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EXISTENCE AND UNIQUENESS RESULTS OF POSITIVE
SOLUTIONS FOR NONVARIATIONAL QUASILINEAR ELLIPTIC
SYSTEMS

DIMITRIOS A. KANDILAKIS, NIKOLAOS E. SIDIROPOULOS

ABSTRACT. We provide conditions for the existence and uniqueness of positive
solutions to the quasilinear elliptic system

—Apu = f(z,u,0)

—Agv = g(z,u,v)

with Dirichlet boundary conditions on a bounded domain Q C RV.

1. INTRODUCTION

The aim of this paper is to provide existence and uniqueness results for positive
solutions of the following weakly coupled quasilinear eliptic system with homoge-
neous Dirichlet data

—Apu = f(z,u,v) inQ
—Agv =g(z,u,v) in Q (1.1)
u=v=0 on dN

where Q is a bounded domain in RY with a smooth boundary 9 and f,g : Q x
[0,00) x [0,00) — [0,00) are continuous functions. As usual, for s > 1,

—Au = div(|Vul* ™2 Vu)

denotes the s-Laplace operator.

Elliptic equations involving the s-Laplace operator arise in some physical models
like the flow of non-Newtonian fluids: pseudo-plastic fluids correspond to s € (1, 2)
while dilatant fluids correspond to s > 2. The case s = 2 expresses Newtonian fluids
[B]. On the other hand, quasilinear systems like describe various nonlinear
phenomena such as chemical reactions, pattern formation, population evolution
where, for example, u and v represent the concentrations of two species in the
process. As a consequence, positive solutions of are of interest.

Several methods have been used to treat quasilinear equations and systems. In
the scalar case, weak solutions can be obtained through variational methods which
provide critical points of the corresponding energy functional, an approach which

2000 Mathematics Subject Classification. 35B50, 35D05, 35J55.

Key words and phrases. Quasilinear elliptic system; nonvariational system;
maximum principle; uniqueness; positive solution.

(©2006 Texas State University - San Marcos.

Submitted April 6, 2006. Published July 27, 2006.

1



2 D. A. KANDILAKIS, N. E. SIDIROPOULOS EJDE-2006/84

is also fruitful in the case of potential systems i.e, the nonlinearities on the right
hand side are the gradient of a C''—functional [2], [7], [I0] . However, due to the
loss of the variational structure, the treatment of nonvariational systems like (|1.1])
is more complicated and is based mostly on topological methods [IJ.

Recently, there have been significant studies of (L.I). Dalmasso [6] provided
existence and uniqueness results for positive solutions in the semilinear case p =
q = 2 with the assumption that f is a function of v and g is a function of u, that is,
(1.1) is the Lane-Emden system. Existence results in the case f and g are monomials
of u and v are also provided in [5], while the quasilinear Lane-Emden system was
studied by Hai [9]. In this paper we adopt the method in [9] to complement and
extend corresponding results in the aforementioned papers.

2. MAIN RESULTS

We make the following assumptions:

(H1) f,9:Q % [0,00) x [0,00) — [0,00) are continuous functions such that
(i) v — f(z,u,v) and u — g(z,u,v) are nondecreasing for every x € Q and
v > 0.
(ii) v — f(z,u,v) and v — g(x,u,v) are nondecreasing for every z € 2 and
u > 0.
(H2) For each a > 0,
hﬁ(z, akﬁ(z, 2))

lim sup = 00,
z—0t z

where h(u,v) := min, g f(2,u,v) and k(u,v) := min_ g g(z, u,v).
(H3) For each b > 0,

where F(u,v) := max, g f(z,u,v) and G(u,v) := max, g g(z,u,v).
(H4)
1 1
lim inf GT1(z2) =0 and limsup kr(z,2) =00
z—+00 z 2—0+ z

Suppose now that D is a sub-domain of Q with D C Q. Let 6(.) := xp(.), the
characteristic function of D. The solutions @, 1 of the problems

—App=0 inQ

©=0 on 9N
and

~Agp =6 inQ

1}20 on 0f)

will be useful in what follows. Let ¢ (respectively 1) denote the torsion functions
relative to {2 and to the operators —A, (respectively —A,), that is,

—App=1 inQ

=0 on 99 (2.1)
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and
—Agp=1 in§

=0 on .

Note that, by the strong comparison principle [8], there exist positive numbers M
and m such that ¢ > My, ¢ > M1 in Q and @, ¥, ¢, > m on D.
Our existence and uniqueness results are the following.

Theorem 2.1. Let f, g satisfy (H1)-(H4). Then (1.1)) has a positive solution (u,v).

(2.2)

Theorem 2.2. Let f,g satisfy (H1) and assume that there exist positive constants
r1,72, 51, S2 such that
f(z,s,t) glx,s,t)

s g8t

are nonincreasing for x € Q and t > 0, and

f(.’E,S,t) g($787t)
trz ts2

are nonincreasing for x € Q and s > 0. If one of the following conditions is
satisfied:
(1) Mt - | gnd (r1+7r2)si+s2(p—1) <1

p—1 ( (pf)l)(qfl() N
.. s1+s S1+82)ro+r —
(11) ﬁ<1and%<l,
(iif) 2252 <1 and B2 <1,

. 7y s14s (ri4+r2)(g—1)ri+(s1+s2)(p—1)r
O A ( . 2><q “1§i3(3_31)22><p ) i
r147r 51+s 7147 —1)s1+(s1+s —1)s
(v) 52 <1, 252 > 1 and SRR S gt <

then admits at most one positive solution.

