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ESTIMATES FOR SMOOTH ABSOLUTELY MINIMIZING
LIPSCHITZ EXTENSIONS

LAWRENCE C. EVANS

ABSTRACT. I present some elementary maximum principle arguments, estab-
lishing interior gradient bounds and Harnack inequalities for both u and |Dul,
where u is a smooth solution of the degenerate elliptic PDE Asu = 0. These
calculations in particular extend to higher dimensions G. Aronsson’s assertion
[2] that a nonconstant, smooth solution can have no interior critical point.

1. INTRODUCTION

G. Aronsson initiated in [1], [2] investigation of highly degenerate elliptic bound-
ary value problem:

Uz, Uz Ug,z; = 0 in U (1)

u = g on OU, (2)

where U is a bounded, connected, open subset of R™ g : OU — R is a given
Lipschitz function, and u : U — R is the unknown.

The PDE (1) arises naturally if we consider “optimal” Lipschitz extensions of g
into U.

A function g defined on QU has in general many extensions into U which pre-
serve its Lipschitz constant. Aronsson proposed trying to find a “best” Lipschitz
extension u, characterized by the property that for each subdomain V' C U, the
Lipschitz constant of u within V' equals the Lipschitz constant of u restricted to 9V
More precisely, and following Jensen [6], let us say u € W1>°(U) is an absolutely
minimizing Lipschitz extension of g into U provided (2) holds and also

[ Dul| o vy < [|Dil| oo (v (3)
for each open set V C U and each @ € W1>°(V) such that
u—aeWye(V). (4)
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See Jensen [6] for more discussion, in particular concerning the equality

u(z) — u(y
| Dul|pee(vy = sup. {|(d>7(>|}’
z,yeV v (JI, y)
TFY
dy (z,y) denoting the distance from z to y within V.

As noted by Aronsson, any smooth absolutely minimizing Lipschitz extension
solves the PDE (1) within U, and Jensen provides a somewhat different proof.
The best insight for this equation is had by considering instead of (1), (2) the
corresponding boundary-value problem for the p-Laplacian:

div(|Dup|P~?Du,) = 0 in U, (5)

up = g on OU, (6)

when n < p < co. This is the Euler-Lagrange equation for the variational problem
of minimizing the energy || Da| 1»(y among all @ € W (U) with @ = g on 9U. In
particular

| DupllLr(vy < | Dl Lo(vy (7)

for each open V C U and each @ such that u — @ € W, P(V). Assuming u, is
smooth and |Du,| # 0, we may rewrite (5) to read

1 Up 2, Up 2
MAUP + ]};’Tj’;]unxi% =0. (8)
Suppose also we knew that as p — oo, the function u, converge in some sufficiently
strong sense to a limit . Formally passing to limits in (7), we would expect u to
be an absolutely miminizing Lipschitz extension, and passing to limits in (8) we
expect as well u to solve the PDE (1).

R. Jensen in his important paper [6] has made these insights rigorous. In ad-
dition, he has proved that (a) any absolutely minimizing Lipschitz extension is a
weak solution of (1), and (b) any weak solution is unique. (Here “weak solution”
means a solution in the so-called viscosity sense, cf. Crandall-Ishii-Lions [4]).

In view of the construction of absolutely minimizing Lipschitz extensions as limits
of solution of the p-Laplacian, it seems reasonable to define, at least at points where
|Du| £0,

the nonlinear operator

as the “oco-Laplacian”.

This paper is a small contribution to the further study of smooth solutions of the
highly degenerate elliptic PDE A u = 0, and, equivalently, of smooth absolutely
minimizing Lipschitz extensions. I provide some elementary maximum principle
arguments establishing interior sup-norm bounds on both |D(log u)| (if v > 0) and
|D(log|Dul)|. These imply in particular Harnack inequalities for u and |Du|. One
consequence is that if u is not constant, then |Du| can never vanish. This is an
extension to dimensions n > 3 of a corresponding assertion of Aronsson in n = 2;
cf. also Fuglede [5].

