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ABSTRACT. In this article, we study g-fractional Sturm-Liouville operators.
Using by the functional method, we pass to a new operator. Then, show-
ing that this operator is a maximal operator and constructing a self-adjoint
dilation of the maximal dissipative operator. We prove a theorem on the com-
pleteness of the system of eigenvectors and associated vectors of the dissipative
g-fractional Sturm-Liouville operators.

1. INTRODUCTION

It is well known that many problems in mechanics, engineering and mathematical
physics lead to the concept of completeness of root functions and basis properties
of all or part of the eigenvectors and associated vectors corresponding to some
operators. In many engineering applications, the Sturm-Liouville problems arise
as boundary value problems. These problems and many of the associated theories
were presented in 1800’s (see [22] [31] 41]), and since then, the related fields such
as fractional Sturm-Liouville operators and g-fractional Sturm-Liouville operators
have attracted considerable interest in a variety of applied sciences and mathematics
(see |21, 26, 28], B3] and the references therein).

Spectral theory is one of the major subjects of modern functional analysis and
its applications in mathematics. So there has recently been a noticeable interest
in spectral analysis of Sturm-Liouville boundary value problems (see [6l, 10} 14, 20,
341, 38, [40] and the references therein).

There are some methods to give the completeness of non-self-adjoint (dissipa-
tive) operators, such as the method of contour integration of the resolvent, Lidskij’s
method, functional model method, etc. In this paper, we prove a theorem on the
completeness of the system of eigenvectors and associated vectors of dissipative
operators by using functional model theory that belongs to Sz.-Nagy-Foiag. It is
related with the equivalence of the Lax-Phillips scattering function technique and
Sz.-Nagy-Foiag characteristic function. By combining the results of Nagy-Foiag [4]
and Lax-Phillips [3], the characteristic function is expressed with a scattering ma-
trix, and the dissipative operator in the spectral representation of dilation becomes
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the model. By means of different spectral representation of dilation, the given op-
erator can be written very simply and the functional models are obtained. The
eigenvalues, eigenvectors and the spectral projection of the model operator is ex-
pressed obviously by the characteristic function. In the centre of this method, the
problem on the completeness of the system of eigenvectors is solved by writing the
characteristic function as a factorization. That is, the factorization of the charac-
teristic function gives us information about whether the system of all eigenvectors
and associated vectors is complete or not. This approach is applied for dissipa-
tive Schrodinger operators, Sturm-Liouville operators, fractional Sturm-Liouville
operators and difference Sturm-Liouville operators (see [14, 20, [32] [38] [40]).

In this article, we apply it to the g¢-fractional Sturm-Liouville operator. To
do this, we form a new operator and show that this new operator is a maximal
dissipative operator. Then, we construct a functional model of the dissipative
operator by means of the incoming and outgoing spectral representations, and define
its characteristic function because this makes it possible to determine the scattering
matrix of dilation according to the Lax and Phillips scheme. Finally, we prove a
theorem on the completeness of the system of eigenvectors and associated vectors
of dissipative operators.

2. PRELIMINARIES

In this section, we recall some basic definitions and properties of the fractional
calculus theory, which are useful in the following discussion. These definitions and
properties can be found in [I}, 2] [5] (T3] 29, B0, B2, B3], B7] and the references therein.

Let ¢ be a positive number with 0 < ¢ <1, A C R,

Apg={tq" :n e N}, Ay :=A4;,U{0}, t>0,
Ap g ={£tq" :neN}, t>0.

Let y(-) be a complex-valued function on A. The g¢-difference operator D, is
defined by

ylgz) — y(@)
D,y(z) = for all x € A\{0},
where pu(x) = (¢ — 1)z. The g-derivative at zero is defined by

Dyy(0) = lim y(g"z) —y(0)

n—00 qnfE

(z € A),

if the limit exists and does not depend on x. A right-inverse to D,, the Jackson
g-integration is given by

| 10dt=a(-0 > a'1@") (@<,
0 n=0
provided that the series converges, and

b b a
| s = [ rwda- [ roar @pea.

Let L2(0,a) be the space of all complex-valued functions defined on [0, a] such

that . »
1= ([ @) < o



EJDE-2017/136 SPECTRAL ANALYSIS 3
The space Lﬁ(O, a) is a separable Hilbert space with the inner product

(fg) = /0 C H@)g@dgr,  fog € 12(0,a), (2.1)

and the orthonormal basis

1 _ n
onte) = { T

0, otherwise,

where n =0,1,2,... (see [I]).

