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SECOND ORDER SOBOLEV REGULARITY FOR p-HARMONIC
FUNCTIONS IN SU(3)

CHENGWEI YU

ABSTRACT. Let u be a weak solution to the degenerate subelliptic p-Laplacian

equation
6

Agpu(z) = Y Xi(|VaulP~? Xiu) =0,
i=1
where H is the orthogonal complement of a Cartan subalgebra in SU(3) and
its orthonormal basis is composed of the vector fields X1,..., Xg. We prove
that when 1 < p < 7/2, the solution u has the second order horizontal Sobolev

Wfl’ioc—regularity.

1. INTRODUCTION

We consider the group SU(3), that is, the special unitary group of 3 x 3 complex
matrices endowed with a horizontal vector field Vi = {X;, X5, ..., Xg}. Let Q be
a domain in SU(3) and 1 < p < oo. We call a function u as a p-harmonic function
inQifue€ W;{’ﬁ'oc(ﬂ) is a weak solution to the degenerate subelliptic p-Laplacian
equation

6
Aggpu(r) = X;(|VyulP "> X;u) =0 in Q, (1.1)
i=1
that is,
6
/ Z |VyulP 2 XuX;pdr =0, ¢ € C3°(Q),
Q=1
where Vyu = (Xju, Xou, ..., Xgu) is the horizontal gradient of a function u €

CL(Q), W;[’ﬁoc(Q; R) is the first order p-th integrable horizontal local Sobolev space,
that is, all functions u € Lf, () with its distributional horizontal gradient Vyu €
LY (), see Section 2 for more details.

When p = 2, the p-harmonic functions in SU(3) are usually called as harmonic
functions, and are always smooth as proved by Hormander [8]. When p # 2, for

p-harmonic functions u in SU(3) satisfying

0< M <|Vyul(z) <M ae. inQ, (1.2)

2020 Mathematics Subject Classification. 35H20, 35B65.
Key words and phrases. p-Laplacian equation; SU(3); Wf_f

7loc—regularity; Hessian matrix;

p-harmonic function.
(©2022. This work is licensed under a CC BY 4.0 license.
Submitted December 2, 2021. Published April 6, 2022.

1



2 C. YU EJDE-2022/27

Domokos-Manfredi [4] also proved that v € C*°. However without assumption
, one can not expect that u € C°°. Recently, for general p-harmonic function
in SU(3), Domokos-Manfredi [3] built the C%!-regularity and, when 2 < p < oo,
the C'M-regularity.

This article aims to establish the following second order Sobolev regularity for

p-harmonic functions v in as below, that is, u € 4 . Here for any
h ic functi in SU(3) as below, that i Wi loe(Q). Here f
,21oc(Q) ifve W;LQIOC(Q) and its second order distributional
orizontal derivative V#Vyv = (X;X;v)1<4 <6 € . For convenience, for
horizontal derivative V4V X X;v)1<i j< L2 (Q). F i fi

¢ € C§°(Q) we write
Ky =1+ [Vaudli= () + [0V 70l L= ()- (1.3)

Theorem 1.1. Let 1 < p < 7/2. If u is a p-harmonic function in a domain
Q C SU(3), then u € WiﬁlOC(Q) Moreover, when 1 < p < 2, for any ¢ € C3°(§2)

with 0 < ¢ <1, we have
/ A |Vy VyulPde < c/ |V yul|* Pdx +ch/ |Vyu|PT2de;  (1.4)
Q spt(¢) spt(p)
when 2 < p < 7/2, for any ¢ € C§°(Q) with 0 < ¢ < 1, we have

/¢>6|VHVHu\2dx chf’;/ |VHu|p+2dx+cK¢/ &\ VyulP~2dx
Q spt($) Q (1.5)
b [ SVl

Q

. 2,
function v we say v € W,

where ¢ = ¢(p) is a positive constant.

Recall that, for p-harmonic functions in Euclidean spaces, their C'1:*-regularity
has been established by [I8, 17, [7, 9. [16]. Their Sobolev W?2-regularity with 1 <
p < 3+ 25 was proved in [I2] (see also [6]). In particular, for p-harmonic functions

in RS, the range of p to get their Sobolev Wlif-regularity isalso 1 < p < 7/2, but
when % < p < o0, it remains open to get their Wli’f—regularity; see [6] for more
details. Moreover, for p-harmonic functions in Heisenberg group H"”, their C%! and
Cl%regularity has been established in [2, 5 111 [13] 15, 19, 14]. If 1 < p < 4 when
n=1land1<p<3+ ﬁ when n > 2, their horizontal Sobolev HWli’f—regularity
was established in [5], [10].

