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SEMI-CLASSICAL STATES FOR SCHRODINGER-POISSON
SYSTEMS ON R?

HONGBO ZHU

ABSTRACT. In this article, we study the nonlinear Schrédinger-Poisson equa-
tion
—Au+V(z)u+ (z)u = f(u), =eR?
—2A¢p = u?, lim ¢(z) =0.
— 00

|z|

Under suitable assumptions on V' (z) and f(s), we prove the existence of ground
state solution around local minima of the potential V(z) as € — 0. Also, we
show the exponential decay of ground state solution.

1. INTRODUCTION

Consider the nonlinear Schrodinger equation:

ie%f = A+ Vip — f(¥) (1.1)

coupled with the Poisson equation
— A = V)2, (1.2)

where € is the planck constant, i is the imaginary unit and V4 are real func-
tions on R3 and represent the effective potential and electric potential respectively.
Y(x,t) — C and f is supposed to satisfy f(ae’?) = f(a)e? for all §,a € R. Problem
, arose from semiconductor theory; see e.g, [4, [10, 25] and the references
therein for more physical background.

We are interested in standing wave solutions, namely solutions of form ¢ (z,t) =
u(x) exp(iwt/e) with u(z) > 0 in R® and w > 0 (the frequency), then it is not
difficult to see that u(x) must satisfy

—EAu+V(z)u+ ¢(x)u = f(u), =R
—2A¢ = u?, lim ¢(x) = 0.

|z]— o0

(1.3)

An interesting class of solutions of (|1.3)), sometimes called semi-classical states,
are families solutions u.(z) which concentrate and develop a spike shape around
one, or more, special points in R, which vanishing elsewhere as € — 0.
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Similar equations have been studied extensively by many authors concerning
existence, non-existence, multiplicity when the nonlinearity f(u) = v?, 1 <p <5
and we cite a couple of them. In [I6] [I7], the authors proved the existence of
radially symmetric solutions concentrating on the spheres, and in [I§], there is a
positive bound state solution concentrating on the local minimum of the potential
V. The existence of radial solution was obtained in [5] for the case 3 < p < 5.
In [7], the authors constructed positive radially symmetric bound states of
with 1 < p < 11/7. In [6], a related Pohozaev identity was established and the
authors showed that has nontrivial solutions in the case 0 < p < 1 or p > 5.
In [2, 13, 23], the authors proved the existence of infinity many radially symmetric
solutions. Ruiz and Vaira [24] proved the existence of multi-bump solutions whose
bumps concentrating around a local minimum of the potential. Also, there are a lot
of results on Schrodinger-Poisson systems with general classes of nonlinear terms. In
[26], existence and nonexistence nontrivial solutions of Schrédinger-Poisson system
with sign-changing potential were obtained by using variational methods. Sun,
Wu and Feng [27] studied the multiplicity of positive solutions for a nonlinear
Schrédinger-Poisson system when the nonlinearity f(z,u) = Q(x)u[P~2u,2 < p <
6; furthermore, they showed that the number of positive solutions was dependent
of the profile of Q(z). In [28], the authors proved the existence and nonexistence
solutions of Schrédinger-Poisson system with an asymptotically linear nonlinearity.
In [29], existence and multiplicity results were established. We refer to [I 2], B 8]
9, 111 13| 14} 20l 22] for some more results on this subject.

Recently, semi-classical states for Schrodinger-Poisson systems with much more
general nonlinear term have been object of interest for many authors. Bonheure,
Di Cosmo and Mercuric [I1] proved the existence the solutions for the weighted
nonlinear Schrodinger-Poisson systems whose bumps concentrating around a cir-
cle. He and Zou [20] showed the existence and concentration of ground states for
Schrodinger-Poisson equations with critical growth.

But, in most of the above papers, the potential V' (z) either has a limit at infinity,
or is required to be radial symmetry respect to x. Motivated by some related works,
the aim of this paper is to study the existence of solution of concentrating on
a given set of local minima of V(x). We take the penalization arguments going back
to del Pino and Felmer [2I] to a wider class of the potentials V' (x) and nonlinearity
f(s) € CY(R,R).

In this article, we use the following assumptions:

1) V(z) > Vo > 0 for all z € R3.

A2) f(s) =o(s®) as s — 0.
A3) There exists g € (3,5) such that lims_ 1, f(s)/s? = 0.
A4) There exists some 4 < 6§ < g+ 1 such that

(A
(
(
(

0.< OF(s) = 9/ F(O)dt < f(s)s for all s> 0,
0

(A5) For all z € R?, f(x,s)/s is nondecreasing in s > 0.

