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CONVERGENCE RESULTS FOR A CLASS OF ABSTRACT
CONTINUOUS DESCENT METHODS

SERGIU AIZICOVICI, SIMEON REICH, & ALEXANDER J. ZASLAVSKI

ABSTRACT. We study continuous descent methods for the minimization of
Lipschitzian functions defined on a general Banach space. We establish con-
vergence theorems for those methods which are generated by approximate
solutions to evolution equations governed by regular vector fields. Since the
complement of the set of regular vector fields is o-porous, we conclude that
our results apply to most vector fields in the sense of Baire’s categories.

1. INTRODUCTION

Let (X, - ||) be a Banach space, (X*, || - ||+) its dual space, and let f: X — R!
be a function which is bounded from below and Lipschitzian on bounded subsets
of X. Recall that for each pair of sets A, B C X*,

H(A, B) = max{sup inf |lo — yll., sup int |1z — yll)
zcAYEB ycBTEA

is the Hausdorff distance between A and B. For each x € X, let
fw,h) = limsup [f(y+th) — f(y)]/t, heX, (L.1)

t—0t, y—ax

be the Clarke generalized directional derivative of f at the point z, let

Of(x) ={l€ X*: fO%ax,h) >1(h) for all h € X} (1.2)
be Clarke’s generalized gradient of f at x, and set
E(z) = inf{f°(z,h) : h € X and ||h| = 1}. (1.3)

It is well known that 9f(z) is nonempty and bounded. Set

inf(f) = inf{f(z) : x € X}.
Denote by A the set of all mappings V' : X — X such that V' is bounded on every
bounded subset of X, and for each z € X, f%(x, Vx) < 0. We denote by A, the set
of all continuous V' € A and by A the set of all V€ A which are bounded on X.

Finally, let Ap. = Ay N A.. Next we endow the set A with two metrics, ps and py,-
To define pg, we first set, for each Vi, V5 € A,

ps(V1, Vo) = sup{||Viz — Vaz| : x € X}
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and then let

ps(V1,Va) = ps(Vi, Va) (1 + ps(V1, V2)) . (1.4)
(Here we use the convention that co/oco = 1.) Clearly, (A, ps) is a complete metric
space. To define p,,, we first set, for each Vi, Vs € A and each integer i > 1,

pi(V1, Vo) = sup{||Viz — Vaz|| : € X and ||z|| < i} (1.5)
and then let
puw(V1,V2) =27 pi(Vi, Vo) (1 + pi(V2,V2)) 1. (1.6)
i=1

Clearly, (A, py) is a complete metric space. It is also not difficult to see that the
collection of the sets

E(N,e) ={(V1,Va) e Ax A: |[Viz —Vaz|| <e¢, z € X, |z|| < N},

where N, e > 0, is a base for the uniformity generated by the metric p,,. It is easy
to see that
pw(V1, Va) < ps(V1, Vo) for all V1, V5 € A.

The metric p,, induces on A a topology which is called the weak topology and
ps induces a topology which is called the strong topology. Clearly, A. is a closed
subset of A with the weak topology while A, and Ay, are closed subsets of A with
the strong topology. We consider the subspaces A., A, and Ap. with the metrics
ps and p,, which induce the strong and the weak topologies, respectively.

The study of steepest descent and other minimization methods is a central topic
in optimization theory. See, for example, [4, O 1T, 12, 13| 04, 15]. When the
function f is convex, one usually looks for a sequence {z;}$2; which either tends to
a minimum point of f (if such a point exists) or at least such that lim; .. f(x;) =
inf(f). If f is not necessarily convex, but X is finite-dimensional, then we expect
to construct a sequence which tends to a critical point z of f, namely a point z for
which 0 € 9f(z). If f is not necessarily convex and X is infinite-dimensional, then
the problem is more difficult and less understood because we cannot guarantee, in
general, the existence of a critical point and a convergent subsequence. To partially
overcome this difficulty, we have introduced the function = : X — R!. Evidently,
a point z is a critical point of f if and only if Z(z) > 0. Therefore we say that z
is e-critical for a given € > 0 if Z(z) > —e. In [I4] we looked for sequences {z;}$2,
such that either liminf; .. =(x;) > 0 or at least limsup,_, ., Z(z;) > 0. In the first
case, given € > 0, all the points z;, except possibly a finite number of them, are
e-critical, while in the second case this holds for a subsequence of {x;}32;.

