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SOLUTIONS OF FOURTH-ORDER PARTIAL DIFFERENTIAL
EQUATIONS IN A NOISE REMOVAL MODEL

QIANG LIU, ZHENGAN YAO, YUANYUAN KE

ABSTRACT. In this paper, we discuss the existence and uniqueness of weak
solutions for a fourth-order partial differential equation stemmed from image
processing for noise removal. We also present some numerical tests for high
order filters.

1. INTRODUCTION

We study the fourth-order initial-boundary value problem
ou 0% _, 0%u

— + = —) =0 t 1.1
ot + o2 (8SU2) ($7 ) € QT? ( )
w(0,t) = u(l,t) =4/ (0,t) =u'(1,¢t) =0 t e (0,7T), (1.2)
u(z,0) =uo(x) z€l, (1.3)
where I = (0,1), Qr = I x (0,7) and ® : R — RT is an N function; i.e. ®(-) is
even, continuous, convex with ® > 0 for ¢t > 0,
) )
lim (®) — 0 and lim o) — 400. (1.4)
t—0 ¢ t—+too |t|

Here we assume that ® satisfies the As-condition:
®(28) < K2(§), [§] >R, (1.5)

where K > 2 and R are two positive constants.

In recent years, many nonlinear PDEs are proposed to deal with the trade-
off between noise removal and edge preservation. Among them, the fourth-order
parabolic PDEs have drawn great interest [4} [7, [TT], 12} 18] 19, 20]. Since they seek
to minimize a cost functional which is an increasing function of the absolute value
of the Laplacian of the image intensity function, they could decrease the staircasing
property which may be undesirable under some circumstances [4, [I5]. In general,
the forms of fourth-order PDEs are analogous with the second order ones. For
example, in [I8], You and Kaveh proposed equation

ur = —A(g(Au)Au),
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where g(s) = 1/(1 + s2), which is analogous with the Perona-Malik model [13]. In
[12], Lysaker et al used the equation
Au
m>7
which is similar to TV model [I4]. In [8], Didas used the equation with
®(x) =2 (VA2 =22 — X), where A > 0 and it is the Charbonnier filter [3].

Our model includes a class of more general equations [3} {], e.g. ®(s) = %|s|p7
p > 1. When p = 2, a linear filter could be obtained. While this filter has very
strong isotropic smoothing properties and does not preserve edges very well. One
should then decrease p in order to preserve the edges as much as possible, that is
to say fast diffusion is desired. There are some other functions which satisfy the

conditions (|1.4)) and (|1.5)), for example:
®(s) = [s|In(1 + |s]),

u = —A(

and
D(s) = [s|Li(]s]),
where L;(s) =In(1+ L;—1(s)) (i =1,2,...,k) and Lo(s) = In(1 + |s|), see [9, [16].

Although the effectiveness of fourth order diffusion equations for noise removal
has been proposed in [4, [6] [7, [T, 12| 18], very little has been known about theo-
retical analysis. We refer to [17], Chapter 4 for a nonlinear equation with double-
degeneracy, [10] for traveling wave solutions in one dimension, [5] for the existence
and uniqueness of for ®'(s) = arctan(s), [II] for the existence of a fourth
order PDE by variational methods and [19] for a generalized thin film equation.

It is worth while mentioning that the initial data is chosen by the original image
generally. We take the zero boundary value conditions for convenience, which
corresponds to padding the boundary of the image with black.

The plan of the paper is the following. In Section 2, we state some preliminaries
and the main theorem. Section 3 is devoted to the proofs of our main results and
Section 4 deals with some numerical experiments using finite difference methods by
an explicit scheme.

2. PRELIMINARIES AND MAIN RESULT

In the following sections we always assume ®(-) is a function satisfied the condi-
tion (1.4) and (1.5). Then the N-function ¥(-) which conjugates to ®(-) is defined
by

U(s) = ilelﬂg{t cs—®(t)}.

We have the following Young’s inequality,
st < D(s) + V().

