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EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR
NONLINEAR EQUATIONS INVOLVING THE SQUARE ROOT
OF THE LAPLACIAN

YUTONG CHEN, JIABAO SU, HUANHONG YAN

Commumnicated by Paul Rabinowitz

ABSTRACT. This paper deals with the existence and multiplicity results for
fractional problem involving the square root of the Laplacian A; /3 in a bounded
domain with zero Dirichlet boundary conditions by Morse theory and critical
groups for a C'! functional at both isolated critical points and infinity.

1. INTRODUCTION

This article concerns the existence and multiplicity of nontrivial weak solutions
to nonlinear equations involving a non-local positive operator, the square root of the
Laplacian in a bounded domain with zero Dirichlet boundary condition. Precisely,
we study the fractional problem

Aippu= f(u) z €,

u=0 x €N, (1.1)

where  is a smooth bounded domain of RV, N > 2, and the nonlinearity f : R — R
is a continuous function that satisfies the condition

(A1) f(0) =0 and there exist a > 0 and 1 < p < 2° := 2= such that
If(®)] <a(l+[tP~Y) forall t € R.

According to [12], the operator A/, is regarded as the square root of the Laplacian
operator —A and is defined as follows. Let {);, p;}32; be the eigenvalues and the
corresponding eigenfunctions of the Laplacian operator —A in € with zero Dirichlet
boundary data on 9€; that is, [, ¢;prde = ;, and

7A<pj = )\j(pj x €,

p; =0 =z i (1.2)

For u € H}(Q) with

u(z) = Zajnpj(x), x € Q,
j=1
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the operator A;/; is defined by

1/2
Ay ppu = Zaj)\j/ ;-
j=1
It is proved in [I2] that the operator A,y is self-adjoint and positive definite and

{)\;/ 2, $j}5=, are the eigenvalues and the corresponding eigenfunctions of A/, on

Q. Precisely, one has that
Arjapi = pip; x €8,

1.
p; =0 z €0, (13)
here and in the sequel we denote by
pi=A2 jeN (1.4)

the j-th eigenvalue of the operator A, /5. The precise mathematical description and
basic properties of the operator A/, will be recalled in the next section.

It should be pointed out that the operator A,y is different from the integro-
differential operator (—A)® with s = 1/2, where (—A)*(0 < s < 1) is defined, up
to a constant, as

—(=A)°u(z) == /RN ue ) +|;|<1\9/C+;sy) — 2u($)dy, reRY

and is the infinitesimal generators of Lévy stable diffusion processes (see [6]). In [33]
the authors showed that the operator A;/, depends on the domain €2 considered,
since its eigenfunctions and eigenvalues depend on €2, while the integral one (—A)l/ 2
evaluated at some point is independent of the domain in which the equation is set.
Besides, the eigenvalues and eigenfunctions of these two fractional operators behave
quite different.

The fractions of the Laplacian, such as the square root of the Laplacian A,/ con-
sidered in the present paper, appear in flames propagation and chemical reactions
in liquids, population dynamics, geophysical fluid dynamics, anomalous diffusions
in plasmas, and American options in finances (see [3} 24} 3§]).

Nonlinear equations involving the fractional Laplacian have attracted much at-
tention in the recent years. A lot of interest has been devoted to the fractional
Laplacian problems with various nonlinearities in getting the existence, non-existence
and regularity results as well as the qualitative properties, see [T}, [4, B, @] 10, 1T,
121 13|, 14, 17, 2T, 22], 34], 36}, B7, 40] and the references therein.

Through the Dirichlet-to-Neumann map due to Stein([35]) on €2, Cabré and
Tan in their well-known work [I2] constructed a framework by transforming the
nonlocal problem to a local problem equivalently in the cylinder C = Qx (0, 00)
with mixed boundary data which has variational structure so that the classical
variational methods work well. Under such a framework from [12], the existence
of a positive solution of for f(u) = [t|77 1t with 1 < ¢ < xﬂ was obtained
in [I2] by constrained minimization method, Tan studied in [36] the existence of a
positive solution of with critical nonlinearity case of f(t) = ut+|t| ~ETY by the
mountain pass theorem, and in [40] Nehari manifold method was applied to get the
the existence of solutions and multiple solutions of for f(t) = ut +b(x)|t]9 ¢
with 0 < g < % and sign-changing weight b(z).
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The aim of the present paper is to establish the existence and multiplicity results
for for general nonlinear function f with subcritical growth. The problem
has admitted a trivial solution v = 0 because f(0) = 0, we are interested in finding
nontrivial weak solutions of . The existence of nontrivial weak solutions of
. depends mainly upon the behaviors of the nonlinear term f or its primitive

fo s)ds near infinity and near zero.

Novv we State the assumptions on the nonlinearity f in our context. Near infinity
we make the following assumptions.

(A2) There exist R > 0 and 6 > 2 such that

0<OF(t) < f(t)t for [t| > R. (1.5)
(A3) For some eigenvalue fi,, of Ay with m > 1 there exist the limits
lim 0] = Lbm, (1.6)

[t]|—o0 t

Jm (7 (0 = 2F(0) = +oo. (1.7)

(A4) There exist u < pq and C' > 0 such that

1
F(t) < §Mt2 +C forallteR. (1.8)
(A5) There exist the limits
2F(t
lim ®) = p1, (1.9)
[t|—oo T
lim (2F(t) — puit?) = —oo. (1.10)

[t]—o0
Near the origin we make the following assumptions.
(A6) There exist 6 > 0 and 7 € (1,2) such that

ft>0 for0<[t| <0, (1.11)
TF(@)— f(t)t >0 for |t] < 4. (1.12)

(A7) There exist § > 0 and k > 1 such that for two different adjacent eigenvalues
Mk < pg1 of Ayo, it holds that

pit? < 2F(t) < ppat?  for [t] <6, (1.13)
(A8) There exist 6 > 0 such that
2F(t) < mt® for [t| < 6. (1.14)

The main results of this article are the following theorems for equations driven
by the square root of the Laplacian. The first theorem is related to the existence
of one nontrivial weak solution of (1.1)).

Theorem 1.1. Assume (Al). Then problem (1.1) admits at least one nontrivial
weak solution in each of the following cases:

(a) (A2) and (A7),
(b) (A2) and (A8),
(c) (A3) and (A6),
(d) (A3) and (AS),
(e) (A4) and (A6),
(f) (A5) and (A6).
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In the second theorem we establish the multiplicity of nontrivial solutions of

().

Theorem 1.2. Assume (Al). Then problem (L.1) admits at least two nontrivial
weak solutions in each of the following cases:

(a) (Ad) and (A7),
(b) (A5) and (AT).

Now we give some remarks about the conditions presented above.