In [T4] we show, under certain assumptions on f, that for most (in the sense of
Baire’s categories) vector fields W € A, certain discrete iterative processes yield
sequences with the desirable properties. Moreover, we show that the complement
of the set of “good” vector fields is not only of the first category, but also o-porous.
Analogous results for convex functions f were obtained in [12, [13]. This approach,
when a certain property is investigated not for a single point of a complete metric
space, but for the whole space, has also been successfully applied in the theory
of dynamical systems [5] [6], optimization [10], and optimal control [18], as well as
in approximation theory [7]. Before we continue, we briefly recall the concept of
porosity [2], 16, [I7]. As a matter of fact, several different notions of porosity have
been used in the literature. In the present paper we will use porosity with respect
to a pair of metrics, a concept which was introduced in [18].
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When (Y, d) is a metric space we denote by By(y, r) the closed ball of center y € Y
and radius 7 > 0. Assume that Y is a nonempty set and dj,dy : Y x Y — [0,00)
are two metrics which satisfy d;(z,y) < da(z,y) for all z,y € Y.

A subset E C Y is called porous with respect to the pair (dy,ds) (or just porous
if the pair of metrics is fixed) if there exist o € (0,1) and 79 > 0 such that for each
r € (0,ro] and each y € Y, there exists z € Y for which dy(z,y) < r and

By, (z,ar)NE = .

A subset of the space Y is called o-porous with respect to (di,ds) (or just o-
porous if the pair of metrics is understood) if it is a countable union of porous (with
respect to (di,dsz)) subsets of Y.

Note that if d; = da, then by Proposition 1.1 of [I8] our definitions reduce to
those in [0, [7, 13]. We use porosity with respect to a pair of metrics because in
applications a space is usually endowed with a pair of metrics and one of them is
weaker than the other. Note that the porosity of a set with respect to one of these
two metrics does not imply its porosity with respect to the other metric. However,
it is shown in [I8], Proposition 1.2] that if a subset F C Y is porous with respect to
(dy,ds), then E is porous with respect to any metric which is weaker than dy and
stronger than dy. For each set E C X, we denote by cl(E) the closure of E in the
norm topology. The results of [I4] were established in any Banach space and for
those functions which satisfy the following two assumptions.

A(i) For each e > 0, there exists d € (0,¢) such that

d{re X :E(z) < —¢}) C{r e X : E(x) < —=0};

A(ii) for each r > 0, the function f is Lipschitzian on the ball {x € X : ||z|| < r}.

We will say that a mapping V' € A is regular if for any natural number n, there
exists a positive number §(n) such that for each x € X satisfying ||z|| < n and
Z(z) < —1/n, we have fO(z,Vz) < —6(n).

This concept of regularity is a non-convex analog of the regular vector fields
introduced in [I4]. We denote by F the set of all regular vector fields V' € A.

The following result was established in [T4].

Theorem 1.1. Assume that both A(i) and A(ii) hold. Then A\ F (respectively,
ANF, Ay \ F and Ap. \ F) is a o-porous subset of the space A (respectively, A,
Ay and Ape) with respect to the pair (pw, ps)-

In [T4] two of the authors studied the convergence of discrete descent methods
generated by regular vector fields. In [I] we obtained analogs of the main results
of [14] for continuous descent methods generated by regular vector fields. Our pur-
pose in the present paper is to study some continuous descent methods for the
minimization of Lipschitzian functions which are generated by approximate solu-
tions to evolution equations governed by regular vector fields. Such methods would
be quite useful in practice. Section 2 contains an auxiliary result. In Section 3 we
state and prove three convergence theorems. An extension of our convergence the-
ory to Lipschitzian functions satisfying a Palais-Smale type condition is presented
in Section 4. In view of Theorem [I.I] our results apply to most vector fields in the
sense of Baire’s categories.
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2. AN AUXILIARY RESULT

Throughout this paper we let 2 € WH1(0,T; X), i.e. (see, e.g., [3]),

x(t) = xo —1—/0 u(s)ds, te€][0,T],

where T > 0, 9 € X and u € L'(0,7;X). Then z : [0,7] — X is absolutely
continuous and z'(t) = u(t) for a.e. t € [0,T]. Recall that the function f: X — R!
is Lipschitzian on bounded subsets of X. Thus the restriction of f to the set
{z(t) : t € [0,T]} is Lipschitzian. Hence the function (f-z)(t) := f(z(t)), t € [0,T],
is absolutely continuous. It follows that for almost every ¢ € [0,7], both the
derivatives z/(t) and (f - z)'(¢) exist:

2 (t) = }1113) R a(t + h) — z(t)],

(f-2)(t) = lim h™'[f(x(t +h)) — f(x(t))).

h— o0

We need the following result proved in [I, Proposition 2.1].

