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A viability result for second-order differential
inclusions *

Vasile Lupulescu

Abstract

We prove a viability result for the second-order differential inclusion
2" € F(z,2"), (2(0),2'(0)) = (z0,90) € Q := K x Q,

where K is a closed and € is an open subsets of R™, and is an upper
semicontinuous set-valued map with compact values, such that F(z,y) C
9V (y), for some convex proper lower semicontinuous function V.

1 Introduction

Bressan, Cellina and Colombo [6] proved the existence of local solutions to the
Cauchy problem
2 € F(z), z(0)=¢€K,

where F' is an upper semicontinuous, cyclically monotone, and compact valued
multifunction. While Rossi [15] proved a viability result for this problem. On
the other hand, for the second order differential inclusion

2’ € F(z,2'), x(0)==xz9, 2'(0)=yo,

existence results were obtained by many authors [1, 4, 9, 10, 13, 16]). In [12],
existence results are proven for the case when F'(.,.) is an upper semicontinuous
set-valued map with compact values, such that F(z,y) C 0V (y) for some convex
proper lower semicontinuous function V.

The aim of this paper is to prove a viability result for the second-order
differential inclusion

2’ € F(z,2"),  (2(0),2(0)) = (z0,%0) € @ := K x Q,

where K is a closed and € is an open subsets of R™, and F : Q@ C R?>™ —
2R™ is an upper semicontinuous set-valued map with compact values, such that
F(z,y) C OV (y), for some convex proper lower semicontinuous function V.
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2 Preliminaries and statement of main result

Let R™ be the m-dimensional Euclidean space with scalar product (.,.) and
norm ||.||. For z € R™ and € > 0 let

Be(z) ={y e R" : [z —y[| <&}

be the open ball, centered at z with radius e, and let Eg(m‘) be its closure.
Denote by B the open unit ball B = {x € R™ : ||z|| < 1}.

For z € R™ and for a closed subsets A C R™ we denote by d(x,A) the
distance from x to A given by

d(x, A) = inf{||lz — y|| : y € A}.

Let V : R™ — R be a proper lower semicontinuous convex function. The
multifunction OV : R™ — 28" defined by

V(@)= € € R™ : V(y) - V(&) > €,y — x), Yy € R™)

is called subdifferential (in the sense of convex analysis) of the function V.
We say that a multifunction F : R™ — 28" is upper semicontinuous if for
every € R and every € > 0 there exists § > 0 such that

F(y) C F(z) + B:(0), Vy € Bs(x).

This definition of the upper semicontinuous multifunction is less restrictive
than the usual (see Definition 1.1.1 in [3] or Definition 1.1 in [11]). Actually such
a property is called (g, §)-upper semicontinuity (see Definition 1.2 in [11]) and it
is only equivalent to the upper semicontinuity for compact-valued multifunctions
(see Proposition 1.1 in [11]).

For K C R™ and = € K denote by Tk (z) the Bouligand’s contingent cone
of K at x, defined by

.. Jdx4hu, K)
T = R™ 1 f—M 2
k(@) = {v e R™ :liminf ==

=0}.
For K C R™ and (z,y) € K x R™ we denote by TI((Q) (z,y) the second-order
contingent set of K at (x,y) introduced by Ben-Tal [5] and defined by

d(z + hy + b2y, K)
(2) — m . limi 2 V)
Ty (z,y) = {veR™: I}Lrg(l)rif "2 =0}

We remark that if TI((2 ) (z,y) is non-empty then, necessarily, y € Tk (z).
Moreover (see [4], [10], [13]), if F' is upper semicontinuous with compact
convex values and if x : [0,7] — R™ is a solution of the Cauchy problem

2" e F(x,2'), x(0)=z9, 2'(0)=yo,
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such that x(t) € K, Vt € [0, 7], then
(.If(t), Z‘I(t)) € graph(TK)v vt € [Oa T)v
hence, in particular, (z¢,y0) € graph(Tk).
For a multifunction F : Q := K x Q C R?*™ — 28" and for any (z¢,0) €
graph(Tk ) we consider the Cauchy problem
2" e F(z,2'), (2(0),2'(0)) = (xo,y0) € Q (2.1)
under the following assumptions:

(H1) K is a closed and ) and open subset of R™, such that
Q:=K x Q C graph(Tk)

(H2) F is an upper semicontinuous compact valued multifunction such that
2
Fla,y) T (@,y) # 2, Y(z,y) € Q;

(H3) There exists a proper convex and lower semicontinuous function V' : R™ —
R such that
Flz,y) COV(y), V(z,y)€Q.

Remark. A convex function V : R™ — R is continuous in the whole space
R™ (Corollary 10.1.1 in [14]) and almost everywhere differentiable (Theorem
25.5 in [14]). Therefore, (H3) strongly restricts the multivaluedness of F'.