For all |s| > R, we get (see [II [16])

D(s) < P'(s)s < (K —1)P(s) (2.1)
and

0 < U(P'(s)) = P'(s)s — P(s) < (K — 2)P(s). (2.2)

For any s,t € R, we have (see [11 [16])

(®'(s) —®'(t))- (s —t) > 0. (2.3)
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Lemma 2.1 ([1,[16]). If ¥ conjugates to @, then there exist positive numbersp > 1,
R>0, R >0, Ki >0 and Ky > 0 such that for all s,t € R,

P(s) < Kuls|?, |s| >R, (2.4)
() > Koltl, |2 R,y = T (2.5)
p—
Lemma 2.2 ([2,[16]). Suppose {f;} C L'(I;R) satisfies that
I

where C' is a positive constant. Then there exist a subsequence {fm,;} C {f;} and
a function f € L*(I;R) such that
fm; = f weakly in LYI,R) as j — oo
with
/fb(f)dx <liminf [ ®(fp,)dz < C.

J—00 I
Now we define the weak solution of problem (|1.1)—(1.3).
Definition 2.3. Let T be a fixed positive constant. A function v : Qr — R is

called a weak solution of the problem (L.1)—(L.3), if the following conditions are
fulfilled:

(1) we C([0,T); L2(1)) N L0, T; Wg ' (1)) and [[, @ (224 da dt < +oo.
(2) For any ¢ € C5°(Qr),

,0%u, 9
(3) u(z,0) = ug(x) in L2(I).

We state our main result as follows.

Theorem 2.4. Let ug € L*(I) with J;9o( )dm < C and compatibility conditions
on {0,1} x {t = 0}. Then pmblem |-D admits one and only one weak
solution.

3. PROOF OF THE MAIN THEOREM

We use the time discrete method to construct an approximate solution. Divide
the interval (0,7") into N equal segments and denote h = T/N. Consider the
problem:

1 d2 dQ'LLk
7 (ke — i) + 5@ () =0, (3.1)

uk4+1(0) = uk+1(1) = w41 (0) = wj 44 (1) =0, (3.2)
where £ =0,1,..., N — 1, and ug is the initial data.

Lemma 3.1. For ui, € L*(I), the problem (3.1)-(3.2) admits one and only one
weak solution uj1 € Wg''(I), such that for any ¢(z) € C5°(I),

h/ uk+1—uk)¢dx+/ @'(d “’““)d ¢dx—0, (3.3)

dz? /dx2"
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and

1 2
d“up41
D dr < C
| ot <c
where C'is a constant depended only on |lug||z2(r) and h.

Proof. We investigate the functional defined on WO2 ’1(1 ) by

1! v dP
E(v):ﬁ/o (vfuk)zd:v+/0 @(@)dz.

We choose v = 0, then

1 1

0< inf E(v)<E@0) = —/ uidz.
veW 2N (I) 2h Jo

By lemma we can extract a minimizing sequence {v, }52; C WO2 - (I) such that

E(v,) — inf E(v), asn— oo,
veEWS ()

/ |vn|2dﬂc+/ ( il

By (1.4) and Lemma we may find a subbequence {on,; 1521 C {on}nz, and a
function w1, such that v,; — ug41 weakly in WO (I) and

1 2
d up41
o(———) < C.
| et <
Since ®(s) is convex and by relaxation, we have that w1 is a weak solution of the

problem 7.

Assume ug41 and vg4q are both solutions of the problem (3.1)—(3.2). Then for
every ¢(x) € C§°(I), we have

1 ! . d? d? d
E/o (ukt1 —Uk+1)¢dx+/0 (‘I’/(%) — @' ;;;1))@? e

By (2.2) and the approximation argument, we could take ¢(z) = upy1 — Vg1 as
the test function. We get
1
E/ (thi1 — k1) do
0

Jr/1 ((I),(dzukﬂ) B (I),(dzvkﬂ)) (dQqu B dzfuk+1)dx _o
0

and

)dx <C.

dz? dz? dz? dz?
By (2.3), the two terms on the left hand side are both nonnegative. We get
Uk4+1 = Vg+1 a.€. in I. Then the proof is complete. O

Let x"7(t) be the indicator function of [h(j — 1), hj). We construct an approxi-
mate function by

N

ul(x,t) = th’j(t)uj_l(x) with  u”(z,0) = ug(z).