The main result of this paper reads as follows.

Theorem 1.1. Assume that (A1)—(A5) hold, and that there is a bounded and com-
pact domain A in R3 such that

f i :
SV S R v



EJDE-2016/75 SEMI-CLASSICAL STATES 3

Then there exists g > 0 such that for any € € (0,¢€p), problem (1.3|) has a positive
solution u.. Moreover, u. has at most one local (hence global) mazximum x. € A
such that

lim V(z.) = V.

e—0
Also, there are constants C,c > 0 such that

T — T

ue(z) < Cexp(—c ). (1.4)
Remark 1.2. (i) We point out that no restriction on the global behavior of V()
is required other than condition (A1l). This is an improvement on some previous
works, see, e.g.,[I1] [20] and references therein.

(ii) Condition (A5) holds if f(s)/s® is an increasing function of s > 0. In fact,
that f(s)/s® is increasing is required in [20].

€

This article is organized as follows: In section2, influenced by the work of del
Pino and Felmer [21], we introduce a modified functional for any € > 0 and show it
has a ground state solution u.(x). In Section3, we give the uniform boundedness of
max,cga Ue(x) and the critical value ¢, when e goes to zero. In section4, we show the
critical point of the modified functional which satisfies the original problem ,
and investigate its concentration and exponential decay behavior, which completes
the proof Theorem

Hereafter we use the following notation:

e H!(R?) is usual Sobolev space endowed with the standard scalar product and
norm

(u,v) = / (VuVov + w)dz; ||ul|* = / (|Vul? + u?)d.
R3 R3

e D12(R?) is the completion of C§°(R?) with respect to the norm

Hu||%1,z(R3) - \/R'a |Vu|2dx

e H~! denotes the dual space of H*(R?).
e L9(0),1 < q < +00,02 C R3, denotes a Lebesgue space, the norm in LI(Q) is
denoted by |u|q,0-
e For any R > 0 and for any y € R3, Br(y) denotes the ball of radius R centered
at y.
e (C, ¢ are various positive constants.
e 0(1) denotes the quantity which tends to zero as n — co.

It is well known that for every u € H'(R3), the Lax-Milgram theorem implies
that there exists a unique ¢, € D*?(R?) such that

/ V¢, Vodr = / udz, Vv e DY2(R?),
R3 R3
where ¢, is a weak solution of —A¢ = u? with
u?(y
Ou () :/ ) dy.
s |7 — Yl

Substituting ¢,, in (1.3)), we can rewrite ([1.3) as the equivalent equation

—Eu+V(z)u+ e 2puu = flu). (1.5)
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Let
H={uec H®R%: / V(2)uldz < 400}
RS
be the Sobolev space endowed with the norm

Jull? = [ (@190 + V@)u)da.

We see that (1.5)) is variational and its solutions are the critical points of the func-
tional

AMMZ%AJﬂWM+V( m+—f/¢m uM—A;ﬂmm.(LQ

Clearly, under the hypotheses (A2)-(A5), we see that I. is well-defined C! func-
tional. In the following proposition, we summarize some properties of ¢,, which
are useful to study our problem.

Proposition 1.3 ([12]). For any u € H'(R?), we have

(i) ¢ : HY(R?) — DY2(R?) is continuous, and maps bounded sets into bounded
sets;
(i) if up — u in HY(R3), then ¢y, — ¢, in DH2(R3);
(iil) ¢y >0, ||Pull D1, 2(R3) and fR3 (buu dr < C||u||4
(iv) ¢ru(z) =3¢, for all t € R.

2. SOLUTION OF THE MODIFIED EQUATION

In this section, we find a solution wu. of problem (1.3) concentrating on a given
set A, we modify the nonlinearity f(s). Here we follow an approach used by del
Pino and Felmer [21].

Let k > 90%4, a > 0 be such that @ = %, and set

ﬂg—{%$’¥s<% (2.1)
k

Vog.  if s > a,
and define .

9(,8) = xaf(s) + (1 = xa)f(s), (2.2)
where A is the bounded domain as in the assumptions of TheoremI.1] and xa
denotes its characteristic function. It is easy to check that g(z,s) satisfies the
following assumptions:

(A6) g(x,s) = o(s®) as s — 0.
(A7) There exists ¢ € (3,5) such that lim,_ 4 252 =0,

s4q

(A8) There exists a bounded subset K of R3, int(K) # () such that
0<0G(z,s) < g(x,s)s forallze K,s >0,

1
0 <2G(z,s) < g(z,s)s < %V(x)s2 for all s > 0,z € K°.

(A9) The function @ is increasing for s > 0.

