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CORRECTOR ESTIMATES FOR THE HOMOGENIZATION OF A
TWO-SCALE THERMOELASTICITY PROBLEM WITH A
PRIORI KNOWN PHASE TRANSFORMATIONS

MICHAEL EDEN, ADRIAN MUNTEAN

Communicated by Ralph Showalter

ABSTRACT. We investigate corrector estimates for the solutions of a thermoe-
lasticity problem posed in a highly heterogeneous two-phase medium and its
corresponding two-scale thermoelasticity model which was derived in [II] by
two-scale convergence arguments. The medium in question consists of a con-
nected matrix with disconnected, initially periodically distributed inclusions
separated by a sharp interface undergoing a priori known phase transforma-
tions. While such estimates seem not to be obtainable in the fully coupled set-
ting, we show that for some simplified scenarios optimal convergence rates can
be proven rigorously. The main technique for the proofs are energy estimates
using special reconstructions of two-scale functions and particular operator es-
timates for periodic functions with zero average. Here, additional regularity
results for the involved functions are necessary.

1. INTRODUCTION

We aim to derive quantitative estimates that show the quality of the upscal-
ing process of a coupled linear thermoelasticity system with a priori known phase
transformations posed in a high-contrast media to its corresponding two-scale ther-
moelasticity system.

The problem we have in mind is posed in a medium where the two building
components, initially assumed to be periodically distributed, are different solid
phases of the same material in which phase transformations that are a priori known
occur. As a main effect, the presence of phase transformations leads to evolution
problems in time-dependent domains that are not necessarily periodic anymore.

In our earlier paper [I1], we rigorously studied the well-posedness of such a ther-
moelasticity problem and conducted a homogenization procedure via the two-scale
convergence technique (cf. [I] for details). Those results were obtained after trans-
forming the problem to a fixed reference geometry. In this work, our goal is to
further investigate the connection of those problems and to derive an upper bound
for the convergence rate (in some yet to be defined sense) of their solutions. While
historically a tool to also justify the homogenization (via asymptotic expansions) in
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the first place, such estimates, which in the homogenization literature are usually
called error and corrector estimates, provide a means to evaluate the accuracy of
the upscaled model. Also, such estimates are especially interesting from a compu-
tational point of view. In the context of Multiscale FEM, for example, they are
needed to ensure/control the convergence of the method, we refer to, e.g., [2, [15].

The basic idea is to estimate the L2— and H!'-errors of the solutions of the
problems using energy techniques, additional regularity results, and special operator
estimates for functions with zero average. Since, in general, the solutions of the
e-problem do not even have the same domain as the solutions of the two-scale
problem, we additionally rely on so-called macroscopic reconstructions (we refer
to Section . The difficulty in getting such estimates in our specific scenario is
twofold: First, the coupling between the quasi-stationary momentum equation and
the heat equation and, second, the interface movement which (after transforming
to a reference domain) leads to additional terms as well as time-dependent and
non-periodic coefficients functions.

As typical for a corrector estimate result, the main goal is to show that there is
a constant C' > 0 which is independent on the particular choice of ¢ such that

106l Lo (5x) + 1Useell oo (5522 (22 + IVOeorllL2(5x 02 )8
VUl Lo (s;22(05))2x2 + €[ VOerr || L2(5x 05, )2 (1.1)
+ e[ VUl Lo (5522 (025, ))3x3 < C(Ve +e).

Here, () represents the full medium, €2, the fast-heat-conducting connected matrix
and Q5; the slow-heat-conducting inclusions. For the definitions of the (error and
corrector) functions, we refer the reader to the beginning of Section

Unfortunately, in the general setting of a fully-coupled thermoelasticity problem
with moving interface, such corrector estimates as stated in seem not to be
obtainable; in Section [£:3] we point out where and why the usual strategy for
establishing such estimates is bound to fail.

Instead, we show that there are a couple of possible simplifications of the full
model in which holds:

(a) Weakly coupled problem: If we assume either the mechanical dissipation or
the thermal stresses to be negligible, we are led to weakly coupled prob-
lems, where the desired estimates can be established successively, see The-
orem [£.3] We note that the regularity requirements are higher in the case
of no thermal stress compared to the case of mechanical dissipation.

(b) Microscale coupling: If mechanical dissipation and thermal stress are only
really significant in the slow-conducting component and negligible in the
connected matrix part, the estimates hold, see Theorem [£.4]

As pointed out in [25], neglecting the effect of mechanical dissipation is a step that
is quite usual in modeling thermoelasticity problems.

Convergence rates for specific one-phase problems with periodic constants (some
of them posed in perforated domains) were investigated in, e.g., [3, 4 ©]. In [I0],
convergence rates for a complex nonlinear problem modeling liquid-solid phase tran-
sitions via a phase-field approach were derived. A homogenization result including
corrector estimates for a two-scale diffusion problem posed in a locally-periodic ge-
ometry was proven in [I9, 24]. Here, similar to our scenario, the microstructures
are non-uniform, non-periodic, and assumed to be a priori known; the microstruc-
tures are however time independent and there are no coupling effects. For some
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corrector estimate results in the context of thermo and elasticity problems, we refer
to [3, 22], e.g. We also want to point out to the newer and different philosophy in
which the solutions are compared in the two-scale spaces (e.g., L?(Q; H%E(YB)) as
opposed to the, possibly e-dependent, spaces for the e-problem (e.g., LQ(QEB))H a
method which requires considerably less regularity on part of the solutions of the
homogenized problems, we refer to [14], [18] 21].

The paper is organized as follows: In Section [2] we introduce the e-microscopic
geometry and formulate the thermoelasticity micro-problem in the moving geometry
and transformed to a fixed reference domain and also state the homogenized two-
scale problem. The assumptions on our data, some regularity statements, and
auxiliary estimate results are then collected in Section Finally, in Section
we focus on establishing convenient e-control for the terms arising in the error
formulation (see ) Based on these estimates, the corrector estimate is
then shown to hold for the above described cases (a) and (b).

2. SETTING

2.1. Interface movement. The following notation is taken from [II]. Let S =
(0,T), T > 0, be a time interval. Let € be the interior of a union of a finite number
of closed cubes Q;, 1 < j < n, n € N, whose vertices are in Q? such that, in
addition, §2 is a Lipschitz domain.

In addition, we denote the outer normal vector of Q with v = v(x). Let ¥ =
(0,1)2 be the open unit cell in R3. Take Y4, Yp C Y two disjoint open sets, such
that Yy is connected, such that I' := Y, NYp is a C? interface, I = 0Yp, Yz C Y,
and Y =Y, UYgUT. With n = n(y), y € T', we denote the normal vector of T'
pointing outwards of Y.

