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GENERALIZED UNIFORMLY CONTINUOUS SOLUTION
OPERATORS AND INHOMOGENEOUS FRACTIONAL
EVOLUTION EQUATIONS WITH VARIABLE COEFFICIENTS
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Communicated by Mokhtar Kirane

ABSTRACT. We consider Cauchy problem for inhomogeneous fractional evo-
lution equations with Caputo fractional derivatives of order 0 < a < 1 and
variable coefficients depending on x. In order to solve this problem we in-
troduce generalized uniformly continuous solution operators and use them to
obtain the unique solution on a certain Colombeau space. In our solving proce-
dure, instead of the original problem we solve a certain approximate problem,
but therefore we also prove that the solutions of these two problems are asso-
ciated. At the end, we illustrate the applications of the developed theory by
giving some appropriate examples.

1. INTRODUCTION

Fractional evolution equations have been studied very often in the previous
decades because of their numerous applications. Many well known problems are,
in fact special cases of fractional evolution equations. For instance, both time frac-
tional diffusion problem and time fractional reaction-advection-diffusion problem
are of that type. In literature, authors have mainly considered several cases: homo-
geneous case, case when f is linear or case with constant coefficients. In this paper,
we want to study semilinear problem which also includes space variable coefficients,
i.e. the equation of the type

CDeu(t) = Au(t) + f(-,t,u),  u(0) = uo, (1.1)

where D is the Caputo’s fractional derivative of order 0 < a@ < 1 and A4 is a
linear, closed operator densely defined on some Banach space.

Semilinear fractional Cauchy problem with variable coefficients in general case
has been solved approximately, usually applying different numerical methods. One
of the reasons why we have considered fractional equations in the framework of
the Colombeau theory of generalized functions is the intention that these equations
be treated using operator’s approach, that is, applying the solution operators as
generalization of semigroup of operators.
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In our solving procedure, instead of the original problem (1.1) we consider the
approximate problem

CDeu(t) = Au(t) + f(-,t,u),  u(0) = ug, (1.2)

where A is a generalized linear bounded operator associated (in certain sense) to
the original operator A. Therefore we will pay special attention to comparison
analysis of these two problems. To solve the approximate problem, we introduce a
notion of generalized uniformly continuous solution operator generated by A. This
generalized solutions operator is, in fact, a generalization of generalized uniformly
continuous semigroup of operators. (For @ = 1 a generalized solution operator is
defined as a generalized semigroup of operators). Generalized uniformly continuous
semigroups were introduced in [I8] and the theory has been developed later in [19] in
order to use the theory of semigroups in solving some partial differential equations
with singularities in some generalized function spaces.

Solution operators as a generalization of Cy semigroups and cosine families of
operators are introduced by Bazhlekova in [5]. In [4] and [5] the corresponding
solution operator theory was developed for solving some homogeneous fractional
evolution problems. We remark that in some literature the solution operator is also
called fractional resolvent family or fractional resolvent operator function (see e.g.
[7, [16]).

In this article, we solve problem in the framework of the Colombeau the-
ory. The theory of Colombeau generalized functions is developed in order to make
possible studying some nonlinear differential equations that can not be treated
neither classically (there is no classical solution) nor in distributional sense (non-
linear problems include the multiplication and the multiplication of distribution is
not well defined). For the Colombeau theory in general we refer, for example, to
[6l, 8, 177, 20].

In [14] we considered a special case of for « = 1 and with Colombeau
generalized operator A defined by space fractional derivatives. In this paper we
make a step further by considering the problem with fractional time derivative of
order 0 < a < 1. We obtain the unique solution to the problem in a certain
Colombeau space. In case when A is a differential operator (integer of fractional
order) the regularization is necessary in order to obtain bounded operators. Our
method admits variable coefficients in both A and A.