Proposition 2.1. Assume that t € [0,T] and that both the derivatives z'(t) and
(f-x)'(t) exist. Then

(f - @)'(t) = lim W= [f(a(t) + ha'(t)) — f(x(1))]- (2.1)

h—0

In the sequel we denote by p(FE) the Lebesgue measure of a Lebesgue measurable
set £ C RL.
Assume that V € A and that 2 € WH1(0,T; X) satisfies

Z'(t) =V(x(t)) ae. t €[0,T).
Then by Proposition (f-x)(t) <0forae. te|0,T]and f(x(-)) is decreasing.

3. THREE CONVERGENCE THEOREMS

Theorem 3.1. Let A(ii) hold, let V € A be reqular, and assume that
lim f(z) = oco.

llzl|—o0
Let Ko and € be positive numbers. Then there exist Ng > 0 and K > 0 such that

the following property holds:
For each T > Ny, there is v > 0 such that if v € W(0,T; X) satisfies

[z(0)] < Ko (3.1)

and
|z’ (t) — V(x(t))|| < v for a.e. t €[0,T], (3.2)

then
|z(t)|| < K, t €[0,T] (3.3)

and
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Proof. We may assume that ¢ < 1/4. Choose

Ky >sup{|f(z)|:z € X, ||z|| < Ko+ 1}. (3.5)
Then the set
{r e X: f(z) < Ky + |inf(f)| + 4} (3.6)
is bounded. Consequently, there exists a constant K > K 4+ K + 2 such that
if € X and f(z) < Ky + |inf(f)| +4, then |z < K. (3.7)
There also exists a constant L > 1 such that
|f(y1) = f(y2)] < Lllyr — v2l] (3.8)
for all y1,y2 € X such that
lyall, vzl < K +1. (3.9)
Since V is regular, there is §p € (0,1) such that for each z € X satisfying
|z]| < K +1 and E(z) < —¢, (3.10)
we have
Oz, Va) < —6o. (3.11)
Choose
No > 26512 + Ky + |inf(f)[] + 1 (3.12)
and let T'> Ny. Choose a positive number
< (4LT)™* (3.13)

Assume that x € WH(0,T; X) satisfies (3.1]) and (3.2). We will show that for
each t € [0,T7,

f(2(t)) < f((0)) +tLy. (3.14)
There is A € (0, 1) such that
llz(t) — 2(0)]| < 1/4, t € [0, A]. (3.15)
Clearly, .
le@®| < [|lz(0)]| +1/4 < Ko+ 1/4 < K, t € [0, A]. (3.16)

Let s € (0,A]. It follows from Proposition the relation V € A, and the
subadditivity of Clarke’s generalized directional derivative that

F(a(s)) — F(x(0)) = / tdt < / Pl ) (317)
* 0 T O / T
< / FO(e(t), V(b)) + / e —V(a(t))) e

g/ FO(z(t), 2" (t) — V(x(t)))dt.
By (3.16)), (3.2), (1.1)), and the definition of L (see (3.8) and (3.9)), we have for

a.e. t €[0,s],
Foa(t), 2’ (t) = V(x(t)) < Lll2'(t) = V(z(@)]| < Ly
When combined with (3.17)), this inequality implies that
f(a(s)) — f(2(0)) < Ls.
Thus ([3.14) holds for any ¢ € [0, A]. Set
Q={h € (0,7]: inequality (3.14) holds for all ¢t € [0, h|}. (3.18)
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Clearly, A € Q. Set hg = sup Q. It is not difficult to see that
f(z(t)) < f(z(0)) + tLy for all ¢ € [0, ho]. (3.19)

We now show that hg = T'. Let us assume the converse. Then hg < T.

By B19) and (E13)
f(x(ho)) < f(2(0)) + hoLy < f(x(0)) + TLy < f(2(0)) +47".

