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GLOBAL WELL-POSEDNESS FOR KLEIN-GORDON-HARTREE
AND FRACTIONAL HARTREE EQUATIONS
ON MODULATION SPACES

DIVYANG G. BHIMANI

ABSTRACT. We study the Cauchy problems for the Klein-Gordon (HNLKG),
wave (HNLW), and Schrodinger (HNLS) equations with cubic convolution (of
Hartree type) nonlinearity. Some global well-posedness and scattering are ob-
tained for the (HNLKG) and (HNLS) with small Cauchy data in some modula-
tion spaces. Global well-posedness for fractional Schrédinger (fNLSH) equation
with Hartree type nonlinearity is obtained with Cauchy data in some modula-
tion spaces. Local well-posedness for (HNLW), (fHNLS) and (HNLKG) with
rough data in modulation spaces is shown. As a consequence, we get local and
global well-posedness and scattering in larger than usual LP-Sobolev spaces.

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Klein-Gordon-Hartree and wave-Hartree equations. We study the Cauchy
problem for the Klein-Gordon and wave equations with Hartree type nonliearity

wgs + (I — A)yu = (V * |u|®)u, u(0) = ug, us(0) = uy (1.1)
and
uge — Au = (V * [u|*), w(0) = ug, us(0) = uy, (1.2)
where u(t,z) is a complex valued function of (t,2) € R x R, i = /=1, u; =
%, Upp = g—;t, I is the identity operator, A is the Laplace operator, ug and u, are
complex valued functions of z € R?,  denotes the convolution in R%, and V is of
the type

Viz)=—=, MeR, zeR% 0<y<d (1.3)

[
The stationary equation —Au+(V x|u|?)u = ou is obtained by looking for separated
solutions of and (L.2), where u = e*u(z)(c = A2 — 1 and o = A?). In the
case V(z) = |z|71, the stationary equations were proposed by Hartree as a model
for the helium atom. Thus the homogeneous kernel of the form is known as
Hartree potential. A class of a “nonlocal” nonlinearity that we call “Hartree type”
occurs in the modeling of quantum semiconductor devices.

Menzala-Strauss [2I] studied the well-posedness and asymptotic behavior of
equations and (L.2)). Mochizuki [26] and Hidano [I6] studied scattering theory
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in the energy space (see also [10, 28]). Recently Miao-Zhang [23] 25] and Miao-
Zhang-Zheng [24] studied global well-posedness and scattering theory for equations
and below energy space. We remark that all previous authors have stud-
ied equations and on L?-based Sobolev spaces. Mainly because generally
Klein-Gordon G(t) = eitI=2"% and wave W(t) = eit (=" semigroups fails to be
bounded on LP(R?) if p # 2. Hence we cannot expect to solve equations and
in LP(R?)(p # 2)-spaces. The question arises if it is possible to remove L2
constraint and consider equations and in function spaces which are not
L? based.

This question has inspired to study equations and (|1.2) in other func-
tion spaces (e.g., modulation spaces MP+4(R%), see Definition [2.1{ below) arising in
harmonic analysis. Pioneering steps in this direction were taken by Wang-Lifeng-
Boling [31], Wang-Hudzik [29] and Bényi-Grochenig-Okoudjou-Rogers [1]. In fact,
in [29] it is proved that Klein-Gordon equation with power type nonlinarity is
globally well-posed with small Cauchy data in M?2'(R%). In [Il 1] it is proved
that the Fourier multiplier operator with multiplier e™l¢I” (o € [0,2]) is bounded
on MP4(R?) (1 < p,q < o0). (The cases @ = 1 and a = 2 occurs in the time
evolution of the free wave and Schrédinger equations respectively.) Many authors
[2, [6, @, 12| 17, 27), B2] have studied Klein-Gordon and wave equations with power
type nonliterary in modulation spaces. However, there is not much progress con-
cerning well-posedness and scattering theory for the equations and in
modulation spaces.

Taking these considerations into account, we are inspired to study equations
and with Cauchy data in modulation spaces. To sate results, we set up

notation. Set 20(p) = (d +2)(% — %) 2<p<oo,deN), 1/p+1/p =1. We call

pair (p,r) is Klein-Gordon admissible if there exists another exponent /3 such that
1 2
T |
e
1 1 d 1 1
S< o< ——Nd(= - = 1.4
3-8 " d+2 (2 p)7 (1.4)
L1
1= 730

We remark that if pair (p,r) is Klein-Gordon admissible, then 3 < r < oo and
rd(3 — %) > 1.

Theorem 1.1 (Global well-posedness). Let 2 < p < 3, % +I-1= 2%,, s € R,
and pair (p,r) is Klein-Gordon admissible. Assume that

(uo,u1) € My 0y RY) x MY (R

and there exists a small 6 > 0 such that |luoll, 0+ [[uall,,era <. Then
s+20(p) 420

(p)—1
(1.1) has a unique global solution
u € C(R, MPH(RY) N CY(R, M}y (RY)) N L7 (R, MP(RY)).

One also has the bound ||ull 1, g prrt (pay) < HuOHMi;U(p) + ||U1||M:;,210(p>_1.

Noticing LP(R%) C MP1(RY) for s > d and taking s = —20(p) (see Theorem
below), Theorem reveals that we can control initial Cauchy data beyond
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LP-Sobolev spaces. To prove Theorem we use some algebraic properties (see
Proposition below) and the integrability of time decay terms for Klein-Gordon
semigroup:

GO fllagza S A+ )PP E| e

s+6020(p)
where s € R,2 < p < 00,1 < g < 00,0 € [0,1] (see Proposition below). We
remark that there is no singularity at ¢t = 0 and but preserve the same decay as in
the below L? — L¥" estimate of G(t). This is a special characteristic of modulation
spaces. Recall standard L? — L estimate of G(t);

IGWlay,,, < OO f L, 2<p < oo

and since |t|~%(1/2=1/P) is not integrable, we do not know whether we can use the
similar argument under LP, Besov, or Sobolev spaces.

Theorem reveals that we have L} (R, MP-!) bound for the solution of if
the initial data is small enough. This implies we obtain scattering. Specifically, we
have the following result.

Corollary 1.2 (Scattering). Let ug € MP'(RY), u; € MP'(RY), and let u is the
global solution to (1.1) such that ||u] Lr@mrty < M for some constant M > 0.

Then there exist vii, v € MPY(RY) such that vE = G(t)vi + G(t)vE are solutions
to the free Klein-Gordon equation uy + (I — A)u =0 and

|lu(t) — vi||M§,1 —0 ast— too.