To prove Theorem it is standard to consider the regularized equation of
subelliptic p-Laplacian equation as did in [3]. To be precise, let u be a p-harmonic
function in Q. Given any smooth domain U € © and § € (0,1], denote by u® €

W;{’p (U) the weak solution to the regularized equation

6

STXi(0+ V)T X =0 in U, v—ue W,H(0). (1.6)

i=1
As for the existence, uniqueness and C*-regularity of u°, we refer the reader to
4] [3] and references therein. It was proved by Domokos-Manfredi [3] (see Theorem
below) that Vyu® € L2 (U) uniformly in 6 € (0,1] and also that «’° — u in
C%U) as § — 0.

To show Theorem [1.1] it suffices to prove that {u’}se(o,1) have the following

Wi’,zloc(ﬂ)—regularity uniformly in § € (0,1]. Indeed, sending § — 0, from which
one can conclude Theorem in a standard way.
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Theorem 1.2. Let 1 < p < 7/2. Ifud € qut’fl’oc(U) is the weak solution to (1.6]),
then u® € Wi’ﬁOC(U) uniformly in 6 € (0,1]. Moreover, when 1 < p < 2, for any

¢ € CU) with 0 < ¢ < 1, we have

/ 0|V V' [Pda < C/ (6 + |Vaul?) 7" da

v spt(¢) . (1.7)

wokd [ (5 )
spt(e)

when 2 < p < 7/2, for any ¢ € C§°(U) with 0 < ¢ < 1, we have
/ 5|V Vil |Pda
U

chf;;/ (5+|vyu5|2)¥dx+cf<¢/¢4(5+|Vﬁu6|2)%‘2dx (1.8)
spt(¢) U

+ c/ 5 (6 + |VHU5|2)4%IJd£E,
U
where Ky is as in (1.3)) and the constant ¢ = c¢(p) > 0.

Below, we outline the idea for proving Theorem Our proof is based on
several a priori estimates for u’ established in [3]; see Lemmas and We
consider two cases: 1 <p<2and 2 <p<7/2.

When 1 < p < 2, we conclude from Lemmas and in a direct way.

In the case 2 < p < 7/2, to obtain we use some ideas from [6l [10] to
decompose the horizontal Hessian matrix and then combine a priori estimates in
[B]. We proceed as below. For simplicity we write the subelliptic 2-Laplacian
as Agv = Agv, and write the symmetrization of horizontal hessian V4 Vyv =
(XiXjv)i<ij<e as

DS’U — (XZ‘XJ"U -+ XjX{U) '
2 1<i,j<6

First, the following lemma gives a pointwise estimate of | D3u°|?, which is inferred

from a fundamental inequality in [6, Lemma 2.1]. See Section 4 for details.

5|2

Lemma 1.3. Let 1 < p < 7/2. Ifu’ € W;{’ﬁoc(U) is the weak solution to (1.6).
Then

|D2u’|? < ]| D2’ 2 — (Agu®)?] in U, (1.9)
where the constant ¢ = c(p) > 0.

Next, we bound the integral of the right-hand side of (1.9)); see Section 3 for
details. We denote by Vv := (X7v, Xgv) the vertical derivative of v.

Lemma 1.4. For any v € C(U) and any ¢ € C3°(U), we have
| [ ID3of? (w6 dal
U
< c/ |VHU|2¢6dx+c/ |Vav||[ Vi Vro|¢de (1.10)
U U

+e / Vsl IV Vool |9 V| + [,
U

where ¢ is a positive constant.
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In regards to the term
/ 0|Vl ||V Vrul | da
U

appearing in the right hand side of (1.10]), applying some Caccoippoli type in-
equalities established in [3] (see Lemmas and , we have the following upper
bound.

Lemma 1.5. Let 2 <p<4. Ifu’ € WL’?{OC(U) is the weak solution to (1.6, then
for any ¢ € C3°(U) with 0 < ¢ <1, we have
/ ¢° |V ||V Vru'|da
U
< ch;;/ ( )(5 + |VHu5|2)pT+2dm + CK¢/ o1 (6 + |V7.[u5|2)p2;2dx (1.11)
spt(op U

+ [ 66+ T’ )
U
where Ky is as in (1.3) and the constant ¢ = ¢(p) > 0.

