blu|*v|?v + £, inQ
—Agv = clu|*v|Pu+dvP 20 +g, inQ (1.2)
u=v=0 on 0N

Here, we study system

—Apu = a(@)|ulP~2u + b(2)|u|*[v[Pv 4+ f xRN
—Agv = c(z)|u*vPu+dz)|v]? 2 +g xRN (1.3)
lim u(r) = lim v(z)=0, w,v>0 inRY
|z|— o0 |z|—o00

where Ayu = div |[Vu|P~2Vu) with p > 1 and p # 2 is the “p-Laplacian”, «, 8 > 0,
p,q > 1, and f, g are given functions.

System is a generalization for to the whole space RY and the coef-
ficients a(x),b(z), c(z), d(x) are variables. We obtain necessary and sufficient con-
ditions on the coefficients for having a maximum principle for system . Then
using the method of sup and super solutions, we prove the existence of positive
solutions under some conditions on the functions f and g.

This article is organized as follows: In section 2, we give some assumptions on
the coefficients a(z), b(z), ¢(z), d(x) and on the functions f, g to insure the existence
of a solution of in a suitable Sobolev space. We also introduce some technical
results and some notation, which are established in [3} 4] [I6]. Section 3 is devoted to
the maximum principle of system , while section 4 is devoted to the existence
of positive solutions.

2. TECHNICAL RESULTS

In this section, we introduce some technical results concerning the eigenvalue
problem (see [16])

—Apu = Ag(x) T, (u) in RN

2.1
u(z) — 0 as |z| — o0, u>0in RY 21)

where U, (u) = |u[P~2u and g(z) satisfies
g(z) € LNPRN)NL=(RY), g(x) > 0 almost everywhere in RY (2.2)

Forl <p < N, let p* = ]\I;—J_Vp be the critical Sobolev exponent of p. Let us introduce
the Sobolev space DV'P(RY) defined as the completion of C§°(R”Y) with respect to

the norm
1/p
fullors = ([ 1vul”)
]RN
It can be shown that

DY = {ue L¥5RY): Vu e (LP(RV))V)
and that there exists k£ > 0 such that for all u € D,

[ull Lrvosv—p < Kljullpre (2.3)
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Clearly D*?(R™) is a reflexive Banach space, which is embedded continuously in
LNP/(N=P)(RN) (see [11]).

Lemma 2.1. (i) If {un} is a sequence in DYP, with u,, — u weakly, then there
is a subsequence, denoted again by {uy}, such that B(u,) — B(u)
(ii) If B'(u) =0, then B(u) = 0, where B(u) = [pn g(u)|ulPdz.

Theorem 2.2. Let g satisfy (2.2). Then (2.1) admits a positive first eigenvalue
Ag(p). Moreover, it is characterized by

M) [ sl <l (24)

Theorem 2.3. Let g satisfy (2.2). Then

i) the eigenfunction associated to \,(p) is of constant sign; i.e., A\y(p) 1S a
g g
principal eigenvalue.
(ii) Ag(p) is the only eigenvalue of (2.1) which admits positive eigenfunction.

3. MAXIMUM PRINCIPLE

We assume that 1 < p, ¢ < N and that the coefficients a(z), b(z), c(z), and d(z)
are smooth positive functions such that

a(z),d(z) € LN (RN) 0 L=(RY) (3.1)
and
T alzNeTP(d(2))B+1/a
b(z) < (a(x))*/P(d(x))"* (3.2)
c(w) < (a(@))* TP (d(x)) 9,
where
afl O+l aigyoen, 2iloq il gy
p q p P qa q

Theorem 3.1. Assume that (3.1) and (3.2) hold. For f € LG5 (RN), g €

LG (RN, system (1.3) satisfies the mazimum principle if the following con-
ditions are satisfied:
Aa(p) > 1, Mi(g)>1 (3.4)

a+1 1
Conversely, if the mazimum principle holds, then (3.4)) holds and

[(Aa(p) — 1)](a+1)/p[>\d(Q) _ 1](B+1)/q > 6(2((;;))>(a+1)/p(§(é))>(5+1)/q’ (3.6)
where
_ inf,, (qu/qpq) e

° ‘

sup, (¢P/47) 7
and ¢ (respectively v ) is the positive eigenfunction associated to A (p) (respectively

Aa(q) )-
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Proof. The necessary condition: Assume that \,(p) < 1, then the function f :=
a(z)(1—Xa(p))¢?~! and g := 0 are nonnegative; nevertheless (—¢,0) satisfies (L.3)),
which contradicts the maximum principle.