We first look at the conditions near infinity. The condition (A2) is the well-
known Ambrosetti-Rabinowitz superquadratic condition at infinity introduced in
the pioneering paper [2] and has been used extensively in the literature in dealing
with superlinear variational problems. We mention a famous work [39] by Wang
where the condition (A2) was exploited to describe the topological property of
the energy functional at infinity and a third nontrivial solution for superlinear
elliptic equations was obtained via Morse theory. In the condition (A3),
means that problem is completely resonant at the eigenvalue p,, of A;/; near
infinity, while (1.7)) is so-called the non-quadratic conditions (see [23]). We regard
the condition (A4) as a weak version of sub-quadratic condition since it includes
limyy o 2F (2)/t* = 0 or limy_ f(t)/t = 0 as the special case. The condition
(A5) means problem is resonant near infinity at py from the left side. In this
case we use that is weaker than the case + in .

Next we look at the conditions near zero. The conditions (A6) means that the
function f is superlinear near zero as which implies lim; .o 2F(t)/t? = co. This
condition was introduced in [30] and a similar case was seen in [3I]. The condi-
tion (A7) means that problem is resonant near zero between two consecutive
eigenvalues of A; /5. This condition was first introduced in [27]. The condition (A8)
means that problem is resonant near zero at p; from the left side.

Theorems and will be proved by applying the infinite dimensional Morse
theory to the fractional framework. Because of the nonlocal feature of problem
on €, it is difficult for us to apply Morse theory directly. Instead, we apply Morse
theory to an extended local problem in the cylinder C which is equivalent to
according to the framework built in [I2]. By studying the variational functional
corresponding to the extended local problem in the cylinder C with Morse theory
and critical groups at zero and at infinity, we prove Theorem for the existence
of one nontrivial weak solutions of . The multiplicity result in Theorem
will be obtained by applying a three critical point theorem in [29].

The article is organized as follows. In Section 2, we present the functional space
related to problem together with the basic properties about the operator A, /5.
Then we recall some abstract results about Morse theory and critical groups. In
Section 3, we satisfy the compactness of the functional and give the computations
of critical groups at infinity. In Section 4, we compute the critical groups at zero.
In Section 5, we give the proofs of Theorems and

2. PRELIMINARIES

In this section we will give the preliminaries for the variational settings related
to problem (|1.1)) and some abstract results in Morse theory.
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2.1. Functional spaces and the operator A; ;. We first recall briefly the func-
tional framework built in [T2]. Denote the upper half space in RV *! by

RYT = {(z,9): zeR", y >0},
and the half cylinder standing on Q2 by C = Q x (0, +00) and its lateral boundary by
0rC = 09 x (0,00). Consider the Sobolev space of functions with trace vanishing
on 91C:
H&L(C) = {U € L?(C) : v =0 on 9;C, / |Vo|? de dy < oo}.
c
Then H& 1 (C) is a Hilbert space with the scalar product

(v, w) = /Vvadxdy
C

1/2
Joll = (/C|Vv|2dxdy) .

From [I2, Lemmas 2.4 and 2.5] we get the following embedding results:

and the norm

Proposition 2.1. The embedding from Hj ;(C) into L(S2) is continuous for all

q € 1,2 and is compact for all q € 1, %) Moreover, there is cq > 0 such

s N—T
that
1/ 1/2
(/ |v(x,0)|qdm) ! < cq</ |Vo|? dx dy) forallv e HY (C). (2.1)
Qx{0} c '

Denote by trq the trace operator on Q x {0} for functions in Hy 1 (C):
trg v :=v(+,0), for v € H(%’L(C).
Let Vo(£2) be the space of all traces on Q x {0} of functions in Hy ; (C); that is,
Vo () :={u=trqu:ve H017L(C)}.
Then by [12, Lemma 2.10], Vo (€2) can be characterized as

Vo(R2) = {u €L*(Q):u= Zajgoj satisfies ZO&?)\;/Q < +oo} (2.2)
j=1 j=1
and the space Hj 1 (C) can be characterized as (see the proof of[l2, Lemma 2.10])

H; 1 (C) = {v € L*(C) : v(z,y) = Zajcpj exp(—)\;/zy) with Zaf)\;ﬂ < —i—oo}.
j=1

Jj=1

Where the pair {\;, ¢;};en are the eigenvalue and the corresponding eigenfunction
of —A on Q with zero boundary value on 9, as stated in (1.2).

For a given function u € Vp(2), its harmonic extension v to the cylinder C is the
weak solution of the problem

—Av =0 inC,
v=0 on J.C, (2.3)
v=u onx {0}
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The idea of the harmonic extension was introduced in the pioneering work of
Caffarelli-Silvestre[16] where the fractional Laplacian in the whole space was dealt
with.

The definition and properties of the operator A/, are stated as follows.

Proposition 2.2 ([12]). For u = Z;’;l a;p; € Vo(Q), there exists a unique har-
monic extension v in C of u such that v € H&L(C), and it is given by the expansion

v(x,y) = Zajgaj(x) exp(—)\}/zy), for all (z,y) € C. (2.4)
j=1

The operator Ay s : Vo(Q) — V§(2) is given by the Dirichlet-to-Neumann map

v

A =

1724 v

where Vi () is the dual space of Vo(2) and where v is the unit outer normal to C
at Q x {0}. We have

(2.5)

ax{o}’

Al/gu = ZOAJ)\;/QL)DJ7 (26)
j=1

and that Ao 0 Ayjp is equal to —A in Q with zero Dirichlet boundary values on
IN. The inverse A;/12 is the unique positive square root of the inverse Laplacian
(—A)~Y in Q with zero Dirichlet boundary values on 0.

Now we consider the linear eigenvalue problem
Ajjpu=pu in €,

u=0 on 0. (2.7)

By the definition of A, /5, we see that a nontrivial function u € Vo(Q) is an eigen-
function associated to the eigenvalue y if and only if the harmonic extension v of u
to the cylinder C satisfies

—Av=0 inC,
) v=0 on 8LC, (2.8)
8—3 =pu on 2 x {0}

We have that {)\}/ 2 ©;}jen are the eigenvalues and the corresponding eigenfunc-
tions of ([2.7) (see [I2, Lemma 2.13]). Setting

Wi = /\;/2 and e;(z,y) = ¢;(x)exp(—p,y) forall j € N. (2.9)
Then all the pairs {y;, e;}jen satisfy (2.8): for all j € N,
—Aej =0 in C,
e;j =0 onJrC, (2.10)
8ej

v = ,uje(-,O) = pjp;  on €1 x {0},

The eigenfunction sequence {e;};en forms an orthogonal basis of Hy ;(C). The
eigenvalue sequence {1} en has the following variational characterizations:

Vo|2dzd
— o Je[VePdedy [ v dzay o
veH}  (©\{0} Jq v(z,0)2dx — Je
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and
Jo IVol*dedy

i = min F———— = Ve;|? dz dy,
5= e oy~ 17

P; ={veH),(C): (v,e;) =0fori=1,2,...,5—1}.
Moreover, 1 is simple and 0 < g < pp <--- < pj < -+ — 00 as j — 00, and that
each p; has finite multiplicity. For j € N, let ¢; be the multiplicity of 1;; that is,

where

Hj—1 < fj = Hj+1 =0 = Hjrr;—1 < Hjte,-
Set
H™(pj) = spanfer,...,e;—1}, H(p;) =span{ej,... 101},
_ 1
H* (p5) = spanf{eje;, €j40,11,- -, ) = [H (1) © H(py)]
Then