Now, we consider the modified equation
—EAu+V(z)u+ ¢(x)u = g(z,s), x€R3,
—2A¢p = u?,
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where V satisfies condition (A1), and g satisfies (A6)—(A9). Here we have set € = 1
for notational simplicity.
The functional associated with (2.3) is

1 1
J(u) = / (Va2 + V(@)2)de + = [ éu(@nlde— [ Gla,w)de,  (2.4)
2 R3 4 R3 R3
which is of class C! in H with associated norm || - || z.

In the rest of this section, we show some lemmas related to the functional .J.
First, we show the functional J satisfying the mountain pass geometry.
Lemma 2.1. The functional J satisfies the following conditions:
(i) There exist a, p > 0 such that J(u) > « for all ||ullg = p.
(ii) There exists e € B5(0) with J(e) <O0.

Proof. (i) For any u € H\{0} and € > 0, by (A2) and (A3) there exists C'(g) > 0
such that

[f(s) <els|+ Ccls]?, Vs eR.
By the Sobolev embedding H — LP(R?), with p € [2, 6], we have

T > Gl = [ bes@F )+ (1 = xa (@) Flulda

1
> Sl = [ Fds
R3

1 C
> Dz, - £ / fu2dz — S uprtide

1 1
> 5 llullf — Crellulz - CoClful 7™

Since ¢ is arbitrarily small, we can choose constants «, p such that J(u) > p > 0
for all ||ullg = p-

(ii) By (A4), we have F(s) > Cs? — C for all ¢+ > 0, Choosing u € H\{0} not
negative, with its support contained in the set K, we see that

t2 ¢
J(tu) = —|jull% + —/ puuide — [ G(z,tu)dr
2 4 Jus -

4
< —Jlull% + 7/ puude — Cte/ u’dr + C|K| <0
2 4 R3 K

for some t > large enough. So, we can choose e = t*u for some ¢t* > 0, and (ii)
follows.

By lemma [2.1)and the mountain pass theorem, there is a (PS),. sequence {u,} C
H such that J(u,) — ¢ in H~! with the minmax value

¢= inf max J (v(t)), (2.5)

where
:={yeC(0,1],H) : v(0) =0, J(~(1)) < 0}.
O

Lemma 2.2. Let {u,} C H be a (PS). sequence for ¢ > 0. Then u, has a
convergent subsequence.
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Proof. First, we show that {u,} is bounded in H. In fact, using (A8) we easily see
that

/(|Vun|2+V(x)ufl)da:+/ qﬁunuidxz/g(x,un)undx+o(||un||H). (2.6)
R3 3

1
2/ (IVun|® + V(z)ul)dz + ~ / b, uZdx

= G(:E up)dr + O(1) (2.7)
/ G(z, uy)dx —|— — V(az)uidm +0(1)
Thus, from (2.6 . and (A8) we find

%/ . V(x)uid:ﬂ + o(|lunllg) +O(1) > (1 — %) /RS(\VU,LF + V(a:)ui)dx (2.8)

Then, it follows from the choice of k in (A8) that {u,} is bounded in H.

Then there is a subsequence, still denoted by {u,} such that w, — u weakly in
H. We now prove this convergence is actually strong. In deed, it suffices to show
that, given é > 0, there is an R > 0 such that

lim sup/ (|[Vun* + V(z)u2)dz < 4. (2.9)
n— oo 2
Let £r(z) € C°(R3,R) be a cut-off function such that 0 < £ < 1 and

_Jo for |z < &,
Sr(@) = {1, for || > R

and |VEr(z)| < % for all x € R3. Moreover we may assume that R is chosen so
that K C Br. Since {un} is a bounded (PS). sequence, we have that

(J' (un), ERun) = o(1), (2.10)
so that
/ (|Vun > + V(z)u?)dz +/ Uun Vi, VEpda +/ bu, UnErdr
R3 R3 R3 (2.11)
1 .
— [ e )untado +o(1) < . [ Vi@hidende +o(1),
R3 k R3
We conclude that
C
/ V(x)uidx < EHunlle(H@)HvunHLz(Rs), (212)
R
from where ([2.9)) follows. O

Lemma [2.1] implies that ¢ defined in (2.5) is a critical value of J.

Remark 2.3. Similar to the proof of lemma[2.2] it is not difficult to see that ¢ can
be characterized as
c= inf supJ(tu
ueH\{0} t>Ig (tu).
Since the modified function g satisfies assumptions (A6)—(A9), the results of the
above yield the following lemma.