Ya(0) Y5(0) 24(0) 25(0)

I=(0)

L 1(0)

NN
[ [ [ s

O O O R O
R O R O PRy
B O R O Py
R O R O PRy

FIGURE 1. Reference geometry and the resulting e-periodic initial
configuration. Note that for ¢t # 0, these domains typically loose
their periodicity.

For € > 0, we introduce the €Y -periodic, initial domains 2% and 2% and interface
I'® representing the two phases and the phase boundary, respectively, via (i €

{A, B})
Q=N (Upezs e(Y; + k), T°=QnN (Upezs (T +k)).

1Here, we have used notation and domains as introduced in Section
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Here, for a set M C R3, k € Z3, and € > 0, we employ the notation
(M +k)={a R : = —keM}.

From now on, we take € = (g, )nen to be a sequence of monotonically decreasing
positive numbers converging to zero such that €2 can be represented as the union
of cubes of size €. Note that this is possible due to the assumed structure of (2.
Here n® = n(%), x € T'*, denotes the unit normal vector (extended by period-
icity) pointing outwards Q% into Q5. The above construction ensures that QF is
connected and that Q5 is disconnected. We also have that 9Q% N 9Q = 0.
We assume that s: S x Q x R® — Y is a function such that
1) s € C2(8;C2(Q) x C4(Y) |
2) s(t,z,)y: Y — Y is bijective for every (t,z) € S x Q,
) 571 e C3(5;C2(Q) x CL (V)i
)
)
)

w

4) 5(0,r,y) =y forallz € Qand all y € Y,

s(t,x,y) =y for all (t,x) € S x Q and all y € JY,

there is a constant ¢ > 0 such that dist(9Y,v) > ¢ for all v € s(¢,z,T") and
(t,z) € S x Q,

(7) s(t,x,y) = yforall (t,z) € SxQand for ally € Y such that dist(dY, y) < §,
(8) there are constants ¢y, Cs > 0 such that

(
(
(
(
(5
(6

ce < det(Vs(t,x,y) < Cs, (t,2,y) €5 x QxR
and set the (¢, xz)-parametrized sets
Ya(t,z) =s(t,x,Ya), Yp(t,z)=s(tzYg), T(tx)=s(zT).
We introduce the operations
[]: R® — Z3, [z] = k such that = — [2] €Y,
(LR Sy, (o} =o[a]

and define the e-dependent functiorﬁ
x

Sx0—-R? (t,x) = e[ (t z 7>.
s xQ— R s°(tx) 5[€]+ss ,6[5],8
For i € {A,B} and t € S, we set the time dependent sets Qf(¢) and I'*(¢) and

the corresponding non-cylindrical space-time domains () and space-time phase
boundary 3¢ via

Q5 (1) = s°(6, %), QF = Ures ({t} x Qi (1)),
Le(t) = s5(t,1°), B° = Uses ({t} x I=(¢)),

and denote by n® = n®(t,x), t € S, x € T'°(t), the unit normal vector pointing
outwards Q5(¢) into Q% (¢). The time-dependent domains € host the phases at
time ¢ € S and model the movement of the interface I'*. We emphasize that, for
any t # 0, the sets Q5 (), Q5(t), and I'°(¢) are, in general, not periodic.

2Here, and in the following, the # subscript denotes periodicity, i.e., for & € Np, we have
C;(Y) ={f € C*R3) : f(x + e;) = f(x) for all z € R3}, e; basis vector of R3.

3Here, 571 S x Q x R3 — Y is the unique function such that s(t,z, s~ 1(t,z,y)) = y for all
(t,z,y) € S x Q € Y extended by periodicity to all y € R3.

4This is the typical notation in the context of homogenization via the periodic unfolding method,
see, e.g., |8, ].
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We introduce the transformation-related functions (here, W§ is the normal ve-
locity and Hf the mean curvature of the interface) via

Fe:Sx Q=R Fe(t,z) := Vs°(t,z),
JE:SxQ =R, J(t,z) = det (Vs (t,x)),
v S x Q=R W (tx) = 0s°(t, 1),
WE: S xT° =R, WE(tx):=v°(t,x) n(t,s(t,z)),
Hi: SxT° =R, Hi(t,z):=—div((F°) ' (t,z)n°(t,s°(t,2)))
for which we have the following estimates

IF®] oo (sxyaxa + |(F2) "l Lo (sxayexs + 11T L (sx0) 2.1)
+ e 0% | Loe(sxys + & HIWE | oo (sxrey + el Hill oo (sxr2) < C. .

By design, the constant C' entering (2.1)) is independent on the choice of €. Note
that the same estimates also hold for the time derivatives of these functions.

2.2. e-problem and homogenization result. The bulk equations of the coupled
thermoelasticity problem are given as (we refer to [5l [1T], [16])

—div(Che(uy) — al0als) = fi,  in Q%, (2.2a)
div(Cheluy) — af0pTs) = f2, in Q5. (2.2b)
Ot (pacandiy + 5 divuy) — div(K5V05) = f5,  in Q%, (2.2¢)
0 (ppcaplp + 5 divug) —div(KpVe3) = f5,  in Qp. (2.2d)

Here, C{ € R3*3%3%3 are the stiffness tensors, a > 0 the thermal expansion
coefficients, p; > 0 the mass densities, cq; > 0 the heat capacities, v > 0 are
the dissipation coefficients, K¢ € R3*3 the thermal conductivities, and Jass 4, are
volume densities. In addition, e(v) = 1/2(Vv 4+ VoT) denotes the linearized strain
tensor and I3 the identity matrix.

At the interface between the phases, we assume continuity of both the tempera-
ture and deformation and the fluxes of force and heat densities to be given via the
mean curvature and the interface velocity, resp.ﬁ

[u] =0, [6°]=0 on X, (2.2¢)

[Coe(u®) — af6°T5]n° = —e*HEn® on X°, (2.2f)

[pcal0O° Wt + [y divu®|WE — [K°VE°] - n® = LapWg  in ¥°. (2.2g)

Here, [v] := va — vp denotes the jump across the boundary separating phase A

from phase B, gy > 0 is the coefficient of surface tension, and Lap € R is the latent
heat
Finally, at the boundary of €2 and for the initial condition, we pose

u4 =0 on S x 005, (2.2h
=0 on S x 005, (2.2
6°(0) =65 on Q, (2.2
u*(0) =0 on £, (2.2k

5Here, the scaling via €2 counters the effects of both the interface surface area, note that

|| € O(1), and the curvature itself, note that £|I§;€| € O(1).
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where 6§ is some (possibly highly heterogeneous) initial temperature distribution.
The scaling of the coefficients is chosen as

C,E4 = CA7 K,E4 = KA7 Otix =4, ’7,64 =74,
Cs = £2Cp, Kg = 2Kp, ap =eap, 5 =¢€VB.