Hy 1(C) = H™ (113) @ H(uj) ® Hj (). (2.12)

Proposition 2.3. The following variational inequalities hold:

/ Vo2 dx dy < ﬂj—l/ lv(z,0)|?dz  for allv € H™ (u;),
c Q
/ Vol de dy = Mj/ lv(z,0)|?dz, for allv € H(u;),
c Q

/ \V|? de dy > pjte, / lv(z,0)|?dz.  for allv € H'(u;).
c Q

2.2. Extended problem, weak solutions and variational formula. With the
preliminaries in the previous subsection at hand, we turn to problem (1.1f). We say
that a function u € Vo(Q) is a weak solution of (L.1) if the function v € Hj ;(C)

with trg v = v(-,0) = u weakly solves the extended problem

—Av=0 inC,
v=0 on 3LC, (2 13)
% = f(v(-,0)) on Q x {0},
that is the function v satisfies the variational formula
/Vvvodx dy = / f(v(2,0))¢(z,0)dx  for all ¢ € Hj (C). (2.14)
1 Q

Observe that the extended problem (2.13)) has a variational structure, indeed, it is
the Euler-Lagrange equation of the functional 7 : Héy 1(C) — R defined by

j(v):%/C|Vv\2dzdy—/QF(v(z,O))dx, UEH&L(C). (2.15)

Since the nonlinear function f satisfies the subcritical growth condition (A1), by
Proposition the functional J is well-defined on H&) 1 (C) and is of class C* with
derivative given by

(T (0), ) = /C VoVe dr dy — /Q Fo(@, 0))6(x, 0)dz. (2.16)

Therefore critical points of J are exactly weak solutions of (2.13) and then the
traces of critical points of J are exactly weak solutions to problem (|1.1)).
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We will apply Morse theory and critical groups to find critical points of 7.

2.3. Preliminaries about Morse theory. In this subsection we collect some
results on Morse theory for a C'! functional J defined on a Hilbert space E.
Let J € CY(E,R). Denote for c € R

J={2€E:J(x)<c}, Ke={2€E:7J'(2)=0, J(z) =c}.

We say that the functional J possesses the deformation property at the level ¢ € R
if for any € > 0 and any neighborhood N of K., there are ¢ > 0 and a continuous
deformation ¢ : [0,1] x E — E such that

(i) ¢(2,t) =z for either t =0 or 2 ¢ T 1([c — & c + €]);

(ii) J(C(t,2)) is nonincreasing in ¢ for any z € E;

(iif) ((TF\N)Cc T
We say that J possesses the deformation property if J possesses the deformation
property at all ¢ € R.

We say that J satisfies the Palais-Smale condition at the level ¢ € R if any
sequence {z,} C F satisfying J(z,) — ¢ and J'(z,) — 0 as n — oo has a
convergent subsequence. We say that J satisfies the the Palais-Smale condition
condition if J satisfies the Palais-Smale condition at each ¢ € R.

We say that J satisfies the Cerami condition at the level ¢ € R if any sequence
{zn} C E such that J(z,) — c and (1 + ||z.|)||T'(zn)|| — 0 as n — oo has a
convergent subsequence. We say that J satisfies the Cerami condition if J satisfies
the Cerami condition at any ¢ € R.

We note that if J satisfies the Palais-Smale condition or the Cerami condition
then J possesses the deformation property (see [20] [§]).

Let K = {2z € E : J'(z) = 0}. Assume that J(K) is bounded from below
by a € R and J possesses the deformation property at all ¢ < a. The group
Cy(J,00) := Hy(E,J*),q € Z, is called the g-th critical group of J at infinity
([8]), where H,(A, B) denotes a singular relative homology group of the pair (A, B)
with integer coefficients.

Let zg be an isolated critical point of J with J(z9) = ¢ € R, and U be a
neighborhood of zy such that U N K = {z}. The group Cy(TJ,20) := He(J° N
U, J°NU\{20}),q € Z, is called the g-th critical group of J at z.

Assume that J possesses the deformation property and K is a finite set. We
have the following basic facts from Morse theory (see [19, B2, [§]). If £ = @ then
Cy(J,00) 20 for all ¢ € Z. Thus if Cy(J,o0) # 0 for some ¢ € Z then K # 0.
Assume that 0 € K. If £ = {0} then Cy(J,00) = Cy(J,0) for all ¢ € Z. Thus if
Cy(J,00) 2 Cy(TJ,0) for some g € Z then J must have a critical point differing
from 0. Therefore the basic idea in applying Morse theory to find nonzero critical
points of 7 is to compute critical groups both at infinity and at 0.

The critical group Cy(J,00) can be computed partially when J has a saddle
point geometry at infinity.

Proposition 2.4 ([8]). Let E be a Hilbert space such that E = Voo & Weo with
¢ =dimV, < oco. Let J € CY(E,R) possess the deformation property. Suppose
that J satisfies

(i) infoew, J(u) > —o0;

(ii) J(z) = —o0 as ||z]| — o0, z € Va.

Then Co(J,00) 2 0.
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The critical group Cy(J,0) can be computed partially when 7 has a local linking
structure at zero.

Proposition 2.5 ([28]). Let E be a Hilbert space such that E = Vo & Wy with
ly = dimVy < co. Let J € CH(E,R) possess the deformation property. Assume
that J has an isolated critical point z = 0 with J(0) = 0. If J has a local linking
at 0 with respect to E = Vy @ Wy where £y = dim V < oo i.e., there exists p > 0
small such that

J(2) <0, zeVy, |zll<p, T() >0, z€ Wy 0<]z] <p. (2.17)
Then Cy, (J,0) 2 0.

In this subsection we recall a very general version of the famous three critical
point theorem.

Proposition 2.6 ([29]). Let E be a Hilbert space and let J € C(E,R) possess the
deformation property and be bounded from below. Assume that J has an isolated
critical point z, € E such that

(1) 2. is homological nontrivial, i.e., Coy(T,2z:) 2 0 for some q € Z,
(ii) zx is not the global minimizer of J.

Then J has at least three critical points.

We point out that the all above results on Morse theory are valid for E being a
Banach space.

3. COMPACTNESS AND CRITICAL GROUPS AT INFINITY

We will prove Theorems and [I.2] by studying the functional J defined by
@.15):

J(v)—;/cVv|2dxdy—/QF(v(x,O))dx, v e Hj . (C).

We will use Morse theory and critical groups computations to get the existence of
nontrivial critical points of 7. First of all we study the bounded compactness of
J. We have the following result.