There is hy € (hg,T) such that for each t € [ho, h1],

f(z() < f(z(0)) + 1/4. (3.20)
Relations , , and imply that for all ¢ € [hg, hq],
Flz(t) < K14+ 1/4 and |z(t)] < K. (3.21)

Let s € (ho,h1]. It follows from Proposition the subadditivity of Clarke’s
directional derivative, and the relation V' € A that

S

Fals) = f(alto) = [

ho

< hs FOa(t), V(x(t)))dt + hs FO(a(t),2'(t) = V(x(t))dt

(f ) (t)dt < ;ﬂwwwﬁmu

shU%ﬂmfm—vmw»w
’ (3.22)

By (3.21), (3.2), and the definition of L (see (3.8) and (3.9))), we have for a.e.
te [ho, S],

Foa(t), ' (8) = V(x(t) < Llja'(t) = V(x(t)|| < Ly.
When combined with (3.22), this inequality implies that
f(a(s)) = f(z(ho)) < (s — ho) L.
This latter inequality and lead to
f(@(s)) < (s = ho) Ly + f(x(ho)) < (s — ho) Ly + f(2(0)) + hoLy = f((0)) + sLv.

Thus f(z(s)) < f(x(0)) + sLy for each s € (hg, h1]. This means that h; € Q, a
contradiction. The contradiction we have reached proves that hg = T and that
(3.14)) is indeed true for all ¢ € [0,T].

From (3.14)), (3.13)), and it follows that for all ¢ € [0, T],
f@) < f(2(0)) + tLy < f(2(0)) + TLy < f(2(0)) + 1/4 < K1 + 1/4.

When combined with (3.7), this inequality implies that ||z(¢)|] < K, t € [0,T].
Thus (3.3) holds. Set

Qo = {t € [0,T]: Z(z(t)) < —e}. (3.23)
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By Proposition 2.1] and the subadditivity of Clarke’s directional derivative,
f(@(T)) = f(x(0))

T
— [ (o
0

T , (3.24)
< / FO(t), ' (0)dt

T T
< / fo(l‘(t)vV(m(t)))dtﬂL/ FO(a(t), o' (t) = V(x(t))dt.
0 0
By the relation V € A, (3:23), (3.3)), and the definition of §y (see (3.10) and (3.11))),

T
/0 Foa(t), V(x(t)))dt < /Q FO2(t), V(x(t)))dt < —op(Q0). (3.25)
By , the definition of L (see and ), and , we have
T T
| a0 - v < [zl - Vi)

0 0

L
< /o Lvydt = TLy < 1/4.

When combined with , , and , this inequality implies that
inf(f) — Ky < f(@(T)) — £(2(0)) < —bopu(20) + 1.
which yields, together with (3.12),
(o) < 6511+ Ky —inf(f)) < No.
Theorem [3.1] is proved. O
Theorem 3.2. Let A(ii) hold, let V € A be reqular, and assume that
lim f(z) = oc.

llzll—o0

Let v : [0,00) — [0,1] be such that lim;_.oy(t) = 0. If x € W([0,00); X) is
bounded and satisfies

2" (t) = V(@) <~(t)  a.e. t €[0,00), (3.26)

then for each ¢ > 0, there exists N. > 0 such that the following property holds:
For each A > N, there is tao > 0 such that if s > ta, then

u{t € [s,s+ A]: Z(z(t)) < —€e} < N..
Proof. Let € > 0. There is Ko > 0 such that
By Theorem there is N, > 0 such that the following property holds:
(P1) For each A > N,, there is ya > 0 such that if y € W11(0, A; X) satisfies
ly(0)[| < Ko (3.28)
and
/() ~ V@) <va for ae. t e [0, Al (3:29)
then
uft € 0,A] : Z(2(t)) < —e} < N.. (3.30)



8 S. AIZICOVICI, S. REICH, & A. J. ZASLAVSKI EJDE-2004/45

Let A > N, and let ya be as guaranteed by (P1). There exists tao > 0 such that

v(t) <vya forall t > ta. (3.31)
Assume that s > ta and set
yt) =z(t+s), te][0,A] (3.32)
Clearly, by ,
lyO)] = [lz(s)| < Ko

so that (3.28]) holds. It follows from (3.32)), the relation s > ta, (3.26) and (3.31)
that for a.e. t € [0,A],

1y'(t) = V(y@)l| = [l (t +5) = V(z(t + 8))[| < (t+5) < 7a.
Thus holds too. By property (P1),
N > uft € [0,A]: S(y(t) < —e} = p{t € [s,5 + A] : S(a(t)) < —e},
Theorem [3.2]is proved.

Theorem 3.3. Let A(ii) hold, let V € A be regular, and assume that

oo () = 00

Let a function v : [0,00) — [0,1] satisfy lim; oo y(t) = 0. Ifx € VVlicl([O, 00); X)
s bounded and satisfies (3.26)), then for each e > 0,

Jim pu{t € [0,7]: E(x(t) < —e}/T = 0.