Definition 2.1. A function f which is defined on A, 0 € A, is said to be g-regular
at zero if

lim f(zq") = £(0)

n—oo

for every x € A (see [1]).

Let C(A) denote the space of all g-regular at zero functions on A. This space is
a normed space with the norm function

| fII = sup{| f(xq™)

cx €A, neN}
(see [I).

Definition 2.2. A g-regular at zero function f which is defined on A; , is said to
be g-absolutely continuous if

D o1f(ug’) = flug ) < K, Ve A,
7=0

where K is a constant depending on the function f (see [I]).

The space of g-absolutely continuous functions on Af , is denoted by AC,(A; ).
For n € N and «,aq,...,a, € C, the g-shifted factorial, the multiple g-shifted
factorial and the g-binomial coefficients are defined by

@ao=1, (a0 =][0—aa"), (a0 = [[(1—ac®),
k=0 k=0

k
(0,1,(12,.. <, A - Q) = H(aj;Q)na
j=1

[a:| 1 [a:| _ (l_qa)(l_qa 1)'.'(1_qo¢7n+1)
a (@ @)n
respectively (see [1]). The generalized g-shifted factorial is defined by

)

oy (ag)s
(@:9) = (ag”; ¢) oo

(see [1]). The ¢-Gamma function is defined by

(v eR)

Ty(z) = %"’(1 _Qi, e gl <1

(see []).
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Definition 2.3. Let 0 < a < 1. The left-sided and right-sided Riemann-Liouville
g-fractional operator are given by the formulas

Jg o+ f(x) = s:(a) /w(q;t;q)a_lf(t)dqt, (2.2)
b
sz’f(x) = tha) / t* 1((];3’(1)& lf( ) (23)

respectively (see [32]).
Definition 2.4. Let a > 0 and [a] = m. The left-sided and right-sided Riemann-
Liouville fractional g-derivatives of order « are defined, respectively, as follows:
Dy o+ f(x) = Dmeaf‘ (), (2.4)
D3y £(@) = ()" Dy I £ o). (2.5)

Similar formulas give the left-sided and right-sided Caputo fractional g-derivatives
of order «, respectively as follows:

“DE . f(@) = SO D (o),
"Dy £(@) = ()" T D (@)
(see [32]).

Theorem 2.5. (i) The left-sided Riemann-Liouville g-fractional operator satisfies
the semi-group property

Je P =), xe Ay, (2.6)

q, g,at q at
for any function defined on Aq o and for any values of o and 3.
(i) The right-sided Riemann-Liouville q-fractional operator satisfies the semi-
group property
T dyy @) = TP f(0), w € Agy,

for any function defined on Ay and for any values of o and (3 (see [32]).

Definition 2.6. An operator T is called dissipative (accumulative) if Im(7T'z, z) >
0, (Im(Tx,x) <0) for all x € D(T') (see [24], 25]).

Definition 2.7. The linear operator T' with domain D(T) acting in the Hilbert
space H is called simple if there is no invariant subspace N C D(T) (N # {0}) of
the operator T' on which the restriction T to N is self-adjoint (see [16]).

Definition 2.8. A triple (H, A1, A) is called a space of boundary values of a closed
symmetric operator T on a Hilbert space H if Aj, Ay are linear maps from D(T™*)
to ‘H with equal deficiency numbers such that:

(i) Green’s formula is valid,

(T f,9)m — (£, T"9)n = (ALf, Aag)n — (A2 f, A1g)w,  f,g € D(AY).

(ii) For any Fy, Fy € H, there is a vector f € D(T™*) such that A, f = Fi,
Aof = F, [25)].
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Definition 2.9. Let T': H — H be an operator acting on a Hilbert space H, and
let U : H — H be acting on another Hilbert space H DH. The operator U is called
a dilation of A if

T"h = PgU™h, he€ H,n>0,
where Py is the orthogonal projection of H onto H. The space H is called a dilation
space (see [4]).

Definition 2.10. Let T be a symmetric operator and A a non-real number. The
operator

V= (T - X)(T-X)"
is called the Cayley transform of the operator T' (see [34]).

Definition 2.11. Let H be a Hilbert space and T : H — H be a contraction
operator, i.e., |T|| < 1. The operator Dy = (I — T*T)'/? is called the defect
operator of T. The characteristic function 67 of the contraction A is defined by

0r(§) = Dr+(I = €T*)7'(€ = T)Dr
(see []).
Definition 2.12 ([4]). The analytic function S(A) on the upper half-plane C is

called the inner function on Cy if |S(A\)] < 1 for all A € C4 and |[S(A\)| = 1 for
almost all A € (—o0, x0).