Similarly, if Ag(q) < 1, then the functions g := d(x)(1—X4q(q))y? ! and f := 0 are
nonnegative; nevertheless (0, —)) satisfies , which contradicts the maximum
principle.

Now suppose that A\,(p) > 1, A\y(¢q) > 1 and ) does not hold; i.e.,

[(Aa(p) = D]FIP[Aa(g) — 1PHD/T < ®<Zix)))(Ml)/p(dix;)(ﬁﬂ)/q,

Then, there exists & > 0 such that

118 (c(z))(BJrl)/q

u(p) = 1) (ot 1)/p (g =52 ) N
(w22 )G <o i ()

atl B+l
Let £ = (Z7) » ¢ with C,D > 0. Then

(Aa(p) — 1)\ (+1/P  (CH)P\ 555+
(“(x) b(z) ) ((D¢)q>
G oy e
sls (Malq) — 1)(ﬁ+1)/q (Dw)q)
So
a(z)(Aa(p) — 1)((C9)P)PT/T < b(z)(Dep) (3.7)
d(z)(Aa(g) — D)((Dy))@TV/P < c(z)(Cp)* ! (3.8)

From the two expression above, we have
a(z)(Aa(p) = D)((C9)P~" < b(x) (DY) T (Co)",
d(z)(Na(q) = D((DY)?Y) < e(2)(Co)* (D)’
Hence
f=—a(@)(Aa(p) = D((C4))"™" +b(x)(DY)* ! + (C)* >
g =—d(@)Nalq) = (D))" + c(2) (DY)’ + (Co)*T > 0

Since f and g are nonnegative functions, and (—C¢, —D1)) is a solution of (|1.3))
and the maximum principle does not hold. ([

Now, we show that the condition is sufficient. Assume that (3.4)) and (3.5 hold.
If (u,v) is a solution of (1.3)), then for f,g > 0, we obtain by multiplying the first
equation of (1.3) by % := max(0, —u) and integrating over R:

- / vap = - / a(z)[aP + / b(a) [l ot Pt
RN RN RN
- / bl oo + / Fu
RN RN

[ovars [ awip [ s@pae e
RN RN RN

Then
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From (2.4), we get
()= 1) [ @l < [ st
RN RN
Applying Holder inequality and using (3.2), we find

(Aalp) = 1) /RN a(z)[ul” < (/RN a(x)\mP) (a+1)/p(/RN d(x)|v_|q)(ﬁ+1)/q

Hence

[()\a(]?) — 1)</RN a(x)‘mp) (B+1)/q

B (/RN d(I)|U_|q)(ﬁ+1)/q} (/RN (l(l‘)‘ﬂlp) (a+1)/p <0

If (fRN a(:c)lﬂ\p) (atD)/p 0, then @ = 0. If not, we have

a0 ([ awmr) T < ([ alr)

Similarly

B+1 a+1
q P

(3.9)

a+tl g+1 B+1 a+1

Oate) =00 ( [ a@per) T < ([ a@hep) T @0
From and , we obtain
(Catp) =150t -0 1) ([ awipte [ atwll) T <o

RN
From (3.5, we have w = 7 = 0 and hence u > 0, v > 0 i.e. the maximum principle
holds.

Corollary 3.2. If p = q, then the mazimum principle holds for system (1.3)) if and
only if conditions (3.4) and (3.5) are satisfied.

