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DIFFUSIVE PREDATOR-PREY MODELS WITH FEAR EFFECT
IN SPATIALLY HETEROGENEOUS ENVIRONMENT

SHANBING LI, YANNI XIAO, YAYING DONG

ABSTRACT. This article concerns diffusive predator-prey models incorporating
the cost of fear and environmental heterogeneity. Under homogeneous Neu-
mann boundary conditions, we establish the uniform boundedness of global
solutions and global stability of the trivial and semi-trivial solutions for the
parabolic system. For the corresponding steady-state problem, we obtain suf-
ficient conditions for the existence of positive steady states, and then study
the effects of functional responses and the cost of fear on the existence, sta-
bility and number of positive steady states. We also discuss the effects of
spatial heterogeneity and spatial diffusion on the dynamic behavior and estab-
lish asymptotic profiles of positive steady states as the diffusion rate of prey or
predator individuals approaches zero or infinity. Our theoretical results sug-
gest that fear plays a very important role in determining the dynamic behavior
of the models, and it is necessary to revisit existing predator-prey models by
incorporating the cost of fear.

1. INTRODUCTION

In 2011, Zanette et al. [30] conducted a manipulation on female song sparrows
(Melospiza melodia) during an entire breeding season. This is the first experimental
evidence demonstrating that the perceived predation risk can affect the populations
of terrestrial vertebrates although many biologists early realized that the cost of
fear should be considered except for direct killing in the predator-prey interactions
(for example, see [0l 16, T9] and references therein). Since then, fear effect in the
predator-prey interactions has attracted considerable attention (for example, see
[, 18 211, 24, 28] 26) [27] and references therein).

In 2016, Wang, Zanette and Zou [25] initially proposed and analyzed the follow-
ing ODE model:

cClTu = rouf(k,v) — du — au® — g(u)v,
t (1.1)
dv_ —muv + cg(u)v
dt g )

which models the fear effect in predator-prey interactions. Here u(t) and v(¢) denote
the population densities of respective species at time ¢ > 0; ¢ > 0 is the birth rate
of the prey; d > 0 is the natural death rate of the prey; a > 0 is the intra-specific
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pressure of the prey; m > 0 is the natural death rate of the predator; ¢ > 0 is
the conversion rate; g(u) represents the predator functional response which is a
continuously differentiable function of u € R*; f(k,v) represents the cost of fear,
where k > 0 accounts for the level of fear, and f(k,v) satisfies

o =1 PED o i g0 =0
f(k,0)=1, w <0, UILH;Of(k,U) =0.

The following 3 functions satisfy all the above hypotheses: f(k,v) = 1/(1 + kv),
f(k,v) = e % and f(k,v) = 1/(1 + kv + k'v?). These functions describe different
decreasing rates. By theoretical and numerical analyses, Wang, Zanette and Zou
[25] have demonstrated that high levels of fear can exclude the existence of periodic
solutions, while the low levels of fear can induce multiple limit cycles. These results
quantitatively reveal the effect of the cost of fear on the dynamics of .

When the spatial distribution of respective species and the intra-specific pressure
of the predator are considered, Wang and Zou [27] proposed and analyzed the
following reaction-diffusion-advection predator-prey model incorporating the cost
of fear and avoidance behaviors of the prey:

% = dy,Au+ aV - (B(uw)uVo) + folkoa, v)rou
—du — au® —up(u,v)v, = €Q,t>0,
% = dyAv + v(—m(v) + cup(u,v)), x€Q, t>0, (1.2)
ou  Ov
g _ vy Q, ¢
o o , €O, t>0,

u(@,0) = uo(x) 2 0, v(2,0) =vo(w) 20, €.

Here Q is a bounded domain in R™ (n > 1) with smooth boundary 9€; u(z,t) and
v(z,t) are the population densities of respective species at location z € Q and time
t > 0; d, >0 and d, > 0 are the random diffusion coefficients of respective species;
m(v) = my1+mav, where m; > 0 is the death rate of the predator and ms > 0 is the
intra~specific pressure of the predator; up(u, v) is the predator functional response;
w(x) is the outer unit normal vector at z € 9 and du/du = p(x) - Vu is the out-
flux of u; aV - (B(u)uVo) is the diffusion of the prey which represents a directed
movement towards lower density of the predator (i.e., predator-taxis), where «
measures the strength of predator-taxis, and S(u) =1 —u/M for 0 <u < M, =0
for u > M, where M > 0 measures the maximum number of the prey that a unit
volume can accommodate; fo(koa,v) = 1/(1 + koaw) satisfies the same hypotheses
as f(k,v) with kg as a nonnegative constant. By theoretical and numerical analyses,
Wang and Zou [27] have established the sufficient and necessary conditions of spatial
pattern formation for different functional response, and showed that the cost of fear
and functional responses play an important role in spatial pattern formation.

For most biological species, the natural environment where they live is usually
spatially heterogeneous. Therefore, it is reasonable to expect the dynamic behavior
to be influenced by the environmental heterogeneity, apart from the direct effect
(through predation) and indirect effect (fear effect) between the species. Moreover,
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the impact of environmental change on the dynamics of the predator-prey inter-
actions is increasingly recognized (for example, see [2 [6] 10, @, T5] and references
therein). Therefore, it seems imperative to include such the environmental het-
erogeneity while modelling the predator-prey interactions incorporating fear effect.
This constitutes our first motivation of the present paper.

Note that in particular that when modeling the predator-prey interactions incor-
porating fear effect in the literatures mentioned above, the predator species is always
assumed to be specialist predators. However, most predator-prey interactions are
generally comprised of a wide variety of predators, both specialists and generalists.
Moreover, ecologists have studied the impacts of generalist versus specialist preda-
tors separately along with the potential outcome of interactions between them in
various environments, and have shown many different dynamic behaviors (for ex-
ample, see [12, 13} 23] and references therein). Therefore, the predator species
should not only be assumed to be specialists, but should include both specialists
and generalists. This constitutes our second motivation of the present paper.

As far as we know, although lots of mathematical models (mostly ODE models)
have been proposed and studied to quantitatively investigate the effect of fear cost
in the predator-prey interactions, there are few works to study a diffusive predator-
prey model incorporating fear cost in spatially heterogeneous environment. There-
fore, based on these considerations, we consider the following reaction-diffusion
predator-prey model incorporating fear effect in spatially heterogeneous environ-
ment:

ou U
= —d,A
T

% = d,Av +mv — v? + cb(z)p(u,v)v, =€ Q, t >0, (13)
ou Ov
—=—=0 o, t>0
o o , T € , t >0,
u(z,0) = uo(z) 2 0, v(x,0) =vo(z) 20, €.

—du — au® — b(x)p(u,v)v, x€Q, t>0,

Note that we extend model by assuming the predator-prey interaction b(z) to
be spatially dependent function instead of constant, and assuming the growth rate
of the predator to be either positive or negative. In particular, m > 0 means that
predator individuals are generalists and m < 0 means that predator individuals
are specialists. The function b(x) is positive and Hélder continuous in €. The
functional response p(u,v) is a non-negative C''-function of (u,v) € [0, 00) x [0, 00)
such that

p(0,0) =0, 0<pu(u,v) <00, puul(u,v) <0,

I(p(u,v)v)
ov

for (u,v) € [0,00) %[0, 00). The most widely used forms of p(u, v)v in the literatures
are p(u, v)v = uv (Linear functional response), p(u, v)v = uv/(1 4+ qu) (Holling-type
IT functional response) and p(u,v)v = uv/(1 + qu + fv) (Beddington-DeAngelis
functional response). Here ¢, f are positive constants. Note in particular that
compared with , we compromise a little bit in the diffusion term for the prey
by considering the random movement instead of the directed movement towards
lower density of the predator. Indeed, in spatially heterogeneous environment,

Po(u,v) <0, >0
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such directed movement for the prey is interesting, biologically important but yet
mathematically challenging, and we have to leave it for future research project.

The main purpose of this paper is to reveal the impact of fear cost, spatial
diffusion and environmental heterogeneity on the dynamics of . In order to
better demonstrate their influence, we also need to consider the non-negative steady
states of which satisfy the following nonlinear elliptic equations:

TU
—dyAu = —du — au? — Q
d,Au T o du — au® — b(z)p(u,v)v, x €,
—dyAv = mv — v + cb(z)p(u,v)v, € Q, (1.4)
Ou Ov
— =—= Q.
o o 0, z€d

Here u(z) and v(x) denote the density of the prey and predator individuals at equi-
librium, respectively. It is, naturally, the dynamics in the biologically meaningful
region v > 0, v > 0 that are of interest. It is clear that admits a trivial
solution (u,v) = (0,0), two semi-trivial solutions (u,v) = ((r — d)/a,0) with r > d
and (u,v) = (0,m) with m > 0, and positive solutions (u,v) with no component
identically zero. From now on, (u,v) will be called a positive solution of or
a positive steady state of if (u,v) is a classical solution satisfying v > 0 and
v >0in Q.

The rest of this paper is organized as follows. In Sect. 2, we establish the long-
time behavior of solutions to and the sufficient conditions for the existence of
positive solutions to . In Sect. 3, we obtain some insights on how fear cost
affects the population dynamics of by choosing different functional responses
and different sets of parameters. Section 4 is dedicated to the effect of spatial
diffusion and environmental heterogeneity on the dynamics of . Finally, the
significance of current studies is outlined in Sect. 5.

2. SOLUTION AND EQUILIBRIA OF SYSTEM (/1.3)

The purpose of this section is to investigate the long-time behavior of solutions
to (1.3)) and the existence of positive solutions to (1.4]).

2.1. Long-time behavior of solutions to (1.3). For any given function ¢ €

C(£2), we denote
¢* =:max¢, ¢, =:ming, ¢= L/ pdz,
Q 2 €2 Jo

where || represents the volume of the region 2. Let X = {¢ € Wi’p(Q) 100 /0 =
0} and Y = LP(Q2) with p > n. Define a closed linear operator D in Y x Y by
D(u,v) = (—d,Au, —d,Av), where (u,v) € D(D) =: X x X. Here D(D) represents
the domain of the operator D. By [29], the closed linear operator —ID generates an
analytic semigroup {e(*tD)}tZO in Y xY. Then we can use the similar argument
to that of Proposition 3.1 in [29] to prove the following global solvability theorem.