Definition. By viable solution of the problem (2.1) we mean any absolutely
continuous function z : [0,7] — R™ with absolutely continuous derivative z’
such that x(0) = zg, z(0) = o,

2" (t) € F(z(t),2'(t)) a.e.on [0,T],
(z(t),2'(t)) e @ Vte[0,T].

Our main result is the following;:

Theorem 2.1 If F : Q C R?™ — 28" and V : R™ — R satisfy assumptions
(H1)-(H3), then then for every (xo,y0) € Q there exist T > 0 and z : [0,T] —
R™, a viable solution of the problem (2.1).

3 Proof of the main result

We start this section with the following technical result, which will be used to
prove the main result.

Lemma 3.1 Assume Q = K x Q C R*™ satisfies (H1), F : Q — 28" satisfies
(H2), Qo C Q is a compact subset and (xo,yo) € Qo. Then for every k € N*

there exist hY) € (0, 1] and u) € R™ such that
(h2)?

To + hgyo + 9

1
uf € K, (20,0, uy) € graph(F) + E(B x B x B).
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Proof. Let (z,y) € Q be fixed. Since by (H2), F(z,y) N T[(?)(m,y) = (), there
exists v = v(5,,) € F(z,y) such that
d(x + hy + ’LQ:U,K)

lim inf —0
o h2/2

Hence, for every k € N* there exists hy = hi(z,y) € (0, £] such that
h2 h2

Zk 2k
d(z + hiy + 5 v, K) < e (3.1)

By the continuity of the map (a,b) — d(a + hipb+ %iv, K) it follows that
h? h?
N(z,y) = {(a,b) : d(a + hyb+ Ekv,K) < ﬁ}

is an open set and, by (3.1), it contains (z,y). Then there exists r := r(z,y) €

(0, %) such that B.(x,y) C N(z,y). Since Qp is compact there exists a finite
subset {(z;,y;) € @ : 1 < j < m} such that

Qo C U B, (4, 95)-

j=1
We set
ho(k) := min{hg(x;,y;) : j € {1,...,m}}.
Since (zg,yo) € Qo, there exists jo € {1,2,...m} such that
(fﬂo,yo) € BT]'O (:E]b?yjo) - N(ﬂlfj07yj0)~ (32)

Denote by h) := hg(zj,,y;,) and remark that, by (3.1) and (3.2), one has
h) € [ho(k), £] and there exists zg € K such that we have that

(hp)?

042
d(wo + My + " 00, 20) _ d(wo + huyo + P800, K) L L1
(h9)?/2 = (hQ)?/2 2k "k’
hence 10
20 — Zo — "yYo
=27 — voll < 7 (3.3)
(h3)?/2 k
Let
W0 = 20— o~ hiYo
N (Y
Then
0 (hp)? o
o + hpyo + 5 u, € K.
By (3.3) and (3.2) we get successively:
s = woll <
Un — -
k Vo kv
1
d((z0,90), (50, ¥jo)) < 7jo < 5’

hence (29, yo,u)) € graph(F) + +(B x B x B). O
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Proof of Theorem 2.1 Let (z9,y0) € Q C graph(Tk). Since @ C R™ is an
open subset, there exist 7 > 0 such that B,(yy) C Q.

We set Qo := B..(z0,v0) N (K x B(y)). Since Qq is a compact set, by the
upper semicontinuity of F' and Proposition 1.1.3 in [3], we have that

F(Q)= | Flxy)
(z,9)€Qo0

is a compact set, hence there exists M > 0 such that:

sup{[[v]| : v € F(z,y), (z,y) € Qo} <M.

T =win {1 2 1 (3.4)

We shall prove the existence of a viable solution of the problem (2.1) defined
on the interval [0,7]. Since (zg,y0) € Qo then, by Lemma 3.1, there exist
h) € [ho(k), 1] and u) € R™ such that

Let

1
wo + Miyo + 5 (h)*uil € K

and (20, Yo, u)) € graph(F) + £ (B x B x B). Define

1
o =+ o+ 3 (W)

Yk =yo + hQup.
We remark that if h) < T then
ek — woll < Blloll + 5 ()2l < Allgoll + 5 (2)2(M + 1),
i = yoll = RRllupll < hR(M +1),
and by the choice of T we get
lzx = @oll <7, llyg = woll <

Therefore (z},y;) € Qo and by Lemma 3.1, there exist h} € [ho(k), 1] and
uj, € R™ such that

1
Tkt Iy + 5 () w € K,
1
(x,lc,y,i,u}c) € graph(F) + E(B x B x B).

We claim that, for each k € N*, there exist m(k) € N* and A%, =, y¥, u}, such
that for every p € {2,...,m(k) — 1}, we have that:
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O X n <1< T B,