It remains open question to obtain the global well-posedness for equations (|1.1))
and (|1.2)) and for the large data in modulation spaces. However, we can obtain local
existence with persistency of solutions. Specifically, we have the following theorem.

Theorem 1.3 (Local wellposedness). Let V is given by (1.3) and X = MP4(R?)

(1<p<2,1<g< %) or MP1(RY) (1 <p<oo,s€]R,%+%—1: pi6,6>0).
Assume that ug,u; € X. Then

(1) there exists T* = T*(|Juol|x, ||u1]lx) such that (1.1) has a unique solution

u e C([0,T*),X). Moreover, if T* < oo, then limsup,_,p- |lu(-, )] x = c.

(2) there exists T* = T*(|luol|x, ||u1llx) such that (1.2) has a unique solution

uwe C([0,T*),X). Moreover, if T* < oo, then limsup, ,p« ||u(-,t)||x = oo.

Up to now we cannot know if equations and are locally well posed in
LP(R?), but by Theorem (1.3 in MP}(R?) C LP(R?) (see Lemma below).
MPH(R?) (p > 2, some s; € R) contains a class of data which are out of control
of H*(R?). Notice that taking s; = —d/2, it follows that H*(R?) = L2(R%) C
MZYR?Y) € MPY(R?) for any s > 0 (see Theorem , Theorem reveals that
we can get local well-posedness for and below energy spaces and in any

dimension.

Remark 1.4. The analogue of Theorem [I.3] holds for the generalized equations
(1.1) and (1.2), that is, Klein-Gordon and wave equations with nonlinearity (V
|u|?*)u (k € N) when X = MP1(R9).

1.2. Fractional Hartree equation. We study fractional Schrédinger equation
with cubic convolution nonlinearity

i — (=N 20 = (V x [u)®)u, u(z, 0) = ug(z) (1.5)
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where u : Ry x RE — C,up : R — C, V is defined by (1.3), and o > 0. The
fractional Laplacian is defined as

Fl(=A)*2u)(€) = [¢]*Fu(€)

where F denotes the Fourier transform. Equation is known as the fractional
Hartree equation. Equation describes the dynamics of Bose-Einstein conden-
sate, in which all particles are in the same state u(t, ). There is an extensive study
of with Cauchy data in Sobolev spaces, e.g., [22 [T}, [7] and the references
therein.

Recently, for 0 < v < min{«, d/2}, Bhimani [4] proved global well-posedness for
in MP4(RY) (1 <p<2,1<gq<2d/(d+7)) when o = 2,d > 1, and with
radial Cauchy data when d > 2,524 < o < 2 (cf. [3, [19]). Manna [20] proved
small data global well-posedness for with the potential V € M1*°(R9). On
the other hand, many authors [31] 29] [2| [I5] [6] have studied nonlinear Schrédinger
equation in modulation spaces. In this paper, using time integrablity of time decay
factors of time decay estimate (see Proposition, we obtain global well-posedness
and scattering for small Cauchy data in modulation spaces. To state result, we set
up notations. We call pair (p,r) Schrodinger admissible if there exists another
exponent 3 such that

), (1.6)

and
(1) # (7

Notice that if pair (p,r) is Schrédinger admissible, then 3 < 7 < oo and rd(4 — %) >
1. We are now ready to state following theorem.

Theorem 1.5 (Global well-posedness). Let 2 < p < 3, % +1-1= 2;,, s € R,
o =2, and (p,r) be a Schridinger admissible pair. Assume that ug € MP 1 (RY)
and there exists a small 6 > 0 such that ||u0||M§,/,1 < 4. Then has a unique
global solution

u € C(R, MP*(RY) N L7 (R, M1 (RY)).

One also has the bound ||ul| .- g prr1gay) S luoll -

In [4, Theorem 1.1] global well-posedness for (|1.5)) studied with the range of
v < min{d/2,2}. Notice that Theorem covers range of v > d/2 as 7 =1+ %
and v/d >1/2 < p>3/2.

Corollary 1.6 (Scattering). Let ug € MP1(RY) and let u is the global solution to
(1.5) with initial w(0) = up such that ||u| Lrwpty < M for some constant M >0

and r < oco. Then there exist solutions e®
tug + Au = 0 such that

u+t to the free Schrodinger equation

Ju(t) — eimuiHMf,l -0 ast— Foo.
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Remark 1.7. Taking Proposition[2.8|into account, the method of proof of Theorem
may further be applied to equation ([1.5) with o > 2 to obtain the global well-
posedness for the small data in modulation spaces.

Theorem 1.8 (Global well-posedness). Let V € M°1(R?) and 1 < o < 2. As-

sume that ug € MP4(RY)(1 < p,q < 2). Then there exists a unique global solution
of (L.5) such that u € C(R, MP4(R9)).

In [I9, Theorem 1.2] it is proved that with potential V € M°}(R?) and
a = 2 is globally well-posed in MP4(R%)(1 < g < p < 2). Notice that Theorem
generalize this result for with 1 <a <2

Up to now we cannot know is locally well-posed in L?(R?) but, by Theorem
in MP'(R%). Local well-posedness for are studied by many authors in
Sobolev spaces. Modulation spaces enjoy lower derivative regularity (see Proposi-
tion below) and we can solve with the lower regularity assumption for the
Cauchy data.

Theorem 1.9 (Local well-posedness). Let V' is given by (1.3), 1/2 < a < 2 and
ug € MPYRY) (1 < p < 0,5 € R, %Jr T-1= p_li_e, € > 0). Then there exists
T* = T*(|luol| pyp1) such that (L.5) has a unique solution u € C([0,T™), MPH(RY)).

Moreover, if T* < oo, then limsup,_,p. [[u(-, t)[| yp1 = oc.

Remark 1.10.

(1) The analogue of Theorem holds for the generalized equation and
(T:2), that is, fractional Schrédinger equation with nonlinearity (V s |u|**)u
(k € N) when X = MP1(RY).

(2) We have obtain local well-posedness for generalized equations ,
and with potential V € FLI(R?) (1 < q¢ < oo) or M1 (RY) or
V € M1>°(R%). See Theorems and Remark below.

The remainder of this paper is organized as follows. In Section [2] we introduce
notations and preliminaries which will be used in the sequel. In Section we
prove some Strichartz type estimates and boundedness of Hartree nonlinearity in
modulation spaces. In Section [d] we prove Theorems and Corollary In
Section [5} we prove Theorems and and Corollary In Section [6] we
give sketch proof of Remark .