EJDE-2016/75 SEMI-CLASSICAL STATES 7

Lemma 2.4. For any € > 0, there exists a critical point for J. at level

Je(ue) = ce = wiergl“ 012%}{1 Je(v(1)), (2.13)
where
[.:={yeC([0,1],H) : v(0) =0, Je(y(1)) < 0},
Je(u) = %/}RS (€| Vul* + V(2)u?)dz + 4%2 /]RB puuide — . G(z,u)dz. (2.14)

3. SOME ESTIMATES

To show that the solution u. found in lemma [2.4] satisfies the original problem
and concentrates at some point in A, we need to study the behavior of u. as € — 0.
We begin with an energy estimate.

Proposition 3.1 (Upper estimate of the critical value). For e small enough, the
critical value c. defined (2.13)) satisfies

ce = Je(ue) < 63(00 +0(1)) ase—0. (3.1)
Moreover, there exists C' > 0 such that

/ (V. ? + V(@)yd)dz < Ce. (3.2)
R3
Proof. Set Vo = minp V = V(xp), and let

co == Inf max Io(~(t)), (3.3)

where

2
I:= {y € C([0,1], H'(R%)) : 7(0) = 0, I(v(1)) < 0}.
From ({3.3)), for any § > 0, there exists a continuous path s : [0,1] — H!(R?) such
that v5(0) = 0, Ip(7s(1)) < 0 and

< I 1) < 5.
Co < max o(vs(t) < co+

1 1
Io(u) = 7/ (|Vul|? 4+ Vou?)dx + 1l pyulde —/ F(u)dz,
R3 R3 R3

Let n be a smooth cut-off function with support in A such that 0 <n <1,n=11in
a neighborhood of =y and |Vn| < C. We consider the path

(1) (@) = n(@)rs(t)(—=2).

Setting
Xr — X

V5 (1) () := i ( )s

we compute, by a charge of variable

1/ (V30 + V(2)7s) ) de — | G(x,75(t))dz
2 Jrs R (3.4)

1
= 635[\Vvt(x)|2 + V(zo + ex)vi(z)]de — € | Glzo + ex,ve(x))d.
R3

€

The Hardy-Littlewood Sobolev inequality leads to

/Rs Gy (1) () Vs (1) (2)2dw = /]Rg [/W M%(t)dy} dx

|z -y
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v2
/ / t d:L‘ dy
R3 JR3 |1’ - yI

= 65/ bo,vid.
R3
For € small enough, we obtain

€ Je(75(t)) — To(v5(1)) + o(1).
It follows that € small enough, s belongs to the class of paths I'. defined by (2.14]).
We deduce that

-3 -3 — _
€ ce <€ max Je(V5(1)) — [nax Io(75(t)) + o(1) < (co + ) + o(1).

Since § > 0 is arbitrary, (3.1) is proved.

1 1
Je(ue) = 3 /RQ,(GQ‘VUEP + V(2)u?)dr + @/ by uidr — | G(z,u.)dx

1 1
= f/ (€| Vuel? + V(z)u )dx—|—f/ by uldr — | G(x,uc)dz
2 R3 462 € K
—/ G(x,ue)dx (3.5)
RO\ (K}
1 1
S 2 2 2 R 2
_4/R( Vul + Viepd)da - 50 [ Viapts
1 1
S (L4 2 2 2
> (5 2k> / (v + Ve,

where C' = 1 — L > 0 thanks to the choice of k. Combining (3.1) and (3.5, it is
easy to obtain O

Next, we give a proposition that is the crucial step in the proof of Theorem

Proposition 3.2.
lim r%:;m\xus(x) =0. (3.6)

e—0
Moreover, for all € sufficiently small enough, u. possesses one local mazimum z. € A
and we must have

e—0

hm V(ze) =Vo = IIlEIR V(z). (3.7

Proof. To prove this proposition we establish that If ¢,, — 0 and x,, € A are such
that u., > b > 0, then
lim V(z,)="V. (3.8)

n—oo

We take three steps to prove this claim.
Stepl: We argue by contradiction. Thus we assume, passing to a subsequence,
that z,, — 2* € A and
V(™) > Vo. (3.9)
We consider the sequence vy, (z) = ue, (zn, + €,2). A simple computation shows
52¢vn (r) = ¢uen (T + €n).
The function v,, satisfies the equation

— Av, + V(Zn + 6nl')vn + (Z)vnvn = g(xn + an,’vn), YIS an (31())
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where Q,, = ¢, {H — z,,}. As a consequence of (3.2)), we see that v,, is bounded in
H'(R?), and from elliptic estimates, we deduce that there exists v € H!(R?) such
that

vy, — v in CF (R3).