(i)
p—1 ' lp—l ' _ p—2 p—1 S
a? =x) + Zh;)yo+52(h}§)2u}€+z > hihju,
i=0 i=0 i=0 j=i+1

Ui =yR Y hiui

(iif) («%,5) € Qo
(iv) («F,yy,u}) € graph(F) + %(B x B x B).
If hY + hi > T then we set m(k) = 1. Assume that h + h} < T and define

xq =xp 4 hiyk + 5 (hk) i (3.6)

Yi =Y + hiug
Then by (3.5) and (3.6) we have that

zp =2+ (h) + hp)yp + 5 (h°> up, + (hi)?uy, + hphjug,
Yr =yp + hjup + hpug

and since h + h; < T and
1 1
23 — ol <(h + hi)llypll + §(h2)2||u2|| + §(h11€)2||uzlc|| + hh[lupl
1
<(hg +h)llwRll + §(h2 +hp)2 (M +1),

it follows
2 = zoll <7, llyit — woll <7,
hence (a2,42) € Qo.

Assume that h{ z{, y} u}, have been constructed for ¢ < p satisfying (ii)-
(iv) and that we construct h?™' zPT! P14 PF! gatisfying such properties.
Since (z},y}) € Qo, by lemma 2, there exist hf € [ho(k), 1] and u}, € R™ such
that

T+ e+ 5 (h”) €K,
1
(w5, 47, u}) € graph(F) + - (B x B x B).

If h)+h}+---+h} > T then we set m(k) = p. Assume that h)+hj+---+h} <T
and define

1
ot =ab 4+ hhyp + 5(%)2“2

11
Yo =y o+ by

(3.7)
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Then, by the above equations and (ii), we obtain that

1
1%~ .
= + hiyh + (hp th Yo+ = 5 Z(hZ)Qu
=0
lpfl p—2 p—1
J P p
+5 2 ()M D0 D b + A thuk-l-
1=0 =0 j=i+1
P P oop=lop o
+ (D hi)wo+ 5 Z(hz>2uz+z > hihjui
=0 =0 =0 j=i+1
and
p—1
ypth =y + bRl :yk"‘zh;ﬂk +hyuy =y +thuf§~
1=0
Therefore,

?r&

D
™ = ol < (D hk)llwoll + 5 Zhl [ kH+ZZhWII il

=0 1=0 j=1i+1

M+1 .
hi)lloll + 5 (th)2
i=0

N
.

=0
and
P P
L o ,
2™ = aoll < 3 Aillubll < (1 +1) (D i)
i=0 i=0
Since Y ?_, ki < T one obtains that
lf ™ = ol < v, llgp™ — ol <1,

hence (22, y"T) € Qo.
We remark that this iterative process is finite because hf, € [ho(k), %}, implies
the existence of an integer m(k) such that

W+ hh 4+ BT T < B bk e p BT ),

By (iv), for every k € N* and every p € {0,1,...,m(k)} there exists
(af,b%,v}) € graph(F') such that

1 1 1
I —afll < £ Ik =80 < o Il — ol < (338)
hence,
1
kIl < llzy = @oll + llwoll < £ + llzoll <1+ lzoll,
1
lyell < llyg = voll + 1ol < 7 + llyoll < L+ lloll, (3.9)

el < g = ol + Hlvgll < E TM <1+ M.
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Let us set
0 =hQ 4+ hh 4+ AT =0

We remark that for all £ € N* and all p € {1,...,m(k)}, we have

-1 (k)
th—th < ST <t (3.10)

x| =

For each k > 1 and for p € {1,...,m(k)} we set I' = [t?~", "] and for ¢t € IV
we define

_ _ _ 1 _ _
wp(t) =af (= Dy ()P (3.11)
Then
o) =yt -l Ve 1P,
(3.12)
i) =ul~t, vtel,
hence, by (3.9), for all ¢ € [0, T], we obtain
i ()] <l < M +1
251 <llyp ™I+ (¢ = ) llugll < llgoll + M +2
p—1 p—1yp p—1) . L p—1y2(, p—1 (3.13)
k(@I Sl -+ € =8y 1+ 5 =87 ) g
<llzoll + llyoll + M + 3.
Moreover, for all ¢ € [0,T] we have that
+M+2 M+1
(ae(0), 24 (1), 2(0) € (o) + WL M2 ML gy,
hence, by (iv), we have
(@1 (t), 2, (t), () € graph(F) + e(k)(B x B x {0}), (3.14)

where (k) — 0 when & — oo. Then, by (3.11), (3.12) and (3.13), we obtain that
(x)x, is bounded in L2([0, T],R™), («},)x and (xx)x are bounded in C([0, T],R™)
and equi-Lipschitzian, hence, by Theorem 0.3.4 in [3] there exist a subsequence
(again denoted by (z1)x) and an absolutely continuous function z : [0,T] — R™
such that