2. PRELIMINARIES

2.1. Notation. The notation A < B means A < ¢B for a some constant ¢ > 0,
whereas A < B means ¢ A < B < cA for some ¢ > 1 and a A b = min{a, b}. The
symbol A; < A, denotes the continuous embedding of the topological linear space
Aj into As. The LP(R?) norm is denoted by

Il = ([ 1r@Pas)”" (1 <p <o),

the L>=(R%) norm is ||f| =~ = ess.sup,cpa|f(z)|. For 1
Holder conjugate of p, that is, 1/p+1/p’ = 1. We use L (

time norm
- 1/r
o = ([ ulae) "

< oo, p’ denotes the

<p
I, X) to denote the space
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where I C R is an interval and X is a Banach space. The Schwartz space is denoted
by S(R?) (with it’s usual topology), and the space of tempered distributions is
denoted by S'(RY). For x = (x1,...,24),y = (y1,...,%4) € RY, we put z -y =
Zle z;y;. Let F : S(RY) — S(RY) be the Fourier transform defined by

Ffw)=flw)= [ f)e 2> dt, weR?
Rd
Then F is a bijection and the inverse Fourier transform is given by

Fl @) =f"(x) =

Rd
and this Fourier transform can be uniquely extended to F : §'(R?) — &’(R9). The
Fourier-Lebesgue spaces FLP(R?) is defined by

FLPRY) = {f € S'®RY) : | fllzLr = IfllLr < 00}

The standard Sobolev spaces W*?(R%) (1 < p < co0,s > 0) have a different char-
acter according to whether s is integer or not. Namely, for s integer, they consist
of LP-functions with derivatives in L” up to order s, hence coincide with the LP-
Sobolev spaces (also known as Bessel potential spaces), defined for s € R by

LERY) = {f € SRY) : || fllee == IF P F(Hlee < o0},
where (£)° = (1 + [¢[%)*/? (€ € RY). Note that L? (R?) < L2 (R?) if s < s;.

f(w) ™™ Ydw, x e R,

2.2. Modulation spaces. Feichtinger [I3] introduced a class of Banach spaces,
the so called modulation spaces, which allow a measurement of space variable and
Fourier transform variable of a function or distribution on R? simultaneously using
the short-time Fourier transform(STFT). The STFT of a function f with respect
to a window function g € S(R?) is defined by

Vof(z,w) = y f)glt —x)e ™™ tdt,  (z,w) € R*?

whenever the integral exists. For z,y € R? the translation operator T, and the
modulation operator M, are defined by T}, f(t) = f(t—z) and M, f(t) = e*™! f(¢).
In terms of these operators the STFT may be expressed as

where (f, g) denotes the inner product for L? functions, or the action of the tem-
pered distribution f on the Schwartz class function g. Thus V : (f,g9) — Vy(f)
extends to a bilinear form on §'(RY) x S(R?) and V,(f) defines a uniformly con-
tinuous function on R? x RY whenever f € S’(R%) and g € S(R?).

Definition 2.1 (modulation spaces). Let 1 < p,q < 0o, s € R and 0 # g € S(R?).
The weighted modulation space MP?(R%) is defined to be the space of all tempered
distributions f for which the following norm is finite:

||fHMg’q = (/Rd </Rd ‘ng(x,y)‘pdx>q/1”(l + ‘y|2)sq/2 dy)l/q,

for 1 < p,q < oo. If p or ¢ is infinite, || f||psre is defined by replacing the corre-
sponding integral by the essential supremum.

For s = 0, we write M} (R%) = MP4(R?).
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Remark 2.2. The definition of the modulation space given above, is independent
of the choice of the particular window function. See [I4], Proposition 11.3.2(c)].

Applying the frequency-uniform localization techniques, one can get an equiva-
lent definition of modulation spaces [29] as follows. Let @, be the unit cube with the
center at k, so {Qy }peza constitutes a decomposition of R, that is, R = UgczaQg.
Let p € S(RY), p: R? — [0,1] be a smooth function satisfying p(¢) = 1 if [¢|e < 2
and p(§) =0 if |€|c > 1. Let pi be a translation of p, that is,

pr(€) =p(§ — k), keZ’
Denote

o (£) — i (§) d
k(g) B Zlezd Pl(f)7 e

Then {o(§)}reze satisfies the following
lok(€)| > ¢, Vze€Qy,
supp oy, C {€: |[§ — k| < 1},
Y on(©) =1, VEeR
kezd
IDo(§) < Clap, V€ €RY 0 € (NU{0})7.
The frequency-uniform decomposition operators can be exactly defined by
Op = F 'ow 7.
For 1 < p,q < o0, s € R, it is known [13] that
\1/a
1z = (S0 I0RCAIE 1+ kD)
kezd
with natural modifications for p,q = co. We notice almost orthogonality relation
for the frequency-uniform decomposition operators
Op= > DD, kLeZ,
llelloo<1

where ||{||cc = max{|4;| : {; € Z,i=1,...,d}.

Lemma 2.3 ([30, 14, 27]). Let p,q,pi,q; € [1,00] (i =1,2), s,81,82 € R. Then

(1) MPra(RY) — MP2:22(RY) whenever py < po and q1 < g2 and sy < s1.

(2) MPa(RY) — LP(RY) — MP%(R?) holds for ¢ < min{p,p'} and qo >
mazx{p,p’'} with % + ﬁ =1.

(3) Mmin{e’2bp(RA) ey FLP(RT) s Mmax{p’,2}p(RY),

(4) S(R?) is dense in MP9(R?) if p and q < oc.

(5) MPP(RY) — LP(RY) — MPP(RY) for 1 < p < 2 and MPP (R?) <
LP(RY) — MPP(R?) for 2 <p < cc.

(6) The Fourier transform F : MPP(R?) — MPP(R?) is an isomorphism.

(7) The space MP4(R?) is a Banach space.

(8) The space MP4(R?) is invariant under complex conjugation.

1 1 _
Iyt =1

Theorem 2.4 ([I8, 27]). Let 1 <p,q < 00, s1,52 € R, and

7(p,q) = max {O,d( — 1),d(1 + 1 1)}

1
q P qa P
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Then L¥, (R?) Mf,‘:q(Rd) if and only if one of the following conditions is satisfied:

() g=p>1, 512 52+7(p,0q);
(11) pP>4q, 81> 82 +T(p7 Q);
(iii) p=1,g =00, $1 > s2 + 7(1,00);
(1V> b= 17 q 7é o0, S1 > S2 +T(17Q)
Proposition 2.5 (Algebra property [2]). Let m € N,s > 0. Assume that
oo L= 15 zm—l—i—qi0 with 0 < p; < 00,1 < ¢q; < oo forl<i<m.

i=1 p,; po’ L=i=1gq;
m m
I willarzoso S TT uill gy
i=1 i=1

Then we have

Proposition 2.6 (isomorphism [I3]). Let 0 < p,q < 00,s,0 € R. Then

Jy o (I — A2 MPa(RY) — MP9(RY) is an isomorphic mapping. (We denote
Ji=1J.)