On the other hand, we are going to bound |V Vv|? via |D3v|? from above.
Denote by Mwv the difference between V4, Vv and DZv, that is

Xinv—Xinv> B ([Xi,Xj}v

Muv := V3 Vv — D2v = ( . : >1<i =

1<i,j<6
Since M is an anti-symmetric matrix (m; ; = —m;;), we obtain
IVuVuv|? = |D3v|* + | Muv|?.
We bound the integration of |Mwv|? as follows.
Lemma 1.6. For any v € C®°(U) and any ¢ € C5°(U), we have
[ 13ruRebar <6 [ 190V T reiatdn +36 | V30l Vrollo" Vrolda

(1.12)
+ / Vaol26%da.
U

/Finally, combining Lemmas and we conclude for 2 <p<
7/2.
2. PRELIMINARIES
We recall the special unitary group of 3 x 3 complex matrices
{g€eGL(3,C):g-g*=1,detg=1}
as the group SU(3) and define its Lie algebra by
su(3) :={X €gl(3,C) : X + X* =0,tr X =0}.
From this, we give the inner product on SU(3) by

(X,)Y) := f%tr(XY).
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On the other hand, we note that the two-dimensional maximal torus on SU(3)
is given by the set

eler 0
T::{ 0 e 0 tai,az,a3 € R ag +a2+a3:0}.
0 0 el

Then we choose its Lie algebra as the Cartan subalgebra, that is,

ial 0 0
T::{ 0 das 0 | :ai,a2,a3 €ER aq +a2+a3:0},
0 O ia3

According to the definition of SU(3), we can obtain its orthonormal basis composed
of the following Gell Mann matrices G:

0 10 0 ¢« 0 0 0 O
Xi=[-1 0 0], Xe=1]% 0 0], Xg=[(0 0 1],
0 0 0 0 0 0 0 -1 0
0 0 O 0 0 1 0 0 4
X4=10 —il, Xs=10 0 0}, Xg=(0 0 O,
0 —i 0 -1 0 0 i 00
—i 0 0 —i/\/3 0 0
Ti=10 i 0|, Th= 0 —i/\/3 0 .
0 0 0 0 0 2i//3
Note that T7 and T, can be generated by the following two vector fields:
-2 0 0 0 0 0
Xr=—-[X1,Xo]=|( 0 20 0], Xs=-[X35,X4]=[0 20 0 [,
0 0 0 0 0 -2
which form an orthonormal basis of the Cartan subalgebra V7 = {X7, Xs}. Table[l]
provides all the commutators of the vector fields Xy, X, ..., Xg.
TaBLE 1. Commutators in SU(3)
L I X [ X [ X5 [ X[ X [ Xo | X7 [ X |
X, 0 X7 | X5 | —Xg —X3 Xy 4X, 2X,
X5 X7 0 Xg X5 — Xy —X3 —4X, | —2X;
X3 || —X5 | — X5 0 — X3 X3 X5 2X, | 4X4
Xy Xe | —X5| Xg 0 Xs —X1 —2X3 | —4X3
X5 X3 Xy | X7 | —X, 0 Xg— X7 | 2X5 | —2X5
Xe || =Xy | X3 | = X2 | Xy | X7—X5 0 —2X5 | 2X;
X7 || —4Xo | 4X1 | —2X4 | 2X3 —2Xg 2X5 0 0
Xg || —2Xo | 2X; | —4X4 | 4X3 2Xg —2X5 0 0

Consider the orthonormal basis of the horizontal subspace H in SU(3); that is,
Vu ={X1,Xs,..., Xs}.
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Note that the matrices G are left-invariant vector fields. According to Table[T] the
basis V4 satisfies the Hérmander condition at every point of SU(3) and produces
the horizontal distribution of a sub-Riemannian manifold.

We say that the curve « : [0,7] — SU(3) is subunitary associated to V3 if the
following two conditions are met: the curve «y is an absolutely continuous function;
there are measurable functions {a; € L*°[0,T]}1<i<¢ such that

6 6
Y(t) =) ei(t)Xi(y(t)) and Z A2(t) <1 forae. te[0,T).

i=1
Since at every point of SU(3) the basis V4 satisfies the Hérmander condition, by

[1], for any two given points z,y € SU(3) there exist subunitary curves v connecting
them. As a result, we define the Carnot-Carathéodory distance in regard to V4 by

d(z,y) = inf {T > 0 : there exists a subunitary curve ~ : [0,7] — SU(3)
connecting = and y}.

