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POSITIVE SOLUTION FOR HENON TYPE EQUATIONS WITH
CRITICAL SOBOLEV GROWTH

KAZUNE TAKAHASHI

ABSTRACT. We investigate the Hénon type equation involving the critical
Sobolev exponent with Dirichret boundary condition
—Au = A\Vu + |x\au2*71

in  included in a unit ball, under several conditions. Here, ¥ is a non-trivial
given function with 0 < ¥ < 1 which may vanish on 9. Let A1 be the first
eigenvalue of the Dirichret eigenvalue problem —A¢ = A¥U¢ in Q. We show
that if the dimension N > 4 and 0 < A < A1, there exists a positive solution
for small @ > 0. Our methods include the mountain pass theorem and the
Talenti function.

1. INTRODUCTION
We consider the Hénon type equation with critical Sobolev growth
—Au = Ay + |z|*u> ! in Q,
u>0 inQ, (1.1)
u=0 on 0f.

We set N > 3. We use 2* = 2N/(N —2) to denote the critical Sobolev exponent.
Let Q C RY be a piecewise C'-class bounded domain satisfying Q C B(0,1). Here,
B(p,r) ={x € RN : |z — p| < r}. Let o = (1,0,...,0) € RY. We assume that
xo € 0N and ) satisfies the interior ball condition at xg, i.e., there exists an open
ball B ¢ Q with o € 9B. We consider the case A < A\i, where \; is the first
eigenvalue of the Dirichret eigenvalue problem: —A¢ = AWU¢ in 2. We set > 0
and ¥ € L>°(Q)\ {0} with 0 < ¥ <1 in Q.

Next we state our main theorem.

Theorem 1.1. Let N >4 and 0 < XA < A1. Suppose that there exist a >0, § >0
and an open ball B C Q with xg € 0B such that Yo < ¥ <1 in Q, where

alx —x0? x € B,
Wo(z) = {0 v ¢ B

Then, the main problem (L.1)) has a solution u € HE(Q) for sufficiently small o > 0.

2010 Mathematics Subject Classification. 35J20, 35J60, 35J61, 35J91.

Key words and phrases. Critical Sobolev exponent; Hénon equation; mountain pass theorem;
Talenti function.

(©2018 Texas State University.

Submitted April 2, 2018. Published November 28, 2018.

1



2 K. TAKAHASHI EJDE-2018/194

We give two examples. The first one is simple: Let N > 4, 0 < A < A; and
Q = B(0,1). Assume that ¥ is a continuous function defined on Q with 0 < ¥ < 1.
Suppose that there exists T € 9 such that ¥(z) > 0. Then, has a solution
for small @ > 0. To confirm this example, we set § = 0 and some small ¢ > 0
and some small B C  with T € 0Q2. The second example is for the case where ¥
vanishes on 0. We state it as the following corollary.

Corollary 1.2. Let N > 4,0 < A < Ay, 2 = B(0,1) and By > 0. Assume that
U(x) = (1 —|z|)?. Then, has a solution for small o > 0.

This corollary follows from elementary geometries. We prove it in Section [6]
In [g], the following Hénon equation for the case N =1 is proposed

—Au = |z|*ulP~t in B(0,1),

u=0 ondB(0,1). (1.2)

In the subcritical case p < 2%, the existence of solution is proved by standard
compactness argument. In [IT], it is proved that if 1 < p < 2*(a) = 2(N+«)/(N —
2), has a positive radial solution. Hénon equation is widely studied in recent
times. Many authors study whether there exists a positive non-radial solution of
for the case 1 < p < 2*(a). We refer [2, [14, [15]. Many authors also study the
subcritical case p < 2* and investigate the behavior of solutions where p — 2*. We
refer [7,[12]. General bounded domain cases of are studied in [5, [6] @] and so
on.