Lemma 3.1. Let f satisfy (A1). Then any bounded sequence {v,} C Hj 1 (C) such
that

J'(vn) = 0 in (Hj 1 (C)* asn — oo (3.1)
has a convergent subsequence.
Proof. Let {v,} C Hj ;(C) be bounded and satisfy (3.1). Since Hj ;(C) is a Hilbert
space and then is reflexive, there is a subsequence of {v,}, it is still denoted by
{vn}, and there exists v* € Hj 1 (C), such that

vp, — v weakly in H&L(C) as n — 00. (3.2)
By Proposition up to a subsequence, it holds

tro v, — trqov*  strongly in LY(Q) Vg € [1,29), (3.3)
vp(x,0) — v*(z,0) a.e. in Q '

as n — oo, and there exists k, € LI(€2) such that

|on(2,0)| < Kg(z) a.e. in Q for any n € N. (3.4)



10 Y. CHEN, J. SU, H. YAN EJDE-2017/234

By (A1), (3.3)), (3.4) and the Dominated Convergence Theorem, we have

nh_)n;@ fop(z,0)v,(x,0)dz = / f(v*(x,0))v*(z,0)dz, (3.5)
Q

nh_)rrgo f(vn(x,O))v*(x,O)dx:/f(v*(a:,O))v*(m,O)dx. (3.6)
Q Q

Since {v,} is bounded, by we have
(T (v3),0n) = |Jon* = /Q f(vn(z,0))v,(z,0)de — 0 as n — oo. (3.7)
Consequently, from and we deduce that
nlgr;o vnll? = /Qf(v* (z,0))v" (z,0)dz. (3.8)
Furthermore, using again, we have
(T (vn),v*) = (v, v*) — /Q f(on(z,0)v"(x,0)dr — 0, asn — oo. (3.9)

By 7 * we obtain

|v* || = /Qf(v*(x,O))v*(:c,O)da:. (3.10)
Thus, ) and (| give that
Jim o, | = [|o7]%.
Finally we have that
lvn = o*[I* = lloall® + [0*]* = 2(vn, v") — 0 as n — oo.
The proof is complete. O

Next we prove the compactness of the functional J and compute the critical
groups of J at infinity. We will use C; > 0 to denote various constants independent
of the functions in H&L(Q).

Lemma 3.2. Assume (Al) and (A2).

(i) The functional J satisfies the Palais-Smale condition.
(ii) Cy(T,00) 20 for all q € Z.

Proof. (i) Let {v,} C H{ (C) be such that {J(v,)} is bounded from above by
some Cq > 0 for all n € N and

J'(vp) — 0 in (H&L(C))* as n — 0o. (3.11)
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By Lemma we only need to show that {v,} is bounded in Hg ;(C). Now it
follows from (A1) and (A2) that for n large,

0C1 + |lvnll

Z 9‘7(1}”) - <j,(vn)7vn>
- yllvnn2 _/Q (0F (0a(2,0)) = f(vn(2,0))vn(x,0) ) da

_0-2 o |I? — vp(z — f(vn(z,0)v,(z x
=Tl = [ (R 0) ~ S 0 0) (g

- /{vn(z,o)<3} <9F(U”(I70)) - f(Un(iL’,O))Un(z,O))dx

0—2
> [on? —/ |0F (vn(z,0)) — f(vn(z,0))vn(z,0)|dz
{lvn(z,0)|<R}
0—2
> = ol - G
where

Cy = (9] sup |0F(t) + f()t]-
<R
Since 6 > 2, it follows from (3.12)) that {v,} is bounded in Hj ; (C). By Lemma
one sees that {v,} has a convergent subsequence .
(ii) Denote By = {v € H&7L(C) :lv|| < 1}. By (L.5), we deduce that there is

C3 > 0 such that

F(t) > Cslt|?, for all |t| > R. (3.13)
Forve dB; ={v e H(},L(C) :|lv|l = 1} and n > 0, we have

Fw) = g [ 1VoP dwdy— | Flaw(r.0)ds

1
— 5 =Ca [ (e, 0o+ [ (o, 0))lda
{Inv(z,0)| >R} [nv(z,0)|<R
1
< -n? — Cg/ \nv(w,0)|9dﬂc + 03/ |7711(x,0)|9dx
2 Q {Inv(z,0)|<R}

+ [F (2, 0)lda
tInv(z,0)| <R}

1
< 5772 — C3n°| trg UH%B(Q) +Cay

where
Cy = |Q(CsR’ + sup |F(1)]).
ltI<R
Since 6 > 2, it follows that
lim J(nv) = —o0. (3.14)

n—-+oo

For v € OB; and 1 > 0, by (1.5) we have

d%J(nv) — (T (). 0)
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= T]/C |Vo|? dz dy —/ﬂf(nv(:c,O))v(a:,O)dx
= (27 m)+ [ 2POn(,0) = fro(a,0)mo(a,0))do)

< 1 (2j(77v) + /

{Inv(z,0)|<R}

(27 (nv) + Cs),

(2F(o(w,0)) = f (o (,0)) (. 0))d

<

I = 3

where

Cs = 19| ‘fllg%(?lF(t)l + RIf()]).

Therefore, for any a fixed a < —C5/2,
d
J(mv) <a = d—nj(m)) < 0. (3.15)

Since J(0) = 0, it follows from (3.14) and (3.15) that for any v € By, there is a
unique 7(v) > 0 such that
J(m()v) =a, ve€IB;. (3.16)

By (3.16) and the Implicit Function Theorem we have that n € C(9B;1,R). Now
we define

(o) = {1, if 7(v) < a,

o= (oI~ ), if T(v) > a, v #0.
Then 7 € C(Hy 1(C) \ {0},R). Define the mapping ¢ : [0,1] x Hg (C) \ {0} —
H; 1 (C)\ {0} by

&(oy,v) = (1 —o)v+ onm(v)v.
It is easy to see that £ is continuous. For all v € H(},L(C) \ {0} with J(v) > a, by
ET9)

J(€1,0)) = T (w(w)v) = T[]~ o) o] 7'v) = a.

Therefore £(1,v) € J* for all v € Hj ;(C) \ {0}, and &(o,v) = v for all o € [0,1],
v e J* Then J* is a strong deformation retract of H ;(C) \ {0}. Tt follows that

Cy(J,00) = Hy(Hg 1(C), T%)
= Hy(H, ,(C), Hy ,(C) \ {0})
> H,(B1,0B,) 20, q€Z,

since 0B is contractible which follows from dim H(}’ 1(C) = 0o0. The proof is com-
plete. O

We remark here that the idea for computing C,(J,00) = 0 is essentially from
the famous paper [39] where superlinear Laplacian problems were studied. We use
this idea for superlinear problems involved with the square root of Laplacian.