This article is organized as follows. Fractional derivatives and some useful esti-
mates involving them are investigated in Section 2. A part of this section is devoted
to the Mittag-Leffler function since it has an important role in defining the solution
operator. Colombeau spaces that we use later in the paper are defined in Section
3. In Section 4 we define uniformly continuous solution operators and prove some
basic properties. In Section 5 we introduce the Colombeau uniformly continuous
solution operators and develop the corresponding theory. After setting the frame-
work theory, in Section 6 we investigate the inhomogeneous problem . We
prove that the problem has a unique solution in a certain Colombeau space. Since
in the whole paper, instead of the original problem we study the corresponding
approximate problem , Section 7 is devoted to a comparison analysis of these
two problems. Finally, in the last section we illustrate how one can use our the-
ory in solving some fractional evolution problems appearing in applications, such
as time and time-space fractional diffusion equation and also time-space fractional
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reaction-advection-diffusion equation. In these problems the corresponding differ-
ential operators will be in the form of regularized operators, in order to transform
unbounded differential operators into (integral) bounded operators.

2. TIME FRACTIONAL DERIVATIVES AND SOME USEFUL ESTIMATES

In this section we recall definitions of fractional derivatives with respect to time
variable and give some useful estimates for fractional derivatives and Mittag-Leffler
function that we will use later.

2.1. Fractional derivatives with respect to time variable. The Caputo frac-
tional derivative of order o, m—1 < a < m, m € N, has the form (see, for example,
[, 2, 15, 23] 26])

CDf(t) = I (1), (2.1)
where J¥, o > 0, is a fractional integral for function f(¢) given by

JOF(t) = F(la)/o (t — 1) f(r)dr,

with J° = I, I is identity operator.
The Riemann-Liouville fractional derivative of order o, m — 1 < « < m, m € N,
is given by
RL o am m—a
Dy f(t) = dtimJt f(t). (2.2)

Recall that “Dg is a left inverse of J&, i.e. CDfJrf = f for a continuous
function f, but in general it is not a right inverse [I0, Theorems 3.7, 3.8]. In
general, for an absolutely continuous function f and 0 < a < 1, the following holds
JEODRf(t) = f(t) — f(0).

The following holds for a Riemann-Liouville fractional derivative:
Proposition 2.1 ([28, Lemma 2.1]). For all o € (m — 1,m] and 8 > 0, it holds
TR p () = P EEDRe f (). (2:3)

Remark 2.2. Taking into account the properties of Mittag-Leffler function and its
integer order derivatives (especially at zero), the Colombeau space from which we
choose generalized solution operators will be defined using the space C™ ([0, o) :
L(E))NC™((0,00) : L(E)) and supposing some additional properties (see Definition
and Definition . It is the space of continuously differentiable functions with
respect to t and with values in space L(E), where (E, | -||) is a Banach space and
L(E) is the space of all linear continuous mappings from E into E with the norm

AZL‘E
IAllz(e) = sup |Azllz.
zEE, 1£0 [E41F>

The following lemma will play an important role in later proofs.

Lemma 2.3. Let (E,| -||) be a Banach space and L(E) the space of all linear

continuous mappings from E into E. Let m —1 < a < m, m € N. Suppose

that (-,t) — f(-,t) € C™7L([0,00) : L(E)) N C™((0,00) : L(E)) is such that
(m) (.

lim,_, o+ ||fta7_(m’t)||£(E) =C < 4o00. Then

Dpf(t) = lim SDVf(-t) in L(E), (2.4)

n—0+ "
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where

I'(m — a) t—1)a-mtl
Proof. Fix m € N and « such that m — 1 < o < m. Then
19D £ 1) = D7 £ ()| ey
1 n|Fm) (L
/ £ 6 Dlle |,
0

Cy® ¢ o 1 ¢ f(m)('vT) 7_
CD f (1) = /n( dr. (2.5)

~T(m—a) (t — 7)a—m+l
_ 1 /77 Hf(m)(vT)HL'(E) Fa—m 0
L'(m—a) Jy To—m (t — 7)a—m+l

1 f(m)(v T) K T
< — L7 S
< o a2 I e IR

£ (1) e
S Tm—a) S0 = lle) @ D e
Letting n — 0T one easily gets (2.4)). (Il

The following assertion is so-called fractional mean value theorem.