Jj=1
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Lemma 3.2. For the weak solution ug11 of the problem (3.1)—(3.2), the following
estimates hold

N-—-1 1 2 2
d“upy1\ d*ugq
E o’ < 4
" k=0 /0 ( dx? ) da? dw £ G, (34)

1 2, h

0%u
su o dzx < C, 3.5
0<t£T/o < Ox? > B (3:9)

where C' is a constant independent of h.

Proof. Noticing that C5°(I) is dense in W' (I), we may choose ¢(z) € W' (I) as
the test function in (3.3). Let ¢(z) = ug41 in (3.3). Then

1 ! ! d2uk+1 d2uk+1
E/o (Uk+1—Uk)Uk+1da:+/0 ' ( e ) s dr = 0.

So we have
1

1 1 1 dzuk 1 dzuk 1 1
E/o Uiﬂdz*/o o' dm;) dx; dxﬁ% ) (uf 1 + uf)da;

i.e.

1 ! 2 d Uk+1 d Uk+1 1 ! 2
5/0 ukﬂdx—i—h/o @ () Tt g, < 5/0 wde. (3.6)
Summing up . ) for k from 0 to N — 1, we have
d uk+1 d Uk+1 1 1 2
,/0 uNdx—|—h Z/ = 722 dr < 3 ; ugda.

Then (3.4)) is obtained.
Letting ¢(z) = ugy1 — ug in (3.3)), we obtain

e b d? d? d?
h / (g1 — Uk)de + / (I)/( s )( e Tk )dx = 0.
0 0

h dx? dx? dx?
Since the first term of above equality is nonnegative, by Young’s inequality and

(2.2), we have
1 2 2
d*Upy1\ d*Upy1
@’ d
| o
1 2 2
d Uk+1 d UL
< @’ d
/ ( dx2 >d3;‘2 x
d Uk+1 Lo APy,
/ ))dx+/0 (L)
/ g (Puneny Pun ) —/1<I>(d2u’““)dx+/1<I>(d2u'“)dx
da? dx? o da? 0 dx? '

b dPups L duy,
/O @(T)d:cg/o (L ).

2
x
For any m with 1 < m < N — 1, summing up the above inequality for k£ from 0
to m — 1, we have

Thus
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So we get (3.5) and the proof is complete.

Lemma 3.3. For the weak solution ug4+1 of (3.1)—(3.2)), we have
1
_Ch< / a2 — [ug|2d < 0,
0

where C' is a positive constant independent of h.

d

(3.7)

Proof. The second inequality of (3.7]) is obvious by (3.6). Choosing ¢(x) = uy in

(3.3), we have

1 ! ! dQuk 1 d2uk
E/o (ug+1 —uk)ukdx—i—/o <I>’( dac; ) Tz dr = 0.

So by Young’ inequality and inequality (2.2]), we have

1 ! ! dzuk i dzuk
| o e uede < [/ (T e

! d?uy, L2y
’ +1 k

! dzuk+1 ! d2uk
g(K—z)/o @(W)dzw/o <I>(dx2 )da.

By (3.5) of Lemma we have

1 1
/ uidaj —/ ug+1urdr < Ch.
0 0

Therefore,
1

1 1 1
1 1
/ uidw < C’h—l—/ Ug1urdr < Ch + f/ uidx + f/ ui+1dx.
0 0 2 Jo 2 Jo

Thus, we obtain that

1/t 1/t
f/ uidw < Ch+ f/ uﬁ_Hda:.
2 Jo 2 /o

So the proof of this lemma is complete.

1 1
/ lu" |2da S/ |uo|?dzx.
0 0
Proof of Theorem[2.]] Let

92ul
&= 2'( 922 ) and A = upy — g

By (3.3) we see that
1 0
*Ah h zr t =
//QT (h utp+§hax2>d:ﬂd 0,

Corollary 3.4.

for any ¢ € C§°(Qr).
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By Lemma[2.2] Lemma[3.2] and Corollary we can draw a subsequence {u”},
denoted still by {u"}, such that

u = Weakly *in L(0,T, Wo' (1)),

// dxdt <C,
ul = u  weakly * in L>(0,T, L*(I)).

//T (&) dxdt<//T —2)® )dxdt<C

And by lemma 23]
// \£h|p dedt < C,|

for some p’ > 1. Thus, we may extract a subsequence from &, denoted still by &,
such that

By (2.2),

& — & weakly in LP (Q).