With respect to this distance d, we define the Carnot-Carathéodory balls centered
at © € SU(3) with radius r > 0 by

B.(z) ={y € SUB) : d(x,y) < r}.

We denote by dx the bi-invariant Harr-measure, by |E| the Lebesgue measure of a
measurable set £ C SU(3) and by

]{Efdzzﬁ/Efdx

the average of an integrable function f over set F.

In the rest of this section, we recall several a priori uniform estimates for reg-
ularized equation by Domokos-Manfredi [3]; see [3, Corollary 4.1]. Let u be a
p-harmonic function in a domain 2 C SU(3), where 1 < p < oo. Given any smooth
domain U € Q and § € (0,1], denote by u® € W;{’p(U) the weak solution to the
regularized equation . We have the following result.

Lemma 2.1. For any ¢ € C§°(U) with 0 < ¢ < 1, the followings hold:
(i) If >0, then

[ 6+ 19 ) (O PO P
<o [ 1OugR -+ V) VP (2.1)
+c(ﬁ+1)2/U¢2(5+|vHu5|2)%|vTu5|2ﬂdx.
(i) If B > 0, then
/U¢>2(6+ IVaw®[2) 2 8|V, Vi [ do
gc<5+1)4/U¢2(5+\vHuﬂ?)”Tﬂﬂvwéde (2.2)

+ (B + 1)2K¢/ (6 4 |Vyul|?) 2P d,
spt(¢)
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(iii) If B > 1, then

[ #4264 93 )2 |V PP VeV P

v y (2.3)

<G+ )PVl Fey) [ PO+ [T’ )TV P
U

(iv) If B > 1, then
/ 62(5 + |V [2) 224893, Vg 2
U

<c(B+ 1)12K¢/ (6 + |V 2) 5B .
spt(¢)

Above Ky is as in (L.3)) and constants ¢ = ¢(p) > 0.
Combining (2.3) and ([2.4]), we obtain the following result.
Lemma 2.2. For any 8> 1 and any ¢ € C§°(U) with 0 < ¢ < 1, we have

/ G5 4 [Vl [2) 55 [V |28V, Vg [P
U

<4 )HER [ @ V),
spt(¢)

where Ky is as in (1.3) and the constant ¢ = c¢(p) > 0.

Moreover, Domokos-Manfredi [3] further established the following uniform gra-
dient estimate and also convergence. We also write u® = w.

Theorem 2.3. We have Vyu® € L2 (U;RS) uniformly in § € [0,1) and, for any
ball By, C U,

p l/p
Vsl < @), @+ TanP)E) (26)

Ba.-

Moreover, u® — u in C°(U).

3. PROOFS OF LEMMAS

In this section, we prove Lemmas and To prove Lemma
we need the following pointwise inequality from [6l Lemma 2.1]. To simplify the
following proofs, we write the subelliptic co-Laplacian Ag o.v of v € C* as

6
Nooot = Y X X;XuXj0 = (Vv) Vo VooV = (V)" DivVy.

ij=1
Lemma 3.1. For any v € C™(U), we have
1
‘ID%UVHUIQ — AgvAg 0¥ — §[|ng|2 - (AOU)Q]\VHUF‘

< 2[|D3v|* | Vyv|* — |D3vVyvl?] in U.

(3.1)

Proof. For each point T € U, we assume that Vv(Z) # 0 below, otherwise (3.1))
obviously holds. In the case Vyuv(Z) # 0, we may also assume that |Vyo(Z)| =1
below, otherwise we divide both sides by |Vyv(Z)]2.
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At Z, since D3v(Z) is a symmetric matrix, by the linear algebra theory, we
obtain a set of eigenvalues based on the matrix DZv(Z), that is, {\;}{; C R.