Theorem 2.1. Assume that the initial values up(x) and vo(z) are non-negative
functions of class C(2). There exists a unique solution (u(z,t),v(z,t)) of (1.3)) in
C([0,0); Y x Y) N C*(0,00); D(D)), and it satisfies

0 < u(zx,t) <max{(r —d)/a,uy} =: My,
0 < w(z,t) < max{m + cb*p(Mi,0),v5}



EJDE-2021/70 DIFFUSIVE PREDATOR-PREY MODELS WITH FEAR EFFECT 5

in Q x[0,00).

For later discussion, we now collect some results on linear eigenvalue problem
(see e.g., [IL []). For any ¢(x) € C¥(2) with v € (0, 1), the eigenvalue problem
¢
o
has an infinite number of eigenvalues. Let them be {\;(d,q(z))}2, satisfying
Ai(d,q(x)) > Xj(d, q(x)) for ¢ > j > 1, where Ai(d, g(x)) is the least eigenvalue and
is called the principal eigenvalue. In particular, A (d,0) = 0. Moreover, A;(d, ¢(x))
is a simple eigenvalue and the corresponding eigenfunction does not change sign in
Q. Tt follows from the variational characterization that Ai(d, ¢(z)) is given by

i (d, = inf d|Vol|? )d / d
@)=, int [ @V +a@y?) de ] [ o
Next we call some properties of A1 (d, q(z)).

—dAp + q(z)p = A, © € Q, =0, x € 00 (2.1)

Proposition 2.2. The following assertions hold.

(1) A(d,q(z)) is continuous and monotone increasing with respect to q(x) in
the sense that g1 < qa and q1 # qo implies A\1(d, q1(x)) < A1 (d, q2(z)).

(2) Ai(d,q(z)) is strictly monotone increasing with respect to d > 0 such that
M(d,q(x)) = g as d — 0T and A\ (d,q(z)) = G as d — oc.

Following [29], we say that any non-negative solution of is locally asymp-
totically stable provided that the spectrum of the corresponding linearized operator
lies in the right-hand side of the imaginary axis and it is unstable provided that
there are some points in the spectrum with negative real parts. Then the (local)
stability of trivial and semi-trivial solutions reads as follows.

Theorem 2.3. The following assertions hold.

(1) (0,0) is locally asymptotically stable if r < d and m < 0; unstable if r > d
orm > 0.

(2) (T;d,()) is locally asymptotically stable if \q (dv, —m — cb(z)p (T;d,())) >
0; unstable if A\ (dv, —m — cb(z)p (T;d, O)) < 0.

(3) (0,m) is locally asymptotically stable if Ay (dy, — 5 Hd+b(x)pu (0, m)ym) >
0; unstable if Ay (du, — 135 T d+b(x)p. (0, m)m ) <O0.

Proof. Since the proofs of (1)-(3) are similar, we only prove (3) here. The linearized
operator of (L.4) at (u,v) = (0,m) is

r _ [ —duA — 75 + d+ b(@)pu(0,m)m 0
©m) = —cb(2)py (0, m) —dyA+m

It follows from the Riesz-Schauder theory that the spectrum o(Lg ) of the oper-
ator L ) is composed of real eigenvalues, moreover

r
U(ﬁ(o’m)) ZO'(—duA— 1+/€

Since A;(dy, m) > A1(dy, m) = m > 0, there is no point with a negative real part in
the spectrum o(—d, A + m). In addition, the spectrum

( +rk:m + d + b(x)p,(0, m)m)

+ d + b(x)p.,(0, m)m) Uo (—dyA+m).
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lies on the real axis and the least eigenvalue is given by

A1 (du, S - + d + b(x)p.(0, m)m).

1+k
Hence, the stability semi-trivial solution (0,m) is determined by the sign of this
eigenvalue. This completes the proof. O

By applying the comparison principle, the global attractivity of trivial and semi-
trivial solutions can be established.

Theorem 2.4. The following assertions hold.

(1) Assume that m < 0 and r < d. Then any non-negative solution of
converges to (0,0) uniformly in Q ast — co.

(2) Assume that m < 0, r > d and A\ (dy, —m — cb(z)p ((r — d)/a,0)) > 0.
Then any non-negative solution of with uo(x) > (£)0 converges to
((r — d)/a,0) uniformly in Q as t — oo.

(3) Assume that m > 0. Then any non-negative solution of with vo(x) >
(#)0 converges to (0,m) uniformly in Q as t — oo if one of the following
hypotheses holds:

() 15 < d;
GDTﬁ%:>dmMAl@wftia+d+h@ﬁm«ﬂﬁa—dﬂmnﬂm)>
0.

Proof. Since the proofs of (1)—(3) are similar and the proof of (3) is a little more
complicated, we only give prove (3). It follows from equation (1.3)) for v(z,t) that

% = d,Av +muv — v? + cb(2)p(u, v)v > dyAv +mv — v

in 2 x (0,00). Let V(x,t) be the solution of

2

Vi=d,AV +mV —V? zeQ, t>0,
ov
i

V(z,0) = vo(z) > (#£)0, z €.

0, €0, t>0,

It is well known that V(z,t) — 0 uniformly in Q as t — oo if m <0, and V(z,t) —
m uniformly in Q as t — oo if m > 0. Thus, we apply the comparison principle to
derive that v(z,t) > V(x,t) in Q x (0,00). This ensures that for any ; > 0, there
exists T., > 0 such that v(z,t) > m —¢e; in Q x [TL,, o) since m > 0. In addition,
it follows from the equation for u(x,t) of that

0

u T™U
U g,A
ot e

-
1+ k(m—e1)

2

—du—au® —b(z)p(u, v)v < dy Au+( —d)u—au

in Q x [T.,,00). As above, we apply the comparison principle to derive that for any
g > 0, there exists 7., > T, such that

u(gc,t)ﬁmax{( 4 ] —d)/a,0}+52

1—|—k(m—€1
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in  x [Te,,00). This and (1.3) show that

%Z = d,Au + T —T—ukv — du — au® — b(x)p(u,v)v
U
<dyAu+—— —du—au® — bx u,m-—e1)(m—e
1+ k(m —e1) (@)p( 1)( 1) (2.2)
U
= duA’U, + m —du — G/U,Q - b(:r)pu(u’,m - 61)(m — El)u

< dyAu + Au — au?

in  x [T¢,,00), where «’ € [0, u] and
T

A 1 + k(m — 1)
= b(z)pu (max {(

—d

r

m—d)/a,o}+€2,m—€1)(m—€1).

Hence, the comparison principle shows that u(z,t) < U(z,t) in Q x [T,, 00), where
U(x,t) is the solution of

Uy =d,AU + AU —aU?, z€Q, t>1T.,,
ou

i

Uz, T.,) = u(z,Te,), x €.

0, z€0Q,t>1T.,,

We consider two possibilities:
(i) If /(1 + km) < d, then it is clear that

A1 (du, _Lm + d + b(x)p.,(0, m)m) > 0.

1+k

By choosing enough small 1 > 0 and €3 > 0, we find that A\;(d,, —A) > 0, and
hence U(x,t) — 0 uniformly in ©Q as t — oo. Thus, for any €3 > 0, there exists
T., > T., such that u(x,t) < e3 in Q x [T.,,00). Letting e3 — 0, we obtain that
limy o0 u(x,t) = 0 uniformly in Q. This, together with the equation for v(z,t) of

(1.3), shows that

0

8—? = d,Av +mv — v? + cb(2)p(u, v)v < dyAv + (m + cb*p(ez,m — &1)) v — v?

in Q x [T.,,00). As above, the comparison principle shows that for any g4 > 0,

there exists T¢, > T¢, such that v(z,t) < m+cb*p(es, m —e1) +e4 in Q x [T, 00).

Letting £; — 0 with i = 1,2, 3,4, we have that lim; ,, v(z,t) = m uniformly in .
(ii) If r/(1 + km) > d, then for any £; > 0 small, we have

—d— b (

r

-
A=
1+ k(m—e1)

1+ k(m—e1) —d)/a—l—eg,m—gl)(m_gl)_

Moreover, by choosing enough small e; > 0 and €5 > 0 if necessary, we obtain

A1 (dy, —A) > 0 by the hypothesis

r

Axhm) d)/a,m)m) > 0.

(14 km)

The rest of the argument is the same as that of the case (i) and hence is omitted. O
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Remark 2.5. (i) Choosing p(u,v) = u/(1 + qu). By a straightforward modification
to the expression of (2.2)), that is,

ou U b(x)uv
— =d,A —du — au® —
ot vt 1+ kv uoan 1+ qu
U b(x)(m —e1)u
<dAu+ ———— —du — au® - S
- u+1—|—k‘(m—51) woa 1+ qu
U
< dyAu+ ————— — du — au?
S AT =y T

b(x)(m —e1)u

_ 1+q(max{(71+k(fn_al) —d)/a,0} + &)
T

<dAud(— " g

- u+<1+k(m—51)

i b — ) o
1+q(max{(%—d)/a,0}+ag) ’

the hypothesis

T T
M (s =+ V@R (s = Dfam)m) > 0
becomes
T amb(x)
M(dy,——" 44 .
i T+ km +a+q(r/(1+km)—d)>>0

(ii) Choosing p(u,v) = u/(1+ qu + fv). By a similar modification to the ex-
pression of (2.2)) to that of (i), the hypothesis

Al(du,f ! - +d+b(x)pu((

T —d)/a,m)m) >0

r
14+ km
can be rewritten as

T amb(x)
Al dy, — d .
i T+ hm +a+q(r/(1+km)—d)+afm>>0

2.2. Existence of positive solutions to (1.4). In this subsection, we establish
the sufficient conditions for the existence of positive solutions to (1.4]) by applying

degree theory in cones. The following lemma gives the L°°(Q)-estimate for any
positive solution which is independent of the diffusion coefficients d,, and d,,.

Lemma 2.6. Assume that r > d and (u,v) is any positive solution of (1.4). Then
0<u<(r—d)/a and max{m,0} <v <m-+cb*p((r —d)/a,0) in Q. Moreover, if
m >0 and r/(1+km) >d, then 0 <u < (r/(1+km) —d)/a in Q.

The proof of the above lemma is standard by a simple comparison argument,
hence is omitted. When the diffusion coefficients d,, and d, are away from 0, we
provice the WP (Q)-estimate with p € (1, 00) for any positive solution of (1.4)).