Definition 2.13. A sequence of points (a,) inside the unit disk is said to satisfy
the Blaschke condition when

Z(l —lan]) < oo.

n

Given a sequence obeying the Blaschke condition, the Blaschke product is defined

B(z) = | [ Blan, 2)

with factors
B(a,z) = M i

al—-az
provided that a # 0. Here @ is the complex conjugate of a (see [4]).

Definition 2.14. For a given countable set of points a;, ¢ = 1,2,.... such that
la;] < 1 and )7, (1 — |a;]) < oo, and an ordered family of orthogonal projections
{P;} in E in the disk |a;] < 1 we can construct the Blaschke-Potapov product

() = [[(2=5 % o+ (1- Py}

oo L awd fa
which is the multi-dimensional analogue of the Blaschke product (see [6]).

Definition 2.15. The logarithmic capacity of a compact set F in the complex
plane is given by

V(E) = e_V(E)7
where

V(E) = inf In
v JEXE
and v runs over each probability measure on E (see [12]).

! Udu(u)dl/(v)
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Definition 2.16 ([I2]). Let E be an n—dimensional Hilbert space (n < oo). In
E we fix an orthonormal basis e1, es, . . ., e, and denote by Er (k=1,2,...,n) the
linear span of the vectors ey, es, ..., ex. If L C Ej, then the population of x € Ej_4
with the property

Cap{A: X e C,(z+ Xex) CL}>0
will be shown by I'y_; L (Cap G is the inner logarithmic capacity of a set G C C).
The I'-capacity of a set L C E is a number

I'—Cap L :=supCap{A: ey CT1I'y...T,,_1L},
where the supremum is taken with respect to all orthonormal basis in E.

It is known that every set L C E of zero I'-capacity has zero 2n-dimensional
Lebesgue measure; however, the converse is not true (see [16]).

Now denote by [E] the set of all linear operators in E (dim E = m). To convert
[E] into an m?—dimensional Hilbert space, we give the inner product (T,S) =
trS*T for T, S € [E] (trS*T is the trace of the operators S*T'). Hence we may give
the T'-capacity of a set in E (see [10]).

3. DILATION OF ¢-FRACTIONAL STURM-LIOUVILLE OPERATOR

In this section, we construct a space of boundary value for minimal symmet-
ric fractional ¢-Sturm-Liouville operator and describe all extensions (dissipative,
accumulative, self-adjoint and other) of such operators.

By g-fractional differential expression

Tg.ay(@) == Dy ,-p(@)°Dg g4 y(x) + r(z)y(z), o€ (0,1), (3.1)
consider the fractional ¢-Sturm-Liouville equation
Tq,ozy(x) - )\y(l’) = Oa S Az(,on (32)

where p(z) # 0 for all z € Aj , and p,r are real valued functions defined in Ay ,.
For ¢ — 1, this problem was investigated by Eryilmaz and Tuna (see [23]).

To pass from the differential expression 7,y to operators, we introduce the
Hilbert space H C L2(A; ) UC(Af,), @ € (0,1) with the inner product 21).

Let £y denote the closure of the minimal operator generated by and Dy its
domain. Besides, we denote by D the set of all functions f from H such that f €
ACy (A} ,) and 74 oy € H. D is the domain of the maximal operator £. Furthermore,
L£=LH[34].

For two arbitrary functions y, z € D, we have Green’s identity [32]:

| Wermacto) - som @] dga
= [9(0) ;.9 Dior =) () = 2(0) (2P Dgor) ()] i

Let us denote by A1, Ao the linear maps from D to E := C? by the formulas
l—a, cna
_ (—y(0) (2P Dy 4 y(0)
mi= (). s - <Jﬁ_a ] S yeD.  (34)

(3.3)

g,a-P Dq’0+y(%)
Lemma 3.1. For arbitrary y,z € D, one has
(Ly,2)m — (Y, L2)i = (M1y, A2z)p — (A2y, M12) .
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Proof. From Green’s identity and by
—a. ¢ o z Ao\ 7l—a, c ha T
[y, 2)e = y(a) T, 2p Dq,0+2(g) — z(a)J,%p Dq,0+y(5),
Y,z €D, x €]0,q],

we have
(‘Cya z)H - (yv ‘C‘Z)H = [y7 Z]a - [ya Z]O-
Then, we obtain

(AlyaAQZ)E - (A2y,A12)E

= —y(0)J, 2P Dy o+ 2(0) — (=2(0))J, ,“p° D 5+ y(0)

Y(@) T3, 2p Do) = (@), 2 Do)

a
q
= [y7 Z}a - [y7 Z]O-
Hence we have
(Ly,2)g — (¥, L2) g = (My, Aoz)p — (A2y, M12)E.
O

Theorem 3.2. The triplet (E, A1, As) defined by (3.4) is a boundary space of the
operator Ly.