Then according to the linear algebra theory again, there is an orthogonal matrix
O € O(6) such that

OTD2vO = diag{\1, A, ..., As}-
Noting that O~ = O, we have

6 6
|Dgv|? = [0 D§vOf* = Z()\i)Q; AOUZZ)\i-

i=1

For simplicity, we write O Vv = Z?:l a;e; =: d. Thus
Aot = (V)T DEvVayv = (0T V)T (0T DEvO) (0T Vyv) = Z Ni(a;)?,
6

|D5oVol® = (0T DguO) (0T Vo) * = Y (Ai)? (ai)*.

i=1

By [0, Lemma 2.2] with X = (A1, A2, ..., Xg) and @ := OTVyv, we have

1
D30V 30l = AovBo.scv = 5 1D3I = (B0v)?]|Vaol?|

6 6 6 165 6
= 121 (A)?(@i)? - (;Ai) [leﬂ -3 22|
6 6
<2 300" - 30w’
= 2[|DOU| |VHU|2 |DOUVHU| ],
which implies . ([

Now we apply Lemma [3.1] to prove Lemma
Proof of Lemma- Noting that u® € C°°(U), dividing both sides of (I.6) by
(6 + |[Vunul?)*7 , we have
(p — 2)A0.00t’ + (6 + [Vu’[H)Agu’ =0 in U. (3.2)

For any point T € U, we consider two cases: Vyu®(%) = 0 and Vyu®(Z) # 0. In
the case Vyu®(Z) = 0, since

No,oot®(T) = (wf<i)>TvHvHu5(a*:>wu5<az) =0,

Equality (3 1mphes that Agu®(z) = 0. Thus ) holds.
Now we prove in the case Vyu’(Z) # 0. Applylng Lemma with v = u®
and multiplying both sides by (p — 2)%, at Z we have
(p —2)?|D2uVnul|* — (p — 2)*Agu’ Ag sott?
(»—2)?
2

D34’ = (Aou’)?] | Vaeu’|? (3-3)
< 2(p - 2)°[| D§u’ PV’ |* — | DgoVau’?).
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Combining (3.3]) and (3.2]), at £ we have
(p = 2)%|Dgu’ Ve’ P + (p = 2)(Aou’ ) [|Vaeu’ > + 0]
2
(p ) HDQ 6|2 (A0u6)2]|VHu6|2
< 2( = 2)°[| D3’ [*| Ve’ [P — [ Dju’ Vau’|?).
By dividing both sides by |V#u®(z)|?, at T we have

2| DU’ V|2 (Agu’)?

S Bt v e

+(p—2) 157 [ Vuu’ > + 6]
(3.4)

2
< P D gt — (u)?) + 20— 22| D3
Recalling that
Ag oott’ = (Vyud)T DEulVayul,
by Holder’s inequality and (3.2), at T we have
o | D3V ul|? > (pf2)2‘AOv°°u§|2 > (Agu®)?
|Vaud|? [Vl [Vl

Here we apply Hoélder’s inequality to estimate the first inequality in (3.5]), and apply
) to estimate the second inequality.

Comblmng and ., we have
A
(p+ 1)( o

Vyu
Thus

(r—2) [Vuu’ +6]. (3.5)

2
)
|) 1V +0] < L2032 — (2gu?)?] + 2(p — 207 D3

< p=2p
=2

(p+ 1) (Agu’)? D5’ * = (Aou’)?] + 2(p — 2)°| DFu’ .

From this, subtracting [(p+1)(Agu®)? — (p+1—2(p—2)?)|D3u’|?] from both sides,
we have

p+ 1200~ 2D3 < [p+ 1+ B2 1080 — (A
Noting that 1 < p < 7/2 implies
p+1-2(p—2)*=(p—1)(7—2p) >0,
we conclude ((1.9)). O

Proof of Lemma[I.7} For simplicity we write the right-hand side of - as

R::c/ |vHv|2¢6da:+c/ | V30| Vg Vro|pde
U U
(3.6)
b [ 1Vl VTl [9r0] + lolldo
U

Recall that
6

A()U = Z XzXz’U

i=1

XinU + XinU

Do = ( )icisen
oY 2 1<i,j<6



10 C. YU EJDE-2022/27

Then
[IDgv[? — (Agv)?]