4. EXISTENCE OF POSITIVE SOLUTIONS

By an approximation method used in [5], we prove now that the system (|1.3)
has a positive solution in the space D''? x D14, For ¢ € (0,1), we introduce the
system

(|u6|p_2u€) |U6|BU6 |ue|* : N
—Aju. = a(z)— 2 4 R
e = O Ty O T @ W g
(|U€|q_21}€) |U€|B || “ue . N
—Ajv. =d(z) ——— R
q¥ (x) (1 + |e/av 71) + ¢(x) (1+ [e'/av,|B) (1 + [e'/Pu |o+T) +gin
ll‘im uez‘l‘im ve=0, u,ve>0 inRY
(4.1)

Letting (£,7) = (ue, ve) then system above can be written as
—A = h(Em)+f nRY
—Agn=k(E&n)+g mRY
&n—0as|z] —oo &n>0inRY
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where
_ |€1P—2¢ [nl”n €1
e = gy Y T e (L e
Jé3 « —2
k() = cfx) ] [ () In|""n

(1+ [€'/an|?) (1 4 |el/pglott) (1+ |e'/anla=1) "

From (3.1)) and (3.2) (&, n), k(&, n) are bounded functions; i.e., there exists M > 0
such that |h(&,n)| < M, and |k(&,n)| < M for all £, 7. Then, as in [6], we can prove
the following lemma.

Lemma 4.1. If (&, mk) — (€,7), weakly in LNP/(N=P)(RN) 5 LN9/(N=0) (RN then

0 (4.2
T a4 ) | im0 4

Ha(x)(( € (2) P26k (2) [€(2)[P~2¢(x)

[ |6k [nln €]
o (e s e ~ @riamp v emgm)| 69

approaches 0 under the norm of LNP/(N(p=1)+p) (RM), a.e. in RN as k approaches
infinity in LN/ (Na=D+a)(RN),

Lt [eamp(@)|o=t) (L4 [e/am(a)|eT)

Hd(x)(( [k ()12 () ()" *n() )| =0 (4.4)

1€k *Ex A |€1¢ In|®
| (e emeas G e ~ aremees @ jarmp) | O

(4.5)
a.e. in RY as k — oo in LN/ (N(@a—1)+q) (RN)

Lemma 4.2. System (4.1)) has a solution U, =: (uc,ve) in D¥P(RN) x DL4(RY).

Proof. We complete the proof in four steps:
Step 1. Construction of sub-super solutions of ([.1): Let £ € DVP (respectively
n°® € DY be a solution of

_Apfo =M+ [ (resp. — Aqno =M+g) (4.6)
and let & € DVP (respectively 79 € D14 be a solution of
—Apo=—M+f (resp. —Aygno=—-M+g) (4.7)
Then (n°,£°) is a super solution of (4.1)) and 79, & is a sub solution since
—ApE" =€) — [ > =Dy =M — f=0 Vi€ [no,n’]
—Apbo —h(€o,m) — fF < —Dplo—M — f=0 Vn e [no,n]
=" —h(&n°) —g > —Am° — (M +9) =0 V&€ [£,&")
—Apno —h(&mo) —g < —Agno — (M +g) =0 V¢ € [£§,£°]

Let us assume that K = [£,£°] x [no x n°].
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Step 2. Definition of the operator T: We define the operator T : (£,1) — (w, 2),
where (w, z) is the solution of the system

—Apw=h(n) +f inRY
~Agz=k(&n) +g inRY (4.8)
w=z—0 as|z]— o0

Sept 3. Construction of an invariant set under T'. We have to prove that T'(k) C K:
From (4.6) and (4.8), we get
—Ayw— A, < h(Em) — M (4.9)

Multiplying this equation by (w — £°)* and integrating over RY | we obtain
[ T0) = 9, (VONT w7 < [ (e = M)(w )T <o

By monotonicity of p-Laplacian, we have (w—¢£°)T = 0 and hence w < £°. Similarly
w > &p, so that step is complete.

Step 4. T is completely continuous: We prove that T maps weakly convergent
sequence to strongly convergence ones. From (4.8)), we get

—Apw — Apw
[Sast j§]P—2¢ ]

= )| T e~ T Jere )

o) k|7 [ U1 &l ]
(1+ |61/q|n£+1) 1+ |el/pgk\a) (1+ |€1/qmﬂ+1) (1+ |61/p€i|oz)

Multiplying by (wy — w) and integrating over R, we obtain

10T 0) = 9 (Tl (7w~ )

|t [ I 4 SR P
- J o et ~ )

+/b(x)[( AR €|

1+ Jel/afn 1y (1+ [et/Pee])
In|®n 1 }
A+ /) (5 Jeg o)) W~ )