Theorem 2.4 ([21]). Let 0 < a < 1. Fort — f(t) € Cla,b] and $D; f € C(a,b],
the following holds
1

f(t):f(a)+m

where gD?f is defined as in (2.5)).

2.2. Mittag-LefHler function. The two-parameter Mittag-LefHler function E, s is
given by

DO —a)*, a<E<t, te (ab],

o0 Zn
Boglz) =S — .

When 8 = 1 we shortly write E, 1(2) = Eqo(2).
If 0 < @ < 2 and 8 > 0 then, for |z| — oo,

1
Bo(2) =~/ exp(z/*) + eap(2),  large] < T (2.6)

where

casl®) = = 3 15—y + O

for some N € N, N # 1 (see [9]).
Using the previous asymptotic expansion when |z| — oo, one can get a very
useful estimation for the two-parameter Mittag-Leffler function.

Proposition 2.5. Let 0 < o < 2 and 3 > 0. Then
Eop(wt®) < Cop(1 4+ 0D/ 1 4 1 Py exp(w?/*t), w>0,t>0. (2.7

Proof. For w =0 and all ¢ > 0, the inequality is trivially satisfied. Fix 0 < a < 2,
B > 0 and w > 0. Choose an arbitrarily large T > 0. Then from (2.6]), for all

t> (I)é7 follows that there exists a constant C; > 0 such that

Eq 5(wt®) < Cy(wt*) =A@ exp ((wto‘)l/a)
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= CLwI=A/eg1=8 oxp(wl/*¢)
< C1(1+ w0/ (1 4 #178) exp(w!/ot).

Since E, s is a continuous function, for all ¢ € [0, 00), we have that, for ¢ € [0, (%) é],
there exists a constant Cy such that

Eop(wt®) < Cy < Cy(1 + =AY (1 4 #178) exp(wt/t).
Taking C, 3 = max{Cy,C2} we obtain the inequality (2.7). O

The linear Cauchy problem with Caputo fractional derivatives has been
considered in [28], but in some special spaces of LP functions whose Fourier trans-
forms are compactly supported in a some domain G, and the following result was
obtained.

Proposition 2.6 (Fractional Duhamel principle [28]). The solution of the Cauchy
problem (1.1)) is given by

u(t) = Eq(t*A)uo + /0 E.((t — 7)*A)REDI= f(7)dr. (2.8)

3. COLOMBEAU SPACES

Let (E,| - ||) be a Banach space and L(E) the space of all linear continuous
mappings from F into E.

Definition 3.1. Let m — 1 < a < m, m € N. SE};"([0,00) : L(E)) is the space
of nets

(Sa)e : [0,00) = L(E), €€(0,1),
with the following properties:

(1) t = (Sa)e(t) € C™H([0,00) : L(E)) N C™((0, 00) : L(E)).

.. . 7 (Sa)e t
(ii) limy_ o+ ||dtt<(17m)(||£ () = C < +o0.

(iii) For every T > 0 there exist N € N, M > 0 and ¢ € (0,1) such that

tsﬁég) HCD;Y(SOL)E(t)”[,(E) < ME?N» €<é&p, 7€ {Oa cee, M= 1,0[},
€[0,

m

sup H ( a)s(t)Hﬁ(E) < ME_Na € < €p.

te(o,r) dt™
Similarly we define the following space.