I should point out explicitly however that in general the A, u = 0 does not
admit smooth solutions, and consequently the calculations presented here, although
I think interesting, have limited applicability in practice. For instance, Aronsson in
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[3] has constructed a C* nonconstant weak solution, which does indeed possess an
interior critical point. This example shows that it is not merely a question of finding
some reasonable approximation structure to which to modify the computation from
§3.

My calculations estimating |D(log|Du|)| are somewhat reminiscent of standard
computations for minimal surfaces. This suggests comparison of the PDE A u = 0
with the “dual” equation Ai;u = 0, where

Ug,; Ug, . Du
Aju = <5ij — —|Du|2 ) Ug;z; = |Dul div <—|Du > .

Note that the operator A; is degenerate, but only in the one direction normal to
each level set. By contrast, the operator A, is nondegenerate only in this direction.
Observe also

Aju = 0is a “geometric” equation, since it says that the level sets of u have zero
mean curvature (at least in regions where u is smooth and |Du| > 0). This fact
suggests that the PDE A, u = 0 is somehow strongly “nongeometric”, or rather
that all its geometric information concerns not the level sets of u, but rather the
curves normal to level sets. The concluding remark in §3 makes this comment a bit
more precise.

2. INTERIOR GRADIENT BOUNDS, HARNACK INEQUALITY FOR u

In this section we present a very simple proof of interior gradient bounds and a
Harnack inequality for u.

Theorem 2.1. Let u be a C? solution of
Asou =0 in U. (10)

(i) There exists a constant C' such that
|Du(z0)| < Cllul| oo () dist (zo,0U) (11)

for each point xg € U.
(i1) Suppose also u > 0. Then for each connected open set
V CC U, there exists a constant C' = C(V') such that

supu < C'infu. (12)
v \%4

(iii) In particular, if U is connected and u > 0 at some point in U, then u > 0
everywhere in U. In this case, we have the estimate

D
sup (M) <c,
Vv u

C' depending only on n and dist(V,0U).
Proof. 1. Write v = |Du| and suppose for the moment we know v # 0 in U. Then
(10) implies

Ug, Vg, = 01n U. (13)

Define
w = C(I)(uv v)v
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where ¢ € C2°(U) and ® € C*(R?) are smooth nonnegative functions, to be selected

below. If w attains its maximum over U at a point x; € U, we have
C(Pytig, + (P, = —(, @ (1 <i<n)

at 1. Multiply by
Du| =u,, /v (1 <i<n)
and sum on i, recalling (13) to deduce

(Pv=—(D¢-v)®

V' =g,/

at 1. Consequently,
(|Pulv < |DC|®

at z1.
2. Now take
®(u,v) = e (1 >0).
Then (14) reads

I{(z1)v(x1) < [DC(21)]-

(15)

Fix 29 € U and take ¢ € C°(U) such that ((xo) = 1, |D¢| < 2dist (zg,0U) L.

As w = (P attains its maximum at z1, we see that

[ Du(o)|

v(zo)

§e2>‘”“”L°" dist (o, 0U) L.

IA

Set
= Jlull~

to prove estimate (11).
3. Next, assume u > 0, fix § > 0, and take

v
D (u,v) = pewd
Then (14) implies
v? v
—— < |D
C(u+5)2 < c|u+5
at 1. Consequently
((z1)v(z1)
=——-<|D .

(16)

Given any ball B CC U, select ¢ so that ( =1 on B, |D¢| < C dist (B,0U)~!.

As w = (P attains its maximum at x1, we conclude from (16) that

v
— | <
Sl;p (u m 6) <,
in constant C' depending only on dist (B,dU). But v = |Du/, and so
| D(log(u +6))[|L=(m) < C.