6 6
XinU—FXjXﬂ} 2 2
=Y () - (o xxw)
= =1

1
- [4 [(X,X0)? + (X;X70)? + 2X, X0X,; X 0] — XiXivXijv}
6

6
1
Z [(XiX50)° = XiXwX; Xjo] + 5 D0 1(XXiw)* = XiXivX; X]

[Xin'UXin’U — XiXZ'UXij’U}
= % Z [(X:iX;0)? — X XivX; X ;0]

1
+ 5 [XZ‘Xj’UXin’U - XZ‘Xi’UXij’U].
ij=1
By this, to prove (1.10]), we only need to prove that, for 1 <4, j <6,

/U (X X;v)* — X; XjvX;X;v]¢%dr < R, (3.8)
/U[XinvXjXZ-v - X; X;vX; X;v]¢%dx < R, (3.9
where R is as in
First, we prove (3.8). Integrating by parts, we have
/U (X, X;v)?¢%dr = — /U XvX; X; Xv¢%dr — 6 /U XvX; X,v4° X pdx.
Since X;X; = X, X, + [X;, X,], we have
/U X;vX; X; Xjvdx = /U X;vX: X; Xivg®da + /U X;vXi[X;, X;Jveldz.
Combining the above two equalities, since X;X; = X; X; + [X;, X;] again, we have
/ (XiXjv)*¢0de = — /U XjvX; X Xv¢dx — 6 /U X;vX; X;09° X;pdx
U
- /UX]-U[XZ-, X1 XvpOdx — /UXJ-UXZ-[XZ-,X]-]U(;Sde.

Integrating by parts again, we have

/U (X; X;v)?¢0dx = /U X; XX Xv¢da + 6 /U X;vX; X;v9° X ¢dx
—6 / XjvX; X;0¢° X ¢pdx — / X;v[Xi, X;] Xive®dx (3.10)
U U

- / X;vX:[X;, X;]vgtda.
U
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Table [Il shows that
8
(X5, X;] =) ;X for any i,j € {1,2,...,8} (3.11)
k=1

and that
8
(X0, X51X; =) b X X;
k=1
8

=D ey (XiXi + [Xi, Xi)) (3.12)
k=1

8 8
=Y, (Xixk +3 chiXm) for i,j € {1,2,...,8},
k=1 m=1

where cf, ; and ¢;; are constants and are completely determined by Table |1} Com-

bining (3.10), (3.11) and (3.12), then subtracting [, X;X;vX;X;v¢%dx from both
sides, by the fact

|V7’U|2 < Z‘VHVHUF,

we obtain (3.8)).
Finally, we prove (3.9) in a similar way. Integrating by parts, we have

/U X XjvX; Xvplde = — /U X;vX; X; Xv¢%dx — 6 /U X;vX;X0¢° X pda.
Since X; X; = X, X, + [X;, X,], we have
/U X;0X; X; Xivpde = /U X;0X; X; Xivg®da + /U X[ X;, X;]Xivptda.
Combining the above two equalities, by integration by parts again, we have
/U X, XjvX; Xv¢tdx
= /U X; Xj0X; XivpSdr — /U XXy, X;]1Xv¢Oda (3.13)
+6 /U XvX; Xiv¢® X ¢dr — 6 /U XvX;Xiv¢° X pd.

We combine (3.12)) and (3.13). Then subtracting [;; X; X;vX;X;v¢%dx from both
sides, by the fact that

|Vl < 2|VyVayvl?,

we obtain (3.9). O

Proof of Lemma|1.5. Since 2 < p < 4, by Young’s inequality, we have

[ 819w V¥l da

v (3.14)

g/¢6(5+|vHu5|2)‘%|vHvTu5|2dx+/ °(6 4 |Vl |?) =" da.
U U
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By (2.1) in Lemma [2.1] with 3 = 0 and ¢ — ¢> therein, we have

[ 06+ 1) [TV P

U

< eVl [ 66+ Vo P)E [Vl (3.15)
U

—|—c/ ¢%(6 4 |Vul )2 da.
U

By Young’s inequality again, that |V7u°|? < 2|V#Vyu’|? and Lemma with
3 =1 therein, we have

[ 66+ 1V ) 5 (9 P

U

< / 610 + [Vau® )5 |Vl [ + / 60+ |Vud’ ) T dr (3.16)
U U

scK;/ (5+|vHu5|2)’%2dx+/ (6 + |Vl |2) "2 da.
spt(¢) U

Here we apply Young’s inequality to estimate the first inequality in (3.16)), and
apply the fact |Vyu®|? < 2|Vy¢Vyu’|? and Lemma to estimate the second
inequality.
We combine (3.15)) and (3.16]). Then by Young’s inequality, we have
[ 656+ V) [Ty P

v i . (3.17)

< cK;;/ 6+ |vHu5|2)de+cK¢,/ 616 + |V ) 272 dr,
spt(¢) U

Combining (3.17) and (3.14), we conclude (|1.11)). |

Proof of Lemma[I.6, Recall that
[Xiv XJ]U

My = ( ) .
v 2 1<i,j<6

According to Table[l] we have
1
|Mu|* = 5[(X7U)2 + (Xsv)? + (Xgv — X70)?] + [Vyo]®
= (X7’U)2 + (XsU)Q — X7vXgv + |V’H’U|2.