Proof. Let ¢ > 0 and 6 € (0,1). Let N, > 0 be as guaranteed by Theorem and
choose a number A such that

A > 4(N, +1)/6. (3.33)
By Theorem there is tA > 0 such that for each s > ta,

uf{t € [s,s+ A]: E(x(t)) < —e} < N.. (3.34)
Choose
To > (ta +2A)(4/96). (3.35)
Let T > T,. There is a natural number n such that
T—nA>ta>T—(n+1)A. (3.36)
This implies that
n<(T—ta)/A<n+1<2n. (3.37)

It follows from ([3.34)) that for each integer i =0,1,...,n — 1,
pf{t € [ta +iAta + (i +1)A] : E(z(t)) < —e} < N.. (3.38)
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Then by (3.36]), (3.37) and (3.38),
p{t €10,T] : E(x(t)) < —€}
= p{t €[0,ta] : E(x(t)) < —€}
+ p{t € [ta,ta +nA] : E(x(t) < —€} + p{t € [ta +nA, T : E(z(t)) < —€}
<ta+p{t € [tata +nl]: E(z(t) < —€} + A
<ta+ A+ ni:u{t € [ta +ilta + (i + 1)A] : E(x(t)) < —¢}
<ta —|—A—|—TZL;\(;6.
By this inequality, , and ,
p{t €10,T]: E(z(t)) < —€}/T < [ta + A+ nN]/T
< (tA + A)/TO + (nNe>/T < 6/4 + (nNe)/T
<4§/4+ (T/A)N./T
<§/4+ N /A <§/4+6/4<96.

Thus
u{t €0,T]: E(z(t)) < —e}/T < 6
for all T' > Ty. This concludes the proof of Theorem [3.3 O

4. LIPSCHITZIAN FUNCTIONS SATISFYING THE PALAIS-SMALE CONDITION

We start this section by recalling several results which were established in our
previous paper [I].

Proposition 4.1 ([I]). For each € > 0, there exists z. € X such that
flze) <inf(f) + € and E(z.) > —e.
This proposition follows from Ekeland’s variational principle [g].

We say that the function f satisfies the Palais-Smale (P-S) condition if each
sequence {z,}>2,; C X for which

sup{|f(zn)|:n=1,2,...} < o0
and limsup,,_, ., Z(z,) > 0, has a norm convergent subsequence.
Denote
Cr(f) ={z € X :Z(z) > 0}.
Proposition 4.2 ([1]). If {z,}>2, C X, limy, 00 &, = z, and liminf,,_, o E(z,) >
0, then =(z) > 0.

Propositions and imply the next three propositions which can also be
found in [I].

Proposition 4.3 ([1]). If f satisfies the (P-S) condition, then Cr(f) # 0.

Proposition 4.4 ([1). If the function f satisfies the (P-S) condition, then for each
r >0, the set
{z e Xzl <rfnCr(f)

is compact in the norm topology.
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For each x € X and A C X set
d(w, 4) = inf{Jlz — y| : y € A}.

Proposition 4.5 ([1]). Let r,e > 0, and let f satisfy the (P-S) condition. Then
there is & > 0 such that if x € X satisfies ||z| < r and E(x) > —0, then
d(z,Cr(f)) <e.

We are now ready to present and prove our three convergence results regarding
functions satisfying the Palais-Smale condition.

Theorem 4.6. Let A(ii) hold, and let V € A be regular. Assume that
lim f(x)= oo,

llzll—o0
and that [ satisfies the (P-S) condition. Let Ky and € be positive numbers. Then
there exist N, K > 0 such that the following property holds:
for each T > N, there is v > 0 such that if v € WH1(0,T; X) satisfies

[z(0)]| < Ko (4.1)
" 2’ (t) = V(xz(t))|| < for a.e. t €[0,T], (4.2)
" lz()l < K, t € (0,71, (4.3)
" pft € 0,77 : d(z(t), Cr(f)) > €} < N.. (4.4)

Proof. By Theorem (with € = 1/2), there are Ny, K > 0 such that the following
property holds:
(P2) For each T > Ny, there is v > 0 such that if x € W11(0,T; X) satisfies

(4.1) and (4.2), then (4.3]) holds.