Lemma 3.3. Assume (A3). Then

(i) the functional J satisfies the Cerami condition.
(ii) (A3) with + in (1.7) implies Cp__ (T, 00) % 0, where oo = dim H ™ (f1,,).
(iii) (A3) with — in (1.7) implies Cys_ (T, 00) % 0, where 5, = dim [H ™ (p,) @
H(pim)] -
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Proof. Denote
g(t) = f(t) = pmt, 2G(t) = 2F(t) — pmt®.
We first note that ([1.6]) implies (A1) and

|t\—r>noo %2@) - \tl\i—r>noo @ =0 (8:17)
By we have
|t}i£>[lm +(g(t)t — 2G(t)) = |tl\g>nm H(f(t)t —2F(t)) = +o0. (3.18)
It follows from that for any € > 0 there exists C¢ > 0 such that
lg(t)| < €elt| + Ce for all t € R. (3.19)

We rewrite the functional J defined by (2.15)) as

1
ﬂmzf/ﬁmﬁM@—ﬁﬂ/w@ﬁWM—/G@@mm@ (3.20)
2 Je 2 Ja Q
and rewrite the derivative of J as

(T (v), ®) :/CVUqudxdy—um/ﬂv(ay,O)(b(x,O)dx a1

—/gmmmwmmm.
Q

(i) Now we begin to satisfy the Cerami condition. Let {v,} C H{ ;(C) be such
that

J(vp) = c€R asn— oo (3.22)
(L + vaDIIT (wn) ]« — 0 asn — oo. (3.23)

We first show that {v,} is bounded in Hg ;(C). By the way of contradiction, we
assume that

[vnll = 00, n — oo (3.24)
Set wn = . Then lwn]] = 1 for all n € N. By Proposition up to a
subsequence if necessary, there is some w* € H& 1.(C) satisfying
wy, — w*, weakly in H&)L(C)
trqw, — trqw* strongly in LY(Q) Vg € [1,2%), (3.25)
wp(z,0) — w*(z,0) a.e. in
as n — 0o, and there exists 1» € L1(Q)) such that
|wp(z,0)] < ¥(x) a.e. in ) for any n € N, (3.26)

By (8.21) and (3.23), we have that for any ¢ € Hj ;(C),

<‘,7/(Un)7 ¢> — /CanVQS dx dy — tim, /Q Un(l', 0)¢($,0)d(£ (3.27)

- / g(vn(z,0))p(z,0)de — 0 as n — oo.
Q
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Take ¢ = w,, — w* in (3.27), and divide it by ||v,||, we get

/anV(wn —w*)dx — ,um/ wn (2, 0)(wy(z,0) — w*(z,0))ds
C ) .28)
(vn(z,0)) . 3
_/Qgi(wn(x,ﬂ)—w (2,0))dz — 0 asn — oo.

l[onll
By (3.19), (3.25]), Proposition and the Holder inequality, we have

|/ 9(vn(2,0)) wn (2, 0) — w* (2, 0))d|

B
<o / (clon,0)| + Coluin(z,0) — w* (z, 0)lda
n Q
< € tra wnHLZ(Q) || trq wy, — trg w* HL2(Q)
Ce
+ 7/ |wn (2,0) — w*(x,0)|dz
[onll Jo

|| tI‘Q Wy — tI‘Q ’LU”< ||L1(Q)

[[on |

(3.29)

< ez trg wy, — tro w* || L2(0) + Ce

— 0 asn — oo,

where ¢, is the embedding constant of Hy ; (C) < L*(£2). Moreover, (3.25) implies
that

/an(a?,O)(wn(x, 0) —w*(z,0))dz — 0 asn — oo. (3.30)

It follows from (3.28]), (3.29)) and (3.30]) that

(wp, Wy, —wW*) = / Vw,V(w, —w*)dxdy — 0 asmn — oo.
c

By (3.25), it is clear that

(w*, wy, — w™) :/Vw*V(wn—w*)dxdyﬁO as n — oo.
c

Thus
|wn — w*||* = (w, — w*,w, —w*) — 0 asn — oo.
This proves
wy, — w* strongly in H&)L(C) (3.31)
and |lw*|| = 1. Now dividing by ||v,|| in (3.27), we deduce that for all ¢ € H; (C),

/vanv¢d$dy_/Jm/an(SU,O)gb(x,O)dx_/ M

o ol
as n — oc. Since for each ¢ € Hy ;(C), by (3.19) we have

}/ 9(vn(.0) ¢(z,0)dz|

el

¢(z,0)dz — 0 (3.32)

Celltra ¢l 11 (o
< el trowal[2)l tra ¢l L2) + W()

Celltra @l L1 (o
< eealltra dll e + =
n
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it follows that
R UNER))

n=e Jo o lvall

By (3.31)), (3.32) and (3.33), setting n — oo, we have
/Vw*Vqﬁdx = um/ w*(z,0)p(x,0)dz, V¢ € Hy 1(C).
c Q
Therefore w* weakly solves the linear elliptic equation in the cylinder C,

—Aw* =0 1inC,
w*=0 ond.C,

¢(x,0)dz =0, V¢ € Hy (C). (3.33)

ow*
v
This means that w*(+,0) is an eigenfunction corresponding to the eigenvalue p,, of
the operator A;/; therefore an eigenfunction corresponding to A, of the operator
—A. By the unique continuity property of the eigenfunctions of —A, we have that

w*(z,0) # 0 a.e in Q. Thus by and we obtain
|vn(2,0)| = ||vp]l|wn(2z,0)] — oo uniformly for a.e. z € Q.
It follows from that
nlLrI;o (f(vn(z,0))vy(2,0) — 2F (vn(2,0))) = £oo  uniformly for a.e. z € Q.

= pmw*(z,0) on Q x {0}.

Then Fato’s lemma gives
/Q ( F(n(@,0))on(x,0) — 2F (v, 0)))dw — +o0. (3.34)
On the other hand, it follows from (3.22) and (3.23) that
27 (vn) — (J (vn), vn) — 2¢,
therefore
/Q (0 .0))va(2,0) — 25 (v (,0)) ) d = 27 (1) — (T (1), va) — 2.

which contradicts (3.34). Thus {v,} is bounded and then the Cerami condition
follows from Lemma [B.1]
(ii) We will prove that the functional J has the geometric feature required by

Proposition with respect to the orthogonal splitting (see (2.12]))
H(%,L(C) =H (itm) @ [H(:um) S2) H+(:um)] = Vo ® Wee.
By (3.17), for € > 0 small, there is M, > 0 such that

1
G(t) > —§et2 — M, forallteR. (3.35)

/G (z,0)) —76/\vx0|dax—M|Q|

For v € H™ (p,), by (3-35) and Propositon we have

j(v):1/|Vv|2dxdy— /|vx0|2dx—/G (z,0))dx

/|Vv|2d:1cdy—f( /|vx0|dm+M|Q|

Thus
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1
<7(1—“ /|Vv|2dacdy+M\Q|
2 Mm—1
Let € € (0, iy, — ftm—1) be fixed. Then we have that
J() — —oo for v € H™ (fy,) with |Jv|| — cc. (3.36)