Lemma 2.7. Let s € R, 1 < p,q < 0, and Q be a compact subset of R?. Then
St ={f:feSRY and supp f C Q} is dense in MPI(R?).

(-a)/? g,

For f € S(R?%), we define the fractional Schrédinger propagator e or

t,a € R as follows:

U(t)f () = """ f () = / eI (g de.
Rd
When o = 2, we write U(t) = S(t) = e "2 (corresponding to usual Schrodinger
equation). The next proposition shows that the uniform boundedness and truncated

it(—A)e/?

decay estimates of the Schrédinger propagator e on modulation spaces.

Proposition 2.8 ([8, [29)]).

(1) Let1/2 < a <2,1<p,q<oo. Then |U®t)f||aes < (1) 72 £l azra-
(2) Leta>2and2 < p,q < oo. Then ||U®)f||pra < (1+|t\)_7d(%_%)Hf||M,,/,q.

o ——

Now we consider the truncated decay estimate and uniform bounded estimates
for the Klein-Gordon semigroup G(t).

Proposition 2.9 (See [29, Proposition 4.2]). Let G(t) = eitU=2"? (t € R).
(1) Let s e R,2< p < o0, 1 < q<o0,0€0,1], and 20(p) = (d+ 2)(5 — %)
Then we have

IG@) Fllarzs S L+ 1) PC2PN LYo

s+020(p)

(2) Let seR and 1 < p,q < oco. Then we have
IG(#) fllagza < C(L+ [T 2HPI £y ppa

Proposition 2.10 (Uniform boundedness of wave propagator [2]).

For o' (&) = sin(2nt|¢|)/2n[€|, 02(¢) = cos(2nt|€]), and f € S(R?), we define
Hyif(z) = (0’ f)V(z) (x € R4i =1,2). Let s € R and 1 < p,q < co. Then we
have

1Hoi fllaaza < ca(l+ )| fllapa.
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Proposition 2.11 (Bernstein multiplier theorem [30]). Let L € Z, L > d/2,
oy.p € L?,i=1,2,...,d,0 < a < L. Then p is a multiplier on LP (1 < p < o).
Moreover there exists a constant C' such that

d d/2L
1—d/2L
lella, < Clloll=* (3 10k pllaz)
i=1

Proposition 2.12 ([30]). Let Q C R? be a compact subset and let 1 < p < oo,
Sp = d(p% — 2). If s > s,, then there exists a C > 0 such that | F1¢F | r» <

2
Cllpllms||flle holds for all f € LPQ and ¢ € H*(R?) = L2(R?).

3. NONLINEAR ESTIMATES IN MP4(R%)

In this section we prove estimates for Hartree nonlinearity (Corollary and
Lemmas and and Strichartz type estimates (Proposition [3.6). We shall
apply these to prove main theorems in the following sections.

We define fractional integral operator T, (0 < v < d) as follows

T, f(x) =V, * f(z) = i/ fy)

ra [T —y|7

It is known T, is bounded from LP(R?) to L4(R?) for some specific p, q and 7.

dy, (f€SRY), Vy(2) = £|z[7).

Proposition 3.1 (Hardy-Littlewood-Sobolev inequality). Assume that 0 < v < d

and 1 < p < q < oo with % +I-1= %. Then we have | Ty f|lpe < Canpllfllze-

We prove an analogue of Hardy-Littlewood-Sobolev inequality in case of modu-
lation spaces.

Proposition 3.2. Assume that 0 < v < d,1 < p; < ps < oo with
1 v 1
md T
and 1< g < oo, s > 0. Then the map T, is bounded from MP14(R%) to MP2:9(R%):
I fllagres S 1 lagpe
Proof. We may rewrite the STFT as Vy(z,w) = e ?™®%(f x M,g*)(x) where
g*(y) = g(—y). Using Hardy-Littlewood-Sobolev inequality, we obtain
Ty fllagzzre = 1V % (f % Muwg™)|| oz (w)* s,
S IS Mug™)l| Los (w)*[| g,
S [ agzroe-

This completes the proof. ([l

Corollary 3.3. Let 1 < p < oo and % +d-1= ﬁ for some € > 0. Then
OV L) fllages S IS (R EN).
Proof. By Proposition and Lemma [2.3|(1)), we have

IV 5 1F12) Fllagrs SUTF 1P gzt | F gz S I LR pppven
for some € > 0. By Propositions [3.2] and we have

T F 25 agpren S WFPHager S IFI3pr-

This completes the proof. O

| llag s
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1
pte

IOV 1) f = (Vaxlg)gllager S UFIR o0 41 Lz gl ager + gl ) I =gl agp-
Proof. Using the ideas of proof as in Corollary [3.3] we obtain
IOV = LY = Dllager S IR 1S = gllagrs

Lemma 3.4. Let 1 < p < oo and zlz +21-1= for some € > 0. Then we have

and
IOV (12 = 19D gl pzr S MFEP = 1912 age s gl agp
S (1 llglhages + 91300 )15 = gz
This together with the following identity
(Va1 P)f = (Vy % 1gP*)g = (Vy I P)(F = 9) + (Va = (L2 = 19I*))g,
gives the desired inequality. (I

1
2p’

IV 12 F = (Vaxlg) gl e S U IR gen 1 gz llaliagza + gl o011 F =gl agea-
Proof. By Proposition [2.5] we have
1OV # 1S = 9l gy S IV # 1Py 1 = oo

S IFP a1 = gllpzpr

Lemma 3.5. Let 2 < p < 2p’ and % +2I-1= Then we have

and

IOV (1P = 1aPNgll ypora S IVa = (FPP =191 2o 11191 2o
S =19l 1y gl pe
S (I lageallgllaer + Ngl3 ) ILf = gllpos-

Recall that equation have the following equivalent form
u(t) = K'(t)uo + K (t)ur — Bf(u),
where we denote w = (I — A),
sin tw!/?
wl/2

t
K(t) = . K'(t) = costw'/?, B:/K(t_T).dT.
0

We prove following Strichartz type estimates in modulation spaces.