Using Holder’s inequality, we obtain
J1a(Twn) - 0 (0T — w)

6] €lP—2¢
< _
- Ha(:p) {(1 + |el/pg Pty (1 + |£1/P§|P—1)} HLNp/(N(pﬂHp(RN)
X [(wr = w)ll v/ v-m @)
|7 | e 1€k |
+ ||b(x
H ( )[(1 + |el/q\77,f+1) (1 + [e/P&g|)

(4.10)

In"n €] }H
(1 + [e/an|P+1) (1 4 |e/pg;|@) Jl e/ v @1 +p @A)

| (wi, — W) Lo/ v—p) &Y
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It is well known [23], that

E—€'7 < {lIE[P 2~ 1€ P2 NE €N AL +IEPY TP e g e RY (411

where « = pif 1 <p <2and « =2if p > 2. From (4.11) and the continuous
imbedding of D*?(RY) in LVP/(N=P)(RN), we get

[ =

€] €2
= k(Ha(x) [(1 + |el/pgpp—1) 1+ \51/p§|p71)} HLNP/<N<p—1>+p(RN)
[ ||
+ Hb(x) [(1 + |€1/q|77£+1) (1 + |61/p€k|a)

In°n &) ]H )
(1+ [eV/an|f+1) (1 + |et/p&|o) e/ ave-n4r@n)

[(wr —w)]|

Applying lemma H, we obtain ||wg — w||%_1}p — 0 as k — +oo in DM?(RY) which
implies

(wy) — (w) strongly as k — 400 in DVP(RY).
Similarly we can prove that

(zx) — (2) as k — +oo in DVP,

So T is completely continuous operator.

Since k is a convex, bounded, closed in: DYP x D4, we can apply Schauder’s
Fixed Point Theorem and obtain the existence of a fixed point for 7', which gives
the existence of solution U, =: (u,,ve) of Se . O

Now, we can prove the existence of solution for system (1.3]).

Np
Theorem 4.3. If (2.2)-([2.4) are satisfied, then for any f € LN (RN), g €

Ng N . . .
L™@0%¢ (RY), system (1.3) has a nonnegative solution U = (u,v) in the space:
D' x Dl

Proof. This proof is done in three steps.
Step 1. First we prove that U, =: (el/pue,el/qve) is bounded in DVP x DL.4.
Multiplying the first equation of (1)) by (eu.) and integrating over R, we obtain

/|V61/pu5|p
S/a(x)|el/pu€|+/b(x)\el/pu5|+61/p//|61/pu6||f\

< lla(@)llv/plle"Pucll np/v—p) + 106 I8 p/ v (0= 1)4) 1€ Pucl nps (v —p)
+ P Puc| s v 1 F I NN 1))

< Mle"Puc]| wp(v—p)

< kM| Puc]| prs

S0 Hel/”ueH%]lp < kM which implies U, =: (¢'/Pu,) is bounded in D*?. Similarly
for (e'/9v,).
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Step 2. U, =: (¢'/Pu,, '/9,) converges to (0,0) strongly in D*/? x D'/4. From step
1, U. =: (e"/Pug, €'/ %,) converges weakly to (u*,v*) in DP x D" and strongly in
L™ (RM) x LNLECI(RN). Multiplying the first equation of (1)), by (e!/?"), we get

‘Gl/pue|pf2(61/pu€) (el/qve)ﬁel/qvE |(61/”u€)|a

(1 + |el/Pu.|p—1) 1+ |el/av |B+1 1 + |(el/Pu,)|@

pr(el/pue) =a(x) +f€1/p'

Again using Lemma [4.1] we have

|el/pu6|P‘2(el/puE)

(1+ [e!/Puclp=1)

[P~ (")

(1 + Jurfp=t)

a(x) — a(x) strongly in LN@IEHP (]RN)

and similarly

(e/9ve)Peltu. |(e!/Pu)|*
L+ [eM/ave[PH1 1+ |(eV/Puc) |

[v* |70 s
(T o [7+1) (1 + ur]®)

— b(z)

strongly in L~ LT (RY). Using a classical result in [21], we have
—Ap(eYPu) — —A,(u,) strongly in LN RM).
So
| [P~2 () [v* |70 Ju |
(14 fu[P=1) (T Jo*[7F) (1 + u|)