Definition 3.2. Let m — 1 < a <m, m € N. SNy ,»([0,00) : L(E)) is the space
of nets
(No)e : [0,00) — L(E), e€(0,1)
with the following properties:
(i) t — (Na)e(t ) € O™~ 1([0,00) : L(E))NC™((0,00) : L(E)).
(i) T, o [ EZED )1 ) — € < o0,
(iii) For every T'> 0 and a 6 R there exist M > 0 and ¢¢ € (0, 1) such that

sup ||CDZ(NQ)5(t)H£(E) < Me*, e<eg, v€{0,...,m—1,a},

t€[0,T)
am . (3.1)
sup ”dtm (Na)e®)|lzpy < Me, € < eo.
te(0,T)
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When m = 1 we denote
SE([0,00) : L(E)) = SE;([0,00) : L(E)),
SNa,1([0,00) : L(E)) = SNa([0,00) : L(E)).

In this article, Caputo’s fractional derivative in the problem of consideration is
of order 0 < a < 1 and therefore, from now on, we will consider only that case.
Hence, further we investigate spaces SE$,([0,00) : L(E)) and SN, ([0, 00) : L(E)),
although all the assertions we give can be extended for all m € N.

Proposition 3.3. The space SE$;([0,00) : L(E)) is an algebra with respect to
composition of operators, and SNy([0,00) : L(E)) is an ideal of SES([0,00) :
L(E)).

Proof. Fix 0 < a < 1 and let S, and T, are from the space SE$,([0,00) : L(E)).
Then, it easily follows that S, (t)T,(t) satisfies the properties (i) and (ii) from
Definition . The fact that S, (¢)T,(t) satisfies the property (iii) for v € {0,1},
can be proved in the usual way as in the case of Colombeau spaces with integer
order derivatives.

Let us prove that (iii) is satisfied for v = «, too. Indeed, for t € (1,T), where
n > 0 is arbitrarily small and T" > 0, using the property we have

1Dg ((Sa)e () (Ta)e (0)l| £y
- ﬁnlg(% /t I((Sa>s((t(TaT))( Wlew) ,
iy [ WO el ),
*ﬁﬂéﬂ [ U To ) e
< . (tr(_zn_)l_)a Mie™®
< Fél_aa) Mye™N

Thus, we obtain the moderate bound for ¢ € (0,7T), i.e

sup [|Dy ((Sa)e (O)(Ta)e ()l c(my < Me™™
t€(0,T)

It remains to prove the moderate bound for ||[“Dg((S4)e(t)(Tw)<(t))
Theorem 2.4] we obtain
DY ((Sa)e (t)(Ta)= ()] g
L (S 0T)elt) ~ (Sa)(0)(T):(0)
I'(1+ «) t—o+ to
_ L ((Sw)et) ~ (S0)=(0))(Tu)-(0)
I'(1+ @) t-o0+ to
lim (Sa)a(o))((Ta)E(t) — (Ta)e(o))
I'(1+ «) t—o+ te
= DR ((Sa)e ()] ,—o(Ta)e(0) + (Sa)=(0) D ((Ta)=(1))

|t:0||' From

+

|t:0 ’t:O'
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Estimating in norm, we obtain a moderate bound for |“D§((Sa)<(t)(Ta):(t))|
Thus, (iii) is satisfied.

Similarly, one can prove that (T,):(t)(Sa)<(t), also satisfies all properties from
Definition (3.I). Thus, the space SE;([0,00) : L(E)) is an algebra. One can
similarly prove that the space SN, ([0,00) : L(E)) is an ideal of SE{(]0,00) :
L(E)). O

t:0||.

Now we can define a Colombeau-type space as a factor algebra by
SEG([0,00) : L(E))

SN, ([0,00) : L(E)) "

For every 0 < ae < 1 elements of SG, ([0, 00) : L(E)) will be denoted by S = [(S4)¢],
where (S, )c is a representative of the class.

Similarly, one can define the following spaces: SFEj;(E) is the space of nets of
linear continuous mappings

SG,([0,00) : L(E)) =

A.:E—E, €€(0,1),
with the property that there exists constants N € N, M > 0 and ¢ € (0,1) such
that
||As||[,(E) SM{-Z?N, e < gg.
SN(E) is the space of nets of linear continuous mappings A, : E — E, ¢ € (0,1),
with the property that for every a € R, there exist M > 0 and g € (0, 1) such that
HAEHC(E) SMEG, e <egg.

