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BLOW-UP OF SOLUTIONS FOR AN INTEGRO-DIFFERENTIAL
EQUATION WITH A NONLINEAR SOURCE

SHUN-TANG WU

ABSTRACT. We study the nonlinear viscoelastic wave equation
t
ugt — Au +/ g(t — s)Au(s)ds = |u|Pu,
0

in a bounded domain, with the initial and Dirichlet boundary conditions. By
modifying the method in [I5], we prove that there are solutions, under some
conditions on the initial data, which blow up in finite time with nonpositive
initial energy as well as positive initial energy. Estimates of the lifespan of
solutions are also given.

1. INTRODUCTION

In this paper we consider the initial boundary value problem for the nonlinear
integro-differential equation

Uy — Au —|—/ g(t — s)Au(s)ds = |u|Pu, (1.1)
0

u(z,0) = up(x), u(z,0) =ui(z), x € Q, (1.2)

u(z,t) =0, x € 0, t >0, (1.3)

where A = Zf;l 5&722_ and Q is a bounded domain in RN, N > 1, with a smooth
boundary 92 so thatJ the Divergence theorem can be applied. Here, g is a positive
function satisfying some conditions to be specified later and p > 0.

When g = 0, the equation becomes a nonlinear wave equation. There is a
large body of literature on nonexistence of global solutions and blowup for solutions
with negative initial energy [II, 8, [9]. Levine [10, [IT], T2] considered the interaction
between linear or strong damping and the source terms and showed that solutions
with negative initial energy blow up in finite time. Georgiev and Todorova [7]
extended Levine’s result to wave equations with nonlinear damping terms. Under
some conditions, they proved that the solutions blow up in finite time provided they
have sufficiently negative initial energy. This result was generalized by Levine and
Serrin [13], and then by Levine and Park [I4]. Vitillaro [I8] combined the arguments
in [7] and [I3] to extend these results to the case of positive initial energy.
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On the contrary, when g is not trivial on R, becomes a semilinear viscoelas-
tic equation. Cavalcanti et al. [4] treated with a localized damping mechanism
acting on a part of the domain. By assuming the kernel g in the memory term de-
cays exponentially, they obtained an exponential decay rate of the energy function.
Later, Cavcalanti [6] and Berrimi and Messaoudi [2] improved this work by using
different methods. Also, Cavcalcanti et al. [5] established an existence result and a
decay result for problem with nonlinear boundary damping. Regarding nonex-
istence, Messaoudi [I7] studied problem with an internal nonlinear damping
term and showed under some restrictions on the initial energy the solutions blow up
in finite time. Recently, Berrimi and Messaoudi [3] considered problem and
proved, for suitable initial data, that the solution is bounded and global and the
damping caused by the integral term is enough to obtain uniform decay of solutions.
However, no blow up result is discussed for this problem .

In this paper we shall deal with the blow up behavior of solutions for problem
-. We derive the blow-up properties of solutions of problem -
with nonpositive and positive initial energy by modifying the method in [I5]. The
content of this paper is organized as follows. In section 2, we give some lemmas
and the local existence theorem 2.4. In section 3, we define an energy function E(t)
and show that it is a non-increasing function of ¢. Then, we obtain theorem 3.5,
which gives the blow-up phenomena of solutions even for positive initial energy.
Estimates for the blow-up time 7™ are also given.

2. PRELIMINARY RESULTS

In this section, we shall give some lemmas which will be used throughout this
work.

Lemma 2.1 (Sobolev-Poincaré inequality [16]). If 2 < p < %, then
[ull, < B|[Vullz,
foru € H}(Q) holds with some constant B, where |- ||, denotes the norm of LP(Q).

Lemma 2.2 ([15]). Let § > 0 and B(t) € C?(0,00) be a nonnegative function
satisfying

B'(t)—4(6 +1)B'(t) + 4(6 + 1)B(t) > 0. (2.1)
If

B'(0) > r2B(0), (2.2)
then B'(t) > 0 fort > 0, where 19 =2(5 +1) —24/(d + 1) is the smallest root of
the equation
2 — 40+ 1)r +4(5+1) = 0.