By Proposition L] there is 6 > 0 such that
if z€ X, ||z]| < K and E(z) > —4, then d(z, Cr(f)) <. (4.5)

By Theorem (with € = §), there exists N1 > 0 such that:
(P3) For each T > Nj, there is v > 0 such that if x € W11(0,T; X) satisfies

(4.1) and (4.2), then
p({t €[0,T): Z(z(t)) < =6} < Ny. (4.6)
Set
N, = Ny + M. (4.7)
Let T' > N,. By virtue of (P2), there is 3 > 0 such that the following property

holds:
(P4) If x € WH1(0,T; X) satisfies (4.1)) and

' () — V(x(t))|| < 71 for a.e. t € [0,T], (4.8)
then (4.3) is true.

Also, by (P3) there exists 72 > 0 such that the following property holds:
(P5) If x € WH1(0,T; X) satisfies (4.1)) and

l2'(t) = V(x(t))|| <72 for ae. t €[0,T], (4.9)
then (4.6)) holds.
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Set
v = min{’yo,’yl}. (4.10)
Assume that « € VV1 1(O T; X) satisfies ) and ([£.2). Then by property (P4)

, ([42), and (4.10), inequality (4.3) hOldb as well. By property (P5), (&
i and -7 mequahty . holds. Let

t € 10,7] and d(z(t),Cr(f)) > e.
Then by and (LF), 2(z(t)) < —4, so that
{t €[0,T]:d(x(t),Cr(f)) > e} C{t €[0,T]: E(x(t)) < —d},
while by and ,
p{t € [0, 7] : d(x(t),Cr(f)) > e} < p{t € 0,T]: E(z(t)) < =6} < N1 < N..
The proof of Theorem [£.6] is complete. O

Theorem 4.7. Let A(ii) hold, let V € A be reqular. Assume that f satisfies the
(P-S) condition and that

lim f(z) = oo.

llz]|—o0

Let y : [0,00) — [0,00) be such that lim; o y(t) = 0. If € WE1([0,00); X) is
bounded and satisfies

12 (t) = V(@@)Il <y(t)  for a.e. t €0, 00),

then for each § > 0, there exists Ny > 0 such that the following property holds:
For each A > Ny, there is ta > 0 such that if s > ta, then

plt € [s.s+ Al d(z(t), Cr(f)) > 6} < Np.

Proof. Let 6 > 0. Since z is assumed to be bounded, there is a constant

Ko > sup{||z(¥)|| : t € [0,00)}. (4.11)
By Proposition there exists € > 0 such that
if z€ X, ||z|| < Ko, and Z(z) > —e, then d(z, Cr(f)) <. (4.12)

Let N, > 0 be as guaranteed by Theorem [3.2] Put Ny = N, and let A > N.. By
the choice of N. and Theorem the following property holds:
(P6) There is ta > 0 such that for each s > ta,

pft € [s,s+ A]: E(z(t)) < —e} < N.. (4.13)
Assume that s > ta. By and ,
if t € [s,s+ A] and d(z(t), Cr(f)) > J, then Z(z(t)) < —¢,
and
{tels,s+ Al :d(z(t),Cr(f)) >0} C {t € [s,s+A]: E(z(t)) < —e€}.
When combined with , this inclusion implies that
u{t € [s,s + A] : d(z(¢),Cr(f)) > 6} < N. = Ny,

as claimed. Theorem is proved. (I
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Theorem 4.8. Let A(ii) hold, let V € A be regular, and assume that
lim f(z) = oo.

llzl|—o0

Let v : [0,00) — [0,1] be such that lim;_,ooy(t) = 0. If x € I/Vl})’cl([O,oo);X) is
bounded and satisfies

12'(t) = V(@(t)]| < ~(t) for a.e. t € [0,00),
then for each 6 > 0,
Tim gt € [0.7) : d(a(t).Cx(£) > 8}/T = .

Proof. Since x is assumed to be bounded, there is a constant K such that

Ko > sup{||z(¢)] : t € [0,00)}. (4.14)
Let 6 > 0. By Proposition there exists € > 0 such that
ifze X, ||z|| < Ko, and Z(z) > —¢, then d(x,Cr(f)) < 0. (4.15)
By Theorem
Th—%o u{t €[0,7] : Z(z(t)) < —e}/T = 0. (4.16)

By and , for each T' > 0,
{t €10,T):d(z(t),Cr(f)) >0} C{t€[0,T]:E(x(t)) < —e}.
When combined with (4.16]), this inclusion implies that
Tim_pft € [0,7]: d(x(1), Cx()) > 6}/T = 0.
Theorem [.8]is proved. O
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