Lemma 2.7. Assume that r > d and (u,v) is any positive solution of with
dy > € and d, > €, where € > 0 is any small number. Then there is a positive
number C = C(e,r,d,a,m,c,b(x), Q) such that ||ullw2rq) < C and [|v|lw2.r0) <
C for any p € (1,00).
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Proof. Suppose that (u,v) = (u(x),v(x)) is any positive solution of ([L.4)) with d,, >
e and d, > e. Let C; =: Ci(e,n,r,d,a,m,c,b(x),|Q]) for simplicity. Multiplying
(1.4) by u and integrate the resulting expression we obtain

2
/ \Vu|?dz = i/ ( ™M g - au® - b(x)P(uw)uv) da
Q du Q
1

1+ kv

< - / (r —d — au)u*dz.

€Ja

Note that (r —d — au)u? < 4(r — d)3/27a% for 0 < u < (r —d)/a. It follows
3

from Lemma [2.6 that [, |Vu[?dz < 22=9"|Q|. Moreover, Lemma [2.6 shows that

Trrs — du — au® — b(z)p(u,v)v is bounded for any p € (1,00). By the standard
LP-estimate for elliptic equation, we have

1 TU
Iy < Callulen + 2 7 = du = v = b@n(w 0ol o) < O
Therefore, we apply the Sobolev embedding theorem to have
Ccl(Q) if n=1;

u€ H*(Q) C { WhPH(Q), Vpy € [1,00)  ifn=2;
WLrL(Q), Vpy € [1, 2] ifn > 2.

' n—2

Here n is the dimension of space. For the case that n > 2, the standard LP-estimate
for elliptic equation yields

1 U
”u”WZvPl(Q) <Cy (HU”Wl»m @+ g” 1+ ko — du—au® — b(x)p(u, U)’UHLm (Q)) < Cs.
Thus, applying the Sobolev embedding theorem we have

Ccl(Q) if n < py;

u € |lullyw2e @) C § WHP2(), Vps € [1,00) if n = py;
Whr2(Q), Vpg € [1,-222] if n > p;.

’n—p1

Consequently, for any p € (1,00), we can repeat the above argument if necessary
to find a positive constant Cg such that ||uy2.»q) < Cs.
Similarly, we can obtain the desired estimate for ||v||yw2.r(q). O

Assume that E is a real Banach space. For a closed convex set W in FE, it is said
to be a wedge if oW C W for all a > 0. Moreover, when WN{-W} = 0, W is called
a cone. Define W, =: cl{z € E : y+wz € W}, wherey € W, w > 0 is some constant
and “cl” represents the closure of the set. Clearly, W, is a wedge, and its maximal
linear subspace is denoted by Sy. Let A be a Fréchet differentiable compact operator
in E such that y € W is a fixed point of A and A(W) C W. Then W, and S, are
both invariant under L(y), where L(y) is the Fréchet derivative of A at y. Let U be
an open subset of W. Define indexy (A, U) = index(A, U, W) = degy, (I — A, U, 0),
where [ is the identity map. Assume that y is an isolated fixed point of A. Then
the index of A at y in W is given by indexw (A,y) = index(A,U(y), W), where
U(y) is a small open neighborhood of y in W.

Assume that E has the decomposition £ = E, @ S,, where E, is a closed linear
subspace of F, and W, is generating. Then the index of A at y can be calculated
by the following proposition (see [20, Theorems 2.2 and 2.3]).
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Proposition 2.8. Suppose that @ : E — E, is a projection operator of E, along
Sy. If L(y) has no non-zero fized point on Wy, then index(A,y) exists. Moreover,
the following assertions hold.
(1) indexw (A,y) =0 if Qo L(y) has an eigenvalue greater than 1 on W,;
(2) indexw (A, y) = indexg, (L(y),0) = (=1)7 if Q o L(y) has no eigenvalue
greater than 1 on Wy, where o is the sum of algebraic multiplicities of the
eigenvalues of L(y) restricted in S, which are greater than 1.

Let E=C(Q)@®C(Q) and W = P® P, where P = {¢ € C(Q) : ¢(z) > 0 in Q}.
Set D = {(u,v) e W :u < (r—d)fa+1,v <m+1+cb*p((r—d)/a,0)}. For
each t € [0, 1], we define a Fréchet differentiable compact operator A; : D — E by

(%) = o any (G = e e ) ).

i(mv — v% + teb(2)p(u, v)v) + M

Here M is a suitably large number such that
ru

(du)71(1 + kv

and (dy) ™" (mv — v? + teb(x)p(u, v)v) + Mo > 0 for any (u,v) € D.

Assume that r > d and m > 0. Then (0,0), ((r — d)/a,0) and (0, m) are the only
non-negative fixed points of A; which are not positive. We can apply Proposition
2.8 to calculate their indices.

—du — au® — tb(z)p(u, U)v) + Mu>0

Lemma 2.9. Assume thatr > d and m > 0. Then
(1) indexw (Aq1,(0,0)) =0;

(2) indexw (A1, ((r — d)/a,0)) = 0;

. o, if M (du, — 15 + d+ b(2)pu(0,m)m) <0,
(3) indexw (A1, (0,m)) = 1 if A (du, —:ﬁ + d+ b(z)pu(0,m)m) > 0;
(4) indexy (A1, D) = 1 if /(1 + km) # d.

Proof. Since the proofs of (1)—(4) are similar and the proof of (3) is a little more
complicated, we only prove (3). By the definitions of W(g ) and S ), it is easy
to check that W ,,,) = P ® C(Q) and S(g,,) = {0} ® C(Q). Choosing E(g ) =
C(Q) ®{0}. Then E = S0,m) ® E(o,m)- Define

- _ %(Lm —d—b(m)pu(O,m)m) +M 0
Li(0,m) = (=A+ M)~ (d Itk L (cb@)pu(0. m)m) BT M) .

Then L;1(0,m) is the Fréchet derivative of Ay with respect to (u,v) at (0,m). As-
sume that (¢, ) € W m) is an eigenfunction of L;(0,m) and & is the corresponding
eigenvalue. Then

(a4 2o

vA+Mr%%@wmmammn¢

r
1+ km

—d- b(x)pu((),m)m) + Mo =ro, zEQ,

b A+ M) _dim+M}¢=nw, zeq,

0p _ 0y _

= = Q.
o~ o 0, ze€d
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When A (dy, —7/(1 + km) + d + b(z)p, (0, m)m) # 0 and m > 0, it is easy to check
that I — L;(0,m) is invertible on W ,,,) by contradiction. Hence, L;(0,m) has no
non-zero fixed point on W(g ,y. Consequently, it follows from Proposition that
indexw (A1, (0,m)) exists.

To obtain the value of indexy (A1, (0,m)), we now analyze the eigenvalues of
Qo L1(0,m), where Q : E = C(Q) ® C(Q) — E(m) = C(Q) ® {0} is a projec-
tion operator of E(g,,) along S .,). By the definition of @, we see that every
eigenfunction of @ o Ly (0, m) has the form (¢,0), where ¢ is a non-zero solution of

(A + M)—l{i(1 ka —d- b(m)pu(O,m)m> + M}qﬁ = ko, TEQ,
o6

o
By [14, Lemma 2.4], it is well known that

(1 r
T[( A+ M) {du(l—i—km
if \q (du, — e T d+ b(x)pu(O,m)m) < 0 (resp.> 0). Therefore, Q o Ly(0,m)
has an eigenvalue larger than 1 when A (dy, —1rem T d+ b(z)pu(0,m)m) < 0,
and thus indexy (A1, (0,m)) = 0 by Proposition [2.8(1). On the other hand, if
A1 (du, —15mm Hd+ b(x)p., (0, m)m) > 0, then Qo L1 (0,m) has no eigenvalue larger
than or equal to 1. Hence, by Proposition 2), we see that indexy (A1, (0,m)) =
(—=1)?, where o is the sum of algebraic multiplicities of the eigenvalues of L;(0,m)
restricted in S(g ,,) Which are greater than 1. Indeed, we can prove o = 0. Assume
that (¢,1) € Sq,m) is an eigenfunction of L;(0,m) and & is the corresponding
eigenvalue. Then ¢ = 0 and ) is a non-zero solution of

0, xe€nN.

—d- b(m)pu(O,m)m> + MH > 1 (resp. < 1)

(—A+M)—1{—d@+M}¢=mp, €Q, %:0, z € 9.

Since A(d,, m) = m > 0, we derive from [I4}, Lemma 2.4] that r[(=A+M) ™' (=7 +
M)] < 1. This implies that L;(0,m) has no eigenvalue larger than or equal to 1 in
S(0,m), and thus o = 0. Consequently, indexy (A1, (0,m)) = 1. a

Assume that 7 > d and m < 0. Then (0,0) and ((r — d)/a,0) are the only non-
negative fixed points of A; which are not positive. There is a result corresponding
to Lemma [2.9] for the case m < 0.

Lemma 2.10. Assume that r > d and m < 0. Then
(1) indexw (A4, (0,0)) = 0;

(2) indexw (A1, ((r — d)/a,0)) =

| o

0, if \(dy, —m — cb(z)p(£=2,0)) < 0,
1, if M (dy,—m — cb(z)p(~ :

(3) indexw (A;, D) = 1.

With the help of Lemmas [2.9] and we use the excision property of fixed
point index to obtain the existence of positive solutions to (|1.4) as follows.

Theorem 2.11. The following assertions hold.

(1) Assume thatr/(1+ km) > d and m > 0. Then system admits at least
one positive solution if Ay (dy, —r/(1 + km) + d + b(x)p, (0, m)m) < 0.

(2) Assume that v > d and m < 0. Then system admits at least one
positive solution if and only if A1 (d,, —m — cb(x)p ((r — d)/a,0)) < 0.
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Proof. We argue indirectly. For the case that r/(1 + km) > d and m > 0. Assume
that (1.4) has no positive solution when
a —+ d+ b(w)pu(O,m)m> <0.