Multiplying this equality by (u*)~ and integrating over RY | then applying (2.4) we
get

—Ap(u”) = a(z) +b(x)

(4.12)

)= 1) [a@lu P < [1vup < [d@ler e
Using Hoélder inequality and (2.3)), as in the proof of Theorem we deduce

B+1 atl B+1 a+1

Oue) =) ( [a@leep) T < ([awpp) T @)

Similarly, from the second equation of (4.1)), we have

B+1 atl B+1 a1l

O =0 ( [a@pe ) T < ([a@ep) T )
Multiplying by , we obtain
(Oute) =110y ~1ye D0 1) ([ [a@per) T <o

From conditions (3.4) and (3.5)), we have u* = v* = 0, which implies that u*,v* >
0. We show that (u* = v* = 0). Multiplying (4.12) by u* , we get

((al@) = DED/(0 (p) = Dt/ — 1) ( / d(a)|o"|* / a@lu?) © 7 <0

which implies that u* = v* = 0, and step 2 is complete.
Step 3. (uc,ve) is bounded in DYP x DY49: Assume that ||uc||pi» — oo or

[ve[pra — 00 Set t. = max(||uc|[pre, [[vellpra) and ze = ucte /7, we = vets M9
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Dividing the first equation of (4.1)) by (ti/pl) and the second by (ti/q/), we have

|Ze|p72ze |ws||6we 2| —1/p’

“A(2) = a(z)—C _Fe 1y t-lp
P(Z ) a(:v) (1 + \el/pu5|1’—1) + (1’) (1 4 |61/qv€|)ﬁ+l (1 + |El/pue|)a + f €

|w€|q—2w€ |Ze||a'z€ |w€|ﬁ -1/q

—Agj(we) =d t—1/a
olwe) = O g o1y T O AR ) (1 [y T

As above, we can prove that (z.,w.) — (z,w) strongly in D'? x D14; and taking
the limit, we obtain

—Apz = a(z)V,(2) + b(x)|w|?|2|*w
—Agw = d(x)¥y(w) + c(z)|w]’|2|*2

and we deduce w = z = 0 . Since there exists a sequence (e, )nen such that either
Iz, Il = 1 or ||we, || = 1 we obtain a contradiction.

Hence (ue,ve) is bounded in DY'P x D19 we can extract a subsequence denoted
(ue, ve) which converges to (ug,vg) weakly in D'P x D14 as € — 0. By using similar
procedure as above, we can prove that that (u.,v.) converges strongly to (ug,vg)
in DVP x DM,

Indeed, since (¢'/Pu,(z), /9. (z)) — (0,0) a.e. on RY, then, as in [6], we have

@) a)
DAl
|u€|p_2u€

— a(x)|ug(z) P 2up(z) a.e. in RN as e — 0,

< Mlu P~ < MhP~! e LP (RY),
(z) |ve]ve |ue|®
(1+ [ /aue[)7HE (1 + [e!/Pucl)
|U6|ﬁve |u€
()
(L+ [ /auc)7H1 (1 + [e!/Puc)

Hence from the Dominated Convergence Theorem and Lemma we obtain
P2, RIS
[ [ o0 (i) — Gl =0,

{/RN d(:v)(( [ve| 2 ue ) B (|v0|p,2vo)q*r/q* o,

1+ |e/ay[p—1)

— b(z)|vo|Pvolup|®  a.e. in RY as e — 0,

| «

< Mah®1P+ e 1P (RY)

Lot e
RN (1 + |et/av|)A+1 (1 + |eY/Pu | Big)>
el B8 q*\1/q*
([, (0 i qrcarma ~ lalwlwl) ) =0

as € — 0. Therefore, passing to the limit, (u,ve) — (ug,vo) we obtain from ,
—Apug = a(x)uo[P*ug + b(@)|vo|’ [uo|*vo + f
— A vo = d()]vo|T v + c(2)|uo|*|vo|Puo + g

Hence (ug,vg) satisfies . ]

We remark that if « = f = 0 and p = ¢ = 2, we obtain the results presented in
[18, [19].

p*\1/p"
~ luol*woluol)” ) =0,
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