Remark 2.1. The simplified models described in the introduction (for which cor-
rector estimates can be established) correspond to ay = ap =0o0r y4 =y =0
(case (1), weakly coupled problem) and agy = v4 = 0 (case (2), mirco coupled
problem).

Now, taking the back-transformed quantities (defined on the initial, periodic
domains Qf) Uf: S x Qf — R3 and ©5: S x Qf — R3 given via Uf(t,z) =
us(t, s~ 1e(t,x)) and O5(t,x) = Of(t,sfl’s(t,x))ﬁ we obtain the following prob-
lem in fixed coordinates (for more details regarding the transformation to a fixed
domain, we refer to [9, 17, 20]){]

—div (C}°(U3) — ©5a5°) = fif in S xQF, (2.3a)

—div (2C57e(Ug) — e0%a%) = fi° in S x QF, (2.3b)
0, (0% + i VUS) — div (K765

—div ((¢;70%5% + %% : VUZ) v"™e) (2.3c)

— f5° in S x 05,
Oy (5" 0% +evy” : VUg) — div (e K5°VO3)
—div ((¢5°0% +evg” : VUR) v™9) (2.3d)
r,.e

— 3 15
=fo, InSx0%,

complemented with interface transmission, boundary, and initial conditions.
Now, for j,k € {1,2,3} and y € Y, set d;r. = (y;61k,Y;02k,y;03x) 7. For t € S,
x € Q, let Tjg(t,x, ) € H#(YA), Tt @, ), T T, ) € H%(YA)3 be the solutions

to the following variational cell problemﬂ

0= / K, (Vyr) 4+ ¢ej) - Vyudy forall v € Hy(Ya), (2.4a)
Ya
0= / Chey (7)), +dji) 1 ey(v)dy forall v e H, (Ya)?, (2.4b)
Ya
0= Chey(T") tey(va)dy — / oy : Vyudy forallv € Hy(Ya)?.  (2.4c)
YA YA

Using these functions, we introduce the fourth rank tensor C and the matrix K via

(C)ili2j1j2 =Chey (Tiliig + dim) ‘Cy (Tjuué + djljz) )
(K)i_j = K} (VYTJ'G + Gj) . (Vy’rie + ei) .

6Here, s~ 8§ x Q0 — Q is the inverse function of s=.

"Here, the superscript r, e denotes the transformed quantities (w.r.t s¢), for example KZ’E =
JE(FE) TR A(FE)~T (cf. [I]).

8Here, and in the following, the superscript r denotes the transformed quantities (w.r.t s), e.g.,
Ky =JF) tKa(F)"T.
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Furthermore, we define the following set of averaged coefficients

o= [ cay, o= [ (@Che, ™) dy,
Ya Ya
HE = / Hrnds, = ooyt [ g,
N Ya Yns
M = pacaa |YaAl +/ Y4 i V" dy, W{f = / Wt ds,
Ya I
K= Kay, s = / S dy + / fi, dy,
Ya Ya Yn
AMOR,Up) = /Y (305 +75Up) dy, i = /Y (Ya +74VyTih) dy.
B A

After a homogenization procedure (the details of which are presented in [I1]), we
obtain the following upscaled two-scale model

—div (Cﬁe(uA) - aff‘HA) =fh4HE inSxQ (2.5a)
O (04 +7% : Vua + A"(Op,Up)) — div (K4V04) = fif — W] (2.5b)
in S x Q, ’

—div, (Czey(Up) —a5Op) = f,, inSxQxVYp, (2.5¢)

O (5O +75 : VyUB) —div, (K5Vy©p)
—divy, ((c5©% +75 : V,Ug)v") (2.5d)

= fg, I SxQxVYp,

Ug=1u4, Op=04 onSxOxT, (2.5¢)

again, complemented with corresponding initial and boundary values.

3. PRELIMINARIES

In this section, we lay the groundwork for the corrector estimations that are
done in Section [4] in stating the existence and regularity results for the solutions
and also giving some auxiliary estimates. We introduce the spaces

H'(Q5;09) = {ue H'(Q%) : u=0 on 00}
and, for a Banach space X,
W(S; X) = {u € L*(S; X) : such that dyu € L*(S; X")}.

In general, we will not differentiate (in the notation) between a function defined on
2 and its restriction to €25, or 2% or between a function defined on one of those
subdomains and its trivial extension to the whole of 2. Here, and in the following,
C, C1, Cs denote generic constants which are independent of £ but whose values
might change even from line to line.

For a function f = f(x,y), we introduce the so called macroscopic reconstruction
[f]le = [fle(z) = f(z,2/e). Note that, for general f € L>(Q; H(Y), [f]. may not
even be measurable (see [I]); continuity in one variable, e.g., f € L>(; Cx(Y)) is
sufficient, though. Applying the chain rule leads to D[f]. = [D,fl|. + 1/¢[Dyfl-,
where D =V, e(+),div(-), for sufficiently smooth functions f.
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Assumption (A1). We assume that 65 € H'(Q), fi° € C'(S; L*()), fy €
L?(5x95). Furthermore, let 04, € H'(Q), f, € C'(S;L*(Q)), fy, € L*(SxQ) for
the macroscopic homogenized part and 0, € C(; H' (Yg)), fi, € C'(S; L*(2)),
Jo, € L?(S x Q) for the two-scale part. Moreover, we expect the following conver-
gence rates to hold for our data

[Tas 05 — 04, llL2(0z) < CVe,
[Tae, 05 — [QBOLHLQ(QEB) + 1 fus — I:fZL‘B}QHLQ(Q%):; =+ ||f£)ﬂ,;E - [ng]gHL2(Q§3) <Ce

and, in addition, to have the following estimates

/Q |( e = fA)go(xﬂ dz < C£||<p||H1(Qi‘) for all ¢ € Hl( ;;89)3,

A

/Q ((f5:2 = fo)e(@)| dz < Cellgllmiag) for all ¢ € H'(25;09).
A

If we are also interested in developing estimates for the time derivatives, we need
stronger regularity assumptions.