(a) (zk)k converge uniformly to x

(b) (z},)r converge uniformly to z’

(c) (z})x converge weakly in L?([0,T],R™) to z”.
y (H3) and Theorem 1.4.1 in [3] we get that

2" (t) € co F(z(t),2'(t)) C OV (2'(t)),a.e. on [0,T],
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where co stands for the closed convex hull; hence, by Lemma 3.3 in [7], we
obtain that

d / _ " 2 .
%V(.ﬁ @) = 1z"(@)|*, a.e. on [0,T);
hence .
V(z'(T)) — V(2'(0)) =/0 " (£)[|t. (3.15)

On 1the other hand, since z}(t) = uZﬁl, Vt € I, by (iv), there exist aﬁfl, bﬁfl,
z0™" € £ B, such that

Wt P e P —a T b Y cav(yl T -0, Yk € N¥ (3.16)

and so the properties of the subdifferential of a convex function imply that, for
every p < m(k), and for every k € N* we have

V(@i (8]) = b)) = V(i (6 ) = 0f ) =

-1 -1 -1 -1
2(up =2 () — e H T — ) =

P

_< p—1 _ _p—1 b " dt p—1 __ _p—1 bpfl_bp _

={uy, 2y Ty (1) >+<Uk Ze 50 k>_
t

p—1
k
ti 2 1 ti 1 1 1
= [ i = g [ e+ = 7 -
k k
hence
V() )~ V)

th th
> [ leolPa— G [ ek + Wi =TT <. 6an
k

th
Analogously if T' € I,Zn(k), then by (3.10) we have
k)— k)—
V(@h(T) = V(i) =)

T
e I (O A S

m(k)—1
128

T x 1 T
- / et (8)|2dt — (Y, / £ (t)dt)
t

m(k)—1 tm.(k)—l
k k

(3.18)

+ <u;n(k)—1 B Z]';n(k)—l’ b?(k)_1>-

By adding the m(k) — 1 inequalities from (3.17) and the inequality from (3.18),
we get

T
V(2}(T)) = V(yo — by) > A e ()12 dt + o k), (3.19)
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where
m(k)—1 t? m(k)—1
a(k) = — 2:@52/7ﬂumm+ DR L e
p=1 ti p=1
T
m(k)—1 m(k)—1 m(k)—1 ;m(k)—1
_<Zk( ) ’/tm(k),lxg(t)dw_'_wk( ) _Zk( ) ’blc( ) ).
k
Since
m(k)—1 t? m(k)—1
—1 -1 -1 1
@< S0 1 [ a0+ 30l - =
p=1 te p=1

T
k k 1 k)—1 k)—1
i %/M 2 (B)dt)] + | (u® 7t — 71 =y

m(k) 1 m(k)—1

—1 1 1
<3 g / Oatl+ S - -
1

p= p=1
k m(k 1 mk 1 m(k)—
+||zk”||||/(k>l ()t + ™ 7 = T o

< (M +2)(3m(k) — 1)
k
it following that a(k) — 0 when k& — oo; hence, by (3.19), we passing to the
limit for £ — oo, we obtain

T
V(@' (T)) = V(yo) > limsup / ()2t (3.20)

k—o0

Therefore, by (3.15) and (3.20),
T T
/HMW%>MWJHWW%
0 0

k—o0

and, since (2”'); converges weakly in L2([0,T],R™) to z”, by applying Propo-
sition I11.30 in [8], we obtain that (") converge strongly in L2([0,7],R™) to
x”, hence a subsequence again denoted by (z''); converge poinwise a.e. to z”.
Since by (3.14)

lim d((x(t), 2}, (t), 24 (), graph(F)) = 0,

k—o0

and since by (H2) the graph of F is closed ([3], Proposition 1.1.2), we have that
2 (t) € F(z(t),2'(t)) a.e. on [0,T].

It remains to prove that (z(t),2'(t)) € Q, Vt € [0,T]. Indeed, by (3.11),
(3.12), and (3.13), we have that

lyoll + M +2 M+1
— |2, (t) — vyl < T

[EAOREARS
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hence
lim d((z(t), 2,(t)), (27, y3)) = 0.

k—oo

Since, (2},y}) € Qo,Vk € N*, by (a) and (b) we have that
Jimd((2(2), 2" (1), (2 (1), 23, (1))) = 0.

On the other hand

d((x(t), 2'(t)), Qo)

< d((z(t), 2" (1)), (r(t), 23(1)) + d((a(t), 23, (1)), (23, 7)) + d((fﬂ%@i%%)g |
21

hence, by passing to the limit we obtain that
d((z(t),2(t)), Qo) =0, Vte[0,T].

Since Qo is closed, we obtain that (z(¢),2'(t)) € Qo, for all ¢t € [0,T], which
completes the proof. O
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