Now take any pair of points x1,x2 € B. Let P denote the path
{tIEQ-f—(l —t).'l?l | 0<t< 1}
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Then
log(u(zz) + 6) — log(u(z1) +96) = /0 %[log(u(tm + (1 —t)z1)+0)]dt
1
=, D(log(u(-) +9)) - (x2 — 21) dt
< C diam(B),

according to (17). Consequently
w(z2) + 6 < (u(zy) + §)eC diam (B),
Letting § — 0, we deduce
u(ze) < Cu(zr)
for some constant C' and each xy,z2 € B. If V CC U is connected, we cover V'
with balls and iteratively apply the foregoing result to each B, finally to deduce

u(ze) < Cu(zr)

for each pair of points x1,z2 € V, the constant C' depending only on V.
4. Finally, we remove the restriction v = |Du| > 0. For this define

ﬂ’(‘%) = U({E) +exn4a,
where # = (z1,...,Zn11) = (,2Zn41), € > 0. Then @ is a C? solution of
ﬂﬂ?LﬂEJﬂmLzJ = 0 iIl U,

U=U xR, and |Da| > e > 0. Apply the calculations in steps 1-3 to @ in place of
U. O

Remark. It is somewhat surprising in light of the extremely strong degeneracy
of the nonlinear operator A, that (smooth) solutions verify the interior gradient
bound (11) and the Harnack inequality (12). Such estimates are usually the hall-
marks of averaging effects resulting from uniform ellipticity. It is therefore perhaps
worth noting that solutions do not in general satisfy the strong maximum principle.
For example, let u(x) = |z| and 4(z) = z,, and take U to be the open ball of radius
one, centered at the point (0,...,2). Then u,% are C* solutions in U, 4 > @ in
OU, but u = @ in U along the line 2’ =0, 2’ = (z1,...,2,—1). This example shows
also the Harnack inequality (12) is false if we “tilt” coordinates: it is not true that

sup(u — L) < Cinf(u — L)
1% 1%
for each linear function L. O

3. HARNACK INEQUALITY FOR |Duj

Our goal next is to establish a Harnack inequality for v = |Dul, and in particular
to show a smooth, nonconstant u cannot have any critical point.

Theorem 3.1. Let u be a C* solution of
Asou=0in U. (18)

(i) Then for each smooth, connected V. CC U there exists a constant C = C(V)
such that

sup |Du| < C'inf |Dul. (19)
v 14
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(i) In particular, if U is connected and |Du| > 0 at some point in U, then |Du| > 0

everywhere in U. In this case
IDIDUII)
sup | ——— | < C,
v ( Dl ) =
C' depending only on n and dist (V,0U).

Proof. 1. Assume first v = |Du| > 0 everywhere in U. As above we write

v = g, /|Dul = ug o (1< <), (20)
and also write
hij =v'vl, gy =6 — v (1 <4, <n). (21)
Notice
; 1 .
V;j = ;gikumka:j (1 S 1,7 S TL), (22)
Vg, = VW g,e, (1<i<n). (23)
Observe further that the PDE (18) says
Vi, = 0. (24)

2. We derive a PDE v satisfies. We first differentiate (24) with respect to z; and

then utilize (22) to find
1

i —
v ,Ufﬁiitj - _Egikufﬁk:tjvxi'
Consequently

hijvxixj = _ngkuwkiijwi
Gik
= 7, VeiVa by (23)

D 2
—% by (24).

Therefore
— hijVe,e; = | A0, (25)

where we have written
|Dv?
5

A]* =
v

(26)
3. Next we compute a differential inequality satisfied by z = |A|?. For this, first
write w = logv. Then equation (25) becomes, in light of (24),
— hijWa,a, = |A]* = 2. (27)
Now z = |Dw|?, and so
Zpiz; = 2Wape, Wayz; + 2We, Wayz,z; (1 <4,5 <n).
Hence
— hijze,e; = —2uiujw$kmiw$k$j + 2we, (—hijWeyaia;)- (28)
We differentiate (27) with respect to z; and substitute above, thereby deducing