Assumption (A2). Additionally to Assumptions (A1), we also expect the follow-
ing convergence rates to hold:

[Tas 05 — 0, (0s) < CVe,

Loz 05 — [0, ] o) + 10:(fis = [Fin] ) e2sys + 10055 = [fo,] )2 cos,)
< Ce.

1\/IOI‘GOVGI'7 we assume

/ 0:(f15 — 7 V() | da < Cellgpll sy for all € H'(95;09)%,
Q5

/Q O(f35 — f2) o)) e < Cellollms, for all o € H(Q5:00).

€
A

3.1. Regularity results. To be able to justify the steps in the estimates in Sec-
tion [4) some of the involved functions need to be of higher regularity than is guar-
anteed via the standard H!-theory for elliptic/parabolic problems. In the following
lemmas, we will collect the appropriate regularity results.

Lemma 3.1 (Regularity of cell problem solutions). The solutions of the problems
(2.4al)-(2.4c) possess the regularity T](? € C?(S;CHuW2P(Ya))) and T, TV €
C2(S; CL(Q; W2P(Y4)3)) for some p > 3.

Proof. The regularity w.r.t. y € Y4 can be derived from standard elliptic regularity
theory (we refer to [I3] for the general results and [10] for the application to our case
of the cell problems). The rest is a direct consequence of the regularity (w.r.t. t € S
and z € Q) of the involved coefficients. (]

Note that this implies, in particular, that the cell problem functions and their
gradients (w.r.t. y € Y') are bounded and that their macroscopic reconstructions
are well-defined measurable functions.

In the following, we denote U = (U§,U5) and ©° = (05, 0%).
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Lemma 3.2 (Existence and regularity theorem for the e-problem). There is a
unique (U¢,0%) € W(S; HE(Q)3 x H}(Q)) solving the variational system for
which standard energy estimates hold independently of the parameter €. Further-
more, this solution possesses the reqularity (U¢,0°) € C1(S; H2(Q5)3 x H2(Q3%)3) x
L2(S; H%(Q5) x H?(Q%)) such that 8;0° € L*(S; H'(Q2)).

Proof. The proof of the existence of a unique solution and of the energy estimates
is given in [IT, Theorem 3.7, Theorem 3.8]. As a linear transmission problem (with
sufficiently regular coefficients), regularity results apply (we refer to, e.g., [12]; see,
also, [23] for a similar coupling problem). O

Since s° is a diffeomorphism, this leads to a unique solution to the moving
interface problem, also. However, while the solution has H2-regularity, its second
derivatives are not necessarily bounded (and in general will not be) independently
of e > 0.

Lemma 3.3 (Existence and regularity theorem for the homogenized problem).
There is a unique

(ua,04,Up,©p5) € W(S; Hy(Q)* x Hy () x L*(; WH2(YE)?) x L2 (4 WH2(YE)))
solving the variational system , Furthermore,
(ua,0a) € CH(S; H*(Q)) x L*(S; H*(92))
such that 8,04 € L*(S; HY(Q)) and
(Up,©p) € C1(S; H*(% H*(YE)?)) x L*(S; H* (% H*(YR)))
such that 8,0p € L*(S; H*(Q; HY(Yp))).

Proof. Existence of a solution is given via the two-scale homogenization procedure
outlined in [11] and uniqueness for this linear coupled transmission problem can then
be shown using energy estimates. As to the higher regularity, this follows, again,
via the regularity of domain, coefficients, and data, we refer to results outlined in
[12] 23] 24]. O

3.2. Auxiliary estimates. For the transformation related quantities, we have the
following estimates available as stated in Lemma [3.4] and Lemma |3.5

Lemma 3.4. There is a constant C' > 0 independent of the parameter € such that
£ — [F]€||L°°(S><Q)3><3 ol A [J]a||L°°(SxQ) + [lo® — E[U]eHLw(sm)
+ W —e[Wr] _llzee(sxr) + | Hf — [Hr] ||z (sxr) < Ce

The same estimates hold for the time derivatives of those functions.

Proof. We show this, by way of example, only for F¢, the other estimates follow in
the same way:

Ty X x €
IF® = [flellLoe(sxqysxs = esssupg yesxa |Vys(t, 6[2] : E> —V,s(t,x, E)| < Lﬁ'
Here, L is the Lipschitz constant of F©€ w.r.t. z € Q (uniform in S x Y). O

Based on these estimates and due to the fact that all material parameters are
assumed to be constant in the moving geometry, we obtain the same estimates for
the material parameters (K™¢, o™ and so on) in the reference configuration.
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The following lemma is concerned with e-independent estimates for the macro-
scopic reconstruction of periodic functions with zero average. There are several
different but similar theorems that can be found in the literature regarding correc-
tor estimates in the context of homogenization, we refer to, e.g., [7, [6], 10} [19], but
for our purposes the following version suffices:

Lemma 3.5. Let f € L*(S x Q5;Cx(Y) such that
ft,z,y)dy=0 a.e. in S x Q5.

Ya

Then, there is a constant ¢ > 0 such that, independently of €,
| 1t 0)e(@)] do < Celelln o).

A

for all p € H(Q5;09).
The above lemma can be proven similarly to the corresponding statements in [6]

Lemma 3] and [19, Lemma 5.2].

4. CORRECTOR ESTIMATES

In this section, we are concerned with the actual corrector estimates. Recon-
structing micro-solutions from the homogenized functions via the [-].-operation and
subtracting the heat equations (2.2a)), (2.2b)), (2.5b)), and and momentum
equations ([2.2af), (2.2a)), (2.5a), and (2.5¢) we obtain

Oy (cff@i‘ — nAchHA) + 0, (’y:f : VU — /iA’yﬁ : VUA)

—div (K}°VOs — kaKiV04) — kAW (4.1a)
= gf - HAféla
— div (CZ’E(UZ) — kaACle(uy) — a"O%y + f-@AafZ‘HA) + HE
e . (4.1b)
= UVA - HAfu?
O (0% — [pOB],) + 0 (evg" : VUE — [y : VyUs] )
—div (?K3°VO3) + [divy (KpVyOp) ], (4.1c)
= g}f o [ng]a’
—div (e°C°e(Ug) — ey 0%)
(4.1d)

+ [divy (Che,(Us) — a3051) | = 125 = [£,)..

These equations hold in Q% and 2%, respectively. Using the interface and boundary
conditions for both the e-problem and the homogenized problem and then doing
an integration by parts, these equations correspond to a variational problem in
H Q).