Ifa=0and ¥ =11in Q, becomes the original Brézis—Nirenberg problem.
In [4], it is proved that under these conditions there exists a solution if N > 4
and 0 < A < A, or if N =3, A\|/4 < A < A] and Q is a ball. Here )] is the
first eigenvalue of the Dirichret eigenvalue problem: —A¢ = A¢ in Q. Over three
decades many authors have studied existence and nonexistence of Brézis—Nirenberg
type problems.

Our problem is regarded as a combination of Hénon equations and Brézis-
Nirenberg problems. In [I0] and [I3], the following problem directly related to
is studied

—Au =M+ |2|%u)? "2u in Q,
u=0 on 0f,

where @ > 0 and A > A|. They show that has a sign-changing solution for
sufficiently small o > 0 when N > 7 with smooth 02 and N > 5 with Q = B(0,1)
in [10] and [I3], respectively. In this paper, we seek for a positive solution for the
case that 0 < A < A1, N > 4, Q is more generalized and ¥ is not necessarily a
constant.

Our method is based on the mountain pass theorem and Talenti functions pre-
sented in [4]. Since the coefficient |z|* is not achieved its maximum in €, we use
the function

&(z)

Ue () = e+ z—a) VD2
Here, € > 0, 2; = (1 —1,0,...,0) € RN and & € C(Q) is a cut-off function
supported on B(z;,1). We regard | = I(e) as a function that satisfies I — 0 as
e — 0. To prove Theorem we set | = I(e) = € for 0 < v < 1/2 for the
case N > 5 and | = l(e) = |loge|™ for k > 0 for the case N = 4. For details,
see Section If we take € — 0, the support is getting smaller and z; is getting

(1.3)
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closer to xg. This type of functions has been already introduced in [I0] and [13]
with [ = I(e) = € for fixed 7. In our case we choose the parameters v and k
appropriately since ¥ may vanish on 0f).

We set I: H}(Q) — R as

1 1 x
I(u)zi/Q|Du|2dx—%AWude—27/§2|x|a(u+)2 dzx.

Here we write fy = max(f,0) for a function f. Note that u € H}(Q) \ {0} is a
solution of (L.1)) if u is a critical point of I. This is because if u is a critical point
of I; then we have

(—A = AV = [2]*(uy)> " > 0.

Since A < A1, we see that u > 0 in by the strong maximum principle.

This paper consists of four sections. In Section 2, we prove the mountain pass
geometry of I and the convergence of a (PS). sequence for some small ¢ > 0. In
Section 3, we show estimates of integrals of u. ;. In Section 4, we prove Theorem
In Section 5, we show a technical convergence lemma. In Section 6, we prove

Corollary

Throughout the present paper, all functions are real-valued. We use L"(Q2) for
r > 1 to denote the Lebesgue space equipped with the norm

(Jq lo|"da)/T 1<r< oo,
[ollLr ) = _
esssup,eq |v(x)| 7= o0.

The inner product of L2(Q) is denoted by

(v, w)r2(q) :/vwdl’.
Q

The Sobolev space H}(€2) is the completion of C2°(£2) with respect to the norm

||UHH3(Q) = 1/(1},1})H6(Q), where (v,w)Hé(Q) = (Dv,Dw)2(q) = /QDv - Dwdzx.

We write (f,v) for the canonical pairing of f € H=(Q) and v € H (). We remark
two notations. If f = —Aw for some w € H{ (), then

(f0) = [ Du- Dodo = (w.0) 0
If we regard w € L%(Q) as an element of H (), then

(w,v) = / wodxr = (w,v) 2 (Q)-
Q
We use S to denote the best Sobolev constant defined by

g— HDUH%Z(Q)

mn TR
w€H(Q),uZ0 HU’HLz* Q)

It is known that S does not depend on Q C RY. Without definitions we use the
characters C, C’, C",Cy,Cy > 0 to denote positive constants which is not important
and may vary by line to line.
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2. (PS). CONDITION AND MOUNTAIN PASS THEOREM

In this section we assume that N > 3 and A < ;. We recall the (PS). condition
and the mountain pass theorem without (PS) condition.