Since
2| X7vXgv| < (X7v)* + (Xsv)?,
it remains to bound the integration of (X7v)? and the integration of (Xgv)2.
First, we bound the integration of (X7v)2. Since X; = —[X1, X»], integration
by parts yields

/ (X70)2¢%de = / (XoX v — X1 Xo0) X7v¢da
U U
= / Xov X1 X7v¢de — / X1vXo X704 da
U U

+6 / XovX700° X, pdx — 6 / X0 X700 Xopda.
U U
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Thus
/(X7v)2¢6dx < 2/ |VHv\|VHVTv|¢>6dx+12/ |V 30| Vrv| |95 Vi d|de.
U U U

Finally, we bound the integration of (Xgv)? in the same way. Combining these
together, we conclude (|1.12]). O

4. PROOFS OF MAIN RESULTS
Proof of Theorem[I.4 We consider two cases: 1 < p < 2 and 2 < p < co. When
1 < p <2, applying (2.2) in Lemmawith B8=(2-p)/2>0, we have
/ 2|V Vyul [2dx < CK¢/ (6 + |Vuul|?)dzx + c/ P Vrul|Pde.  (4.1)
U spt(¢) U
By Young’s inequality, the fact |Vyu®| < 2|V Vxu’| and Lemma with 8 =1,
we have

/ 2|V rul [2dzx
U

- / 26 + [Vl [2) 57 (6 + |Vagu® PP) 552 |V s Pl

7 - I (4.2)

< / (6 + |Vagud2) 2 dar + / 616 + [Vl [2) 27 |Vl [Ad
spt(¢) U

g/ (5+|Vﬂu5|2)2%pdx+cf<;/ (6 + |V 2) 5+ da.
spt(¢) spt(¢)

Here we apply Young’s inequality to estimate the first inequality in (4.2]), and
apply Lemma to estimate the second inequality. Combining and (4.2)), by
Young’s inequality therein, we obtain .

Now, we consider the case 2 < p < 7/2. Recalling that

|V Vil |? = | D2u®)? + | Mud|?,
by Lemmas and we have

/ |V V'l |2 ¢8dx < c/ |VHu5\2¢6dm+c/ |Vl ||V Vorul | ¢S da
U U U
(4.3)
b [ 1Vl 9n T Vol + ol
U

To obtain (|1.8)), it remains to estimate the second term in the right-hand of (4.3]).
By Lemma (4.3) becomes

/‘VHVHU6|2¢6d:C
U
< [ [VatPotdote | 1Vaal[9n T ol [ Vs + [ol}dz
U U
—|—ch/ (5+\Vyu5|2)#dx+cl(¢/ ¢4(6+\Vﬂu5|2)%2d0’c
spt(¢) U

+c/ #°(6 + |Vyu5\2)4_7pdx.
U

By Young’s inequality, we obtain ([1.8]). (]
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Proof of Theorem[I1]. Let © be a domain in SU(3). Consider any p-harmonic
function u € W;{p (©). Given any smooth domain U € €, for p € (1,00) and

loc

5 € (0,1], we let ud € W;{’I’(U) be a weak solution to (|1.6). By Theorem we
have that

Vyu® € W;{’ioc(U) uniformly in § € (0, 1]. (4.4)

Theorem 2.3 shows that
u’ —u in COU) as 6§ — 0, (4.5)
Vyul € L®(U) uniformly in 6 € (0,1]. (4.6)

Combining (4.4) and (4.5, we have
Vyu’ — Vyu weakly in W;{Q (U) and in L (U) as § — 0. (4.7)

loc
By (4.6) and Holder’s inequality, (4.7) implies that

Vayu® — Vyu in L (U) for 0 < ¢ < 0o as § — 0.

By letting 6 — 0 in ([1.7)) and (L.8)), we can obtain (1.4 and (1.5]). O
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