A (A T
Then from Lemma the additivity property of fixed point indices yields
1 = indexw (A1, D)
= indexy (A1, (0,0)) + indexy (A1, ((r — d)/a,0)) + indexy (A1, (0,m)) = 0.
This contradiction shows that when

M (du’ 1 —|—Tkm

(1.4) admits at least one positive solution. Similarly, we can show that (1.4]) admits
at least one positive solution when Ay (d,, —m — ¢b(z)p ((r — d)/a,0)) < 0.
It remains to prove that ([L.4]) has no positive solution if
—d
M (dv, —-m — cb(:c)p(rT,O)) > 0.
On the contrary, assume that (1.4) has a positive solution (u,v). Then from the
equation for v and Lemma we deduce that
0=X\ (dy,—m~+ v — cb(x)p(u,v))
> M (dy, —m — cb(z)p(u,0))
= A1 (dy, =m — cb(z)p((r — d)/a,0)) = 0.

This is impossible which proves the desired result. O

+d + b(2)pa(0, m)m) <0,

3. EFFECT OF FEAR

The purpose of this section is to obtain some insights on how fear affects the
dynamics of (1.3). To make the analysis more explicit, we consider three particular
forms for the functional response p(u,v).

3.1. Linear functional response. In this subsection, we choose the linear func-
tional response (i.e., p(u,v) = u) to demonstrate the effect of fear on the dynamics
of .

The zero level curve of Ay (dy, —r/(1 4+ km) +d+ mb(z)) = 0 is given by r =
r(k;m) =: (1+km)X1 (du,d + mb(z)). By Proposition[2.2|1), we have the following
lemma.

Lemma 3.1. For any k > 0, the function r(k;m) is continuously differentiable and
monotone increasing with respect to m > 0, moreover it satisfies lim,, o+ r(k;m) =
d and limy,_,o 7(k;m) = co. Furthermore, A\ (dy, —7/(1 + km) +d 4+ mb(x)) < 0
if r>r(k;m); > 04 r <r(k;m).

Denote m = m(r) =: A1 (dy, —c(r — d)b(z)/a). Then we have the following
properties of m(r).

Lemma 3.2. For r > d, the function m(r) is continuously differentiable and
monotone decreasing with respect to r, moreover it satisfies lim,_,4+ m(r) =0 and
lim, _, oo m(r) = —oco. Furthermore, \1 (dy,, —m — c(r — d)b(z)/a) < 0 if m > m(r);
>0 if m < m(r).
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Suppose that with p(u,v) = w has a positive solution (u,v). Then by
Lemma [2.6] we have
o:x&%,73%5+d+mﬁw@w)>A(%,T:%E
for any m > 0. Therefore, combined with Theorems [2.4] and we summarize
the above discussion to obtain the following result which can be described in the
rm-plane (see Figure [1)).

+d+ mb(m))

RN

o r=r(0;m)-
r=r(k;m)

(0.m) is a global attractor -

(0,0) is a|global attractor

((r—d)/a)0)isa
global attractor

m=m(r)-

FIGURE 1. Dynamics of (1.3) with linear functional response.

Theorem 3.3. Let p(u,v) = u. Then the following assertions hold.

(1) Assume that m < 0. Then any non-negative solution of converges to
(0,0) uniformly in Q as t — oo for r < d, any non-negative solution of with
up(z) > (£)0 converges to ((r — d)/a,0) uniformly in Q ast — oo ford < r <
m~L(r), where m~1(r) is the inverse function of m(r) =: A1 (dy, —cb(x)(r — d)/a),
and admits at least one positive steady state for r > m=1(r).

(2) Assume that m > 0. Then any non-negative solution of with vo(x) >
(#)0 converges to (0,m) uniformly in Q as t — oo for r < r(k;m) = (1 +
Em)A1 (dy,d + b(x)m), and admits at least one positive steady state for r >
r(k;m).

3.2. Holling-type II functional response. In this subsection, we choose the
Holling-type II functional response (i.e., p(u,v) = u/(1 4 qu)) to demonstrate the
effect of fear on the dynamics of .

It is clear that the zero level curve of A1 (dy, —m — ¢(r — d)b(z)/(a + q(r — d))) =
0 is given by m = m(r) =: A\ (dy, —c(r — d)b(z)/(a + q(r — d))). By Proposition
1), one can easily obtain the following properties of ().

Lemma 3.4. For r > d, the function m(r) is continuously differentiable and
monotone decreasing with respect to r, moreover it satisfies lim,_,4+ m(r) =0 and

lim, oo M(r) = A1 (dy, —cb(x)/q). Furthermore, X\ (dv,—m— %) < 0 if
m >m(r); >0 if m < m(r).
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From the equation for u and Lemma [2:6] a necessary condition for the existence
of positive solutions to (1.4) with p(u,v) =u/(1 + qu) is

B r amb(x)
U(r,m) =: A\ (duv—m td+ a+q(r/(1+km) —d)) <0

The following lemma gives the zero level curve of ¥(r,m).

Lemma 3.5. For any k > 0 and r/(1 + km) > d, there exists a monotone in-
creasing function T(k;m) with respect to m such that U(7(k;m),m) = 0 for any
m > 0, moreover it satisfies d(1 + km) < T(k;m) < r(k;m) for any m > 0,
lim,, o+ F(k;m) = d and lim,,_ T(k;m) = oco. Furthermore, ¥(r,m) < 0 if
r>T(k;m); >0 if r <T(k;m).

Proof. Define

T gy amb(x)
14+ km a+q(r/(1+km)—d)

Then ¥(r,m) = A1 (dy, ¥ (r,m)). Since ¥ (r, m) is monotone decreasing with respect
to r and is monotone increasing with respect to m, it follows from Proposition 1)
that ¥(r,m) is monotone decreasing with respect to r and is monotone increasing
with respect to m. Since ¢(r,m) - —oo as r — oo and ¢(r,m) — mb(zx) > 0 as
r — (d(1+ km))™, we deduce from the variational characterization that

P(r,m) =:

lim ¥(r,m)=—oc0
700

and
lim  U(rmm) = | (du|VE|? + mb(z)e? d:c// 24z > 0
dimwm) = [ (@96R 4 mb)) d ] [ 6
for some ¢ € H*(£2), where ¢ does not change sign in Q. By the intermediate value
theorem, there exists a unique number 7(k; m) such that ¥(7(k; m), m) = 0 for any
m > 0. Moreover, it follows from implicit function theorem that 7(k;m) € C(0, c0)
is monotone increasing with respect to m.
Since

r amb(z) r
)\1<du’_1—|—km td+ a+q(r/(1+km) — d)) < )\l(du’_m —|—d—|—mb(a:))
we have A1 (dy, —7(k;m)/(1 + km) + d + mb(z)) > 0. Thus, it follows from Lemma
that 7(k;m) < r(k;m) for any m > 0. On the other hand,

r amb(x) T
AMldy,————+d AMldy,——— +d
1( w 1—&-/{:mjL Jra—l—q(r/(l—i—lmn)—d))> 1( w 1+k:m+)
r
- d
1+km+ ’

we deduce from this inequality to obtain 7(k;m) > d(14km) for any m > 0. Hence,
we proved that d(1 4+ km) < 7(k;m) < r(k;m) for any m > 0. This, together with
Lemma implies that lim,, o+ 7(k;m) = d and lim,,—, 7(k;m) = oco. This
completes the proof. O

Therefore, combining Theorems [2.4] with 2.1I] we obtain the following result
which can be described in the rm-plane (see Figure .
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RSN

(0.m) is a global attractor -

(0,0) is aglobal attractor

((r—=d)fa)0)isa
global attractor

FIGURE 2. Dynamics of (1.3) with Holling-type II functional response.

Theorem 3.6. Let p(u,v) = u/(1+ qu). The following assertions hold.

(1) Assume that m < Ay (dy,—cb(x)/q). Then any non-negative solution of
(T.3) converges to (0,0) uniformly in Q ast — oo for r < d, and any non-negative
solution of with ug(x) > (#)0 converges to ((r — d)/a,0) uniformly in Q as
t — o0 forr>d.

(2) Assume that A1 (dy, —cb(x)/q) < m < 0. Then any non-negative solution
of conwerges to (0,0) uniformly in Q as t — oo for r < d, any non-negative
solution of with ug(x) > (#)0 converges to ((r — d)/a,0) uniformly in Q as
t — oo ford < r < m '(r), where m~(r) is the inverse function of m(r) =:
A1 (dy, —c(r — d)b(z)/(a + q(r — d))), and (1.3)) admits at least one positive steady
state for v >m t(r).

(8) Assume that m > 0. Then any non-negative solution of with vo(x) >
(#)0 converges to (0,m) uniformly in Q ast — oo for r < 7(k;m) given in Lemma
and (1.3) admits at least one positive steady state for r > r(k;m) given in
Lemma[31)

For any fixed m > 0, Theorem [3.6] provides no information on the existence
and non-existence of positive steady states to with p(u,v) = u/(1+ qu) for
r € (F(k;m),r(k;m)). A further study is therefore necessary in order to better
understand the dynamics of with p(u,v) = u/(1 + qu).

We now apply the bifurcation result of Crandall-Rabinowitz in [4] to obtain a
branch of positive solutions to with p(u,v) = u/(1+ qu) emanating from
(r,u,v) = (r(k;m),0,m) with m > 0. Recall that X = {u € W2?(Q) : du/0p = 0}
and Y = LP(Q). Let B: R x X x X - Y x Y be given by

14+kv 1+qu

2 cb(z)uv
dvA’U + mv — v + W

duA RN Q_b(w)uv
B(r,u,v)z( U+ - U — au .

It follows from the Krein-Rutman theorem that B, ,)(r,0,m)(¢,%) = 0 has a
solution with ¢ > 0 in Q if and only if r = r(k;m). Moreover, the kernel
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N (Bu,v)(r(k;m),0,m)) = span{(¢1, 1)}, where ¢, is a positive solution of

r(k;m) 9
d+b =0 Q —=0 o0
g T H@m)6=0, 20, =0,z €00
and 9y = (—d, A +mI)~(emb(z)p1). Moreover, it follows from Fredholm alterna-
tive theorem that the range R(B(y,.)(r(k;m),0,m)) = {(¢,v) € Y? : [, dprdx =
0}. In addition, a simple calculation yields

By (u,w) (r(k;m), 0,m) (1, ¢1) = (¢1/(1 + km), 0) & R(Bu,v) (r(k;m),0,m)).