Definition 2.1. (i) Let ¢ € R. We say that a sequence {uy}2, in H}(Q) is
a Palais-Smale sequence of I at the mountain pass level c if the following
conditions hold:

(1) I(w) — ¢ (k — o),
(2) I'(ug) — 0in H~Y(Q) (k — o).

(ii) Let ¢ € R. We say that I satisfies the (PS). condition if any Palais-Smale
sequence of I at the mountain pass level ¢ has a convergent subsequence in
HE(Q).

Proposition 2.2 (The mountain pass theorem without (PS) condition [I]).
Suppose that there exist r,l > 0 such that I(u) > 1 for all uw € H}(Q) with
lullgi) = r. Assume that there exists v € H}(Q) such that I(v) < 0 and
lull zrp ) > 7. Let

= inf max | 2.1
¢ = inf max/(u), (2.1)

where T is the set of paths in HL(Q) connecting 0 and any end point v € HE(Q)
with I(v) < 0 and ||v|| g1y > 7. Then, there exists a Palais-Smale sequence of I
at the mountain pass level c.

Lemma 2.3. For u € H (), we have

max(A, 0)
A0
1 %1) > 0. (2.3)

Proof. If A <0, we have
[1DulZ 20y — /\/Q\Ilugdx > [|Dull72 (-

If 0 < XA < A1, we have

A
[1DulZ 20y — )\/ Vutde > (1 - T)HDUH%z(Qy
Q 1

Here we used the Poincaré type inequality. Combining these cases, we have ([2.2)).
The inequality (2.3)) follows, since A < Aj. |

We check the mountain pass geometry of I. We admit that I is a C'-class
functional on H}(Q) with 7(0) = 0.

Lemma 2.4. There exist 7 > 0 and | > 0 such that I(u) > [ for all u € H}(Q)
with ||ull gy ) =7
Proof. By the Sobolev inequality, there exists C' > 0 such that
JullZie @ < ClIDul )
for any u € H}(Q2). Thus we have
1

1 max(A, 0) .
I(u) > 5(1 - T) HDUH%Q(Q) - QTHU||2L2*(Q)
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> C1]| Dull72(q) — Col|Du

gt
Lz(Q)'

Since 2 < 2*, the proof is complete. 0.
Lemma 2.5. For any r > 0, there exists u € H}(Q) such that I(u) < 0 and
||U||H5(Q) >

Proof. Let v € H(2)\ {0} and ¢ > 0. We have

t2 2 )
I(tv) = —(HDUH%Q(Q) - /\/ \I/UQdJ?) - —/ |z|*(vy)? da.
2 Q 2% Jq
It follows that lim; o I(tv) = —oo since 2 < 2*. Set u = tv for large ¢ > 0 to
complete the proof. O

Next, we study which mountain pass level ¢ satisfies the (PS). condition on I.

Lemma 2.6. Let {ui}32, be a Palais-Smale sequence of I at the mountain pass
level ¢ € R. Then, {uy} is bounded in Hg ().

Proof. Let € > 0. Then, by the condition (2) of Definition (i), we have
(I (ur), un)| < €l Du||r2(o)
for large k. Set € = 2* and combine the condition (1) of Definition (i) to have
1
(ug) = o5 (' (ur), ur) < C + [ Dug| 2 0.
It also follows that

T(ug) — 1 1

o), ue) = (5 = o) (1D oy — A/Q W)

> (3 5) (1= 2220 Dy

2 2
Combining these inequalities, we have
C'||Dugl72(y < C + | Duy| 20y
We see that || Duy| 12 (o) is bounded, which completes the proof. O
Lemma 2.7. Let 1
0<c< NSN/Q. (2.4)
Then, I satisfies (PS). condition.