Proof. The first condition is obtained from Lemma Now we will prove the

second condition. Let u = (151) v = (v ) € E. Then, the vector-valued function

2 U2
y(t) = ar(H)ur(t) + az(t)vr(t) + Br(t)ua(t) + Ba(t)va(t),
where a1(+), aa(+), 81(-), B2(-) € H, satisfies the conditions
a1(0) = -1,
J1 p°Dy g+ 1(0) = ai(a) = J1 Dy g+ (ag™ =0,
Ty 220 Dy gras(0) =1,
az(0) = az(a) = Jql,a? CD;()+a2(aq_1) =0,
Bi(a) =1,
B1(0) = Jl “p°Dy o+ 51(0) = Jl *p°Dg i Pilag™t) =0,
J1 o CDaO+ﬁ2(aq =1,
52(0) = Ba(a) = J, 2p°Dy o+ £2(0) =

Note that y(-) belongs to the set D and Aly = u, Aoy = v. Hence the proof is
complete. 0

Corollary 3.3. For any contraction K in E, the restriction of the operator L to
the set of functions y € D satisfying either the boundary conditions

(K = DAy +i(K+1)Ayy =0 (3.5)

(K= DAy —i(K+1)Ay =0 (3.6)
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is respectively, a maximal dissipative or a mazximal accumulative extension of the
operator Ly, where Ly is the restriction of the operator L to the domain D. Con-
versely, every mazimal dissipative (accumulative) extension of the operator Ly is
the restriction of L to the set of functions y € D satisfying (3.5) (3.6, and the
extension uniquely determines the contraction K. Conditions in which
K is an isometry describe the mazimal symmetric extensions of Ly in H. If K is
unitary, these conditions define self-adjoint extensions.

In particular, the boundary conditions
—y(0) +71J, 2P Dy 5+ y(0) =0, (3.7)

—a ¢ a
y(a) + 27,2 “D;{my(a) =0, (3.8)

with Im~; >0 or 3 =00, Imys > 0or v2 =00 (Imvy; =0 or 3 =00, Imy, =0
or 73 = oo) describe the maximal dissipative (self-adjoint) extensions of £y with
separated boundary conditions.

Now we study the maximal dissipative operator Ly, where K is the strict con-
traction in I generated by the expression 74,y and the boundary condition .
Since K is a strict contraction, the operator K + I must be invertible, and the
boundary condition is equivalent to the condition

Agy + QAly =0, (39)

where Q = —i(K +I)"(K — I), ImQ > 0, and —K is the Cayley transform of the
dissipative operator 2. We denote L (= Lk ) the dissipative operator generated
by the expression 74 oy and the boundary condition (3.9).

Let
m 0
Q =
(0 72)
where Imvy; > 0, Imv, > 0 and n? = 2Im{, n > 0. Then the boundary condition
(3.9) coincides with the separated boundary conditions (3.5 and (3.6]).

4. SELF-ADJOINT DILATION, INCOMING AND OUTGOING SPECTRAL
REPRESENTATIONS

In this section, we construct a self-adjoint dilation of the maximal dissipative
g-fractional Sturm-Liouville operator and its incoming and outgoing spectral rep-
resentations. Hence we determine the scattering matrix of the dilation according
to the Lax and Phillips scheme ([3], [4]). Later, we construct a functional model of
this operator, using incoming spectral representations. Finally, we determine the
characteristic function of this operator.

Now we consider the “incoming” and “outgoing” subspaces L?((—oc,0); E) and
L?((0,0); E). The orthogonal sum H = L?((—00,0); E) ® H & L?((0,0); E) is
called the main Hilbert space of the dilation.

In the space H, we define the operator T on the set D(Y), where D(Y) consist
of vectors w = (1_,y, 1), generated by the expression

dy_ d
T<¢*7y71/}+> = <idL£,Tq,ay7idL:>; (41)

A2y + QAly = mﬁf (O)a A2y + QTAy = 77¢+(0), 772 = 2Im97 n> 0, (42)
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where ¢ € W3 ((—o0,0); E), 14 € W3 ((0,00); E), y € H and W3 is the Sobolev
space.