Let xn(2) = xa(%n + €,7), then x, () — x in any LP(R3) over compacts with
0 < x < 1. Now, we claim that

/]RS Ou,, Unpdr — /]R3 povpdr  for any ¢ € C5°(R?).

In fact, we can assume support ¢ C €2, where Q is a bounded domain. Then

R
=1 [ bnln= oo+ [ (6, = b ool

< I/]RS Gu,, (U — v)@dz| + I/RS(%L — ¢p)vipd|

< bv, Lo vn = vlLa0)]@lLs@) +o(1) = o(1).
Therefore, v satisfies the limiting equation
—Av+ V(") + v = g(z,v), (3.11)
where

gla,s) = x(@)f(s) + (1 = x(2))f (s)-
Associated with (3.11)) we have functional J : H1(R?) — R defined as

_ 1 1
J(u) = 3 /3[|Vu|2 + V(z*)u?]dx + 1l puuidr
" & (3.12)

— | G(z,u)dz,u € H'(R?),
R3

where G(z,s) = [, g(x,t)dt. Then v is a critical point of J. Set

1 1
In(u) = 5/ [[Vul? + V (2, + epx)u?]de + i/g puuda

n

- / G(xn + enz,u)dr,u € Hy(Q,).
QVL

Then J,,(v,) = €,3J., (ue,). So the key step in the proof of proposition is the
following step.

Step2: liminf, .o J,(v,) > J(v). In particular, J(v) < cy, where cg is given by

B3).
Proof: Write

1 1 e
h = S[IVon* + V(@0 + enz) 03] + L bu, 07 = Glan + €0, ).

Then, choose R > 0, since v, converges in the C'! sense over compacts to v, we
have

1 1 _
lim hpdr = = / [[Vol> + V(z*)v?]dz + ~ ppvid — G(z,v)dz.
Br 2 Br 4

n—00 Br Br
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Since v € H(R3), for each 6 > 0, we have
lim hpdx > J(v) — 6, (3.13)
n—oo BR
provided that R was chosen sufficiently large. Then it only suffices to check that
for large enough R

lim hndz > —94. (3.14)

n—oo Jo. \Br

For any fixed R > 0, let ég(z) € C§°(R3,R) be a cut-off function such that

0 for|z|]<R-1,
Sr(@) = {1, for |x| > R,

and |[VEg(x)| < % for all z € R3 and C > 0 is a constant.
We use w, = £gv, € H*(£2,,) as a test function for J/,(v,) = 0 to obtain

0=J (v,)w, = E, + / (2hy, + gn)dx + / bo, v2dT
Q,\Br Qn\Br

(3.15)
<E,+ / 2h,dx + / by, v2de,
Qn\BR Qn\BR
where g, = 2G(x, + €52, 0,) — g(Tn + €22, Uy )y, and E,, is given by
o= [ (FonV(Enoa) + Vo + ent)invd + 60, 03€nlds
Br\Bn- (3.16)

= / 9(Xn + €nx, vy )ERUp L.
Br\BRr-1

Since vy, is bounded in H*(R?), it follows that [o; ¢y, v2dz < Cllu,|*. The fact
that v € H'(R?) implies that for given § > 0, there exists R > 0 sufficiently large
such that

lim |E,| <4, / by, v2dr < 6.

n— oo Q. \Br
On the other hand, the definition of g together with the properties of f give that
gn < 0. Using this in 7 follows, and the proof of step2 is complete.
Step3: Now, we are ready to obtain a contradiction with . Since v is a critical
point of J, and g satisfies (A9), we have that

J(v) = glfg{j(tv). (3.17)

Then since f(s) > f(s) for all s > 0 we have
J(v) > inf sup I (Tu)Agc”, 3.18
)2 u€H (R3)\{0} T>I:O) (ru)iq (3.18)
where

I*(u) = %A3[|Vu\2 V(@ u]da + % [ butdr— /]R Flwde.  (3.19)

But, since V(z*) > Vp, we have ¢* > ¢o; hence J(v) > ¢*, which contradicts step 2,
and the proof of the claim, i.e. is follows.

To conclude the proof of proposition [3:2] we show that u. has at most one
maximum point in A. The proofs rely on the the arguments carried out in step2
and so we sketch it. By contradiction, assume that, the existence of sequence €,, — 0
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such that u., has two distinct maxima z> and 22 in A. Set v, (z) = u, (2% + €,7),
and it is easy to check that €, (22 — x1) is a maximum point of v, (z), two cases
occur.