Proposition 3.6. Let F(u) = (V, * [u[*)u,p € (2,3), % +3-1= 2%/ and pair
(p,r) is Klein-Gordon admissible. Then we have

|| /0 K(t— T)F(U(T))d7'|

S IF )

Ly(R,MEP! HLI/B'(R,ME/J) S ||U||i;.(R’M5,1).

Proof. Since G(t) = eit"”” we have K(t)w'/? = (G(t) — G(—t))/2i. By the general
Minkowski inequality, Propositions [2.9] and we have

H /0 K(t— T)F(’U,(T))dT‘

L7 (R,MP")
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t
S [ 1K= D@D el
t
S AR e I T
0

s+020(p)—1
S [ (@t rlyarsimi
R

where h(r) = |[F()l,n o g(t) = (14 [t) =490/ and 9 € [0,1]. We
s+6020(p)—1

divide Klein-Gordon admissible pairs (see (L.4))) into two cases.
(flase L § = 7 Ad(3 — +). In this case 5 < 1 and there exists 6 € (0,1] such
that

1 1 1 d 1 1
—=0d(z—-)=———=ANd(=—-).

B8 (2 p) d+2 (2 p)

With this 6, we have 820 (p) — 1 < 0. Since pair (p,r) is Klein-Gordon admissible,
we have

1 3 1—df(1/2—-1/p)
roT 1
by Hardy-Littlewood-Sobolev inequality in dimension

and /3 > 1. With this 6,

one, we have

|;/ K(t — 7)F(u(r)dr]

L;‘(R,Mf’l) 5 Hg * h”LI(R)

S ME (w)

lygzrallzrss

= HF(U)HLT/J(R MP’wl)'

Case II: % < =L Ad(

3 1), In this case there exists 6 € [0, 1] such that

1 _

2 P

1 1 1 d 1 1

~<d(= -y < -2 Ad(= - ).

5 <VG-p) s NG )

With this 6, we have 36d(% — %) > 17 and 020 (p) — 1 < 0. By Young and Holder
inequalities, we have

H /0 K(t— T)F(u(T))dT|

gy S g < bl
S gl lHIE @)l e llprss
SIF 1,

By Propositions 2.5 and [3.2] and Lemma [2.3] (I)), we have

3/r
IE @) /s par 1y S (/(||T7|U|2||M52p’,1||U\|Mszp',1)r/3dt)

3/
s (/ (el g Ll )t

< (/ lulfpadt)”

< llull;

TR,MI)
This completes the proof. O
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Lemma 3.7. Let F(u) = (V, * [u[*)u,p € (2,3),
Klein-Gordon admissible. Then

||/O K(t = 7)[F(u(r)) = Fu(T)d7 [l 1y m aa21)

+I-1= 5% and pair (p,r) is

1
p 2p

S (||u||2:(R,M§’x1) + HUHL{(]R,MEJ)”vHL%’(R,Mf’l) + ||’UH2;‘(R)M§’=1)HU - v|‘i{(R,M§”1)'

Proof. By Proposition [3.6] we have

t
I [ K= () = Py S ) = PO
By Proposition Lemma [2.3{|1)) and Hélder inequality, we obtain
Vs [al?) (= ) s pgerony S N0ll e ey e = 0l gy
and

V2l = [0P)oll oo, agy

I3

S (”uHLr(R,val)HU”U(R,M;N) + [lv r(RMg"l)) Ju — UHLT(R,MS'I)'

(I
Lemma 3.8 ([]). Let V be given by (1.3), 1 <p<2,1<¢g< %. Then for any
f,g € MP4(R?), we have

W) NV 1) fllaara S UFIRgva-
(2)

IV 1F12)f = (K %1gP)gllarra S (I 1Rgra + 1 fllarrallgllazea + gm0 | f = gllarea.

4. PROOFS OF THEOREMS [L.T] AND [[3]
Proof of Theorem[I1]. Recall that equation (1.1)) have the equivalent form

u(t) = K'(t)uo + K (t)us — /0 K(t —7)F(u(r))dr =: J (u)

where

sint(I — A)1/?
(I—-A)2

Denote X = L"(R, MP'(R)). For § > 0, put Bs = {u € X : |jul|x < &} which is

the closed ball of radius 6, and centered at the origin in X. Since rd(3 — %) > 1,

we have (1 + |t\)_d(%_%) € L"(R). Now by Proposition we have

_d(i_1
1 (ol x S I1(L+[¢) = ol

K(t) = K'(t) = cost(I — A2, F(u) = (V, * [ul*)u.

r <
MY 50 - < HUOHMfJ/rélum
By Propositions 2.9 and [2:6] we have
—d(i—_1
I @uallx S HA+ D)7 s e S llwallyrs
s4+20(p)—1 s+20(p)—1

By Proposition [3.6, we have

|| / K(t - 7)) Flu(r)dr|x < llull%.
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Thus we have
< + + flull-
I7lx S ol e+ lurlls o+l
By Lemma, for any u,v € Bj, we have

17w = Tvllx < (lullx + llullxlvllx + [vl3)]e = vllx.

If we assume that § > 0 is sufficiently small, then J : X — X is a strict contraction.
Therefor 7 has a unique fixed point and we have u € L"(R, MP*(R%)). We shall
now verify this u € C(R, MP'1(RY)) N CH (R, MY (RY)) and [[ul| v pye1 (gayy S
lwoll yprra A+ llutllypora . To prove u € C(R, MP*(R%)). It is equivalent to
5420 (p) s+20(p)-1

prove that

[[u(tn, ) _u(ta')HMsp,l — 0 (4.1)
as t, — t for arbitrary fixed ¢ > 0. We note that

[ultn, ) = ult, M ppa < 1K (tn)uo — K (RJuollypra + 1K (En)us — K ()ua]] e
tn t
+ 1l ; K(tn —7)F(u(r)) */0 Kt —7)F(u(r))ll gz
=1+11+1I1I.