Proof. Let {u}7°,, be a Palais-Smale sequence of I at the mountain pass level ¢
satisfying (2.4). By Lemma {uy} is a bounded sequence of Hg(£2). Thus there
exists u € H} () such that, taking a subsequence,

up — v weakly in Hg(Q),
up —u in LT(Q) (r<2), (2.5)
up — u  a.e. in

as k — oo. Let ¢ € H}(Q). By Lemma[5.1] we have
o = [ Do Do = [ st~ [l o
Q QO Q

IH—OO>/Du~Dwdx—)\/ \Iluz/Jdm—/ || u? " ypda
Q Q Q
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= (I'(w), ).
Since limy 00 (I’ (ug),9) = 0, it follows that
(I'(u),9) = 0. (2.6)
We show that
up — u in Hi(Q). (2.7)
Note that uy = u since either u =0 or u > 0 in Q. Set ¢ = u in (2.6]) to have
/ | Dul?dx — )\/ Uuda —/ |z|%u? dz = 0. (2.8)
Q Q Q
Then, we see that
Iu)=(z— = / |lz|*u? dz > 0. (2.9)

Let wi = ur — u. We have
wy, — 0 weakly in HJ(Q),
wr — 0 in L7(Q) (r <2%), (2.10)

wr — 0 a.e. in

as k — 0. It follows that
/ | Duy, |*dx = / | Dwy |2dx +/ | Du|?dz + o(1).

Let wy = (ug)+ — u. By Brézis—Lieb Lemma [3], we have

/|a:| ug) dm—/ o2 dx+/ ||| da + o(1).

T(ug) — I(u) = 1/|Dwk| dm-i/ ||l dz + o(1).

Thus,

Then
1 1 g
+ 7/ | Dwy |2da — —*/ |z|*|wg|? dz = ¢ + o(1). (2.11)

Since (I'(ux),ur) — 0 as k — oo, we have

khm /\Duk| dx—)\/\llukdm—/m ) dx =

Combining this equation with . we obtain

lim (/ |Dwk|2dx—/ el de) = 0.
k—oo Q O

Taking a subsequence, we have

lim / |Dwy|?dz = lim / ||| wg|? d.
k—oo Q k—oo Q

We write [ > 0 as this limit. By the Sobolev inequality, we have

. oN2/2F
We|? dx) ,

I1Dwkl[Z2iqy = Sllwrllz o) = Slwkl7er ) =
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which implies [ > S12/2". Here we note that wy > wy, in  since either u = 0 or
u > 0 in . We show [ = 0. Assume to the contrary that [ > 0. Then, we have

1 > SN/2. By ([@.11)), we have
1

I(u) + (%—;)l:c.

By (2.9), it follows that SN/2/N < ¢, which contradicts (2.4). Thus we conclude
that [ = 0, which implies (2.7]) as desired. |

Proposition 2.8. Assume that there exists a Palais-Smale sequence of I at the
mountain pass level ¢ satisfying (2.4). Then, (1.1} has a solution.

Proof. Let {u}32, be a Palais-Smale sequence of I at the mountain pass level
c satisfying (2.4). By Lemma {ur} has a convergent subsequence. We use
u € H}(Q) to denote the limit of it. Then, holds for any ¢ € H}(Q), i.e., u is
a critical point of I. In addition, it follows that

I(u) = klim I(ug) =¢>0,
which implies u # 0. Hence, u is a solution of (1.1). a

3. EVLUATIONS OF INTEGRALS

We set U: RY — R as
1

Ulz) = (1+ [z]2)(N-2)/2"

We set 2; = (1 —1,0,...,0) € RY for 0 <[ < 1. For 0 < I < 1, we set cut-off
functions & € C2°(£2) which satisfies the following conditions:
(1) 0<g <.

(2)

0 ¢ B(x,1).
(3) |D&| < C/l1 for some constant C' > 0.
(4) D& (x) - (z—a) <0.
We set uc,ve; € H(2) for e > 0 and 0 < [ < 1 as follows:

() = {1 z € Blay,1/2),

&(z)
Ue,l(x) = (e T \x _lxl|2)(N—2)/2’
Ue 1 ()

) X)) = .
A T TV T,

Hereinafter, we regard | = I(€) as a function of € > 0 which satisfies | — 0 as ¢ — 0
and € <.