Remark 2.3. (i) If f(u,v) = u® +v? and g(u,v) = v +v°, a,3,7,5 > 0, then
(H2)-H(4) require

a<p-1, max{y,0} <¢—1, and max{v,6}3<(p—1)(¢—1).
(ii) Let f(u,v) = u®v® and g(u,v) = uv°. Then (H2)-H(4) are satisfied if

)
%5<p—1 and v+0<qg-—1.
Proof of Theorem[2.1 In view of (H2) and (H4), there exists ¢ € (0,1) such that

o+

Mhplj(em,mgq%l(em,em)) >e
and
qu%l(em,am) > €. (2.3)
For (w1, ws) € C(Q) x C(Q), let T(wy,ws) := (u,v) be the solution of
—Apu = f(z,max(wi,ep),v) inQ
—Ayv = g(z, max(wy ep), max(wy ) in (2.4)
u=v=0 on®

By standard arguments we can show that T': C(Q) x C(Q) — C(Q) x C(Q) is com-
pletely continuous. By (H3) and (H4) there exists a number R > max{|¢|so, [¢|co }
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such that
F7 (R, 9] G (R, B))lploo < B
GTT (R R)|¢|w < R.
We claim that T(B(0, R) x B(0,R)) C B(0, R) x B(0, R), where B(0, R) denotes

the closed ball centered at 0 with radius R in C(Q). Indeed, let wy,ws € C(Q),
with |w1|eo < R and |wa|ee < R. Then, in view of (2.2)),

—A,v = g(z, max(wy,ep), max(wsz £9))
< G(R, R)(—Ag) = A (GTT (R, R)Y) in €,
which implies by strong comparison principle [8] that
v < GTT(R,R)Y.
Consequently, |v|oo < R. On the other hand,
—Apu = f(z,max(wi ep),v) < F(R,v)
< F(R,GT7 (R, R)) < F(R, G771 (R, R)|¢]),
which, by the strong comparison principle, implies
u < F7T (R, g7 (R R)[d]uo)l ¢l < R,

and so |u|s < R, proving the claim.
By the Schauder fixed point theorem, T has a fixed point (u,v) with |u|le < R
and |[v|eo < R. We will show next that |u|e > ep and |v|s > 9. Since

—Aqv = g(x, max(u, ep), max(v,ep)) = g(x, e, €p)

- g(x,em,em) in D
0 in Q\D

- k(em,em) in D
0 in Q\D,

it follows from the strong comparison principle and ([2.3)) that

v > Ifqu(em,am)zz > lequ(em,am)w > e

Consequently,
—Apu = f(x, max(u,ep),v)
> f(w,max(u, ep), k77 (em,em)¢)
S f(z, max(u,ep), kq%l(em,sm)m) in D
10 in Q\D
o h(em, mkaT (em,em)m) in D
10 in Q\D,
and so

1 1 - 1 1
u > hr=1(em, ka-1 (em,em)m)p > Mh»=1 (em, mka=T (em,em)) > ep.

The proof is complete. O
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Proof of Theorem[2.34 We will provide the proof only for the cases (i), (iii) and

(iv). Let (u,v) and (u1,v1) be positive solutions of (1). As in [4], we define
A={01€(0,1] :u>euy and v > vy in Q for € € [0,61]}.

Clearly A # 0. Let § = sup A. We will show that § = 1. So assume that § < 1.
Let (i) hold. Then

—Apu > f(x,dur,v) > 6 f(x,ug,v) > 6" f(x,ur,v1) = ST f (2 ug, v1),

and since
T1+79

_AP((S Pt ul) = 5T1+T2f(maulvv1)a
it follows that

r1+re

w> 0 P T yy. (2.5)
Using (2.5)) in the equation for v in (1.1}, we get
r1+7g r14re ("1t72)s

—Agv > g(x, 0771 ug,v) > gz, 0771 ug,0v1) > 1 g(x,ug,0v1).

Therefore,
(ri4+ro)sy (r14ro)sy+sa(p—1)
_Aqufs p—1 5529(377/“17/01) 25 =D g($7U1,’U1),
and so
(r1+ro)syt+so(p—1)
v>4 DDy, (2.6)

contradicting the definition of §.
In the case (iii) we have

*Aqv Z g(xaéul,v) Z 5519(503“17”) Z 5816829(1'711'1)”1) = 581+Szg(:ﬂaulyvl)-

Since
s1¥s2

—Ag (07T 0) = 6 T2 g (@, ug, 1),

it follows that
s1+so
v>0 T . (2.7
In view of inequalities (2.5) and (2.7)) we have a contradiction with the definition
of 4.
Assume now that (iv) holds. Working as in (2.5) we get

s14s0

v> 0T . (2.8)
Using (2.5 and (2.8)) in the equation for u yields

s1+s9

ry+ro
—Apu > f(z, 07T ug,d a1 vy)

(r1+ro)(a—1)r1+(s1+s2)(p—1)ro

(a=Hr=1 [z, u1,v1)
(r1+ro)(@a=1)r1+(s1+s2)(p—1)ro
= — (a—1)(p—1) pUTL-

Thus,

(r1tro)(@=1)r1+(s1+s2)(p—Dro
u>9 (p—1)2(q—1) uy.




D. A. KANDILAKIS, N. E. SIDIROPOULOS EJDE-2006/84

On the other hand,

ritre s1ts2
—Agv > g(x, 6771 uy,0 T )

(ritro)(a—1)r1+(s1+s2)(p—1)ra

= (a=D=1) g(x7u17v1)
(ritre)(@a=Dri+(si+sz)(p—1)ra
= — (a—D)(p—1) qU1-

Consequently,

(r1+ro)(a=1)r1+(s1+s2)(p—1)rg
v>0 (p—1)(g—1)2 V1,

contradicting the definition of §.

Thus § = 1,i.e., v > vy and u > wy. Similarly, v < v; and u < u;. Consequently,

u =u, and v = vq. O
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