Therefore, by applying the local bifurcation theorem in [4], we conclude that posi-
tive solutions of (1.4 with p(u,v) = u/(1 + qu) near (r(k;m),0,m) lie in a smooth
curve X, = {(r(s ) u(s),v(s)) : s € (0,¢)}, where (r(s),u(s), ( )) is continuously
differentiable with respect to s and (r(0),u(0),v(0)) = (r(k;m),s¢1 + o(s),m +
s11 + o(s)). Furthermore, by the formula (4.5) in [22], we see that

r'(0) = ( A 1f§€mda:)7l [/Q (a — gmb(x)) ¢p3dx

kA1 (dy,d + b(x)m) 9
+/Q( ot + b)) $3unda.
Consequently, the bifurcation of 3. at (r(k;m),0,m) is subcritical (r/(0) < 0) if
q > qo(k) and it is supercritical (r'(0) > 0) if 0 < g < gqo(k), where

-1
= ( /Q mb(z)gide) /Q (adn + (b() + kAl(di’f Zni(x)m))ul)qﬁdx.
Remark 3.7. When ¢ € (¢0(0), go(k)), the level of fear k alters the direction of
bifurcation from subcritical (r/(0) < 0) to supercritical ('(0) > 0). This, together
with Theorem 3), indicates that the cost of fear will not only affect the exis-
tence of positive solutions to , but also change the direction of steady-state
bifurcation.

N (

A global bifurcation consideration, together with the maximum principle, proves
that the local curve X, is contained in a global branch of positive solutions to
with p(u,v) = u/(1 + qu) which is denoted by ¥ = {(r,u,v)}. Furthermore, by the
similar argument to that of Theorem 2.4 in [I5], we can show that the global branch
Y is unbounded in Rx X x X. It follows from Lemma-that any positive solution
(u,v) of with p(u,v) = u/(1 + qu) satisfies 0 < u < 1(r/(1+ km) — d) and
m<w S m —|— cb*(r —d)/(a+ q(r — d)) for any m > 0. Thus the only possible is
(r(k;m),00) C {r : (r,u,v) € ¥}. Summarizing the above discussion, we obtain
the following result.

Proposition 3.8. Assume that r/(1+km) > d and m > 0. Then there ex-
ists a global unbounded continuum X of positive solutions to with p(u,v) =
u/(1+ qu) which contains ¥, such that ¥ emanates from (r,u,v) = (r(k;m),0,m)
and tends to infinity as r goes to infinity. Moreover, the bifurcation of Y. at
(r(k;m),0,m) is subcritical (r'(0) < 0) if ¢ > qo(k) and it is supercritical (' (0) > 0)
if 0 < g < qo(k).

Based on Lemmal[2.9]and Proposition[3.8] we establish the multiplicity of positive

solutions to (1.4]) with p(u,v) = u/(1+ qu) by the similar argument to that of
Theorem 2.3 in [15].
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Theorem 3.9. Assume that r/(1 4+ km) > d and m > 0. If ¢ > qo(k), then there
exists a constant r € (F(k;m),r(k;m)) such that with p(u,v) = u/(1+ qu)
has at least two positive solutions for r € (r,r(k;m)) and has at least one positive
solution for r € [r(k;m), 00).

3.3. Beddington-DeAngelis functional response. In this subsection, we choose
the Beddington-DeAngelis functional response (i.e., p(u,v) = u/(1+ qu + fv)) to
demonstrate the effect of fear on the dynamics of (1.3)).

The zero level curve of Ay (dy,, —r/(1 4+ km) + d +mb(z)/(1 + fm)) = 0 is given
by r = 7(k;m) = (1 4+ km)\ (du,d—i-mb( )/(1+ fm)). We have the following
lemma.

Lemma 3.10. For any k > 0, the function 7(k;m) is continuously differentiable
and monotone increasing with respect to m > 0, moreover it satisfies d(1 + km) <
7(k;m) < r(k;m) for any m > 0, and

lim 7(0;m) =d, liin 7(0;m) = Ay (dy,d+b(2)/f),

m—0+
lim 7(k;m)=d, lim 7(k;m)=o00 with k> 0.
m—0+ m—o0

Furthermore, A1 (dy,—r/(1 +km) +d+ mb(z)/(1+ fm)) <0 if r > r(k;m); >0
if r <7r(k;m).

From the equation for u and Lemma [2.6] a necessary condition for the exis-
tence of positive solutions to (1.4) with p(u,v) = u/(1+ qu + fv) is ®(r,m) =:
b -
A1 (du, Tom T d+ a_‘_q(T/(lT,zmg)E_d)_i_afm) < 0. By the similar argument to that
of Lemma we have the following lemma.

Lemma 3.11. For any k > 0 and r/(1+ km) > d, there exists a monotone in-
creasing function 7(k;m) with respect to m such that ®(7(k;m),m) = 0 for any
m > 0, moreover it satisfies d(1 + km) < 7(k;m) < 7(k;m) for any m > 0, and
lim 7(0;m) = d, liin 7(0;m) = Ay (dy,d+b(2)/f),

m—0t

lim 7(k;m)=d, lim 7(k;m)=o0c0 withk > 0.
m—r o0

m—0+

Furthermore, ®(r,m) < 0 if r > 7#(k;m); and ®(r,m) > 0 if r < 7(k;m).

Combined this with Theorems [2.4] and 2.11] we obtain the following result which
can be described in the rm-plane (see Figure [3).

Theorem 3.12. Let p(u,v) = u/(1 + qu + fv).

(1) Assume that m < Ay (dy,—cb(z)/q). Then any non-negative solution of
(1.3) converges to (0,0) uniformly in Q ast — oo for r < d, and any non-negative
solution of with up(z) > (£)0 converges to ((r — d)/a,0) uniformly in Q as
t — o0 forr>d.

(2) Assume that A1 (d,, —cb(z)/q) < m < 0. Then any non-negative solution
of converges to (0,0) uniformly in Q as t — oo for r < d, any non-negative
solution of with up(z) > (£)0 converges to ((r — d)/a,0) uniformly in Q as
t — oo ford < r < m '(r), where m~1(r) is the inverse function of m(r) =:
A1 (dy, —c(r — d)b(x)/(a + q(r — d))), and admits at least one positive steady
state for r >m (r).

(8) Assume that m > 0. Then any non-negative solution of with vo(z) >
(#)0 converges to (0,m) uniformly in Q ast — oo for r < 7(k;m) given in Lemma
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and (L.3) admits at least one positive steady state for r > 7(k;m) given in
Lemmal3.10.

.m)

r=item).

(0.m) is a global attractor (0.m) is a global attractor - r=7(k;m)

(0,0) is aglobal attractor

(0,0) is afglobal attractor

= om=m(r)e L m=im(r)-
(r=d)fa)0)isa
global attractor

(r~d)fa)0)isa
global attractor

(a) k=0 | (b) k>0

FIGURE 3. Dynamics of (1.3) with Beddington-DeAngelis func-
tional response.

Our next goal is to investigate the uniqueness and stability of positive solutions

to with p(u,v) = u/(1+ qu+ fv) when the competition of the predator is
strong (i.e., f is large). Since the analyses are similar to those of subsection 2.3.2
in [I5], we leave the details of the proof to the interested reader and only state the
main results. For the case m < 0, the following result holds.
Theorem 3.13. Assume thatr > d and m € ()\1 (dv, —%), O). There exists
F large such that if f > F, then with p(u,v) = u/(1 4+ qu + fv) has a unique
and asymptotically stable positive solution (ug,vy), moreover (ug,vy) is close to
((r—d)/a,0) and fvy is close to V, where V is the unique positive solution of

ofr — d)b(z) )V, cea. Vo zeon. (3.1)
a+q(r—d)+aV ou

We want to point out that the cost of fear has no qualitative impact on the
behavior of positive solutions for the case m < 0. However, for the case m > 0,
the cost of fear decreases the densities of the prey population. More precisely, we
have the following result.

—d,AV = (m+

Theorem 3.14. Assume thatm > 0 andr/(1+km) > d. There exists F large such
that if f > F, then with p(u,v) = u/(1 + qu + fv) has no positive solution for
r < 7(k;m) and has a unique and asymptotically stable positive solution (ug,vy)
for r > 7(k;m) which is close to ((r/(1+ km) —d)/a,m).

To conclude this section, we state the effects of fear on the population dynamics
of . In view of Theorem and one finds that a common feature
is that the cost of fear has no qualitative impact on the dynamics of (|1.3]) for
m < 0, while the cost of fear has obvious impact on the dynamics of for
m > 0. More precisely, when the predator individuals are generalists, the cost
of fear makes the predator-only steady state (0,m) more stable by excluding the
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existence of positive steady states under certain conditions. A special numerical
simulation example is presented in Figure [4| to verify this result. In particular,
the cost of fear seems to have a more profound effect on the dynamics of
by choosing p(u,v) = u/(1+ qu+ fv). To be more specific, when the cost of
fear is ignored, the predator-only steady state (0,m) is never a stable one for any
r > A1 (dy,d+ b(x)/f) and all m > 0, and a positive steady state always exists, this
implies that two species can coexist; while when the cost of fear is considered, the
predator-only steady state (0,m) is globally asymptotically stable for any fixed r €
R and large m, and hence no positive steady state exists, this shows that the prey
will become extinct unconditionally and the predator will persist unconditionally
for any initial population distribution. Additionally, Theorem [3.14]shows that when
the competition of the predator is strong (i.e., f is large), the cost of fear makes the
total population of the prey drop form (r—d)/a-|Q| to ((r/(14+km)—d)/a,m)-|Q,
where || represents the area of the region . This implies that the cost of fear
not only makes it more difficult for the prey to survive, but also reduce the total
population of the prey even though the prey population survives.

(a) g=0and f=0 (byg=0.1and f =0 (c)g=01and f=1

FIGURE 4. Fix Q = (0,4), b(z) = 1+ 22, ug(x) = 0.1 +0.1sin(5z)
and vg(z) = 0.01 + 0.01sin(5x). By choosing d,, = 11, d, = 1,
r=26,d=>5.17, a =10, m = 0.01, ¢ = 0.6, the effect of the cost
of fear is revealed for £ = 0 in the first line and for & = 16 in the
second line.

4. EFFECT OF SPATIAL DIFFUSION AND ENVIRONMENTAL HETEROGENEITY

The purpose of this section is to investigate the impact of spatial diffusion and
environmental heterogeneity on the dynamics of . To make the analysis more
explicit, we choose the linear functional response (i.e., p(u,v) = u) in the equations
and (L)

By Proposition 2:2] we can easily derive the following properties of

A (du, —ﬁ +d+ b(:c)m)
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with respect to the diffusion rate of the prey individuals.