Lemma 3.1. Suppose that N > 3. There exist positive constants Cy,Cy,C > 0
such that the following inequalities hold for small € > 0:

IDU|[72@n e N 272 = C1im =2 < [ D720
< DU gy V=272 4 Gy~ (N-2),

T @y V2= GNP <[] w3 g

(3.1)

(1—20** (JU

)

(3.2)
< NUNIZ e govye™ =272,
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Proof. First, we investigate

I:/ﬁpmﬂww
Q

D& (x) (N = 2)&(x)(z — 1)
Duc(z) = - .
el = T O T (et o = mP
We divide I into three terms, ie., I = I7 + Is + I3;
| D& ()|?
I, = d
' 1;@+¢x—xﬂaN—2z’
_ [ 2V = 2)§(2) (D& () - (x — 21))
IQ = N1 dl’,
0 (e +|o — @ |?)N-
_9)2 2] 2
13:/ (N =2)%§ (@) |z — = d.
o (etlz—z)V

We start by getting an upper bound. We have

N — 2)%|z2
Ig S / ﬁdl' = ||.DUH2L2(RN)€7(N72)/2‘
RN

‘We have

(e +[z[2)N
The integrals Iy and I are estimated as follows:
C |z — 2]
IQ S — dx
U JBa\Bauiy2) (€4 |z —z[H)N=1
c ||
= — dx
U JBonn\Bo,y2) (e + [z[2)N1
l
< 9 gii_g _ 9/ N2 < CI7NH2,
U JB0un\B(0,/2) |Z] U Jij2
1
I < g ———dx

2 JpoinBo,2) (€ +|z?)N =2

< g/ dx
= 2 JBoan\Bo,2) TP

c [ ~N+3 —N42

= = r dr < Cl1 .

2 i

Note that the last integrals of above two inequalities are calculated differentially

by the dimension N > 3. However, the resulting evaluations are the same I, I; <

CI1~N*2. Thus we have the upper bound of . Next we consider the lower
bound. We have I, Is > 0. We estimate I3 as follows:

N — 22|z — z[?
@>/ ( ”xfﬁm
Bai/2) (€4 |z —x[?)

v (N —2)2%|z —x]?
— DU gy ¥202 - [ S
RN\ B(z,1/2) (€ 7+ |2 —21]?)

dx.

Here, we obtain

N —2)2|z — x)?
/ ( Vla—al
R

N\B(ay,1/2) (€4 |z —z[2)N
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N —2)%|z|?
-/ (v -2l
RVM\B(0,1/2) (€+ [z[?)
1
<C

RN\B(0,l/2) |z[2N—2

=C - r~ N g = 01N
1/2

which implies the lower bound of ([3.1)).

Second, we study
I:/ |z u?, da.
0 ;
We have

PRy g S CES
B(x,l) ( B(0,l)

e+ |z — @)V (€ + [z[2)™

Thus it follows that (1 — 2l)af§ I < 1. Here we set
o~ 2*
B (e+[z?)
We obtain

~ fl(erxl)Q* / 1
I = / > dx — —dzx
( B0y (e+ [z[2)N B(o,y (e+ [z2)N )

1 1 1
+ — —dz— [ ———d S —
(/Bw,l) e+ ey / e+ ey o) +/RN ct ey e
/ §l(x—|—a:l)2* —1
BO\BO2) (€4 [z[2)N

dx

1 «
— ———dz + ||U||% .- e N/2,
/]RN\B(O,Z) (e + [x2)N L2 (RY)

Thus we have
T < U2 gy 2

For the lower bound, it follows that

fl(fL‘—‘r.’L‘l)Q* -1 1
‘ N dr — SEINEIV Ndac
BO\BO,/2) (€4 |z|?) BN\ B(0,) (€+]2[?)