Lemma 2.3 ([I5]). If J(t) is a non-increasing function on [tg,o0), to > 0 and
satisfies the differential inequality

J' ()2 > a+bJ(t)*T5  forty >0, (2.3)
where a > 0, 6 >0 and b € R, then there exists a finite time T* such that
li J(t)=0
S0

and the upper bound of T* is estimated respectively by the following cases:
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(i) If b < 0 and J(to) < min{1,,/-%}, then

1 —b
T* S to —|— hl
V—b = — J(to)
(i) If b =0, then
. J(to)
T <t .
<to+ Ja
(#ii) If b > 0, then
T < J(t())’
T Va

or

0 _
T* <t +2°% 7%{1 -1+ CJ(to)}Tg}a

where ¢ = (3)2%
Now, we state the local existence theorem which is proved in [I7].

Theorem 2.4 (Local existence). Let ug € H}(Q), u1 € L?(Q) and 0 < p < p*,
here p* = ﬁ, if N > 3(o0, if N < 2). Let g be a bounded C* function satisfying
o0
g(0) >0, g¢'(s)<0, 1-— / g(s)ds =1>0. (2.4)
0
Then problem (L.I)-(L.3) has a unique weak solution u in C([0,T), H3 () with u,
in C([0,T], L*(Q )) for some T > 0.
3. BLOW-UP PROPERTY

In this section, we shall discuss the blow up phenomena of problem (|L.1f)-(1.3]).
For this purpose, we make the following assumption on g:

e 46

here § = p/4. First, we define the energy function for the solution w of (1.1))-(1.3)
by

B() = gl + 50~ [ g(ds) [Vu(o) + 5000 Va)(o)

3.2
#n I+2 Y
p+20 Pt
for ¢ > 0, where (g<> Vu fo 8)[|Vu(t) — Vu(s)||3ds
Remark. From , and Lemma we have
1 ¢ 1 1 5
B = 5(- [ g(s)ds) IVu(®)I3 + 59 0 Vu) () — - lull 13
Brtes? (3.3)

> 5 UVa(OIE + (g0 Va)(6) = 22— [Vallg*?

> G[(UVu®)|2+ (g0 Vu)(1)?], t>0,
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where

1 BYt? B

G\) =\ ——L_\t2 B = —.
2 p+2 Vi
_pi2

It is easy to verify that G(A) has a maximum at \y = B; 7 and the maximum
value is

B =P _p%

2(p+2)"

Before proving our main result, we need the following lemmas.

Lemma 3.1 ([I7]). Assume that the conditions of theorem 2.4 hold and let u be a
solution of (L.1)-(1.3). Then E(t) is a non-increasing function on [0,T] and

/(1) = 55 o Vu)(#) — 590 Va3 (3.4

for almost every t € [0,T].

Proof. Multiplying (1.1) by u; and integrating it over 2, and integrating by parts,
we obtain (3.4)) for any regular solution. Then by density arguments, we have the
result. O

Lemma 3.2. Suppose that the conditions of theorem 2.4 hold. Let u be a solution
of (LI)-(T.3) with initial data satisfying E(0) < By and 12||Vugl|z > A1, then there
exists Ao > A1 such that

UVu)|3 + (go Vu)(t) > A5, fort > 0. (3.5)

Proof. From the definition of G()\), we see that G()) is increasing in (0, A1) and
decreasing in (A1,00), and G(A\) — —o0, as A\ — oo. Since E(0) < Fj, there
exist Ay and Ag such that A, < A\ < Ay and G(N\,) = G(A\2) = E(0). When
12| Vuoll2 > A1, by (3-3), we have

G| Vuollz) < E(0) = G(X2).
This implies I'/2||Vug||2 > A2. To establish (3.5), we suppose by contradiction that
UIVu®)l3 + (g0 Vu)(t) < A3,

for some tg > 0.
Case 1: If Xy < (1| Vu(to)||3 + (g © Vu)(to))® < A2, then

G((UIVulto)lI3 + (g0 Vu)(t))/?) > E(0) > E(to),

which contradicts (3.3]).
Case 2: If (1| Vu(to) |34 (g0 Vu)(to))/? < A, then by the continuity of (I||Vu(t)||3+
(g o Vu)(t))'/2, there exists 0 < t; < to such that

Xy < (UIValt)l3 + (g0 Vu)(tr) V2 < X

Then
G((IVu(t)[l3 + (g0 Vu)(t1))'/?) > E(0) > E(ty).