Case 1: ¢, (22 — zl) is bounded. From (3.2)) and elliptic estimates, up to a

n

subsequence, v,, — v uniformly over compacts, where v € H'(R?) maximizes at zero

and solves —Av + V (z})v + ¢,v = f(v), here 2t = lim,,_, o .. Since €, (22 — 1)
is bounded and hence, up to a subsequence, it converges to some p € R3. So we

conclude that p = 0; therefore €, (22 — 1) € B, for n large enough, which is

impossible since 0 is the only critical point of v in B,.

Case2: ¢, !(22 — z1) is unbounded. Let v, (2) = u., (e, + 22), then there exists
¥ such that @ is the solution of —Av + V (2?)v + ¢,v = f(v), here 22 = lim,,_, o 22.
Note that |e; (22 — zL)| — 400, then for any R > 0 the balls B N B¢ = (), where
B¢ = Br(e,; (22 — z1)), repeat the arguments of step2, we find that for any v > 0

it is possible to choose that R > 0 large enough such that

lim [ hpdz > J(@) - v, (3.20)
n—oo | pe
where
) 1 1
Ju) =1 / (Vu? + V(a2))de + ~ | pude— [ Flu)da,
2 ]R3 4 ]RS RS
and
lim hpdx > —v. (3.21)

70 JR3\(BRUB®)
Similar to the argument in (3.13)), we obtain

lim hndx > Ji(v) =6, (3.22)

n—00 Br

where

2
From ((3.22)),(3.20) and (3.21)) we conclude that

Ji(u) = 1/ (|Vul|? + V(2" )u?)dz + % pyuide —/ F(u)dz.
RS RS R3

lim [ hpdz > Jy(v)+ J(0) — 3v. (3.23)

n—oo [p3
Since v is arbitrary we find that

63T, (ue,) = lim J,(v,) > Ji(v) + J(B) > 2co,
which contradicts (3.1]). The proof of proposition is now complete. (Il

4. PROOF OF THEOREM [I.1]

In this section, we shall prove the existence, concentration, and exponential decay
of ground state solution of (1.3 for small e.

Proof of Theorem[I1. By proposition [3:2} there exists €y such that for 0 < € < €,
uc(z) < a forall z € OA. (4.1)
The function u. € H solves the equation

— EAu+V(z)u+ e 2pu = g(x,u). (4.2)
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Choose (ue — a)+ as a test function in (4.2)), after integration by parts one gets

[ [V = a P el - @t + ¢ o ulue - )
R3\{A} (4.3)

+ c(x)a(ue — a)@ dx =0,
where
g(x, uc(z))
ue(z)
The definition of g yields that c¢(z) > 0 in R*\{A}, hence all terms in ([4.3]) are zero.
We conclude in particular

clx) =V(x) —

uc(z) <a for all R3\{A}.

Consequently, u, is a solution to equation , and by proposition we know
that the maximum value of wu. is achieved at a point . € A and it is away from
zero. To obtain , we need the following proposition, which is a very particular
version of [15, Theorem 8.17]. O

Proposition 4.1 ([I5]). Suppose that t > 3, h € L'/?(Q) and u € H'(Q) satisfies
in the weak sense

—Au < h(z) in Q,
where Q is an open subset of R®. Then, for any ball Bar(y) C 9,

sup  u(zw) < C(||U+||L2(Bza(y)) + Hh”Lt/Q(BzR(y)))’
zE€BR(y)

where C' depends on t and R.

Lemma 4.2. Let ve(x) = ue(x. + ex), where x. is the unique mazimum of u., then
there exists € > 0 such that lim;| o ve(x) = 0 uniformly on e € (0,€*).

Proof. Since uc(x) is the solution of (L.3), by then
[vellm < C, (4.4)
and also v.(z) satisfies
—Ave + V(xe + €x)ve(x) + Py ve = f(ve).
Now, for any sequence €, — 0, there is a subsequence such that
x., — T;V(Z) = V.

From and elliptic estimates, we know that this subsequence can be chosen in
such a way that v., — v uniformly over compacts, where v € H*(R?) solves

— Av+ Vv + ¢, = f(v). (4.5)

Next, we prove that v, — v € H'(R®). Since f(s) < f(s) for all s > 0, by
we have

In(ven) < Ggngn(uen) < €o,
where

1 1
I, (u) = 5/9 [[Vul? + V(z., + enz)u?]dz + Z/Q puuda

n

- / F(ze, + epz,u)dz, Qy
Qn

= 6;1{R3 — T, }
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On the other hand, using Fatou’s lemma and the weak limit of v,,,,

Ta(ven) = Tn(ve,) = 3{Tal0e,) )

1 1
=1 190 P4 Ve, + et Mot g [ (e, 4P, o
n QTL
1 1
> 1 [ 190 P oo do ot 3 [ (e, — 4B (v, )ldo
n Q’VL
1 1
> — / [[Vo]? + Voo?lde + ~ / [f(v)v — 4F(v)]dz
4 Jos 4 Jos

= o) — {Th(0), ) 2 e

So, I, (ve, ) — ¢o as n — 00, and it is easy to verify from the above inequalities,

lim (IVve, | + Vou? )dx = / (IVv|* + Vov?)de.
R3

n—00 Jp3
Therefore, using that v., — v weakly in H!(R3), we conclude v., — v in H!(R?).