</ dx
= Jrm\B(o,/2) (€4 [z])N

< / T
RN\ B(0,1/2) ||

Thus we have
T2 U)o wye V2 =C17V,
Finally we conclude that

(=20 (IU 1 7or vy V2 = CIN) < T < U For oy /2,
which implies (3.2]).
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Lemma 3.2. Let ¢ > 0 be a positive constant. Assume that lim._o(y/€/l) =
Then, we have

; Oe-N-9/2) N > 5,
| ety = Ollos(ve/D) N =4 (33)
B(0,cl) O(l) N—3

as € — 0.

Note that this is not a direct conclusion argued in [4 p. 445]. We have to take
it into account that [ — 0 as ¢ — 0. If N = 3, the integral converges to 0, which
does not in [4].

Proof. Let I denote the integral on the left side of (3.3). First, we investigate the
case N > 5. We have

[ — (-1 / __dz
B(0,l/ye) (14 |z[2)N 2

Since lim_q(cl/\/€) = oo, we obtain I = O(e~(V=4/2) as ¢ — 0.
Second, we investigate the case N = 4. We have

cl 7’3
I = —d
C/o (er e

To investigate how [ affects the conclusion, we evaluate the integral on the right
side by direct calculation. We start by getting the lower bound. It follows that

cl 7"3 cl ’I“3
—dr > —d
/o (e+r2? / <f+r>4 "

/ \f+r L

Il
ﬁ
=}
/‘\
\/

where

I = B0/2 (r + Ve) " ar

S

for i =0,1,2,3. For i =0, 1,2, we have
I, = B~ z)/z[ (r+\[)z 3}
i—

- E(S_i); ((cl + \[) - 6(i—s)/z)
((clJr\f) _1>:O(1)

as € — 0. By contrast, it follows that

om [ ]
= log(cl + v/€) — log \/e

e+ ) -1 () = e ().
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Next, we have the upper bound as follows:

cl 3 cl 2\3/2 cl 1
/ r7“d7"</ %dr:/ dr
o (e+71?) o (e+1?) 0o Ve+r?
cl
:[log<r+ 7’2+e)]
0

= log (cl +/ 22+ e) —log /e

(e o ) -1 ()
o[ ()

Hence we have I = O(]log(\/€/1)|).
Finally, we investigate the case N = 3. First, we have
d
I< / & =al
B(0,cl) ||

Next, since lim._q(1/€/1) = 0, it follows that

dx dx
1> — 2 YeIPe)
B(0,c)\B(0,cv/e) €117 B(0,cl)\B(0,cv/e) Clz|

cl
= C"/ dr > C"l.
NG

Thus we have I = O(l). We complete the proof.

Lemma 3.3. Let 0 <y < 1/2. Setl=1(e) =¢€". Then
O(Pr—(N=49/2)

N
/ \Ilouildx =< O(#7]logel) N
& O(eB+1)7) N

v

9,
4,
3,
as € — 0.

Proof. We investigate

1 — xo|? 2
I= f/ ‘Ilouf,ldxz/ [z = 7o &(xz)v_gdx
aJa Bal) (€+ |z — x]?)

We have
1
I< (2z)ﬁ/ S —
By (€+ [z[2)N—2
and
|z — x0]? / |z — 20 + 1|°
I Z/ dr = ————dx
B(ay1y2) (€ + |z — 2 [2)N =2 B(0,/2) (e +[z[2)N—2

Y

l 5/ 1
— ———dx.
(2) B(o,/2) (€ + |z[2)N =2

11
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By Lemma [3.2] we obtain

O(lPe~N=4/2) N >5,
[ woutdz = { 0 og(ve/h) N =4, (3.5)
¢ o(15+1) N =3,
as € — 0. Letting [ = €7, we have (3.4]). O

Corollary 3.4. Let k > 0. Setl=1(¢) = |loge|™*. Then
O(|loge| ke~ (N=4/2) N > 5,
/ You? dz = { O(|log e|'~PF) N =4, (3.6)
¢ O(|log e|~(B+1)k) N =3,
as € — 0.