Lemma 4.1. Assume that r/(1 4+ km) > d and m > 0. Then

(1) Ai(dy, —7/(1 4+ km)+d+b(xz)m) is strictly monotone increasing with respect
to d, > 0.

(2) If d < r/(1 + km) < d+ b.m, then Ai(dy,—7/(1 4+ km) +d + b(z)m) > 0
for all d,, > 0.

(3) If d+b.m < r/(1+ km) < d+ b(zx)m, then there is a unique value D, =
D, (r,m,d, k,b(z)) € (0,00) such that A\ (dy,—r/(1 4+ km)+d+b(z)m) <0
for each d,, € (0,D,) and A\ (dy,—r/(1+ km) + d + b(x)m) > 0 for each
dy € (Dy,0).

(4) If r/(1 + km) > d + b(x)m, then Ay (dy, —7/(1 + km) +d + b(x)m) < 0 for
all dy, > 0.

Based on Theorem [2.4{(3), Theorem 1) and Lemma the dynamic be-
havior of (1.3) with p(u,v) = u with respect to the diffusion rate d,, is as follows.

Theorem 4.2. Let p(u,v) = u, and assume that /(1 + km) > d and m > 0. Then

(1) Ifd < r/(1 4+ km) < d+ b.m, then (0,m) is globally asymptotically stable
for alld, > 0.

(2) Ifd+b.m < /(1 + km) < d+b(x)m, then (0,m) is globally asymptotically
stable for each d,, € (D,,o0); (0,m) is unstable and admits at least
one positive steady state for each d,, € (0,D,,).

(3) Ifr/(1 4 km) > d+b(z)m, then (0,m) is unstable and admits at least
one positive steady state for all d,, > 0.

Next we investigate the asymptotic profiles of positive steady states to with
p(u,v) = u as as the diffusion rate of the prey or predator individuals approaches
zero or infinity. The following theorem gives the asymptotic behavior of any positive
solution to with p(u,v) = u as d,, goes to co, and a special numerical simulation
example is presented in Figure [5]

Theorem 4.3. Assume that m > 0 and r/(1+ km) > d + mb(z). Then for fized
d, > 0, any positive solution (u,v) of (1.4)) with p(u,v) = u satisfies

(1, 0) = (Uoo, Vo) in CH(Q) x CH(Q) as d, — oo,

1 r
Upo = pte] /Q (1+k‘voo —d—b(x)voo)dm

and Vs 1S a positive solution of

where

B cb(x) r 9
—dy AV = (m—i— 2l /Q (1 . —d— b(m)voo)dx)voo —v5, x€,
P (4.1)
2 =90 on.
o , X€E

Proof. From Theorem 3), our assumption conditions ensure that with
p(u,v) = w admits at least one positive solution for all d,, > 0. Hence, we may
assume that (ugq, ,,vq, ) is a positive solution of with p(uq, , ,va,,) = Ud, .,
and d, = dy n, where d,,,, = 00 as n — oco. By Lemma and the embedding
theorem, we can assume that

(Ud, s Vd,.,) =+ (Yoo, Voo) in ok () x C’l(ﬁ) as n — oo.
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As n — oo, it follows from the equation for ug, , and Lemma [2.6] that u. is a
non-negative constant. If we assume that us, = 0 in €, then from the equation for
Vg we find that v, satisfies

w,n ?

2
—dy Aoy = MU, — V5, T € Q,

By Lemma vq,, = m >0 for all n € N*, and thus ve > m > 0 in Q. Hence,

we have voo = m in Q. Let Uq, , = uq,,/||td,. . ||L=)- Then from the equation
for ug, ,, it follows that
—dunAlg, , = (ﬁ —d—aug,, — b(x)vdum)ﬂdu‘n, x €,
o,
dun — 0,z €0Q.
o

By the standard elliptic regularity theory, we can assume that g, , — 1 in Ccl(Q)
since d,, , — 00 as n — oo. Moreover, for all n € N*, we integrate the equation for
g, ,, over §) to obtain

/Q (ﬁ —d—aug, , — b(:c)vdum)ﬂdu’ndx =0.

Letting n — oo, we obtain 7/(1 + km) = d + mb(z). This contradiction implies
that ue is a positive constant. Hence, we deduce from the equation for ug, , that

1 r
Uoo = o) /Q (1 e d— b(:z:)voo)dx.

This implies that vs, is a non-negative solution of .

It remains to prove that v, is a positive solution of . Otherwise, we apply
Lemma and the Harnack inequality to to derive that ve = 0 in Q. This
shows that u., = (r —d)/a. Let vq, , = va,, /l|va, . |lL=()- Then it follows from
the equation for vg, , that

avdu’n

o

By the standard elliptic regularity theory, we can assume that vy
as n — 00. Moreover, U satisfies

—dyAq, , = (m —vq,, +cb(x)uq, ,) V4, ©€Q, =0, z € 0.

wm — Do in C1(Q)
o

O

Since [[Usc | z(2) = 1, we apply the Harnack inequality to obtain U5 > 0 in .
Thus, it follows from the Krein-Rutman theorem that A (d,,, —m—cb(x)(r—d)/a) =
0. This is a contradiction, and thus we derive the desired result. This completes
the proof. O

—dy AV = (m + cb(z)(r — d)/a) Vo, x € Q,

=0, x € 09.

We next investigate the asymptotic behavior of any positive solution to (|1.4))
with p(u,v) = u as d,, goes to 0, and a special numerical simulation example is
presented in Figure [6]

Theorem 4.4. Assume that r/(1+km) > d, m >0 and

1+ k(m + cb*(r —d)/a)

>d+b*(m+%¢_d)). (4.2)
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0.025

0015 -/

0.005

FIGURE 5. Fix Q = (0,4), b(x) = 1422, ug(z) = 0.01+0.01 sin(5z)
and vo(z) = 1 +sin(5z). By choosingd, =1,r =24, k=1,d =5,
a=1,m =1, ¢ = 0.6, each curve represents the solution (u,v) of
(1.4) with p(u,v) = u for large d,.

Then for fized d,, > 0, any positive solution (u,v) of (L.4) with p(u,v) = u satisfies
1 _
(u,v) = ( (L d— b(a:)voo>,voo) in L>(Q) x C*(Q) as d, — 0,

a 1—|—kvoo_

where v 18 the unique positive solution of

B c(r — d)b(x) erb(z)k cb?(x)
Ay Avoo = (m—i— a (a(l + kvoo) et I)UOO>U°°’ zedl,
Ov
<=0 0.
o , €

(4.3)

Proof. By ([4.2), it is clear that r/(1+ km) > d 4+ mb.. Hence, from Theorem
[1.2/2) and (3), we see that with p(u,v) = u admits at least one positive
solution for small d,, > 0. Let (uq,_,,vq,,) be any positive solution of with
p(ua, ., vd,,) = Ud,, and dy, = dyn, where dy , — 0 as n — oo. Then for fixed
d, > 0, Lemma shows that [|vg, ,[lw2»q) is bounded for any p > 1. Hence,
it follows from the Sobolev embedding theorem that the sequence {vq, ,}ne; is
compact in C'(Q). We may assume that vq, , = Ve = m > 0 in C*(Q) since
vg, > m > 0 for all n € NT. This result ensures that there exists some small

u,m —

€ > 0 such that

0 <o —€<0g,, SV +e ind (4.4)
for all large n.
By (4.4) and the equation for ug, ,, we find that

< (i
e ST k(v — €

—dy nAug —d—aug, , —b(r) (Ve — 5))wa“ r e

A standard comparison argument yields ugq, , < Udu,n in Q for all large n, where

Uq,., is the unique positive solution of

SE o

—dunAUq,,, —d—b(2)(veo —€) — aﬁdu’n)Ud x €,

w,n )
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U,
dun _ 0, z €.
O
Indeed, when (4.2) holds, we use Proposition 1) and Lemma to obtain
)\(dun,—i d+b 0o — ) 0.
A 14+ k(veo — €) +d+b(z)(v ?)) <

Thus, the existence and uniqueness of Udu,n is clear by [11, Theorems 3.5 and 3.7].
Moreover, from the above analysis, we find that the hypothesis ensures that
/(1 + k(veo —€)) —d—b(x)(veo —€) > 0 in Q. Hence, by [I7, Theorem 1.1(c)], we
see that

1 r
wn 7 5(1 + k(voo — €)
This shows that

Ua —d—b(x)(veo — 5)) in L*(92) as n — oc.

r
j B e — — — . .
fmsp .., < & (=g 4 M@= ) )

On the other hand, by (4.4) and the equation for ug, ., we find that

w,n
r

_du nA |l
Uy = (1 + k(voo + €)

—d—aug, , —b(x)(veo + 5))udu,", x € Q.

u,n

It follows from the standard comparison argument that ug
large n, where U, is the unique positive solution of

> Qdu,n in Q for all

w,n

”
~dy AUy, , = (m —d—b(z)(veo +€) — anu’n)Qduyn, x €Q,
ou
—dun 0, 2 € Q.
o

Note that the existence and uniqueness of U, ~ can be verified as above. From
[I7, Theorem 1.1(c)] it follows that

1 ( T
a\1l+ k(veo +€)
This shows that

Uy, ., — —d—b(x)(veo + 5)) in L>(Q) as n — oo.

. 1 r
Letting ¢ — 0 in (4.5) and (4.6), we derive
1 T . oo
Udy . (m —d - b(a:)voo) in L*°(Q) as n — oo.

This means that v, satisfies .

Since A1 (dy, —m—c(r—d)b(z)/a) < 0, [I1, Theorems 3.5 and 3.7] imply that (4.3)
has a unique positive solution. Moreover, by , Uso 18 & positive solution of (4.3)).
Therefore, vy, is the unique positive solution of . The proof is complete. [

Now we study the effect of the slow or fast movement of the predator individuals
on the profiles of positive solutions of with p(u,v) = u. The following theorem
gives the asymptotic profiles of positive solutions as the predator diffusion coefficient
d, goes to 0, and a special numerical simulation example is presented in Figure
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d,71x10" S
0145 | ——g,=8x102 Vs 1
——d,=5x103 /
4,71x103
——d,=8x10"

——d,=5x10*

FIGURE 6. Fix Q = (0,4), b(z) = 1 + 22, ug(x) = 0.01 +
0.01sin(5z) and vo(z) = 1 + sin(5z). By choosing d, = 0.01,
r=10,k=1,d = 0.1, a = 20, m = 0.1, ¢ = 0.01, each curve
represents the solution (u,v) of with p(u,v) = u for small d,,.