Since ¥(s) is a convex function, we obtain

// U(¢ dwdt<hm1nf// U(&p)dxdt < C.

Using Young’s inequality again we have

// |§ |dacdt<//T i)d:ﬂdt<C

By the discrete equation (|3 , we see that
1
EAhuh is bounded in L>(0,T; W ~%(I))

and

1 )
—Ahyh ait‘ weakly * in L>(0, T; W~2(I)).

h
Letting h — 0 in (3.8, we have in the sense of distributions
ou 0%
— 4+ —=0. 3.9
ot + ox? (3:9)

Now we will prove £ = ¢’ ( %). Denote

_t—kh 2 Lo Lty
) = = (/0 g1 | dm—/o | dm)+§/0 uldz,
where kh <t < (k+1)h, k=0,1,2,...,N — 1. By (3.7), we have
/ lug|2dz — Ch < fu(t) / |ug |2 de,

—C < fr(t) <0

According to the Ascoli-Arzela theorem, there exists a function f(¢t) € C([0,T)),
such that

hm fu(t) == hm/ |u"|?dx = f(t) uniformly for t € [0,T].
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It follows from (3.6]) that

2.h 52,k
/ |uh|2d1:+// 8 6 s drdt < - / uo | de.

Letting h — 0 in the above inequality we have

2, h 2,h
liminf// @’(a - ) O 1t
=0 JJor Oz Ox?
< f(0) = (T

g—/o <3t u)dt,

where (-) denotes the dual product of the function in W~21(I) and W' (I). So

we have
82 h 32 h
hmmf // (9362 5 drdt < //Tﬁdxdt (3.10)

Define Fu fo ( %)dx and choose a function g € L>(0,T; WZH(I)) with
[lo, ® (Z9) d;v dt < +00. Because ®(s) is convex, we have

829 82 h 82 h 82( h)
// @(@)d:ﬁdt—// ol dmdt>// 8x2 92 dx dt.

Letting h — 0 and by (3-10), we get

[ #Cica [[ o [[ ¢ E b

Replacing g by eg + u, we see that

1 0?
E(F[u—i—ag] — Flu]) > /QT - a—xgda:dt

// P i at — // uagdzdt / ¢ gd:cdt
T ou T 8‘7’2 Qr

Due to the arbitrariness of g7 we get that £ = (I)/(aﬂ By (3.9 ., u is the weak

solution of the problem ([1.1] .

Next, we prove the uniqueness of the weak solution of the problem (|1.1)—(1.3).
Suppose there exist two weak solutions u and v. Using an approximation technique
(see [17, [19)]), for any test function ¢(z,t) € COO(QT) we have

y(PoNPo,
//T uvdxdt+//T 8332 — (55 ) oy dadt = 0.

and
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Furthermore, we may take u — v as a test function and then get

1t ) ,,0%u ,, 0%\ (0%u 0% B

where Q; = (0,t) x I. Since the two terms on the left hand side are nonnegative
by inequality (2.4]), we have u = v a.e. in @p. Thus the proof is complete. O

4. NUMERICAL EXPERIMENTS

After the theoretical analysis, we shall do some numerical tests of higher order
filters in practice to compare our model with the other well-known models of [I3] [I§].
In our model, we take ®(s) = |s|In(1 + |s|). For convenience, we are in favor of
implementation of an explicit Euler method, i.e.

uk+1 _ uk 52 aQuk

& —_
ar o () =0 @heaer

For each figure, we use 1 for space steps, 0.2 for time steps of figure (c¢) and 0.001 for
time steps of figures (d) and (e). Steady state was achieved for figure (d) and figure
(e) in less than 20000 iterations. In figure (c), we fixed the number of iterations to
1500.

Fig.1 (a) shows the initial signal and (b) the noisy signal. By the figures from (c)
to (e), we could conclude that the second order filtering yields enhancement of edges
and staircase-like structures, the fourth order filtering results tend to be piecewise
linear with enhanced curvature. At the same time we could also see that the fourth
order filtering is further affirmed by the almost piecewise constant derivative which
is also shown in Figure 1.
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