_ ij i
— hij2ea; = = 20"V Wy 0, Wayz; + 2Way, 2y AWy VI VG Wiy - (29)



EJDE-1993/03 ABSOLUTELY MINIMIZING LIPSCHITZ EXTENSIONS 7

Now (24) implies
Vg, =0, (30)
and so A ‘
Ve, = V3 we; (1 <4< n).
We can therefore rewrite the last term in (29) as

§ i _ J i
AWy V! Vg Wapz; = —AWg Wo V3 V- (31)

Next, we return to (22) and compute
i 1
Ve Ve v?gjmuacmmgiluxmk
1

l
= ;gjmyxmumlxk

. )
= ;gjmyxmgljumjmk

1ol
= 9imVe, Ve
the penultimate equality holding since Vll/im = 0. Inserting this computation into

(31) yields

4ka1/juikwxixj = —4kawxjgijimVik
= —4wmkwxmyimyik by (30)
< 0.
Consequently, (29) implies
—hijzea; < —2uiuijkxikaxj + 2wy, Zg), - (32)
But (27) tells us
22 = (VW we,)?

S Viwmka:i’/jwa:ka:j'
Thus from (32) we discover the differential inequality
— hijzam; < —22° 4 2wg, 20, - (33)

4. We intend next to deduce from (33) an interior estimate on z. This is possible
owing to the 22 term in (33). Indeed, let ¢ € C°(U), 0 < ¢ < 1, and write r = (*2.
Then

Tz, = C4Z$i + 4C3C:81Z (1 <@ n)’ (34)

oo, = C2win; +4C (Coy 20y + Coi2ay) + (Ao, ), 2 (35)
Assume r attains its positive maximum over U at a point ¢ € U. Then
Dr =0, D?r <0 at zo.
Thus at the point zg,
0 < —hijrae, = CH(—hijzae;) — 8C%hijCa, 20, + C(2
< =204 + 2C Wy, 20, — 8CPhijCo e, + CCP2,

according to (33). Now, since Dr = 0 at xg, we deduce from (34) that
C2e, = —4Cs, 2z (1 <i<n).
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Substituting above, we compute

24422 < _8<3<$1wamz + 32C2hij<mi<wjz + C<2Z
< CC|Dw|z + Oz
= P24+ 0¢z.

Finally we employ Young’s inequality in the form
ab <ea? +C(e)b? (a,b>0,

withp=qgq=2and p= %, q = 4, to deduce
20422 < Cel*2? + C(e).
Fix € > 0 small enough to conclude
¢t2? (zg) < C.
Since r = (*z attains its maximum over U at xo, we deduce that

max (*z < C,
U

the constant C' depending only on n and (. Given any region V CC U, we may
select ( =1 on V, thereby concluding

max z < (V). (36)

As z = |Dw|?* = |D(logv)|?, we deduce the Harnack inequality from (36) as in
the proof of Theorem 2.1.

5. If it is not true that v = |Du| > 0 everywhere in U, apply the above reasoning
to 4(z) = u(x) + expt1, and send € — 0 to deduce |Du| = 0 everywhere in U. O

Remark. The expression z = |A|? has the following geometric interpretation (cf.
Aronsson [2]). Given a smooth solution u of Asu = 0, with |Du| > 0, set as above
v = Du/|Du| to denote the field of normals to the level sets of u. Consider then
the ODE

i(s) = v(z(s)) (s€R), (37)

whose trajectories are curves in U normal to the level sets. Then v = |Du] is
constant along each such curve, according to (13). The curvature is

K= ‘%l/(m(s))‘ = |Dv-vl.

But
1 . 1 Vg,

tod — Z g, J— g — %
ijV - ngkua:ka;j’/ - ngkvzk -

= Wy, .

Thus k = |A|. Theorem 3.1 in particular asserts that the curvatures of each normal
curve are bounded in each region V CC U. |
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ADDENDA
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