This is a contradiction. O
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Definition. A solution u of (L.1)-(|1.3) is said to blowup if there exists a finite time
T* such that

. 2 -1
lim (/Qu dw) ~0. (3.6)
For short notation, we define
a(t) = / w2dz, > 0. (3.7)
Q

Lemma 3.3. Assume that the conditions of theorems 2.4 and (3.1)) hold and let u
be a solution of (1.1)-(1.3), then we have

a’(t) —4(5 + 1)/ uidr > Qi (t), (3.8)
Q
where Q1(t) = (—4 — 83)E(0) + m(l||Vul|3 + (g Vu)(t)), m = (1 +45) — 1/1 > 0.

Proof. Form 7 we have
a'(t) = Q/Quutdx (3.9)
and by and the Divergence theorem, we get
a’ (t) = 2||ue||3 — 2||Vul2 + 2Hu||£ﬁ + 2/(f/ﬂg(t — 8)Vu(s) - Vu(t)dzds. (3.10)

Then, using (3.4]), we obtain

a’(t) = 4(6 + 1) w3
2+ 46
p+2

> (—4—-80)E(0) +2[1 - Jullps + 48[ Vu(t)l13

-2+ 4(5)/0 g(s)ds||Vu(t)||3 + 2/0 /Qg(t — 8)Vu(s) - Vu(t)dxds (3:11)

t
— (2 +49) / (g" o Vu)(t)dt + (2 + 45)(g o Vu)(t).
0
It follows from Holder’s inequality and Young’s inequality that

/Q/Otg(t — §)Vu(s) - Vu(t)dsdz

t

> (50000 + 3 [ ae)asIVuOI + [ a(as Tuol.

Hence, (3.11]) becomes
a”(t) — 406 + 1) Jue 13

_ / / gt — $)Vult) - (Vuls) — Vu(t))dsdz + / g(t — 5)ds|[Vu(®)||2
QJO 0
1

> (4 88)B(0) + (45— (1 +49) /0 o(s)ds) [ Vu(t) 3

+ (1 +49)(go Vu)(t) — (24 40) /Ot(g' o Vu)(t)dt.
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Therefore, by and (3.1)), we obtain
a”(t) — 4(6 + 1)|ue3
> (=4 —86)E(0) + (46 — (1 +46)(1 = 1) ||[Vu(®)||% + (1 +46)(g o Vu)(t)
> (—4 = 80)E(0) +m(U|Vu(®)[[3 + (g o Vu)(t)),

where m = (1 +46) — 1 > 0.

Now, we consider different cases on the sign of the initial energy F(0).
Case 1: If E(0) < 0, then from (3.8), we have

a'(t) > a'(0) —4(1 +20)E(0)t, t>0.
Thus we get a/(t) > 0 for ¢ > ¢*, where

t* = max{4 @' (0) (3.12)

LY
(1+26)E(0)’ }

Case 2: If E(0) = 0, then a”(t) > 0 for t > 0. Furthermore, if a’(0) > 0, then

a'(t) >0,t>0.

Case 3: If 0 < E(0) < %El and 1Y/2||Vugl|2 > A1, then using lemma 3.2, we see

that

Q1(t) = (=4 — 85)B(0) +m(l[|Vul3 + (g 0 Vu)(t))
(—4 — 80)E(0) + mA3

Y

> (=4 — 85)E(0) + m?(p]:z)E1

m  2(p+2) )
448 p !

— (4 +85)(—E(0) + %El).

= (44 80)(—E(0) +

Thus, from (3.8])), we have

a’(t) > Q1(t) >Cy >0, t>0, (3.13)
where C1 = (4 + 80)(—E(0) + 1 E1). Hence, we get a/(t) > 0 for t > ¢}, where
Y
# = max{ =L@ o1, (3.14)
o

Case 4: If E(0) > %El, using Hdlder’s inequality and Young’s inequality, we get
a'(t) < [|ull + [Juell3.
Hence, from ({3.8)), we have
a’(t) — 400+ 1)a'(t) + 4(6 + 1)a(t) + (4 4+ 85)E(0) > 0.

het (1+28)E(0)
_|_
Then b(t) satisfies ([2.1). By (2.2), we see that if
(14+26)E(0)
a’(O) >Tro [G(O) + WL (315)
then a'(t) >0,t>0. O