Recall that ug, J~1u; € MP1(RY) (see Proposition. For I and 11, by density
Lemma Proposition triangle inequality, and since G(t) = eitw!/? (w =
I — A), we only need to prove that G(t)v € C(R, MP'(R%)) for v € S?. By
Hausdroff-Young inequality, we have

|0 ta)o = Gt)l|zn S llon (e HHE =t CHE Pyi0))
i 211/2 i 2\1/2 .
S (e S O o, 0
as t, — t, by Lebesgue dominated convergence theorem. Since o € S%, there
exists only finite number of k such that Ox(G(t,)v — G(t)v) # 0, so we have

[G(tn)v = G(t)v[[ppr — 0 ast, — t. It follows that I and IT tends to 0 as t, — .
For 111, we note that

Hrs ||/0nK(tn—T)F(U(T))dT—/OnK(t—T)F(u(T))dTHME,l

tn

-+ i K(t—T)F(u(T))dT—/O K(t—T)F(u(T))dTHMgg

< / Nt — 1) = Kt = ) F(u(r) |y
0

+ HK(t—T)F(u(T))||M§,1d7—

t"l
=I+1II.
For [|(K (tn —7) = K(t = 7)) F(u() || o S NF @) e S e € L7(R).
Since 3 < 7, we have L"[0,t] C L'[0,t] and so [[u[|? ,. € L'[0,¢], hence

I(E (8 = 7) = K (t = 1) F(u(r) ]| pp2 € L0, 1].
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Since [|(K(tn —7) — K(t — 7)) F(u(7)[|yyp1 — 0 as t,, — ¢, therefore we have I—=0
as t, — t. Secondly as in the proof of Proposition we obtain

t
LS [ (0 fe = 7 0 P u(r) g e
t
S [ IF )] gyt
tn

t
g/ lull2 pdr = 0
tn ¢

as t, —tas ||7,LH}°’\41[,1 € L'([0,]). Tt follows that holds.

We now prove that u,(t) exists and is continuous in MP-! sense. For ug, J~lu; €
MPH(RY) (see Proposition, and since G(t) = e*"” (w = I—A), we should only
deal with the derivative of G(t)y(x) for ¢p € MP1(R?) and fot K(t—7)F(u(r))dr.
By Lemma for every € > 0, there exists v € S N MP1(R?) such that || —
v[[pp1 < €. For the derivative of G(t)i(z) at t =t3 for ¢ € MPH(R?), we have

N aaa O

Gt)y — G(t .
— | E T — i) g

G —v)—-G —v Gt)(v) — G v .
< | SO = OO =)+ | EOE IO iayo]
+ [1iG(t3) (¥ — v) [l pppa
—IV+V+VIL

For V, by the Hausdroff-Young inequality and the Lebesgue dominated conver-
gence theorem, we have

G(t)(v) — G(ts)(v) Gt _ gitale)
(t_tg)wl/?; —iG(t3)v)|lLr S ||0k(m

—0 ast—ts.

— jetts (E))

100 (

1}||L,,/

As v € 8N MP1(R?), so there is only the finite number of k such that

Gt)(v) = G(ts)(v) .
( (t— tg)wl/BQ - ZG(ts)v) £0.

Thus we get V — 0 as t — t3, that is, (G(t)v(z)); = iw'/2G(t)v(x) in MP' (RY)
for v € S N MP1(R?). For IV, by the Bernstein multiplier theorem, we have

(G(t)W —v) —G(ts) (¥ —v)

O
H l (t—tg)w1/2

Mizr S v —vllze.

Using the almost orthogonality of modulation space, we have IV < || —v|[yp1 <.
For VI, by Proposition @), we have VI = [[iG(t3) (¢ —v) || yyor S [0 =0l ppr1 <
e. Accordingly, for 1 € MP1(R9),

(G(t)Y), = iw'?G(t)y in MPL(RY). (4.2)
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For the nonlinear part,

H Jo K(t =) F(u(r))dr — [ K(t3 — 7)F(u(r))dr _ /t3 K'(ts — T)F(u)dTH

- MY
- H b _tK;(iz R Ot3 K'(ts — T)F(u)dTHMf‘_ll
I Ju K —t r)f(u(ﬂ)dr o :
-4 s—1
S /Ot3 ||((K(t — Tg__t{j(t:& -7) K'(ts — T))F(u)HMffldT
+ max (= D F () gz,

If w(t,z) € C(I, MP'(R?)), then we have K (t)w(t,z) € C(I, M (R?)). In fact
taking taking advantage of (4.2) and the Lebesgue dominated convergence theorem,
we obtain

||K(t)w(t7 ) - K(t3)w(t3’ x)HMffl
< (IR (t) = K(ts)w(ts, @)| yprr + [ K (8)(w(t, 2) = w(ts, )|y
—0 ast—ts.

Recall that F(u) € C(R, MP'(R9)) and apply (4.2) and the Lebesgue dominated
convergence theorem, we can get

(/Ot K(t— T)F(u(T))dT)

Consequently,

ts
= K'(ts — 7)F(u(7))dr in Mf’_ll (Rd).
t=ts t=0

/

t

s (t) = —J2K (uo + K'(£)ur — /O K'(t — 1) F(u(r))dr in MPL(RY).

Next, the proof of time continuity of w; is similar to u. It only needs to take care
of the difference of smoothness and the action of the Bessel potential. Finally, we
obtain u € C(R, MP1(R%)) N CY(R, MP"!, (R%)). 0

Proof of Corollary[1.9 Let

¢
N uy G(=7)F(u(r))
2v1 (t) = Ug + ol /0 ioi/2 dr,
t
o G(=7)F (u(r))
209(t) = ug — A —|—/O o1 dr.

For 0 < s < t, we have
tG(=1)F(u(r
m(t)—m(s):—/ %dm

Since the pair (p,r) is Klein-Gordon admissible, there exists f such that
1 3 =1 1
=+
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By Proposition [3.6] and Holder’s inequality, we have

t
—d(i_1
o) = oa(6)lagps [ @ ) E D F )]0
t
S [ @)l

—d(i_1
SIA+ID™ D) s Ml o s o ety

Sl e arpry
Since [[ull (54,0021 < M, we have

3
L7 ([s,t],MPh)

[v1(t) — v1(s)[| pprr S [l —0 ast,s— oc.

This implies that v;(¢) is Cauchy in MP'(RY) as t — oo. Denote v} to be the

limit:
t
+ - ur G(—=7)F(u(7))
2o = tilinoo 2u(t) = o + iwl/2 /o iwl/2 dr
and
t
- . uy G(=7)F(u(r))
20] = t_l:+moo 2v1(t) = up — Y —|—/ oY dr.

Similarly, we obtain

vy (t) = tlggo va(t) and vy (t) = tlggo va(t).

Recall that v+ = G(t)vi + G(t)vy, we note that

|lu(t) — v+||MSp,1 = H /too K(t— T)F(u(T))dTHMSp,l

1 1

—d(i_1
SN+ D™= ol |

Lr/3([t,00),ME)
3

< ||uHL3([t’OO]’M§),1) —0 ast— oo

So is v~ respectively. In fact, in our proof we also have v;” € MP:1(R9). O

Proof of Theorem[1.3. Equation (1.2) can be written in the equivalent form

ul-t) = K(t)uo + K (tyur — /O K(t=1)[(Vy * [ul)(r)u(n)ldr =: T (u)  (4.3)

where

K(t) = Sm(t\/@, K(t) = cos(ty/—=A).