It follows from (3.18)) and (A3) with + in (1.7)), that for every T > 0, there is M > 0
such that

gt)t—2G(t) > T forall [t| > M
For t > 0, we have

[ tt] t—QG() (3.37)

G(
3
[M, o), we obtain
) G T, 1 1
12 =y 2 (t2 B 872)

Letting s — 400 and using , we see that

Integrating ([3.37)) over [¢, s]

G(t) < 7% fort > M.
A similar process shows that
G(t) < —g for all t < —M.
Hence

lim G(t) = —o0. (3.38)

|t]—o0

For v € H(pm) ® H () = H’(um)]L, we write v = 0+ 0, U € H(pty),0 €
H* (). Then by Propostion [2.3| we have

T(w) = %/C|W|2dxdy—“77"/Q|U(x,o)|2dx—/Qa(v(m,o))dx

1
_ f/|V17|2d:cdy—u—m/ |17(x,0)|2dx—/G(v(x,O))dx
1
5 o /\Vv|2dxdy /G v(x,0))
m-+Lom

By (3.38)), we see that for some K > 0 it holds that
G(t) < K forallteR.

WV

Therefore )
Jw)>=(1- /szda:d K|Q
(0> 5 (1= 2] [ 190 dedy - K|9),
It follows that
Jw)=J[@0+70) — o0 as 0] — oo. (3.39)
Now we show that
||| bounded and ||7|| = 00 = J(v) = J(0 + ) — 0. (3.40)

We only need to show that for any {v, = 9, + 9,} such that {||0,|]} is bounded
and ||, || — oo implies J(0,, + U,) — 00 as n — oc.
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Set wy, = v, /||vn|| and write w,, = W, + Wy, W, = H%H,wn = Hg—zu We have
|n]| =0 and |@,|]| —1 asn— oo. (3.41)

By Proposition up to a subsequence if necessary, there is some w, € H (f,,) ®
H* () such that

Wy, — Wy, weakly in H&L(C)
trgw, — trow, strongly in L?(9), (3.42)
wy(x,0) — wi(x,0) ae. inQ
as n — oo. From (3.41) and (3.42) we deduce that w, € E(un,) and |Jw.| = 1.
Therefore w, weakly solves the linear elliptic equation in the cylinder C,
—Aw, =0 inC,
wy, =0 on 9.C,
9w
v
This means that w,(+,0) is an eigenfunction corresponding to the eigenvalue p,, of
Ay /z. Therefore w(z,0) # 0 for a.e. x € Q. It follows that

= tmw«(z,0) on Q x {0}.

|vn (2,0)| = ||vn|||vn(z,0)] — oo, for a.e. x € Q, as n — oo. (3.43)

Now by (3.38)), (3.43) and Fatou’s lemma, we obtain
1 m -
) > 5 (1= L2) [waPdedy— [ Gonw,0)ds - oc
2 c Q

/"Lm'i‘ewt
as n — 00. This proves (3.40). Now (3.39) and (3.40) imply
J(v) — oo for v € H(pm) ® H (i) with [Jv]| — oo. (3.44)

It follows from the fact of J being weakly lower semicontinuous on H (ft, )®H ™ (ptm)
and (3.44)) that J is bounded from below on H (pt,,) ® H (ptr ). Finally by Propo-
2.4

sition we get Cyp__(J,00) 20, where £ = dim H ™ ().
(iil) In a similar way we can prove that the functional 7 has the geometric feature
required by Proposition with respect to the orthogonal splitting (see (2.12))
H57L<C) = [H_ (Mm) @ H(Nm)] D H+(Mm) = Vo & Weo.
Therefore, Cpx (J,00) % 0, where €5 = dim H ™ (i) @ H(jtrm). The proof is com-
plete. ([
Lemma 3.4. Assume (Al) and (A4).
(i) The functional J is coercive on Hy 1 (C).
(ii) The functional J satisfies the Palais-Smale condition.
(i) Cy(T,00) = 64,0Z.

Proof. (i) For v € H&,L(C), we have by (A4) that

j(v):%/C|Vv|2d:rdy—/ﬂF(v(:z:,O))d1:

1 1
> f/ |Vo|? dx dy — f,u/ lv(z,0)2dx — C|9)
2 Je 2" Ja

1 H 2
> —(1—— - C|9Q|.
3 (1= 2 )l = Clsy
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Since p < p1, we have that J(v) — oo as ||v|| — oo. This proves that J is coercive.
(ii) Let {v,} C Hg 1 (C) be a Palais-Smale sequence at ¢ € R. By the coerciveness
of J, {vn} is bounded and then by Lemma it contains convergent subsequence.
(iii) Since J is coercive and is weakly lower semicontinuous on Hg ; (C), J attains
its global minima inf J at some v,:

J(vs) = min  J(v).

vEHé,L(C)
Take a < J(vs). Then
Cy(T,00) = Hy(Hg 1(C), T?) = Hy({v:},0) = 84,02
The proof is complete. O

Lemma 3.5. Assume (A5). Then

(i) the functional J is coercive on Hg 1 (C);
(ii) the functional J satisfies the Palais-Smale condition;
(iii) Cy(T, 00) 2 6,07

Proof. (i) We first prove that under the condition (A5) the functional 7 is coercive
on Hj (C). Denote 2G(t) = 2F(t) — p1t*. Then (L.10) implies

lim G(t) = —o0. (3.45)

[t]—o0

Rewrite J as

1

J(v) = 7/ |Vo|? dx dy — &/ |v(z,0)|?dx —/ G(v(x,0))dz,

2 Je 2 Ja Q
for v € Hj ;(C). Assume that J is not coercive on Hg ; (C), then there is a sequence
{vn} C Hg 1(C) such that

lon]| = 00 asn — oo (3.46)

and
J(v,) < C forallneN. (3.47)

for some C' € R. Set w, = 2y then |lw,|| = 1 for all n € N. By Proposition
up to a subsequence if necessary, there is a w* € Hg’ 1.(C) satisfying
wy, — w*  weakly in H&yL(C),
tro w, — trgw* strongly in LQ(Q), (3.48)
wp(2,0) — w*(x,0) a.e. in Q.