As a consequence of the above limit, we have

lim v? dx = 0. (4.7)

Applying proposition [£.1]in the inequality
—Av,, < —Ave, + V(enw + 2, Ve, + du,, Ve, = hn(x)Aqf(ve,) in R3,

we have that for some ¢ > 3, ||y || ¢ < C for all n. Moreover,

sup v, (2) < C(|[ve, l22(Ban(y)) + 1nllLerz(Byn(yy)  for all y € R?,
z€EBR(y)

which implies that [|vc, ||z (rs) is uniformly bounded. Then by (4.7), we have

| llim Ve, () =0 uniformly on n € N.
xr|—0o0

Consequently, there exists €* > 0 such that

lim ve(x) =0 uniformly on e € (0,€").
|| —o00

d
To show the exponential decay of u., we only need the following result involving
of v.
Lemma 4.3. There exist constants C > 0 and ¢ > 0 such that
ve(z) < Cel®l for all - € R3.
Proof. By lemma[1.2] and (A2), there exists Ry > 0 such that
fve(x))
ve()

Fix w(z) = Ce~*l with ¢ < V5/2 and Ce=¢" > v, for all |z| = R;. Tt is easy to
check that

< % for all |z| > Ry, € € (0,€). (4.8)

Aw < 2w for all |z| # 0. (4.9)
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So
1)
— Ave + Voue < —Ave + Vyue + ¢y ve = f(ve) < 5 ve for all |z| > Ry. (4.10)
Define w, = w — v.. Using (4.10)) and (4.9)), we obtain

\%
—Aw. + 70% >0, in|z|<Ri,we>0, on|z|=Ry, ‘ llim we(x) = 0.
T|—00

The classical maximum principle implies that w. > 0 in |2| > Ry and by the work
in [19], we conclude that

ve(z) < Ce™ el for all [z| > Ry, e € (0,€*).
By the definition of v, and lemma we have

ue(z) = v (226 < Cexp(_cw)
€
for all x € R3, e € (0,€*). The proof of Theorem is complete. (I

Acknowledgments. This work was supported by Natural Science Foundation of

China (11201083) and China Postdoctoral Science Foundation (2013M542038).
The author would like to express her sincere thanks to the anonymous referees

for their careful reading of the manuscript and valuable comments and suggestions.

REFERENCES

[1] A. Ambrosetti; On Schrodinger-Poisson systems, Milan J.Math., 76 (2008) 257-274.

[2] A. Ambrosetti, D. Ruiz; Multiple bound states for the Schrédinger-Poisson problem, Comm.
Contemp. Math., 10 (2008), 1-14.

[3] A. Azzollini, A. Pomponio; Ground state solutions for the nonlinear Schrédinger-Mazwell
equations, J. Math. Anal. Appl., 345 (2008), 90-108.

[4] A. Azzollini, P. d’Avenia, A. Pomponio; On the Schrédinger-Mazwell equations under the
effect of a general nonlinear term, Ann. Inst. H. Poincaré Anal. Non Linéaire., 27 (2010),
779-791.

[5] T. D’Aprile, D. Mugnai; Solitary waves for mnonlinear Klein-Gordon-Mazwell and
SchrédingerPoisson equations, Proc. Roy. Soc. Edinburgh Sect. A. 134 (2004), 893-906.

[6] T. D’Aprile, D.Mugnai; Non-ezistence results for the coupled Klein-Gordon-Mazwell equa-
tions, Adv. Nonlinear Stud., 4 (2004), 307-322.

[7] T. D’Aprile, J. Wei; On bound states concentrating on sphere for the Mazwell-Schrédinger
equations, STAM J. Math. Anal., 37 (2005), 321-342.

[8] P. d’Avenia; Non-radially symmetric solutions of monlinear Schrodinger equation coupled
with Mazwell equations, Adv. Nonlinear Stud., 2 (2002), 177-192.

[9] P. d’Avenia, A. Pomponio, G. Vaira; Infinitely many positive solutions for a Schrodinger-
Poisson system, Nonlinear Anal., 74 (2011) 5705-5721.