Theorem 4.1. The operator Y is self-adjoint in H.

Proof. We first prove that T is symmetric in H. Let f,g € D(Y), f = (¢, y,¥1)
and g = (_,2,(;). Then, we have
(Cf.9)n—(f, Tg)n
=i(¥-(0),¢-(0)e —i(¥+(0),¢+(0) e + [y, 2]a — [y, 2]o-
By direct computation, we obtain
1(7/’— (O)a C— (O))E - Z(d)-‘r (O)v <+ (0))E + [ya Z]a - [y7 Z]O =0.
Thus, T C T*, i.e., T is a symmetric operator.

It is easy to check that T and YT* are generated by the same expression (4.1)).
Let us describe the domain of T*. We shall compute the terms outside the integral
sign, which are obtained via integration by parts in the bilinear form (Y f, g)s;,
f€D(Y), g€ D(T*). Their sum is equal to zero, i.e.,

[y, 2la — [y, 2o + i(¥-(0),¢-(0)) e — i(¢4(0), (4 (0)) = 0. (4.4)
Further, solving the boundary conditions (4.2) for A;y and Asy, we find that
Ay = —in~ ' (Y (0) = ¢1(0)),  Agy =1y (0) +iLln " (—(0) — ¢1(0)).
Therefore, using (3.4), we find that (4.4) is equivalent to the equality
i(¥4(0),¢+(0)) g — i(¥—-(0),¢-(0))
= [yv Z}a - [yv Z]O = (Alya AZZ)E - (A2y7Alz)E
= —i(n (¥-(0) = ¥4(0)), As2)p — (- (0), A12)
— (L~ (Y- (0) = 91(0)), A12) .
Since the values ¢4 (0) can be arbitrary vectors, a comparison of the coefficients of
¥i+(0) (¢ = 1,2) on the left-hand side and the right-hand side of the last equal-
ity proves that the vector g = ((_, z,(;) satisfies the boundary conditions (4.2)),

namely, Aoz + QA2 = n¢_(0), A2z + Q7 A1z = (4 (0). Therefore D(Y*) C D(Y),
and hence T = T*. O

(4.3)

Note that the self-adjoint operator Y generates a unitary group U; = exp(iYt)
(t € (—00,00)) on H. Let us denote by P : H — H and P; : H — H the mappings
acting according to the formulae P : (¢)_,y,%+) — y and P; : y — (0,9,0). Let
Zy :=PUP1, t > 0, by using U;. The family {Z;} (¢t > 0) of operators is a strongly
continuous semigroup of completely non-unitary contraction on H. Let us denote
by B the generator of this semigroup : By = lithJro(Z“i’t_y). The domain of B
consists of all vectors for which the limit exists. The operator B is dissipative. The
operator Y is called the self-adjoint dilation of B. Then, we have the following
result.

Theorem 4.2. The operator Y is a self-adjoint dilation of the operator La(= Lk).
Proof. Tt is sufficient to prove the following equality (see [0]):
P(T = X)"'"Pry= (Lo —N)"'y, y€H, Imh<O0. (4.5)

We set (Y — APy = g = ((_,2,(;). Then (Y — X)g = P1y, and hence
Ty — Az = 4, C_(€) = C_(0)e= and ¢4 () = ¢+ (0)e~¢. Since g € D(Y), we
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have (_ € W4((—o0,0); E). Thus it follows that (_(0) = 0 and consequently, z
satisfies the boundary condition Asz + QA;z = 0. Therefore z € D(Lq), and since
the point A with Im A < 0 cannot be an eigenvalue of the dissipative operator, it
follows that z = (Lo — AI)~ty. Thus

(Y =AD" Pry = (0, (Lo — AD) "y, n~(Aay + Q7 Ary)e™ )

for y € H and Im X\ < 0. By applying the mapping P, we obtain

(Lo —A)"'=P(Y - \)"'P, = —iP/ Upe~MdtP,
0

= —i/ Ziem™Mdt = (B—M)7', Tm\ <0,
0
i.e., L:Q =B. O

On the other hand, the unitary group {U;} has an important property which
makes it possible to apply it to the Lax-Phillips theory (see [3]). It has or-
thogonal incoming and outgoing subspaces D_ = (L?(—o0,0),0,0) and D, =
(0,0, L%(0,0)), and they have the following properties.

Lemma 4.3. U,D_CD_,t<0and UDy C Dy, t>0.