Consequently, we have the following result.
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Lemma 3.4. Assume that the conditions of theorem 2.4 and (3.1) hold, and that
either one of the following four conditions is satisfied:
(i) E(0) <0,
(ii) E(0) =0 and a’'(0) > 0,
(iii) 0< E(O) < %El and l1/2HV’U,0H2 > A\
(iv) 2B < E(0) and (3.15) holds.
Then o' (t) > 0 fort > tg, where tg = t* is given by (3.12) in case 1, to = 0 in cases
2 and 4, and to = t7 is given by (3.14)) in case 3.
Hereafter, we will find an estimate for the life span of a(t). Let
J(t) =a(t)~%, fort>0. (3.16)
Then we have )
J'(t) = =6J(t)1 54 (2),
(t) (t) 2 (t) (3.17)
J'(t) = —=6J () TV (1),

where
V(t)=d"(t)a(t) — (1+6)(d'(t)% (3.18)
Using (3.8) and exploiting Holder’s inequality on a(t), we deduce that
V() > [Q1(t) + 4(1 + 0) [[u|3la(t) — 4(1 + &) [[u]|3]|uel3
= Qu(H)J(1) %,
Therefore, (3.17) yields
J'(t) < —0Q1 (1) I, t > to. (3.19)

Theorem 3.5. Assume the conditions of theorem 2.4 and (3.1 hold, and that
either one of the following four conditions is satisfied:

(i) E(0) <0,
(ii) E(0) =0 and a/(0) > 0,
(iii) 0 < E(0) < 2By and I2||Vuoll2 > M,
(iv) mEy < B(0) < 5% and holds.
Then the solution u blows up at finite time T in the sense of . Moreover, the
upper bounds for T* can be estimated according to the sign of E(0): In case (1),

. J(to)
b= )

Furthermore, if J(to) < min{l, ,/-%5}, then

1
In .
RV E

T <tg+

In case (2),

J(to) J(to)
T <ty — T <t .
AT sl Va
In case (3),
T <t — 20)

- J'(to)
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Furthermore, if J(tp) < min{1, _aﬁll }, then

oy
—B1

1
T <to+ In )
VT VR <5 — J(to)
In case (4),
J(to) ss+1 Oc

T* <

Ja or T <ty+2 2 ﬁ{l_[l‘FCJ(tO)}%}a

where ¢ = (g)ﬁ Here «, 8, a1 and (1 are given in (3.21)-(3.24)), respectively.
Note that in case 1, tg = t* is given in (3.12) and to = 0 in cases 2 and 4, and in

case 3, to =t is given in (3.14]).
Proof. (1) For E(0) < 0, from (3.19),
J"(t) < 5(4 + 88)E(0)J (1) 5. (3.20)

Note that by lemma 3.4, J'(t) < 0 for ¢ > to. Multiplying (3.20) by J'(¢) and
integrating it from ¢y to t, we have

J ()2 > o+ BJ()*T5 for t > t,
where
-1
a=82J(to) 3 [/ (t0)? — 8E(0)J(tg) 5 | > 0. (3.21)
and
B = 83%E(0). (3.22)
Then by lemma 2.3, there exists a finite time 7% such that lim;_,7.- J(¢) = 0 and
this will imply that lim;_ 7. ([, u?dz)~* = 0.
(2) For the case 0 < E(0) < Ey, from (3.19) and (3.13), we have
J'(t) < —6CLJ(t)"H5 for t > tq.

Then using the same arguments as in (1), we have

J' ()2 > o1 + B ()5 for t > to,

where o
2 2 —1
ar = 82T (t)* T3 [d (to)? + n ;6J(t0)7} > 0. (3.23)
and ,
2046
51__1+25' (3.24)

Thus, by lemma 2.3, there exists a finite time 7™ such that lim,_, 7« (fQ u?dz)~! =
0.
(3) For the case 7 E1 < E(0). Applying the same discussion as in part (1), we also

have the equalities (3.21]) and (3.22]). In this way, we observe that

a/(tO)Q
8a(t0) ’

a>0 ifandonlyif FE(0) <

Hence, by lemma 2.3, there exists a finite time T* such that lim, .- ( [, u*dz) ™! =
0. [
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