[10] V. Benci, D. Fortunato; An eigenvalue probolem for the Schrédinger-Mazwell equations,
Topol. Methods Nonlinear Anal., 11 (1998) 283-293.

[11] D. Bonheure, J. di Cosmo, C. Mercuri; concentration on circled for nonlinear Schrédinger
-Poisson systems with unbounded potentials vanishing at infinity, Comm. Contemp. Math.,
14(2012), 125009 (1-31).

[12] G. Cerami, G. Vaira; Positive solutions for some non-autonomous Schrédinger-Poisson sys-
tems, J. Differential Equations., 248 (2010), 521-543.

[13] G. M. Coclite; A multiplicity result for the nonlinear Schrodinger- Mazwell equations, Com-
mun. Appl. Nonlinear Anal., 7 (2003), 417-423.

[14] G. M. Coclite, V. Georgiev; Solitary waves for Mazwell-Schrodinger equations, Electron. J.
Differential. Equations., 94 (2004), 1-31.

[15] D. Gilbarg, N. S. Trudinger; Elliptic Partial Differertial Equations of Second Order, 2nd ed.,
Grundlehren der mathematischen, Wissenschaften, Vol. 224, (Springer, Berlin, 1983).



EJDE-2016/75 SEMI-CLASSICAL STATES 15

[16] I. Ianni; Solutions of Schrédinger-Poisson problem concentrating on apheres, Partll: Exis-
tence, Math. Models Meth. Appl. Sci., 19 (2009) 877-910.

[17] I. Ianni, G. Vaira; Solutions of Schrédinger-Poisson problem concentrating on apheres, Partl:
Necessary conditions, Math. Models Meth. Appl. Sci., 19 (2009) 707-720.

[18] I. Ianni, G. Vaira; On concentration of positive bound states for the Schrédinger-Poisson
problem with potentials, Adv. Nonlinear Stud., 8 (2008) 573-595.

[19] B. Gidas, W. M. Ni, L. Nirenberg; Symmetry of positive solutions of nonlinear equations
in RN, Math.Anal and Applications, Part A, Advances in Math. Suppl. Studies 7A, (ed. L.
Nachbin), Academic Press (1981), pp 369-402.

[20] X. He, M. W. Zou; Ezistence and concentration of ground states for Schrédinger-Poisson
equations with critical growth, J. Math. Phys., 53 (2012), 023702.

[21] M. D. Pino, P. Felmer; Local mountain passes for semilinear ellptic problems in unbounded
demains, Calc. Var. PDE., 4 (1996), 121-137.

[22] D. Ruiz; Semiclassical states for coupled Schrodinger- Mazwell equations: Concentration
around a sphere, Math. Methods Appl. Sci., 15 (2005), 141-164.

[23] D. Ruiz; The Schrédinger-Poisson equaton under the effect of a monlinear local term, J.
Funct. Anal., 237 (2006), 655-674.

[24] D. Ruiz, G. Vaira; Cluster solutions for the Schrédinger-Poisson-Slater problem around a
local minimum of protential, Rev. Mat.Iberoamericana., 27 (2011), 253-271.

[25] O. Sanchez, J. Soler; Long-time dynamics of the Schrodinger-Poisson-Slater system, J.
Statist. Phys., 114 (2004), 179-204.

[26] J. Sun, T. F. Wu; On the nonlinear Schridinger-Poisson systems with sign-changing poten-
tial, Z. Angew. Math. Phys., 66 (2015), 1649-1669.

[27] J. Sun, T. F. Wu, Z. Feng; Multiplicity of positive solutions for a monlinear Schrédinger-
Poisson system, Journal of Differential Equations, 260 (2016), 586-627.

[28] Z. P. Wang, H. S. Zhou; Positive solution for a nonlinear stationary Schrédinger-Poisson
system in R3, Discrete Contin. Dyn. Syst., 18 (2007), 809-816.

[29] L. Zhao, F. Zhao; On the existence of solutions for the Schrédinger-Poisson equations, J.
Math. Anal. Appl., 346 (2008), 155-169.

HonGBO ZHU
SCHOOL OF MATHEMATICS AND STATISTICS, CENTRAL CHINA NORMAL UNIVERSITY, WUHAN 430079,
CHINA.
SCHOOL OF APPLIED MATHEMATICS, GUANGDONG UNIVERSITY OF TECHNOLOGY, GUANGZHOU
510006, CHINA

E-mail address: zhbxw@126. com



	1. Introduction
	2. Solution of the modified equation
	3. Some estimates
	4. Proof of Theorem ??
	Acknowledgments

	References