Proof. We will just prove for D, since the proof for D_ is similar. Set Ry =
(T — XI)~1. Then, for all A\, with Im A\ < 0, we have

3
Rif = <0,0,—i€7M5/0 ey (s)ds), f=1(0,0,44) € Dy.

Hence we have Ryf € Dy. If g L D, then we obtain

0= (Rafighe=-i [ ¢ NUfigmdt, ImA<o.
0
Thus we have (U;f,g)y =0 for all t > 0, i.e., UyDy C Dy for ¢ > 0. O
Lemma 4.4. mtS()UtD_ = thOUtD+ = {0}
Proof. Let us define the mapping P+ : H — L?((0,00); E) and the mapping P;" :
L?((0,00); E) — Dy as Pt : (¢, y,y) — by and Py : ¢ — (0,0,1)), respectively.
We consider that the semigroup of isometries U;" := PTU,P;" (t > 0) is a one-sided

shift in L2((0,00); E). Indeed, the generator of the semigroup of the one-sided shift
V; in L%((0,00); E) is the differential operator z'd% with the boundary condition

¥(0) = 0. On the other hand, the generator S of the semigroup of isometries U,
(t > 0) is the operator

Ay, dy
Zd7£> = Zdié_,

where 1) € W3 ((0,00); E) and 1(0) = 0. Since a semigroup is uniquely determined
by its generator, it follows that U;” = V;, and hence we obtain

ﬁtZOUtD+ = <0, 0, ﬁt§0‘4L2((0, OO); E)) = {O}

Sip = PTYP+p = PTY(0,0,4) = PT(0,0,

Lemma 4.5. The operator Lq is simple.
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Proof. Let H' C H be a nontrivial subspace in which L induces a self-adjoint
operator Lg, with domain D(Ly) = H' N D(Lq). If f € D(Ly), then f € D(LE)
and

d d . .
= @Ile”mfllir = a(ewntﬁ el f)y

= —2(Im QA 52! f, Aye'“t f) .

0

Consequently, Aje’*2tf = 0. For eigenvectors y € H' of the operator Lo we have
A1y(A) = 0. Using this result with the boundary condition Asy + QA;y = 0, we
have Ayy =0, i.e., y = 0. Since all the solutions of 7, .y = Ay belong to H, from
this it can be concluded that the resolvent operator Ry(Lq) is compact, and the
spectrum of Lq is purely discrete. Consequently, by the theorem on expansion in
the eigenvectors of the self-adjoint operator Lf,, we obtain H' = {0}. Hence the
operator Lq is simple. O

Now we set
H, - UtZOUtha H+ - UtSOUtD+.

Lemma 4.6. The equality H_ + Hy = H holds.

Proof. From Lemma 4.5 it is easy to show that the subspace H' = H& (H_ + Hy)
is invariant relative to the group {U,}, and has the form H’' = (0, H’,0) where H' is
a subspace of H. Therefore, if the subspace H’ (and hence also H') were nontrivial,
then the unitary group {U/} restricted to this subspace would be a unitary part of
the group {U,}, and hence the restriction £, of Lo to H' would be a self-adjoint
operator in H'. Since the operator L, is simple, it follows that H' = {0}. O

Suppose that x(A) and w(\) are the solutions of 7,,y = Ay, satisfying the
conditions

X(0,2) =0, J 7 %p°Dgoix(0,0) =1, w(0,)) =1, J  p°Dfo.w(0,)) = 0.

We denote by m(\) the matrix-valued function satisfying the conditions
m(AMA1x = Aax, mA)Aw = Asw.

m(A) is a meromorphic function on the complex plane C with a countable number
of poles on the real axis. Furthermore, it is possible to show that the function m(\)
possesses the following properties: Imm()\) < 0 for all Im A # 0, and m*(\) = m()\)
for all A € C, except the real poles m(\).

We denote by p;(z, A) and vj(z,A) (j = 1,2) the solutions of the system 7, oy =
Ay, which satisfy the conditions

Ay = (m(X) + Q)" nej, Ay = (m(A) + Q%) ey (5 =1,2),

where {e1, e} is an orthonormal basis for E.
We set

Us; (2,6 p) = (67, i, A),n ™ (m+ Q) (m + Q)" 'pe™ ;) (j=1,2).

We note that the vectors Uy (z,£,p) (j = 1,2) for real A do not belong to the

space H. However, Uy; (z,€,p) (7 = 1,2) satisfies the equation YU = AU and the
corresponding boundary conditions for the operator Y.
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By means of the vector Uy (z,{,p) (j = 1,2), we define the transformation

Foif—>f(\b
(F_ ) = () = \/ﬂz Uyj)ne;

on the vectors f = (¢, y, 1) in which ¢_, ¢, y are smooth, compactly supported
functions.