By using Proposition for the first two inequalities below, and Propositions |3.2
and [3.8 for the last inequality, we can write
1K (t)uollx < Crlluollx,

[K(t)urllx < Crllusllx, (4.4)

I /O K(t = 7)[(Vy = [ul*)(r)u(r))dr || < TCrllul%,

where Cy is some constant times (1+72)%4, as before. Thus the standard contrac-

tion mapping argument can be applied to J to complete the proof. This completes

the proof of Theorem . Taking Propositions and Corollary and
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Lemma[3.4]into account, the standard contraction mapping argument give the proof

of Theorem . O

5. PROOFs OF THEOREMS [I.5] [I.§ AND [T.9]

To prove Theorem [L.8|first we shall prove following Strichartz type estimates for
Schrédinger admissible pairs.

Proposition 5.1. Let F(u) = (V; * [u*)u, p € (2,3), + +

(p,r) is Schrédinger admissible. Then we have

SH]

— 1= 2% and pair

1
P 2p

t
ISt = PPy S TP gty S Bl e

Proof. By the general Minkowski inequality, Proposition [2.8, we have

|| /0 S(t— T)F(U(T))d’7'|

Ly (R,MEP)

< H/o 1St — 7)F (u(r)| yypdr|

L7 (R)

t
< H/O 1+ It—T|)’d(1/2’1/p)||F(u)HMg’/vldTHL;(R)

<l /Ra [t = )~ D (e
S llg * by,

where h() = [|[F(u)ll,pr1,9(t) = (1 + [t])79/271/P) " We divide Schroddinger
admissible pairs (see (1.6])) into several cases.
1

Case I: % <d(3 - ) AL In this case we have

Using Young inequality and Hélder’s inequality we have

[ / S(t = T)VF@)r| o pgpty S lgllos | ()]

< Jull;

Lr/3(R,MP" 1 (RY))

(R,MEP (RY))

Case II: % =1Ad(3— %)7 d(3 - %) > 1. In this case, we can get § =1 and r = oo.
Obviously
1 1

and therefor, we have the desired result by the same way as Case 1.
Case III: § =1Ad(3 — 3), d(3 — ;) < 1. In this case we have

Since pair (p,r) is Schrodinger admissible, we have
13 1-d(1/2-1/p)

r T 1
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and r/3 > 1. By Hardy-Littlewood-Sobolev inequality in one dimension, we have

H /0 K(t— T)F(u(T))dT‘

L{(]R,Mf’l) 5 ||g * hHLtr(]R)

S ME @)y llpere

5 ||F('LL)‘ Lv-/S(]Rng'/yl)

5 ||u||3T(R’M£’1)'
Case IV: % =1nd(3 - %), d(3 — %) = 1. In this case (p,r) = (%, 00) which is
not Schrodinger admissible. O
Lemma 5.2. Let F(u) = (V, % [u]*)u, p € (2,3), %—F T-1= 2%, and pair (p,r) is

Schrodinger admissible. Then

| [ st = niFtu(r) - Flar

Ly (R,ME)
< (||u||2;(R7M5,1) + HUHL{(KM_Z;J)||v||L;‘(R,M.§’1) + ||U|‘2;(R7M§=1)HU - U|‘i;(R7M§=1)-

Proof. Using Propositions and Lemma and Holder inequality, the
proof can be produced. We omit the details. ([l

Proof of Theorem[I.5. For a = 2, we may rewrite equation (L.5) in the form
t
u(t) = S(t)uo — / S(t —7)F(u(r))dr =: J(v)
0

where S(t) = e~ and F(u) = (V, * |u|?)u. Denote X = L"(R, MP'(R%)). For
0 >0, we put Bs = {u € X : ||ul|x < 0} which is the closed ball of radius ¢, and
centered at the origin in X. Since rd(1 — %) > 1, we have (1+ |t\)_d(%_%) € L"(R).
Now by Proposition [2.8, we have

—d(i-1
1S@uollx S N+ [#) ™= Juo|l o llr S ol yypra-

By Proposition [5.1} we have

| [ ste=mpiar <l

Thus
1T @)l x < lluoll s + Ilullk-
By Lemma for any u,v € Bs, we have

17w = Tvllx < (lullx + llullxlvllx + [[vl3)le = vllx.

If we assume that § > 0 is sufficiently small, then J : X — X is a strict con-
traction. Therefor J has a unique fixed point and we have u € L"(R, MP1(R%))
and [|ul| ;- g ppet(gay S lluoll 0. We want to show that if f € MPL(R?) then

St)f € CR, MPY(R?)). Let t > 0 and t,, — t. By Lemma Proposition
and the triangle inequality, we have
1S@)f = S(tn) fllpger < NS@)F = S(E)gllpper + [1S(E)g — S(En)gll e
+[IS(tn) f — S(tn)g||M§”1'
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We only need to treat the case f € 8. Using Lemma and the Hausdroff-Young
inequality, we have

ITk(S(tn) = St e S N(S(Ea) = SO)fllee S (e — ) Fl 0 — 0

as t, — t by the Lebesgue dominated convergence theorem. Since f € S%, there
exist only finite number of & such that Oy (S(¢,) — S(¢))f # 0, and thus

1S(E)f = SEn)fllppr =0 astn — L.

We write

= /O S(t — 1V (u(r))dr — /0 S(tn —7)F (u(r))dr

-(f
+ ([ st=nrar - [ s )
=1 + I,

tn

S(t = 7)F(u(r))dr — /0 St — ) F(u(r))dr )

For I, we have
t
2l gz S/ [S(t = 7)F(u)(7)l ppprdr
tn

t
S [ @l o)y ORI g
tn s

t

n

St = tal®lull} — 0.