By (3.45]) we see that G(t) is bounded from above by some constant K > 0 for all
t € R. Now from ({3.47)) we deduce that

c J (vn) 1/ 2 /~L1/ 2 K|Q|
IO g, 2 dedy — B w2, 0)2dz — . (349
Tonl? = Toal? = 2 Jo Vel drdy =57 [ lunz0)Fde = 1o/ (3.49)

It follows from (3.46)), (3.48)) and (3.49)) that

limsup/ |Vwy,|* de dy < Nl/ lw* (z,0)2dz. (3.50)
c Q

n—oo
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On the other hand, by the variational characterization of p; and the lower semi-
continuity of the norm, we have

,ul/ |w*(x,0)|2dxS/|Vw*|2dxdy<liminf/|an|2dxdy. (3.51)
Q c n—ee Je
From (3.50) and (3.51)) we have that
lim_Jwy|[* = fJw*||?, (3.52)
—00
/\Vw*\gdmdy:ul/ |w* (x,0)[*dz. (3.53)
c Q

Since Hy 1,(C) is a Hilbert space, we have by and that
w, — w*  strongly in H&L(C) as n — 00.
Hence ||w*|| = 1 and by we see that w* (z,0) = +(u1) 21 (x). This implies
|vn(2,0)| — oo uniformly for a.e. z € €. (3.54)
Now by (3-45)), (3.47), (3.54) and the Fatou’s lemma we have that

1
C> 7/|an|2dxdy—&/ |vn(x,0)|2dx—/ G lon (@, 0))dz
2 Je 2 Ja Q

2—/G(vn(x,0))dx—>oo as n — oo.
Qo

This contradiction shows that 7 is coercive on H 1 (C).
(ii) Let {v,} C Hy 1(C) be a Palais-Smale sequence at ¢ € R. By the coerciveness
of J, {v,} is bounded and then by Lemma it contains a convergent subsequence.
(iii) Since J is coercive and is weakly lower semicontinuous on H& 1 (C), J attains
its global minima inf 7 at some v,:

Jws) = min  J(v).

UGH&,L(C)
Take a < J(vs). Then
Cy(T,00) = Hy(H 1 (C), T*) = Hy({v+},0) = 64,07
The proof is complete. O

4. CRITICAL GROUPS AT ZERO

In this section we compute the critical groups of the functional 7 at zero. We
will use C; > 0 to denote various constants independent of the functions in H&, .(C).
We also make a convention that problem has finitely many weak solutions and
so the trivial solution is an isolated critical point of 7.

Lemma 4.1. Assume (Al) and (A6). Then Cy(J,0) =0 for all g € Z.

Proof. By the definition of critical groups, we write
Cy(T,0) := Hy(B,(0) N T°, (B,(0) N T°)\ {0}),

where B,(0) = {v € Hj 1 (C) : [[v]| < p}, and p > 0 is to be chosen suitable for use.
We will construct a deformation mapping for the topological pairs (B,(0), B,(0) \

{0}) and (B,(0) N J°, (B,(0) N T°) \ {0}).
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A direct calculation by using (|1.11)) and (1.12)) shows that there exists a constant
C1 > 0 such that

F(t) = Cy1|t|” for all [t]| < 6.
By (A1), there exists a constant Cy > 0 such that for some max{2,p} <y < 2%,
|F(t)] < Calt]”, |f(t)t] < Colt|” for all [¢] > 4. (4.1)

Therefore,
F(t) > Ci|t|” — Cylt|” for all t € R.
Take a function v € Hjj ;(C) with v # 0, then for 5 > 0 we have

) =5 [ IV dedy— [ Pla(e.0))ds

1
< 5772”””2—01/Q|nv(x70)\7dx—|—6'2/ﬂ|nv(a:,0)|”d3: (4.2)

1
<SPI0l = G| tra ol ) + o tra - g

Since 1 < 7 < 2 < v < 2% one sees from ([4.2) that for given v € H&L(C) with
v # 0, there exists 19 = no(v) > 0 such that
J(nv) <0 forall 0 <n < no. (4.3)

Let v € Hj ;(C) be such that

1
J(w) = f/ |Vo|? do dy — / F(v(z,0))dz = 0.
2 Je Q
It follows from (L.12), (A1) and the continuous embedding Hj ; (C) — L9(£2) for
any q € [1,2%] that
d
ST, = [ 1VeP dedy~ [ f(u(w,0)0(a,0)ds
dn K c Q
2—7

= |v]|? —&—/Q (TF(U(x,O)) - f(v(x,O))v(ac,O))dx

2
2—71
> v||? T7F(v(z,0)) — f(v(xz,0))v(x,0))dx
5 lIvl +/{|U(I70)>5}( (v(z,0)) = f(v(z,0))v(z,0))

2-7 2 v\ v\T v\r X
P (RFE@O) e 00

2—71
ol - s [ oz, 0)"d
{lv(=,0)|>d}

2—7T
> — [0][* = Callo]|”

WV

WV

Thus we can find some p > 0 such that
d
%j(nvﬂnzl >0, forve Hg(C)with J(v)=0 and 0<|v]|<p. (4.4)

By (4.3) and (4.4), one sees that for each v € B,(0) \ {0} with J(v) > 0, there
exists a unique 1y = n(v) > 0 such that

J(nv) <0 forall 0 <n < no. (4.5)
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From now on we fix p > 0. We claim that if v € B,(0) \ {0} and J(v) < 0 then
J(nv) <0 for all np € (0,1). (4.6)
Let v € B,(0) and J(v) < 0. By the continuity of 7, there exists ¢ € (0, 1] such
that
J(mv) <0 forallne(l-1,1).
We show (4.6) by proving ¢ = 1. Suppose that there is some n* € (0,1 — 9] such
that
Jn*v) =0, Jw) <0 forallne(n®, 1).

Denote v* = n*v. Then by (4.4), we have

d *

d—nj(m; )|n:1 > 0. (4.7)
But 7 > n* implies

I () = T (n"v) <0,

which implies

d . . J - J(nqv*
%J(nv )’nzl: lim Mgo.

n—n% n—n*
This contradicts (4.7]). Hence ¥ = 1 and (4.6)) holds.
Now we define a mapping 7 : B,(0) — [0, 1] by

(v) = 1, forwve B,(0) with J(v) <0,
= n, for v € B,(0) with J(v) >0,J(nv) =0, < 1.

By (4.4), (4.5) and (4.6)), the mapping 7 is well-defined and if J(v) > 0 then there
exists a unique n(v) € (0,1) such that

I (n(v)v) =0,
J(nv) <0, vn e (0,n(v)) (4.8)
J(nv) >0, Vne (n(v),1)
It follows from (4.4)), (4.8]) and the Implicit Function Theorem that the mapping n
is continuous in v. Define a mapping & : [0,1] x B,(0) — B,(0) by
h(t,v) = (1 —t)v+tn(v)v, t €[0,1], v e B,(0).
It is easy to see that the mapping h is a continuous deformation from (B,(0), B,(0)\
{0}) to (B,(0)N T, (B,(0)N7°%) \ {0}). By the homotopy invariance of homology
group, we have for all ¢ € Z,
Cq(T,0) = Hy(B,(0) N J°, (B,(0) N T°) \ {0}) = H,(B,(0), B,(0) \ {0}) = 0.
since B,(0) \ {0} is contractible. The proof is complete. O
We remark that the idea for computing critical groups at zero is essentially from
[30] where Laplacian equations with superlinear at zero was studied. The similar
idea was presented in [3I] to deal with also the same problem as in [30] using a

global sign condition 2F'(t) — f(¢t)¢ > 0 for all ¢ # 0. In [25] this idea was used for
studying p-Laplacian problems.