Proof. Set | = |loge|~" in (3.5). The conclusion immediately follows for the case
N > 5 and N = 3. For the case N = 4, we see

1”[log(V/e/1)| = [log e| | log(V/e| log e[ *)].
For small € > 0, it follows that /¢ < \/€|loge|¥ < /e. Then, we have
|log e|"*|log(V/e| log |)| = O(|log e| =),
which completes the proof. (I

4. PROOF OF THEOREM [L.1]

By Proposition 2.2 and Proposition [2.8] it suffice to prove (2.4)) for ¢ > 0 defined
by (2.1).

By elementary calculations, we have

t2 t
¢ <supI(tve;) = sup (— (||Dv€AlH%2(Q) — )\/ \I/vfldx) — —)
>0 >0 \ 2 ' Q 2=
1 ( 2 / 2 NiZ o 1 onga
= —(I1Dvey [ W dx) =0, _gN/2,
N || L2(Q) o R N

We define
A() = D32y — A / We? i — S.
Q

We show that there exists e > 0 such that A(e) < 0 to completes the proof. We

write
I= / Vo de, Iy = / ov? da.
Q Q

Assume that lim._o(y/¢/l) = 0. By Lemma[3.1] it follows that
o ||Du6,lH%2(Q) — Al

RS

A(e) -5

2
Ue,1 || L2 (Q)
IDU[3 2 gnye” N =272 4 C1=(N=2) — Al

T (1= 2022 (U on e N2 = CIEN)2

S+ Cll—(N—Z)e(N—Q)/Q _ C«//IOe(N—Q)/Q
(1= 20)20/2" (1 — Cl-NeN/2)2/2*
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We set

Ble) = 5+ C'1mN=DeN=2/2 o ((N=2)/2 _g(1 912/ (1 01NN

The condition A(e) < 0 is equivalent to B(e) < 0. We have

B(e) < S —S(1—20)**/% (1 - CI7NeN/?)
+ O WN=) (N=2)/2 _ [ (N=2)/2
< (8- 8(1—21)*/)
n (Cl—N€N/2 1O (N=2) ((N=2)/2 _ C//I()E(N—Q)/Q).

Note that
—N_N/2
lim l—6 =0.
e0 [~ (N=2)(N=-2)/2
Hereinafter, we divide the proof into two cases; (i) N > 5 and (ii) N = 4.
(i) Let N >5,0<vy<1/2and | =l(e) = €. By Lemma[3.3] we have

ToeN=2/2 = O(eﬂvﬂ)

as € — 0. We show that there exists 0 < v < 1/2 such that

(N—2)(%—v) > By + L. (4.1)

This inequality is equivalent to v < (N —4)/2(8 + N — 2). Thus the condition we
are now considering is equivalent to
N —4

2BLN—2) "

which is always true since 8 > 0 and N > 5. Fix such 0 < v < 1/2 that satisfies
(4.1). Thus we obtain

o N=2)(1/2-y)

Ll
Therefore we admit the existence of € > 0 such that

Cl_NEN/2 + C"l_(N_Q)e(N_Q)/Q _ C/IIOG(N—Q)/Q < 0.

Fix such € > 0 and take a > 0 so small that B(e) < 0 to obtain the conclusion.
(ii) Let N = 4. By Corollary We have

ToeN=2/2 = O(e| log e|*=PF).

We see that there exists £k > 0 such that 1 — 8k > 2k, which is equivalent to
k <1/(2+ ). Fix such k > 0 to obtain

. e|lloge|?*
lim

7 = 0.
e—0 €| log e[t —FF

The rest of the argument is the same as (i). We complete the proof.
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5. APPENDIX: CONVERGENCE OF INTEGRALS WITH CRITICAL GROWTH

Lemma 5.1. Let v,7) € H3(Q). Let {vp}3, be a bounded sequence in H}(S2).
Assume that v, — v a.e. in Q. Then, we have