([0,¢],M21)

For I, we have

L < /0 ISYS () — SE)F(u(r))] o dr

S [1(S(t) = SOVPr)l g

We note that [|(S(tn) — S#)F (u(r))llppr < ||F(u)(7‘)||?wp1 and recalling r» > 3
and u € L"(R, MP*(RY)), we have [lu(7)||% ,. € L'[0,t]. Since F(u) € MP*(RY),
for every 7 € [0,t] we have ||(S(t,) — S())F(u(7))| ppr — 0. O

Proof of Corollary[1.6L. 'We only prove the statement for u., since the proof for u_
follows similarly. Let us first construct the scattering state w4 (0). For ¢ > 0 define
v(t) = e~ *Au(t). We will show that v(t) converges in MP-!(R?) as t — oo, and
define w4 to be the limit. Indeed from Duhamel’s formula we have

v(t) = ug —/0 e"TAF(u(r))dr  (F(u) = (Vo * [u®)u). (5.1)

Therefore, for 0 < s < t, we have
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Since the pair (p,r) is a Schrédinger admissible, there exists 3 such that

1 3 ~ 1 1
= 7:1 df_f 1.
5+r ) 5(2 p)>

By Proposition [3.6] and Holder’s inequality, we have
t
—d(i_1
[o(t) = v($)llper S / (L+ [T~ T F ()]t dr

t
S [ )l

—d(i_1
SN ol all o s g 1,00
S lellze g ary
Since ||ull ;- (g, apr1y < M, we have
[008) = 0(5)lyp S Tl o agpry >0 5 5 = o0,

This implies that v(t) is Cauchy in MP}(R?) as ¢t — oco. We define u to be the
limit. In view of (5.1)), we see that

uy(0) = ug — / e AR (u(r))dr
0
and thus -
uy(t) = ePuy — / AR (u(T))dr.
0
We note that

lu(t) — €S up | ppr = H/t S(t =) F (u(7))dr | pppa

—d(i-1
SIA )™ sl lll ol oo g o0, 222
E ([t,00], )

< Hu||37.([ —0 ast— oo.

t,00],MP'h)

In fact, in our proof we also have e"*“ug, e*®u, € MP1(R). O

To prove Theorem [I.8|first we recall following result.

Lemma 5.3 ([5]). Let V € M>1(RY), and 1 < p,q < 2. For f € MP4(RY), we
have

IV [£12) Fllagra S NFIpras
and

IV f2)f = (Vg gllaea S (1FIRgwa + 1 aresllgllarms + gl | f = gllarea.
Proof of Theorem[I.8 Recall (1.5) can be written in the equivalent form

¢
u(+,t) = U(t)ug — z/ Ut —7)[(V * |u®)u] dr =: T (u).
0
We first prove the local existence on [0,7") for some T' > 0. By Minkowski’s in-
equality for integrals, Proposition 2.8 and Lemma [5.3] we obtain

1

II/0 Ut =)V * [uP(r)u(m) drllama < DO+ ) ()]0,



EJDE-2021/101 GLOBAL CAUCHY PROBLEMS FOR HNLKG, HNLW AND HNLS 21

for some universal constant c. By Proposition[2.8|and the above inequality, we have
[T ulleo,r),mray < Cr(l|uollarra + Tl 340.0)
where Cp = (1 + |T|)d|%7%|. For M > 0, put
By = {u € C([0,T], M4 RY)) : |ullc(o,ry,m0) < MY,

which is the closed ball of radius M, centered at the origin in C([0,T], MP4(R%)).
Next, we show that the mapping J takes Br ps into itself for suitable choice of M
and small T > 0. Indeed, if we let, M = 2C7||ug||per and u € By, it follows
that

M
| Tulleo,1y,mvr) < > + cCrTM3.

We choose a T such that ¢cCpTM? < 1/2, that is, T < T(||uo|/ar»») and as a
consequence we have

M M
| Tullcqo,r,mrry < 5 + 5 = M,

that is, Ju € Br . By Lemma[5.3] and the arguments as before, we obtain

1
17w = Tvlleqom,mra < 5llu—=vlogom,mra).

Therefore, using Banach’s contraction mapping principle, we conclude that J has
a fixed point in B p which is a solution of .

Indeed, the solution constructed before is global in time: in view of the conser-
vation of L? norm, Proposition and Lemma [2.3] we have

t
Ju®llasrs S Cor(laollaana + [ 1V fr)P s ) )
Ot
S Cr(luallasns + [ 1V Iarsall blt) e ) o)
Ot
S Cr(uollama + [ HaOP s ()l edr)

t
S Cr (lualases + ol [ )i
0

and by Gronwall’s inequality, we conclude that ||u(¢)||ar.« remains bounded on
finite time intervals. This completes the proof. (|

Proof of Theorem[I.9 Recall (L.5) can be written in the equivalent form

u(+,t) = U(t)uo —i/o Ut —7)[(V* |ul®)u) dr =: T (u).

By using Proposition [2.8] and Corollary we can write
1U@)uollpgrr < Crlluollpper

¢ 5.2
| [ 0t = 0¥, < )t < TOr iy 2

where Cr is some constant times (1 + T?)%%, as before. Thus the standard con-
traction mapping argument can be applied to J to complete the proof. ([
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6. LOCAL WELL-POSEDNESS WITH POTENTIAL V € FL? OR MY or M°!

We consider generalized Klein-Gordon equation with Hartree type linearity:
e + (I — Au = (V * |[u|?**)u, u(0) = ug, us(0) = uy, keN. (6.1)
When k = 1, equation coincides with .
Theorem 6.1 (Local well-posedness). Let i =0,1.
(1) Let V € FLYRY) (1 < ¢ < 00) and u; € MY (RY). Then there exists T* =
T*(||wi|| pr1.1) such that has a unique solutionu € C([0,T*), M1(RY)).

(2) Assume that V. € FLI(RY) with 1 < ¢ < r < 2, and u; € Mp’%(Rd).

Then there exists T* = T*(||ui\|Mp,23:1 ) such that (1.1)) has a unique solu-

tion u € C([0,T*), MP7-1 (RY)).

(3) Assume that V.€ M>Y(R?) and u; € MP9(R?). Then there exists T* =
T*(||will are.a) such that has a unique solution u € C([0,T*), MP1(R%)).

(4) Assume that V€ M>Y(R?) and u; € MPI(RY) (1 < p,g<4,1<q<
23&%, 1 < k €N). Then there exists T* = T*(||ui||pe.a) such that
has a unique solution u € C([0,T*), MP4(R%)).

(5) Assume that V. € MV>(R?) and u; € MP'(R?) (1 < p < o0). Then
there exists T* = T*(||ui||arp1) such that has a unique solution u €
C([0,T*), MP9(RY)).

Proof. Taking Proposition and [B, Lemmas 4.8 and 4.9] and [20, Lemmas 4.2
and 4.3] into account, the standard fixed point argument gives the desired result.
We will omit the details. (]

Remark 6.2. The analogue of Theorem is true for equations (|1.2]) and (1.5)).
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