Theorem 4.5. Assume that m > 0 and either d+b.m < r/(1+km) < d+b(x)m

and d,, € (0,Dy) or r/(1+km) > d+ b(x)m and d,, > 0. Then for fized d,, > 0,
any positive solution (u,v) of (L.4) with p(u,v) = u satisfies

(1, ) = (Uoo,m + cb(2)use) in CH(Q) x L>=(Q) as d, — 0,

where Uy 1S the unique positive solution of

TUso

_ _ _ _ 2 2
dy At T E (m + @) (d+mb(z))uc — (a+ cb*(x))us,, z€Q,
Ol
(4.7)

Proof. From Theorem 2) and (3), our assumption conditions ensure that
with p(u, v) = u admits at least one positive solution for all d,, > 0. Hence, we may
assume that (uq, ,,va, ) i a positive solution of with p(ua, ,,vd,.,) = Ud,.,.
and d, = d, ,, where d,, — 0 as n — oco. Then by Lemma @ we find that
llua, . [lw2rq) is bounded for any p > 1. By the Sobolev embedding theorem,
{ua, ,}52, is compact in C*(Q). Thus, we may assume that ug, , — Us > 0 in
C1(Q). This ensures that there exists some small € > 0 such that

Uoo — € S Ug, , < Uso +€1in Q (4.8)

v,

for all large n.
From the equation for vg, , and (4.8), it follows from

0

—dynAvg,,, < (m+cb(z)(too +€) = va, ) Va, ., €D, ”;;’" =0, z €09,
dva,

—dynAvg, ,, = (m~+ cb(z)(Uoo — €) = Va, ,,) Va, ., T € €, =0, z €00
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It follows from a comparison argument that V; —~<wvq,, < Vg, , in Q) for all large
n, where Vdv’” is the unique positive solution of
_ . WV,
—dp AV, . = (m+ cb(z)(ue +€) = Va, . )Va,.,  €Q, 5. =0 we o9,
' ’ ’ K
and V,; is the unique positive solution of
oV,
—dy AV, = (m+cb(@)(use —€) = Vy V4 z€Q, 5 “t =0, x € 0N,
v,n v, v,n //[1

From [II, Theorems 3.5 and 3.7 ], the uniqueness of Vd,m or V,  is clear since
M (dyn, —m — cb(x)uso £ecb(z)) < 0 for m > 0 and small € > 0. We can apply [I7,
Theorem 1.1(c)] to conclude that

Va,.,
YV,

= m+cb(x)(us + &) in L°(Q) as n — oo,
—m+cb(x)(use —e) in L(Q) as n — oo.

v,n

Therefore, we let € — 0 to derive

Vd, , = m+cb(x)us in L>(2) as n — oo.

This shows that u, is a non-negative solution of (4.7)).

We next claim that u., is a positive solution of . Argue by a contradiction.
We may assume that there exists some point x¢ € € such that ue(z) = 0. Thus,
we apply the Harnack inequality to obtain that u., = 0 in Q. Hence, we find that

V4, ,, — m uniformly in Q as n — co. Denote Uq, , = uq, . /|vd, . |lL=(0). From
the equation for ug it follows that

v,n?

—d, A, , = (ﬁ —d—aug,, — b(m)vdum)adv’n, x €,

v,n

Oug
St =) o
8# , T E

Then we apply the standard elliptic regularity theory to derive ug, . — Uy in

C1(Q) as n — 0o, where 1, is a non-negative function and satisfies 7
- Ol
- d—b(m)m)uoo, x € Q, Ploo _ 0, x € 99.
o
Since [|tioo|| () = 1, the Harnack inequality implies that i > 0 in Q. Conse-
quently, we apply the Krein-Rutman theorem to obtain that
T
A (dus =5 + A+ ba)m) =0,
1\ Gy 14+ km +ad+ (z)m
a contradiction. Therefore, 1o, > 0 in Q.
Since our assumption ensure that Ay (dy, —r/(1 4+ km) +d + b(x)m) < 0, and
(4.7) is equivalent to

r
1+ km

—dy Al = (

r
O Atieo = (1 T 4 mb(x))uoo
crkb(x) ) )
_ b 0
<(1 + km)(1 + km + ckb(z)us) ta+c (l’))uoo, z €1},
ano — 07 x € 897

op
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we derive from [I1, Theorems 3.5 and 3.7] that the above equation has a unique

positive solution. Thus (4.7) has a unique positive solution u,. The proof is
complete. O

25 00104

d=1x10%

0.01035

0.0103

001025 —

> 00102

0.01015

0.0101

0.01005

——d,F1x10" ——d1x107

FIGURE 7. Fix Q = (0,4), b(z) = 1422, up(x) = 0.01+0.01 sin(5z)
and vg(z) = 1 + sin(5z), each curve represents the solution (u,v)
of with p(u,v) = u for small d,, by choosing d,, = 0.01, r = 5,
k=2,d=4.84,a =20, m=0.01, c=0.1 in the first line, and by
choosing d, =1, r=10, k=1,d=10.1, a =20, m = 0.1, ¢ = 0.01
in the second line.

As d, goes to oo, the asymptotic behavior of positive solutions of (1.4) with
p(u,v) = ureads as follows, and a special numerical simulation example is presented
in Figure

Theorem 4.6. Assume that m > 0 and either d+b.m < r/(1+km) < d+b(x)m

and d,, € (0,Dy) or r/(1+km) > d+ b(x)m and d,, > 0. Then for fized d,, > 0,
any positive solution (u,v) of with p(u,v) = u satisfies

(U, 0) = (Uoo, Vso)  in CHQ) x CH(Q) as d, — oo,
where

Voo = ﬁ /Q(m + cb(z)uso )dx
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and ueo 1S a positive solution of
r
—dy Ao = —d
(1 + I—é‘ Jo(m 4 cb(x)uo )da
_b=)
€]

/(m + cb(m)uoo)dﬂc>uoo —au?,, €,
Q

Qg

oo _ Q.
o 0, z€0d

27

Since the proof of the above theorem is similar to that of Theorem we omit

it.

———0,=1x10°
——d,=1x10°

——d,=1x10° )
———a,=1x107 |/

——d1x10t

6,21x107 |7

d6,=1x10%| 7

2

——q,=1x10°
——a,=1x107
——d,=1x10°
——dFLx1010

6,=1x10""

——d,=1x10"

6,=1x10°

3

FIGURE 8. Fix Q = (0,4), b(z) = 1 + 22, ug(xr) = 0.01 +
0.01sin(5z) and vo(x) = 1 + sin(bx), each curve represents the
solution (u,v) of with p(u,v) = w for large d,, by choosing
dy=1,r=24,k=1,d=5,a=1,m =1, ¢ = 0.6 in the first
line, and by choosing d, =1, r=24, k=1, d=9,a=1, m =1,
¢ = 0.6 in the second line.

Finally, we consider the case m < 0 to investigate the effects of spatial diffusion

and environmental heterogeneity on the dynamics of (1.3). By Proposition

the following properties of A1 (d,, —m — ¢(r — d)b(x)/a) hold with respect to the

diffusion rate of the predator individuals.

Lemma 4.7. Assume thatr > d and m < 0. Then

(1) A1 (dy,—m — c(r — d)b(x)/a) is strictly monotone increasing with respect to

d, > 0.
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(2) If m < —cb*(r —d)/a, then A\1(d,,—m —c(r —d)b(x)/a) > 0 for all d, > 0.

(3) If —cb*(r—d)/a < m < —cb(x)(r —d)/a, then there is a unique value D, =
Dy(r,m,d,a,c,b(z)) € (0,00) such that A\i(dy, —m — c(r — d)b(z)/a) < 0
for d, € (0,Dy) and A1 (d,,—m — c(r — d)b(x)/a) > 0 for d, € (D,,0).

(4) If —eb(z)(r —d)/a < m <0, then A1(dy, —m — c(r — d)b(z)/a) < 0 for all
dy > 0.

In view of Theorems [2.4f2) and 2) and Lemma the dynamic behavior
of (1.3)) with p(u,v) = u with respect to the diffusion rate d, is as follows.

Theorem 4.8. Let p(u,v) = u. Assume that r > d and m < 0. Then

(1) If m < —cb*(r — d)/a, then ((r — d)/a,0) is globally asymptotically stable
for all d, > 0.

(2) If —cb*(r — d)Ja < m < —cb(x)(r — d)/a, then ((r — d)/a,0) is globally
asymptotically stable for each d, € (D,,00); ((r — d)/a,0) is unstable and
admits at least one positive steady state for each d, € (0, D,).

(3) If —cb(x)(r—d)/a < m < 0, then ((r—d)/a,0) is unstable and admits
at least one positive steady state for all d,, > 0.

5. SUMMARY AND DISCUSSION

Motivated by some recent experimental field study and mathematical model anal-
ysis on the fear effect of prey, we proposed a reaction-diffusion system to demon-
strate the impact of fear cost on the population dynamics of prey. The novelty lies
in the incorporation of fear cost, spatial diffusion and environmental heterogene-
ity. We have theoretically analyzed the dynamics of the model and obtained some
insights on how fear cost, spatial diffusion and environmental heterogeneity affects
the population dynamics.

Our theoretical results established in section 3 indicate that when the predator
individuals are generalists, the cost of fear makes the prey more likely to become
extinct. Moreover, our results also indicate that the impact of fear cost on the
dynamics of the model is closely related to the functional response. For the case
with the linear functional response, it seems that only the effect described above is
observed. For the case with the Holling-type II functional response, we find that
the cost of fear will not only affect the existence of positive steady states but also
change the direction of steady-state bifurcation. For the case with the Beddington-
DeAngelis functional response, a more profound effect is observed: when the cost of
fear is ignored, a positive steady state always exists for any r > Ay (d,,,d + b(x)/f)
even though the predator is very strong; while when the cost of fear is considered,
(0,m) will become globally asymptotically stable, and no positive steady state
exists. Another effect of fear cost is that when the competition of the predator is
strong, the cost of fear makes the total population of the prey drop form (r—d)/a-|9|
to ((r/(1+ km) —d)/a,m) - |Q|. This implies that the cost of fear not only makes
the prey more difficult to survive, but also reduce the total population of the prey
even though the prey population survives.