/ |2 ()% " pda — / |z ~Yypda (5.1)
Q Q
as k — oo.
Proof. Let € > 0. We set
We = (llal” (00)2 =" = [l vE 0] = dlal(@0)) |
By the Young inequality, there exists C' > 0 such that

|[s|2 1t < es? +Ct*

for s,t € R. Thus we have
(Wer| < elz|®02 +2Cz|*p* < ev? +2C|p

The right side of above inequality is integrable. Since vy — v a.e. in €, it follows
that W, — 0 a.e. in Q. Thus we have

o

lim [ Wedz = 0.
k—oo Jq

By the definition of W j,, we have

/||z|a(vk)3:_1wf|z|av3:_11/1|dx§/We7kd1'+e/ || (vp) % dae
Q Q Q

g/Weykdere/(vk)fjdx.
Q Q

Since {v),} is a bounded sequence of Hg(2) C L (Q), we have [, (v;)¥ dx < C.
Therefore,

limsup/ ||ac|a(vk)?:7lz/} — |z|*v® Tlyldr < Ce.
k Q
Since € > 0 is arbitrary, we obtain (5.1)). O

6. APPENDIX: PROOF OF COROLLARY [L.2]

We use notation of elementary geometries. Let X, Y, Z be points of the Euclidean
space RY. We write XY as the length of the segment XY, /XY Z as the angle of
XY Z and AXY Z as the triangle of XY Z.

Corollary is a direct conclusion of Theorem and the following lemma.

Lemma 6.1. Let xg € 9 and B C Q be an open ball whose radius is 0 < ro < 1/2
and where OB come in contact with 0 at xoy. Let B = 208y. Then, there exists
a > 0 such that U(P) > Uy(P) for any P € B.

Proof. Let T to denote the point zg. Let O and O’ be the center of Q and B,
respectively. Let P € B. If P is on the segment OT, just taking > [y and
0 < a < 1 will do. Hereinafter we assume P is not on the segment OT. We argue
on the plane containing O, 0’, T and P (Figure. Let @Q and R be the intersection
point of the the half line OP with 9B and 052, respectively. Let | = QT and
k= QR. Let § = ZTO'Q. Then, we see that PT > QT since ZPQT is an obtuse
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angle. We can take a point S on the segment PT so that ST = QT. Let z = PS
and y = PQ. Let p = /PQS, 0 = /ZPSQ and 7 = ZQPS (Figure [2).

FIGURE 1. The plane containing O,O’, T and P.

FIGURE 2. Focusing on APQT.

First, we prove that if we set § = 20y, there exists a > 0 such that k% > al?
independently on Q. Considering AO'TQ and AOO'Q, we have | = 2rgsin(6/2)
and

(1 —19)% 4+ 12 4+ 2ro(1 —79) cos 0 = (1 — k)2,
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respectively. By the formula cosf = 1 — 2sin?(6/2), we have

(1= (1=k)?.

=

71—7“0

Therefore

K20 — a22 = 20— q? (1 )ﬁkﬁ@ — k)
-

> k20 — a22ﬁ(i)ﬁkﬁ.
— 10
We set 3 = 20y and take a > 0 so small that

1 — q22%% (L)zﬂo > 0.
1-— To
Then, we have k% > al® independently on Q as desired.

Next, we prove that x < y. Since LSQT = ZQST = p+ 7, by APQT, we have
2p + 27 < 7. Combining this with p + o +7 = 7, we have ¢ > 7/2 > p. Thus we
have z < y.

Finally, we prove that there exists a > 0 such that (y + k)% > a(x + 1)?%
independently on P. Since k% > al?% and x < y, it follows that

(y+ k)P —a(z+ 1) = (y+ k)P — (al/wox + al/%l)wo
> (y+ k)% — (aM/*Poy + V).
Observing 0 < k < 1 and 0 < y < 2rg, we have
(y+ k) — (a'/?Py + \/E)2 =y(1 - 2a'/?P0V/k — al/Poy)
> y(1 —2a"/?% — 2r¢at/P0),

If we need, we can again take a > 0 so small that the right side above is positive.
Therefore we have (y + k)% > a(z + 1)2% independently on P, which completes
the proof. a
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