Our strategy in establishing the estimates is as follows: After introducing error
and corrector functions and doing some further preliminary estimates, we first, in
Section concentrate on the momentum part, i.e., equations and .
Here, we take the different terms arising in the weak formulation and estimate them
individually using the results from Section[3|and usual energy estimation techniques.
Combining those estimates, it is shown that the mechanical error can be controlled
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by the heat error, see Remark [£.1] Then, in Section [£.2] we basically do the same
for the heat conduction part, i.e., equations and , thereby arriving at
the corresponding result that the heat error is controlled by the mechanical error
(and the time derivative of the mechanical error), see Remark

Finally, in Section we go about combining those individual estimates. Here,
we show that for the scenarios (a) (Theorem and (b) (Theorem K.4) (as de-
scribed in the introduction), we obtain the desired estimates, i.e., equation .
Moreover, we point out why the same strategy will not work for the full problem.

Now, we introduce the functions the subscripts “err” and “cor” for error and
corrector, respectively.

e :{Uj—uA in S x5y . :{e;—eA in S x Q5
U —[Uple mSxQ5 " 10505 inSxQ5’
_{Ujrr—a[ﬁ]s in S x Qf {egrr—g[é]s in S x QF

Us o: in S x Qs

err err

€

U =
. € ) cor
in § x Q%

cor

The functions U and 6 are exactly the functions arising in the two-scale limits of
the gradients of U and ©%, respectively, and are given as (cf. [I1])

3 3
U= > the(ua)je+7"04, 0= 770,04
Gok=1 j=1
Because of the corrector part (naurnely7 E[C:)]E and 5[[7}6, respectively), our cor-
rector functions will, in general, not vanish at 0 and are therefore not valid
choices of test functions for a weak variational formulation of the system given
via equations —4.1d. Because of that, we introduce a smooth cut-off func-
tion m®: Q — [0, 1] such that m=(z) = 0 for all z € QF such that dist(z, 9Q) < ec/2
and m®(z) = 1 for all z € Q5 such that dist(x, ) > ec. Furthermore, we require
the estimate

1
\EHVTTLEHLz(Q) + \/?HAmEHLZ(Q) + \le — mE”LZ(Q) <C (4.2)

to hold independently of the parameter . For this cut-off function m*, we set

. JUS (1 -me)e[U]. in S x5y
0\ Us, —[U], in S x Q5

cor

cor0 —
cor

. ®§Or+(1—m5)5[é}s in S x Q5
O, —£[6]_ inSx05
cor0

ularity of U and © (Lemma [3.1)) and the estimate (4.2) for m®, these modified
correctors admit the following e-independent estimates (for i = A, B )ﬂ

Obviously, we then have ®§Or HY(Q) and US,,, € HE(2)3. Owing to the reg-
”UgrrHLQ(Qf)S < HUCEOrOHLz(Qf)3 +Ce < HUegrr”L2(Qf)3 + 2067
||6(Uc€0r)||L2(QEA)3X3 < HE(UV(:EorO)”Lr"(ﬂi‘)3><3 + C(\/g+ 8)

< lle(Ueor)L2(0)exs +2C(Ve +€),

9The same estimates hold when replacing the linearized strain tensor with the gradient
operator.
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elle(Usor)llz2(0zy8x8 < elle(Ueoro) lz2 (s, )88 + C (Ve +€)
< elle(Usor) 22 (as,)3xs +2C (Ve +¢),
106l 2(02) < [1OcorollL2(0s) + Ce < (|06, || L2(az) + 2C,
VO llz2g)2 < [IVOGarollLzag)s + C(Ve +e)
< IVOLllL2(ag)s +2C(Ve + ),
elVOellL2(as)s < el VOl L2(0s,)s +C(Ve+e)
< el VO llL2(as,)s + 2C(Ve + ¢).

Applying Korns inequality to Ucoro (see [II, Lemma 3.1]) and using the above
estimates, we then get

H err”L2 () + Hv corHL2(QE )3 +‘€||V cor||L2(Q%)3X3
< || ( cor)”LQ(QE )3+6|| ( cor)||L2(Q%)3X3+O(\/E+€)'

4.1. Estimates for the momentum equations. Let us first concentrate on the
mechanical part of the corrector equations, namely equations and (.1d). Af-
ter integrating over 2, multiplying with a test function ¢ € H} ()3, and integrating
by parts, we obtain

/ (CiFe(US) — kaClie(ua)) : e(p) da — / kAChe(ua)n® - pds

(4.3)

=I5 (t,¢)

#e? (O eUE) ~ [O.eUsle) s lp) o

=:15(t,p)

- / (aff@i - HAQZHA) : Vodx +/ kaaliBanf - @ds
15 FE
A

=I5 (t,9)

—l—s/ (a7 0% — [apOB],) : Vedr

=I5 (t,p)
-/ (uA—nA/ f;Ady> pda
o
=:IE (t,p)

b e? / (Chlee([Uslo)ns - pds — / " / [ dy- pda
e Qe Yg

=g (t,p)

+ &2 Hf’ana-cpds—/ /iAHI}f-cpdw—i—/ (fos = fusl.) - pda+I5(t, @),
QE

€
re 2 B

=I5 (t,9) =I5 (t.0)

where

I5(t, ¢)
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= / (% div ([Ches(Up))e) + €[ divy (Chey (Ug)) |, +eldiv, (@305)],) - pda.
Q5
We now go on estimating these terms individually and then combine the resulting

estimates. We proceed for both U, and 0;Ucoro as test function choices. While

the first choice is the natural one for energy estimates, the second choice is needed
in order to merge those estimates with the heat equation estimates.
Taking a look at I7, we calculate

() = | CifelUz) s elg)da

+/ (C:fe(Uj —-U:,) — ,%ACZe(uA)) ce(p)dz
Q

p)
—/ kACRe(ua)n® - pds
We also see (via the definition of C and U)
CyTe(Ui — Ugor) = [Clee(ua) + [Chey ()] 04
+ (€ - [eal.) (etwa) + [ey(@)], ) +2C5°[ex (T) ]

Ry

where, using Lemma, the estimate
||| Bipds| < Celllman,
Q%

holds. Now, seeing that [..Ce(us)nds =0 and div,(Ce(ua)) =0 a.e. in S x Q and
using Lemma [3.5] we obtain

€

| ([C]e — ka(0)Ch) e(Ua) : e(p) dz f/ k4(0)Ce(ua)n® - pdz|
Q5

= ’ o div (([C}E — /sA(O)Cﬁ) e(UA)) . gpdx‘
A
< Cellellmros)
for all o € H'(Q5;09). Also,

/ Czee(Ugor) : 6( (forO)d'r
Q%

> 01”6(Uc€0r)||%2(§2;)3><3 + E/ Cgse(chor) : 6((1 - mS) [U}e) dz

Q%
C
> S lle(Uenllzz (s )00 — Cale +%).