Lemma 4.7. The transformation F_ maps isometrically H_ onto L*((—00,0); E).
For all vectors f,g € H_ the Parseval equality and the inversion formulae hold:

g = (Fogee = [ 3 -0V
I T
= \/ﬂ/mjz_;fj—()‘)[]/\jd’\’

where F-(\) = (F_)(N) and G=(\) = (F_g)(N).
Proof. By the Paley-Wiener theorem, we obtain

— 1 1 /0 A\
. — = - P 2
Fe) = = Ui = 5 [ (e(9).e7%e, e € 12 (1),
where f = (¢_,0,0),9 = ((+,0,0) € D_. If we use the Parseval equality for Fourier
integrals, then we obtain

(. 9)m = / 0™ (_(€), ¢ (€)) pdé = / (\)pdA = (F_f, F_g) 1z

where H3 (E) denote the Hardy classes in L?((—oc, 00); E) consisting of the func-
tions analytically extendible to the upper and lower half-planes, respectively. We
now extend the Parseval equality to the whole of H_. We consider in H_ the dense
set H' consisting of smooth, compactly supported functions in D_ : f € H' if
f="Ur fo, fo = (¥-,0,0), ¥v_ € C3°((—0,0); E), where T = T} is a nonneg-
ative number depending on f. If f,g € H’, then for T > Ty and T > T, we
have U_rf, U_rg € D_. Moreover, the first components of these vectors belong to
C§°((—00,0); E)). Since the operators Uy (t € (—o00,00)) are unitary, by the equality

F_US = Z Uf, Uy e = eMF_f,

\/7

we have

(f,9)n=U-raf,U-rg)n = (F-U_rf,FU_19)1°

= (eMF_f,emMT_g)r2 = (f,9)12-

By taking the closure, we obtain the Parseval equality for the space H_. The
inversion formula is obtained from the Parseval equality if all integrals in it are
considered as limits in the mean of integrals over finite intervals. Finally, we obtain
the desired result

F_H_ = Utzof_UtD_ = Utzoei)‘tHg = L2((7OO7 OO), E)
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Now we set

Ui (,€,p) = (Sa(Ne™ej,vj(a,N),e”ej) (5 =1,2),
where
Sa(A) =7~ (m(A) + Q) (m(A) + Q) "', (4.6)
We note that the vectors U;“j(z, &, p) for real A do not belong to the space H. How-
ever, U ;rj (z,&, p) satisfies the equation YU = AU and the corresponding boundary
conditions for the operator Y. With the help of the vector U ;\Z (z,€,p), we define
the transformation 7, : f — f+( ) by

2
Z f’ U/\j HE;j

on the vectors f = (¢_,y,¢4) in which ¢_, ¢ and y are smooth, compactly
supported functions.

(FLHO) = Fr ) =3 Fi+ (Ve =

ﬁ\

Lemma 4.8. The transformation F isometrically maps Hy onto L?*((—o0,0)).
For all vectors f,g € Hy the Parseval equality and the inversion formula hold:

(o = (Frodee = [ 3 g an

1 [° G
f= E/ ijJr()‘)U)J\rjd)"
eyt

where f(X) = (F+ ))(A) and G5 (V) = (Frg) (V).

The proof of the above lemma is similar to that of Lemma[£.7] and it is omitted.
It is clear that the matrix-valued function Sq(\) is meromorphic in C and all the
poles are in the lower half-plane. From (4.6]), we obtain ||Sq(A)|| < 1 for ImA > 0
and Sq(A) is the unitary matrix for all A € R. Therefore, we have

Uy, = Zsjk Wi (G=1,2,...,n), (4.7)

where Sji, (j,k =1,2,...,n) are elements of the matrix Sq(A). From Lemmas
and we obtain H_ = H,. With Lemma this shows that H_ = H, =
‘H. Therefore we have proved the following lemma for the incoming and outgoing
subspaces (for D_ and D).

Lemma 4.9. Ui>oU; D_ = Ui<oUy Dy = 'H.
Lemma 4.10. D_ 1 D,.

The proof of the above lemma is straightforward, hence omitted. Thus the trans-
formation F_ isometrically maps H_ onto L?((—o00,00); E) with the subspace D_
mapped onto H?(E) ,and the operators U; are transformed into the operators of
multiplication by €. This means that F_ is the incoming spectral representa-
tion for the group {U;}. Similarly, 7, is the outgoing spectral representation for
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the group {U;}. It follows that the passage from the F_ representation of an el-
ement f € M to its F representation is accomplished as fi(\) = Sg(\)f— ().
Consequently, according to [3], we have proved the following result.