Lemma 4.2. Assume that (Al) and (A7) hold. Then Cy,(J,0) 2 0 where £y =
dim H ™ (pk+41)-
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Proof. We will prove that the functional 7 has a local linking structure at 0 with
respect to the orthogonal splitting (see (2.12))

Hj 1(C) = H (prt1) @ [H(prgr) ® H (ppgr)] = Vo & Wo.
(i) For v € H™ (ug+1), by Proposition [2.1| we have
[ tro vl r2(0) < Callv]l.

Note that tro(H ~ (ur+1)) = span{ei,..., ok} C L>(Q) is finite dimensional and
all norms are equivalent, we can find a positive constant p > 0 such that

ol < p = [o(z,0)] < [[tro v]lL=(0) < 0.

It follows from (1.13]) and Propostionthat for any v € H™ (ug+1) with ||v|| < p,

we have

1
j(v):§/|Vv|2d:Edy7/F(v(m,O))d:v
c Q
(4.9)
1 2 HE 2
<7/|Vv| dacdy——/ |v(x,0)|*dz < 0.
2 Jc 2 Ja

(ii) For v € [H (ptg+1) ® H' (pp+1)] = spanf{ejq1, ... }, we write v = 5+, where
€ H(pgs1), © € H (ugy1). Then by Propostionwe have

Tv) = %/c|Vv|2dxdy—/QF(v(x,0))daz

1
5/|w|2dxdy— et / 15(z, 0)[2dz
C Q

(4.10)
[ (Pt o 0 - Fo(e,0))do
Q 2
1 Pkt1 2 / Hk+1 2
2> —(1— ————||v||” + ——|v(z,0)|* — F(v(x,0)) |dx.
3 (L= o ol + | (B et 00 = Futa,0))
For |v(z,0)| < 4§, by (1.13) we get that
1
/ (iukﬂw(x, 0)2 — F(v(m,())))dw >0. (4.11)
{lo(z.0)<6}

Since trg H (p+1) is finite dimensional, there exists p > 0 such that

d.

Wl

ol <p = [[trodllL~(o) <
For ||v|| < p and |v(x,0)| > 4,
[0(z,0) = [o(z,0)] — [o(z,0)] > §|U($,0)|-
By (A1), take max{2,p} <y < 2¥, there is C5 > 0 such that

1
|§uk+1t2 — F(t)| < Cslt]" for all [t| > 6.
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By Proposition 2.1} we have

1
/ ‘§Mk+1|v(ac,0)|2 —F(v(x,O))|d:v
{lv(z,0)|>8}

<c [ lo(z, 0)[Vde
{lo(2.0)[>5} (4.12)

<32 [ Joe0)da
Q
< G5(3/2)C||o||" == Cs||9]".
Then by (4.10), (4.11) and (4.12)) we get

1 HE+1 12 ~
JWw) = -1 - ———)||9]|* = Cs||7]|”. 4.13
(0) > 5 (1= 2l - Gl (413)
Since v > 2, we see from (4.13)) that for p > 0 small

J(v) >0 for |v|| < pandd#D0. (4.14)

On the other hand, we conclude that for ||v|| < p with © = 0 and o # 0,

1
@) = T(@) = / (5r0+17(,0) = F(0(x,0)) ) > 0. (4.15)
Q

Otherwise, if for some 7, # 0 and ||t.]| < p such that J(o,) = 0, then by (A7) we
have

1
F(0,(2,0)) = §,uk+117§(x,0) for a.e.x € Q. (4.16)

As v, € H(ugy1), all ov, for o € [—1,1] are critical points of J and so 0 is not
isolated. It is a contradiction. Therefore we get the conclusion that

J() >0 forve H(upser) ® H (gper) with 0 < [Jv]] < p. (4.17)
Now by (4.9)), (4.17) and Proposition Cy,(J,0) 220, where €y = dim H™ (ftg41)-
The proof is complete. O

Lemma 4.3. Assume (A1) and (A8). Then we have
Cy(T,0) = 5,0Z, g€

Proof. We will show that 0 is a strictly local minimizer of J. For v € H& (C), we
v =10+ where v € H(pu1) and © € HT (u1). Take p > 0 small such that

loll < p = lltra vl < 36
Then
(@, 0) > 6 = |o(z,0)] < ;\17(90,0)|. (4.18)
By (A1), take max{2,p} < v < 2¢, there is C7 > 0 such that
%uth FIF()] < Colt] for |t] > 6. (4.19)

By (4.18)), (4.19) and Proposition we have

1 -
/ [ialo(, 0P — F(ue,0))|dz < Ca] (4.20)
{lv(z,0)[>5}
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Now for [[v|| < p, by (A8), (4.20) and (2.3), we have
1
J(w) = f/ |Vo|? do dy — / F(v(z,0))dz
2 Je Q

_ Lo ~ 2
= 5l =3 [ fitw 0o

1
+/ *,U/1|’U($,O)|2 - F(’U(CI),O)) dzr 4.21
{Jo(2,0)|<6} (2 ) (4.21)
3/ (5 10,0 ~ F(o(r,0)))dr
{Jv(z,0)[>6} * 2
1 1N ~p2 -
> — . _ 7.
> 5 (1= 2ol - csjal

Arguing in the same way as that in the proof of Lemma [£.2] we can prove that
v = 0 is a strictly local minimizer of J. Thus Cy(J,0) = 64,0Z, g € Z. The proof
is complete. ([

We remark here that (A8) includes the nonresonance case 2F(t) < ut? with
< pq for |t| < 6 as a special case.

5. PROOFS OF MAIN RESULTS
In this section we give the proofs of Theorems [I.1] and

Proof of Theorem[I]. (a) By Lemma the functional J satisfies the Palais-
Smale condition and

Cy(T,00) =0 forall g€ Z (5.1)
By Lemma we have that
Ci, (TJ,0) 2 0. (5.2)
It follows that
Cio (T, 00) # Cpy (T,0). (5.3)

Therefore J has at least one nontrivial critical point.
(c) By Lemma the functional .J satisfies the Cerami condition and

Co(T,00)#0 for =Ly or £ =105 (5.4)
By Lemma we have

C,(J,0)=0 forall g € Z. (5.5)
It follows that
Ce(T,00) % C(T,0). (5.6)
Therefore J has at least one nontrivial critical point.
The other cases are proved in a similar way. The proof is complete. [

Proof of Theorem[I.3. We give the proof for the case (b). By Lemma J is
coercive on H& () and satisfies the Palais-Smale condition. Thus J is bounded
from below and has a global minimizer. By Lemma [4.2] we have that

CZO («770) 7’Dé 0. (57)

Since ¢y > 1, the trivial critical point 0 is homological nontrivial and is not a
minimizer of J. It follows from Proposition [2.6] that J has at least two nontrivial
critical points. The proof is complete. (I
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