Here, the second inequality can be shown using the assumptions on m® and the
known estimates of the involved functions. In summary, for I7, we arrive at

Iw,awf/[%%Wﬂjmdmew
Q5 (4.4)

> Cule(Uéon) 32 s e — Cale +€2).
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Now, going on with I35, it is easy to see that

I5(1, U5, ) = €2 / (). (e(U3) — e([Us)e)) : eUeor) da

B
+ 52/ (C5" —[CB].) e(UB) : e(Ucor) da (4.5)
Q5
> 0152||6(Uc60r)||%2(ﬂf4)3><3 — Cae”.
Going forward with term I3, we decompose
o705 — kaalifs = (o — [o&]s) 05 + [0[4]562” + ([ag]a —kaali) 04 (4.6)

from which we can estimate the first two terms as
[ (@ = [on].) @3+ [0].05) : Vel < € (= 8ulzziasy) IVelzzcos
A

For the remaining term of equation (|4.6)) combined with the interface integral part
of I, we obtain

I,
:—/Q [divx ((O&TA—HA/YAOZQdZJ)aAHE"de
—/Q /sAdiv(/Y Czey(T“)dyeA) ~pdx

N A

- a’y| 0an® - pds — !
[ A] ¥
B € g Jo

We apply Lemma [3.5] to
f1 =div, ((o/;, — KA /YA a’y dy)HA),
g2 = dive ((Chen(r) = a [ Chey(r)dy)oa)

and recall that 7% is a solution of the cell problem (2.4c) (because of this the

‘%[divy] ”-terms vanish) which leads to
1>

([QZ]E—HAQZ) 9A:V<pdx+/ HAaZOAnE-gods

€

€
A

[divy (aQGA)L cpda

€
A

1)+ [ [Chey(r)] 0 ) de] < € (=4 186z ) Iollan o (47

A

Similarly as with I3, for the thermo-elasticity term I§, we obtain
5t )] < ClOG:IIT2(as) + €IVl s x5 (4.8)
Next, we take the mean curvature error term I

|I5(t, )| < 52|/F (H* — [Hf)],) n5~<pds|—|—|€2/F [Hlf]eng-gods—/m kaHPpdzl.

A

Now, in view of the assumptions on our data and for the source density errors
(stated in Assumptions (Al)) and the curvature estimate, using Lemma (for
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the functional I§(¢,¢)), and the boundedness of the functions involved in I§, we
estimate

L5 (8 o) + 5 (£, 0) [ + 17 (L o) + [I5 (2 )| + [ L5 (¢ )]

(4.9)
< Ce <||<P||H1(Q;) + ||<P||L2(Q§3> :

Finally, merging the individual estimates for the error terms (namely, estimates

(4.4), (4.5), (4.7), (4.8), (4.9)) and the estimate (4.3]), we conclude
||(]e£rrHLQ(Q)3 + ||VUv<[::‘or||L2(Q6 )3x3 + EHVUgor”LQ(QE )3x3
A A

(4.10)
< O(VE+e+ [Oemlli)-

Remark 4.1. With estimate (4.10) it is clear that the error in the mechanical part
inherits the convergence rate from the heat-error (at least if it is not faster than

Ve).

If, additionally, Assumptions (A2) are fulfilled, it is also possible to first differ-
entiate equations and with respect to time and to then choose the test
function 0tUcc, for the variational formulation of the arising system. This way, we
can get the estimate

10:Us 202 + VO Ucor | 205 )% + €[ VO Ucor [ 1205, )2

4.11)
< C (\/g+ e+ H®err||L2(Q) + Hat®err||L2(Q)) . (

Since this is done quite analogously to the estimates leading to inequality ,
except for a few terms arising due to the time differentiation, the details of this are
omitted.

If we take 0;Ucore as a test function and follow the same strategy as in , we
can estimate

/Ot I (1, 0:U% o) AT — /Ot /E [Cgey(T“)]EQA 1 e(0 U o) dadr
a
> C1 (Jle(Uur) ()20 — eV O0) [F2ar,) ) (412)
- U2l 7 — Cile +€2),
where integration by parts w.r.t. time was done. Similarly, we obtain
[ .00z, dr
> 012 (U Ol 2@y s — IeWa) O Faayos)  (413)
— Cye? /O1t ||6(U§0r)||2Lz(QEB)3Xs dr — Cse?.

Moreover,

9

S E(t 0UEw0)| < Cc (Uil iy + 1Wllzaogys) - (414)
=5
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4.2. Estimates for the heat conduction equations. Now we go on with estab-
lishing some control on the error terms in the heat conduction equations. Multi-
plying equations and with test functions ¢ € H(Q), integrating over
Q, and then integrating by parts while using the interface conditions, we are lead

to

/ Oy (cff@i — IiA/ c dy9A> cpdx—i—/ (K7y°VO5 — kaKiV04) - Vi da
A Ya a

=:E (t.) =:E5(t,9)

+/ ((350% + %% : VUR) v™®) - Vpda
Q5

=:E5(t,p)

+/ (K}°Ves — /@AKZVQA) -Vodz — / kAKRVO, -nfpda

€

=:E5 (L)

+/ (0¢ (5 0%) — [9:(cpOB)],) pda
Q%

=:E§(t,p)

+ /E (5t (evg" : VUB) — [3,5(7% : VyUB)L> pdz

=:E§(t,0)

v [ iomre - [50uL[7).) - Vs
Q5

=:EZ(t,p)

+6/ (vg® : VUV — ['773]5 : V[Ugle[v"]e) - Vo da
Qe

B

=B (t,¢)

e /S (K565~ [K3].V[05]) - Veda

=:E5(t,p)

——/ Wlf’ggoda—i—/ kaWheda
€ QEA

=By (t9)

—|—/ /iA/K};Vy@B~ndsg0daz—€2/ [K5]eV[OB]: -nfedo
Qs r c

=: tv)

+ (fgf e / i, dy) pdrt [ (7 = [15,).) p e+ Byl
S A

=iE5, (t)