The Colombeau space of generalized linear operators on E is defined by
SEy(E)
SN(E) ~
Elements of SG(E) will be denoted by A = [A.], where A, is a representative of
the class.

Finally, we introduce the Colombeau space within which we will solve (|1.2]).
We give the definitions for arbitrary m € N. Let m — 1 < o« < m, m € N.
€5;([0,00) : H™(R)) is the space of nets

Ge :[0,00) x R - C, €€(0,1),

SG(E) =

with the following properties:
(1) Ge(--) € C™71([0,00) - H™(R)) N C™((0,00) : H™(R)).
(i) Timy_or || EZE) 1 = € < o0,
(iii) For every T >0 there exist M >0, N € N and ¢y > 0 such that

sup HchGe(t,-)HHm < Me N, e<ey, ~ve{0,...,m—1,a},

t€[0,T)
dm - AN (3.3)
Sy : m < gg.
tes(%%) I Ge(t llmm < Me™, e <eo
It is an algebra with respect to multiplication.
Similarly, for m — 1 < a < m, m € N, N,(|0,00) : H™(R)) is the space of nets
G € £%([0,00) : H™(R)) with the following properties:
(i) Ge(-,-) € C™7H([0,00) : H™(R)) N C™((0,00) : H™(R)).

(ii) limy_o+ | %Hmn =C < +oo.
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(iii) For every T' > 0 and a € R there exist M > 0 and g¢ > 0 such that

sup ||CD?G€(t7 ')”Hm < Mga’ €<ep, V€ {07 cees T — 1,&},
te[0,T)

am “
sup || Ge(t,)|lgm < Me®, & <eyp.

te(0,T) dtim

The space N, ([0,00) : H™(R)) is an ideal of £5;([0,00) : H™(R)).
The quotient space

_ &,((0.00) : B (R))
Na([0,0) : H™(R))

is the corresponding Colombeau generalized function space related to the Sobolev
space H™. Again, in this paper we will consider only the case m = 1 and m = 2, i.e.
the solution of our fractional evolution problem will be an element of G, (]0,00) :
H(R)) or G4([0,00) : H*(R)).

In a similar way, by omitting variable ¢, one can define spaces £¢;(H™(R)),
No(H™(R)), and Go(H™(R)).

Ga(]0,00) : H™(R))

4. UNIFORMLY CONTINUOUS SOLUTION OPERATORS

Consider the Cauchy problem for the fractional evolution equation of order «
with 0 <a <1,

CDXu(t) = Au(t), t>0; u(0)=uz, (4.1)

where “D¢ is the Caputo fractional derivative of order o, and A is a linear and
bounded operator defined on a Banach space . The more general case when A is
a closed linear operator densely defined in a Banach space E was considered in [5].
As it is pointed out in [5], the problem is well-posed if and only if the Volterra
integral equation

¢
u(t) =x+ / 9ot — 7)Au(r)dT (4.2)
0
is well-possed, where g, (t) is defined for o > 0, by

a—1 a
ga(t):{t /T(a), t>0,

0, t<0.

In the general case when A is a closed linear operator densely defined in a
Banach space F, strongly continuous solution operator for is introduced in
[5]. Similarly, when A is linear and bounded, we introduce uniformly continuous
solution operator.

Definition 4.1. A family S, (t), ¢t > 0, of linear and bounded operators on Banach
space E is called a uniformly continuous solution operator for (4.1)) if the following
conditions are satisfied:

(i) Su(t) is a uniformly continuous function for ¢ > 0 and S,(0) = I, where I
is identity operator on E.
(il) ASa(t)xr = Sa(t)Az, for all z € E, t > 0.
(ili) Su(t)z is a solution of forallz € E,t > 0.
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Definition 4.2. The infinitesimal generator A of a uniformly continuous solution
operator S, (t), a > 0, t > 0, for (4.1)) is defined by

Az =T(1+ a) limw

4.
i ———, (4.3)

for all z € E.
The generator A could also be defined as
Az = (°DSa) ()],
since JOCD} S, (t)z = Sq(t)x — = and for all functions v € C(R,; F) holds

«
im Ju(t)
tl0 ga+1(t)

= v(0)

(see [A]).