Our theoretical results established in section 4 indicate that spatial diffusion and
environmental heterogeneity significantly influence the dynamics of . When the
predator individuals are generalists, the predator can always invade (i.e., (0,m) is
globally asymptotically stable) for any diffusion rate of the prey if the birth rate
of the prey is small; the predator can invade for large diffusion rate of the prey
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and will coexist with the prey for small diffusion rate of the prey if the birth rate
of the prey is intermediate; the predator and the prey can always coexist for any
diffusion rate of the prey if the birth rate of the prey is large. When the predator
individuals are specialists, the predator can rarely invade (i.e., ((r — d)/a,0) is
globally asymptotically stable) for any diffusion rate of the predator if the death
rate of the predator is large; the predator can rarely invade for large diffusion rate of
the predator and will coexist with the prey for small diffusion rate of the predator if
the death rate of the predator is intermediate; the predator and the prey can always
coexist for any diffusion rate of the predator if the death rate of the predator is
small. These results shows that for the generalist predator, predator invasion or
coexistence with the prey mainly depends on the diffusion rate and the birth rate
of the prey; while for the specialist predator, predator invasion or coexistence with
the prey mainly depends on the diffusion rate and the death rate of the predator.

We next compare the findings here with those in [27] where system were
studied where the coefficients are positive constants. We find that the analytical
methods and main results are quiet different from those in [27]. In particular,
spatially dependent coefficients bring the theoretical analysis lots of difficult and
challenging. In terms of results, we summarize and highlight according to various
functional response. When the linear functional response is adopted, consideration
of spatial heterogeneity can lead to spatial pattern formation. When the Holling-
type II or Beddington-DeAngelis functional response is adopted, we explicitly es-
tablish the sufficient conditions of spatial pattern formation, rather than just by
numerical simulation as in [27]. More importantly, the multiplicity and uniqueness
of non-constant positive steady states to are established by choosing differ-
ent sets of parameters. In addition, by comparing our results with those results
obtained in [27], we find that the cost of fear has obvious impact on the dynamics
of for m < 0, but has no qualitative impact on the dynamics of . This
indicates that whether the cost of fear affects the dynamics (especially for m < 0)
may be dependent on spatial heterogeneity.

Our theoretical results suggest that factors such as the level of fear, functional
responses, environmental heterogeneity and movement of individuals play vital but
subtle roles in the dynamics of . Therefore, a good understanding of these
factors could be helpful in understanding the dynamic behavior of the model and
be important in designing effective species conservation measures.

Acknowledgments. S.Liwassupported by the NSF of China (11901446, 11971369,
12071270), by the Postdoctoral Science Foundation of China (2021T140530), by the
Young Talent fund of University Association for Science and Technology in Xi’an
(095920201325), and by the Fundamental Research Funds for the Central Universi-
ties (JB210705). Y. Xiao was supported by the NSF of China (11631012,11571273).
Y. Dong was supported by the NSF of China (11801431), by the Postdoctoral
Science Foundation of China (2018M631133), and by the Young Talent fund of
University Association for Science and Technology in Shaanxi China (20190509).

REFERENCES

[1] L. J. S. Allen, B. M. Bolker, Y. Lou, A. L. Nevai; Asymptotic profiles of the steady states for
an SIS epidemic reaction-diffusion model, Discrete Contin. Dyn. Syst., 21 (2008) 1-20.

[2] I. Averill, K. Y. Lam, Y. Lou; The role of advection in a two-species competition model: a
bifurcation approach, Mem. Amer. Math. Soc., 245 (2017), 1161.



30

(3]
(4]
(5]
(6]
7]
(8]
9
(10]

(11]

(12]
(13]
14]

(15]

[16]
(17]
18]
(19]
20]
(21]
(22]
(23]
24]
[25]
[26]
27)
(28]
29]

(30]

S. LI, Y. XIAO, Y. DONG EJDE-2021/70

R. S. Cantrell, C. Cosner; Spatial Ecology via Reaction-Diffusion Equations, Series in Math-
ematical and Computational Biology, Wiley, Chichester, UK, 2003.

M. G. Crandall, P. H. Rabinowitz; Bifurcation from simple eigenvalues, J. Funct. Anal. 8
(1971), 321-340.

S. Creel, D. Christianson; Relationships between direct predation and risk effects, Trends
Ecol. Evol., 23 (2008), 194-201.

E. N. Dancer, Y. H. Du; Effects of certain degeneracies in the predator-prey model, STAM.
J. Math. Anal., 34 (2002), 292-314.

A. Das, G. P. Samanta; Modeling the fear effect on a stochastic prey-predator system with
additional food for the predator, J. Phys. A Math. Theor., 51 (2018) 465601.

Y. H. Du, Y. Lou; Some uniqueness and exact multiplicity results for a predator-prey model,
Trans. Amer. Math. Soc., 349 (1997), 2443-2475.

Y.H. Du, R. Peng, M. X. Wang; Effect of a protection zone in the diffusive Leslie predator-
prey model, J. Differential Equations, 246 (2009), 3932-3956.

Y. H. Du, J. P. Shi; Allee effect and bistability in a spatially heterogeneous predator-prey
model, Trans. Amer. Math. Soc., 359 (2007), 4557-4593.

J. M. Fraile, P. Koch Medina, J. Lépez-Gémez, S. Merino; Elliptic eigenvalue problems and
unbounded continua of positive solutions of a semilinear elliptic equation, J. Differential
Equations, 127 (1996), 295-319.

I. Hanski, L. Hansson, H. Henttonen; Specialist predators, generalist predators, and the mi-
crotine rodent cycle, J. Anim. Ecol., 60 (1991), 353-367.

M. P. Hassell, R. M. May; Generalist and specialist natural enemies in insect predator-prey
interactions, Br. Ecol. Soc., 55 (1986), 923-940.

L. Li; Coexistence theorems of steady-states for predator-prey interacting systems, Trans.
Amer. Math. Soc. 305 (1988) 143-166.

S. B. Li, J. H. Wu, Y. Y. Dong; Uniqueness and stability of positive solutions for a diffusive
predator-prey model in heterogeneous environment, Calc. Var. Partial Differential Equations,
(2019) 58: 110.

S. L. Lima; Predators and the breeding bird: behavioural and reproductive flexibility under
the risk of predation, Biol. Rev., 84 (2009), 85-513.

Y. Lou; On the effects of migration and spatial heterogeneity on single and multiple species,
J. Differential Equations, 223 (2006), 400-426.

S. Mondal, A. Maiti, G. P. Samanta; Effects of fear and additional food in a delayed predator-
prey model, Biophys. Rev. Lett., 13 (2018), 157-177.

E. L. Preisser, D. I. Bolnick; The many faces of fear: comparing the pathways and impacts
of nonconsumptive predator effects on prey populations, PloS One 3 (2008) e2465.

W. H. Ruan, W. Feng; On the fized point index and multiple steady-state solutions of reaction-
diffusion systems, Differential Integral Equations 8 (1995) 371-391.

S. K. Sasmal; Population dynamics with multiple Allee effects induced by fear factors-A
mathematical study on prey-predator interactions, Appl. Math. Model., 64 (2018), 1-14.

J. P. Shi; Persistence and bifurcation of degenerate solutions, J. Funct. Anal. 169 (1999)
494-531.

W. E. Snyder, A. R. Ives; Interactions between specialist and generalist natural enemies:
parasitoids, predators, and pea aphid biocontrol, Ecol. Soc. Am., 84 (2003), 91-107.

J. Wang, Y. L. Cai, S. M. Fu, W. M. Wang; The effect of the fear factor on the dynamics of
a predator-prey model incorporating the prey refuge, Chaos 29 (2019), 083109.

X.Y. Wang, L. Y. Zanette, X. F. Zou; Modelling the fear effect in predator-prey interactions,
J. Math. Biol., 73 (2016), 1179-1204.

X. Y. Wang, X. F. Zou; Modeling the fear effect in predator-prey interactions with adaptive
avoidance of predators, Bull. Math. Biol., 79 (2017), 1325-1359.

X. Y. Wang, X. F. Zou; Pattern formation of a predator-prey model with the cost of anti-
predator behaviors, Math. Biosci. Eng., 15 (2018), 775-805.

X. Y. Wang, X. F. Zou; On a predator-prey system with digestion delay and anti-predation
strategy, J. Nonlinear Sci., 30 (2020), 1579-1605.

Y. Yamada; Stability of steady-states for prey-predator diffusion equations with homogeneous
Dirichlet conditions, SIAM J. Math. Anal., 21 (1990), 327-345.

L. Y. Zanette, A. F. White, M. C. Allen, M. Clinchy; Perceived predation risk reduces the
number of offspring songbirds produce per year, Science, 334 (2011), 1398-1401.



EJDE-2021/70 DIFFUSIVE PREDATOR-PREY MODELS WITH FEAR EFFECT 31

SHANBING LI (CORRESPONDING AUTHOR)
SCHOOL OF MATHEMATICS AND STATISTICS, XIDIAN UNIVERSITY, XI’AN 710071, CHINA
Email address: 1lishanbing@xidian.edu.cn

YANNI XIAO
SCHOOL OF MATHEMATICS AND STATISTICS, XI’AN JIAOTONG UNIVERSITY, XI'AN 710049, CHINA
Email address: yxiao@mail.xjtu.edu.cn

YAYING DONG
SCHOOL OF SCIENCE, XI’AN POLYTECHNIC UNIVERSITY, XI'AN 710048, CHINA
Email address: dongyaying@xpu.edu.cn



	1. Introduction
	2. Solution and equilibria of system (1.3)
	2.1. Long-time behavior of solutions to (1.3)
	2.2. Existence of positive solutions to (1.4)

	3. Effect of fear
	3.1. Linear functional response
	3.2. Holling-type II functional response
	3.3. Beddington-DeAngelis functional response

	4. Effect of spatial diffusion and environmental heterogeneity
	5. Summary and discussion
	Acknowledgments

	References