©)
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where
E5y(t ) = g/ ([divz (ngeB)] +div [ngﬁ@B]E) o da.
€ €
B
For the first term, we see that

e (7€ 1 €
El (t ecorO) /E pACAat (@A(‘] - m ‘YAD)@corO dx
A

1
+ / PACA | A‘ G)err> err dz + RE( )
. |YA(0)\
where

e _ ! )
RQ(t) = E/i‘ ,OACAm (|YA| @err) [6]5

Using the regularity estimates for O and ©%, it is easy to see that there is a constant
¢ > 0 independent of € such that (for every é > 0)

| [ msrarl < [ 1050 ar + 6 (103017 - 105, 0)1%) + e

With this estimate and Lemma we then get
t
/ El (T @cor(])

> C1 (1102 (1) 35, — 1165:(0) ) (4.15)

- Ca( [ 105, + eAOR o i 1%,

For the dissipation term of 2%, namely E5, we start by noticing that
KA’)/Z :Vuy + KA/ v Vyrtdyba = HA/ Vi (VuA + Vﬂ?) d
YA YA
and decompose

Eit.o)= [ (v : VU, pdz + / o (Vi = [1h]) - V(US - Uz,) gda

o o
+/ 5t([’y ] V(U - US,) — HA/ Vi (VquLVyf]) dy)cpdx.
A Ya
Applying Lemma [3.5 to
F=0.(vn: (VU +9,0) - m/

Ya

Y (VUA + Vyﬁ) dy)7
leads to
1B5(t, 9] < C((IVUeorll (05900 4190 Ueor 2025259 ) 19l 2005 0l 10 )
In the case of Ef, the estimate e 1||v¥]| 1 () < C (see (2.1])) implies
|ES(T, @) < CE”VSDHLZ(Q;) for all p € H' (). (4.16)

For handling the heat conduction functional,

:/ K*VOL,, - Vedx
A
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1
T,€ € € .
+/5 (KA V(05 —05,,) — Va0 )|KAV@A) Vedz

1
— K"V, - nfpdz,
/rs Ya(0)]

the strategy is exactly the same as with dealing with the Ij-estimate of the me-
chanical part, see estimate (4.4]), which then leads to

E4(t @cor()) > C'1||ve)ior”%2(ﬂE ) CQg(HeiorOHHl(QZ) +1+ E)' (417)

Now, turning our attention to the next to functionals, Ef, it follows easily from
Lemma [3.4] that

[ 5050 2 1 (102 O~ 105 O o)
(4.18)

t
— [ 106 a7 — 2

Estimates for the dissipation error terms, EE-EZ, are given by
B3 (1 9)| < Cellglzeog) (IVUallag oo + 190U aagyoxs + ), (4.19)
B (£, 9)| < Cel[ V9 20 (195 12205 + ), (4.20)
B5(t,0)| < C* [Vl e, >(HV Ul zaagyoes +). (4.21)
Similarly, we obtain
E§(t,0%00) = 0152“v®2rr”%2(9%) — Cae®. (4.22)

Taking a look at the interface velocity terms, we obtain
|<‘/ (W —e[Wr]_pdo) ‘—i—‘/ e[Wr] <pd0+/ KAW#@dm’.

Using Lemma for the functional Ef,, cf. [I9], the estimates on the functions
that are involved, and our assumptions on the data, it is straightforward to show

|Efo(t, )l + | EL (@) + | Efa (8, 9)] < Ce(lpllm os) + #llz20g)) - (423)

Finally, for the functional E{, catching some of the terms arising in the elliptic part
for ©¢;r, we obtain

|ET3(t, Ocor0)| < Ce (|Oer:|| + ) - (4.24)

Summarizing those estimates (4.15)-(4.24) and using Young’s and Gronwall’s in-
equalities, we arrive at

196l oo (sx0) + IVOeorllL2(sx02)s + EIVOerr| L2 (sx0z,)
< C(IVUeorllL2(sxag)sxs + &l VUerl L2(s5x05,)5%5 (4.25)
+ ||VatUcor||L2(S><Q;)3><3 + €HvatUerr||L2(s><Q%)3><3 + \/g + E).

Remark 4.2. With (4.25) at hand, we conclude that estimates for VU,

cor
Vo, UE,,. will also lead to corresponding corrector estimates for the heat part.

and
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4.3. Overall estimates Here, we combine the estimates from the preceding sec-
tions, Section [4.1] and Section [4.2] - It is clear that the following statement now
follows directly from estimates (| - and -

Theorem 4.3 (Corrector for Weakly Coupled Problem). If we reduce our problem
to a weakly coupled problem, that is, if we assume either ay = ap = 0 (together
with (Al)) or va = v = 0 (together with (A2)), we have the following corrector
estimate

190Gl L= (sx0) + Ul L= (si22(2)5 + VOl L2 (5% 0 )3

+ VUl (s:02(05))273 + ENIVOert | L2(sx02,)2 + EIVUeo | Lo (5522 (025, )3 %3

< C(Ve+e).

Moreover, for the heat part, we take ©cqr0 and for the mechanical part 0;UZ,
as a test function, sum the weak formulations, integrate over (0,t) and obtain

t 6 9
/O (Z If(T7 alvachrO) + Z Ez"s(T7 G)iOI“O)) dr
/ (ZI T, at corO + Z EE 7_ ®cor0)) dr.

0 i=10

(4.26)

Now, we first take a view on the error terms corresponding to the coupling terms
for the Q% part for both the mechanical and the heat part, namely I3, Ef, and Eg.
While Ef can be controlled in terms of eVU,, and eVO,,, (see inequality ),
this is not possible for either I or E§ due to the involved time derivatives. If we
take a look at the sum of those (appropriately scaled, assuming ap # 0) two terms,
however, we see that they counterbalance each other leading to
|’YB I4 T, at corO) + EG(T ecor0)| S CH@er”%Q(Q%) + €2||VUCOY||2L2(Q%) + 52'

Note that with estimate (£.13), the EQHVUCWH%Q(QEB) is resolvable via Gronwall’s
inequality.

This, unfortunately, does not work for the coupling parts in Q%: Here, we would
have to apply Lemma at the cost of additional derivatives (we only get control
in H! and not in L?), which, in general, can not be compensated without structural
assumptions.