Theorem 4.11. The function Sq'()\) is the scattering matriz of the group {U;}
(of the self-adjoint operator Y ).

Let S(A) be an arbitrary non-constant inner function on the upper half-plane.
Let us define K by the formula K = H3 © SHI. It is clear that K # {0} is
a subspace of the Hilbert space Hi We consider the semigroup of operators Z;
(t > 0) acting in K according to the formula

Zyo =Ple™My], p=p()) €K,

where P is the orthogonal projection from H3 onto K. The generator of the
semigroup {Z;} is denoted by

where T is a maximal dissipative operator acting in K, and with domain D(T)
consisting of all the functions ¢ € K such that the limit exists. The operator T
is called a model dissipative operator. This model dissipative operator is a special
case of a more general model dissipative operator constructed by Nagy and Foiag
[4], which is associated with the names of Lax-Phillips [3]. Here the basic assertion
is that S()) is the characteristic function of the operator T

Let K = (0,H,0), so that H=D_ @ K & D,. From the explicit form of the
unitary transformation F_ under the mapping F_, we obtain

H — L*((—00,00): B), f— f-(\) = (F_f)(\),
D_ — H2(E), Di — SqH3(E),
K — H3(E) e SoH3 (E),
Uy — (FLUFZL)(N) = eM ().

The formulas in show that the operator Lo(Lk) is unitarily equivalent to
the model dissipative operator with the characteristic function Sq(X). Since the
characteristic functions of unitary equivalent dissipative operators coincide (see [4]),
we have thus proved following theorem.

Theorem 4.12. The function Sq(\) defined by (4.6) coincides with the character-

istic function of the maximal dissipative operator Lo(Lk).

(4.8)

5. COMPLETENESS OF ROOT VECTORS

In this section, we prove that all the root vectors of the maximal dissipative
g-fractional Sturm-Liouville operator are complete. We know that the absence of
the singular factor in the factorization of the characteristic function guarantees the
completeness of the system of root vectors of maximal dissipative operators ([4]).
We will prove that the characteristic function of the maximal dissipative g-fractional
Sturm-Liouville operator is a Blaschke-Potapov product.

Lemma 5.1. The characteristic function §K()\) of the operator Ly has the form

Sk (A) :=Sa(\)
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=X1(I = K1 K7)V2(0(6) — K1)(I - K{0() ™ (I — KiK{)'/?Xs,

where K1 = —K is the Cayley transformation of the dissipative operator 2, and
O(&) is the Cayley transformation of the matriz-valued function m(X), where

E=A—-i)A+i)7,
Xy = (ImQ)"Y2(I — K))7'(I — K1 K})'Y/?,
Xy = (I - K/K))"Y*(I - K;)"'(ImQ)'/2,
| det X1|| det X5| = 1.

Recall that the inner matrix-valued function S k(M) is a Blaschke-Potapov prod-
uct if and only if det Sk (\) is a Blaschke product (see [11l [4]). By Lemma

the characteristic function Sk (A)is a Blaschke-Potapov product if and only if the
matrix-valued function

Xr(€) = (I - KiKD)Y2(0(6) — K1) (I — K10(€)) ™1 (I — K1 K7)Y/?

is a Blaschke-Potapov product in the unit disk.
We use the following result of [I1].

Lemma 5.2. Let X (&) (|¢] < 1) be a analytic function with the values to be con-
tractive operators in [E] (|| X (£)]] < 1). Then for T'-quasi-every strictly contractive
operators (i.e., for all strictly contractive K € [E] possible with the exception of a
set of T of zero capacity) the inner part of the contractive function

Xg(§) = (I = KiK' (X(§) — Ki)(I — KT X ()™M (I — K1 K7)Y?
is a Blaschke-Potapov product.

By summing all the obtained results for the dissipative operator Lx (L), we
have proved the following result.

Theorem 5.3. Forl'-quasi-every strictly contractive K € [E] the characteristic
function gK()\) of the dissipative operator Ly is a Blaschke-Potapov product, and
the spectrum of Lk is purely discrete and belongs to the open upper half-plane.
For T'-quasi-every strictly contractive K € [E| the operator Lx has a countable
number of isolated eigenvalues with finite multiplicity and limit points at infinity,
and the system of eigenvectors and associated vectors (or root vectors) of this op-
erator is complete in the space H.
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