As aresult of this observation and the estimates collected in the previous sections,
we obtain:

Theorem 4.4 (Corrector for microscale coupled problem). If we simplify our pro-
blem so that there is only coupling in the Q% part, that is, if we assume aq = y4 =
0, we have the corrector estimate

||@er||L°° (SxQ) + ||U§rr||L°°(S'L2(Q s+ ||V950r||L2 SxQ5)3 + ”v C60r||L°°(S;L2(Qi‘))3X3
+ el VOerlL2(sxas)s + el VUl Lo (5,02 (0, )88 < C(Ve +¢).
Acknowledgments. The authors are indebted to Michael Béhm (Bremen) for

initiating and supporting this research. AM thanks NWO MPE “Theoretical esti-
mates of heat losses in geothermal wells” (grant nr. 657.014.004) for funding.



20

(1]
2]
(3]

(4]

(5]
(6]
(7]
(8]
(9]
[10]

(11]

(12]

(13]

(14]
(15]

(16]

(17]
18]

(19]

20]

(21]

(22]

23]

24]

M. EDEN, A. MUNTEAN EJDE-2017/57

REFERENCES

G. Allaire; Homogenization and two-scale convergence, SIAM Journal on Mathematical Anal-
ysis 23 (1992), no. 6, 1482-1518.

G. Allaire and R. Brizzi; A multiscale finite element method for numerical homogenization,
Multiscale Model. Simul. 4 (2005), no. 3, 790-812. MR 2203941

N.S. Bakhvalov and G. Panasenko; Homogenisation: Averaging processes in periodic me-
dia: Mathematical problems in the mechanics of composite materials (mathematics and its
applications) (volume 36), softcover reprint of the original 1st ed. 1989 ed., Springer, 10 2013.
A. G. Belyaev, A. L. Pyatnitskii, and G. A. Chechkin; Asymptotic behavior of a solution
to a boundary wvalue problem in a perforated domain with oscillating boundary, Siberian
Mathematical Journal 39 (1998), no. 4, 621-644.

M. A. Biot; Thermoelasticity and irreversible thermodynamics, J. Appl. Phys. 27 (1956),
240-253. MR 0077441

G. A. Chechkin and A. L. Piatnitski; Homogenization of boundary-value problem in a locally
periodic perforated domain, Applicable Analysis 71 (1998), no. 1-4, 215-235.

G. A. Chechkin, A. L. Piatnitski, and A. S. Shamaev; Homogenization (translations of math-
ematical monographs), American Mathematical Society, 8 2007.

D. Cioranescu, A. Damlamian, and G. Griso; The periodic unfolding method in homogeniza-
tion, STAM J. Math. Anal. 40 (2008), no. 4, 1585-1620. MR 2466168

S. Dobberschiitz; Homogenization techniques for lower dimensional structures, Ph.D. thesis,
University of Bremen, 2012.

C. Eck; Homogenization of a phase field model for binary mixtures, Multiscale Model. Simul.
3 (2004/05), no. 1, 1-27. MR 2123107

M. Eden and A. Muntean; Homogenization of a fully coupled thermoelasticity problem for
a highly heterogeneous medium with a priori known phase transformations, Mathematical
Methods in the Applied Sciences (2017), n/a—n/a, mma.4276.

L. C. Evans; Partial differential equations: Second edition (graduate studies in mathematics),
2 ed., American Mathematical Society, 3 2010.

D. Gilbarg and N. S. Trudinger; Elliptic partial differential equations of second order, reprint
of the 2nd ed. Berlin Heidelberg New York 1983. corr. 3rd printing 1998 ed., Springer, 10
2013.

G. Griso; Error estimate and unfolding for periodic homogenization, Asymptot. Anal. 40
(2004), no. 3-4, 269—286. MR 2107633

T.Y. Hou and X.-H. Wu; A multiscale finite element method for elliptic problems in compos-
ite materials and porous media, J. Comput. Phys. 134 (1997), no. 1, 169-189. MR 1455261
V. D. Kupradze; Three-dimensional problems of the mathematical theory of elasticity and
thermoelasticity (north-holland series in applied mathematics € mechanics), Elsevier Science
Ltd, 3 1979.

Meier, S. A.; Two-scale models for reactive transport and evolving microstructures, PhD
thesis University of Bremen, 2008.

A. Muntean and S. Reichelt; Corrector estimates for a thermo-diffusion model with weak
thermal coupling. wias preprint no. 2810 (preprint 2016).

A. Muntean and T. L. van Noorden; Corrector estimates for the homogenization of a locally
periodic medium with areas of low and high diffusivity, European J. Appl. Math. 24 (2013),
no. 5, 657-677. MR 3104285

Priiss, J., Simonett, G., Zacher, R.; Qualitative behavior of solutions for thermodynamically
consistent Stefan problems with surface tension, Arch. Ration. Mech. Anal., 207 (2013),
no. 2, 611-667. MR 3005325

S. Reichelt; Two-scale homogenization of systems of nonlinear parabolic equations, Ph.D.
thesis, University of Berlin, 2015.

V. L. Savatorova, A. V. Talonov, and A. N. Vlasov; Homogenization of thermoelasticity
processes in composite materials with periodic structure of heterogeneities, ZAMM Z. Angew.
Math. Mech. 93 (2013), no. 8, 575-596. MR 3093849

R. E. Showalter and B. Momken; Single-phase flow in composite poro-elastic media, Mathe-
matical Methods in the Applied Sciences 25 (2002), 115-139.

T. L. van Noorden and A. Muntean; Homogenisation of a locally periodic medium with areas
of low and high diffusivity, European J. Appl. Math. 22 (2011), no. 5, 493-516. MR 2834016



EJDE-2017/57 CORRECTOR ESTIMATES FOR A THERMOELASTICITY PROBLEM 21

[25] H. F. Wang; Theory of linear poroelasticity with applications to geomechanics and hydroge-
ology (princeton series in geophysics), Princeton University Press, 2 1999.

MicHAEL EDEN
CENTER FOR INDUSTRIAL MATHEMATICS, FB 3, UNIVERSITY OF BREMEN, BIBLIOTHEKSSTR. 1,
28359, BREMEN, GERMANY

E-mail address: leachim@math.uni-bremen.de

ADRIAN MUNTEAN
DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, UNIVERSITY OF KARLSTAD, UNIVER-
SITETSGATAN 2, 651 88 KARLSTAD, SWEDEN

FE-mail address: adrian.muntean@kau.se



	1. Introduction
	2. Setting
	2.1. Interface movement
	2.2. -problem and homogenization result

	3. Preliminaries
	Assumption (A1)
	Assumption (A2)
	3.1. Regularity results
	3.2. Auxiliary estimates

	4. Corrector estimates
	4.1. Estimates for the momentum equations
	4.2. Estimates for the heat conduction equations
	4.3. Overall estimates
	Acknowledgments

	References