Remark 4.3. In the case 0 < a < 1, the definition given by (4.3]) also follows from
Theorem 2.4

Definition 4.4 ([5]). The solution operator S, (t) is called exponentially bounded
if there exist constants M > 1 and w > 0 such that

1S ()| < Me*t, t > 0.

Theorem 4.5 ([5, Theorem 2.5]). Let o > 0. Then exponentially bounded uni-
formly continuous solution operator So(t) is the solution operator for the Cauchy

problem (4.1) if and only if A € L(E).

From Definition [£:2] it follows that every solution operator has a unique infini-
tesimal generator. If S,(t) is a uniformly continuous solution operator satisfying
|Sa ()| < Me*t, for some M > 1 and w > 0, its infinitesimal generator is a
bounded linear operator.

On the other hand, every bounded linear operator A is the infinitesimal generator
of a uniformly continuous solution operator given by

e o gAn
Sa(t) = Eo(tYA) = _ >0,t>0.
a(?) a(t74) nz::ol"(l—i—na) “ -
For every 0 < o < 1 this solution operator is unique as asserted in the following
theorem.

Theorem 4.6. Let 0 < o < 1 and let So(t) and Ty (t) be exponential bounded
uniformly continuous solution operators with infinitesimal generators A and B,
respectively. If A = B then S, (t) = Tu(t), for every t > 0.

Proof. Since S, (t) is exponential bounded there exist constants M > 1 and w; > 0
such that

1Sa(t)]| < Me“'*, t > 0.
Then for ReA > w; and © € E we have

NTIR(AY, Az = / e S, (t)xdt,
0
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where R(\, A) = (Al — A)~! stands for the resolvent operator of A. Similarly, for
T, (t) there exists wg > 0 such that for ReA > we and = € F we have

(oo}
AR, A = / e M, (t)zdt,
0

and S, (t) = T, (¢) follows from the uniqueness of the Laplace transform. O
Proposition 4.7. Let S,(t), 0 < a <1, t >0, be a uniformly continuous solution
operator satisfying ||Sa(t)|| < Me*t, for some M > 1 and w > 0. Then
(i) There exists a unique bounded linear operator A such that
Sa(t) = Eq(t*4), t>0.

(ii) The operator A in (i) is the infinitesimal generator of solution operator
Sa(t).
(iii) For everyt >0,
ODES, (1) = ASy(t) = Sa(t)A.
Proof. Fix 0 < a < 1. From Theorem [£.5] we know that the infinitesimal generator
of S, (t) is a bounded linear operator A. Also, A is the infinitesimal generator of

E,(t*A) and therefore by Theorem So(t) = Eq(t*A). All others assertions of
the proposition follow from (i). O

Integral representation stated in the next proposition will often be used in prov-
ing some auxiliary results as well as in proving our main result.

Proposition 4.8. Let 0 < a < 1 and let S,(t) be a solution operator generated by
A. Then

/ Su(t — 7)PLDI= f(r)dr — / (=) B a((t — 1) A f()dr.  (4.4)
0 0

Proof. Fix 0 < a < 1. Taking into account the relation 23] in Proposition [2.1] one
gets

t t 0o
RLN1—« _ 1 o na gn RL1—«
/()Sa(th) D} f(T)de/O gir(una)(t )" A" BLDI= f(7)dr

e’ t 1 .
_ Z/O Rt~ AT DI ()
n=0

— Z JZerAn RLzDgfaf(t) _ Z JtnaJraAnf(t)

n=0 n=0

— - 1 ! _ na+(x—1An d
5 tara Ju=n F(r)dr

t o—1 bt — )" A" f(1)dT
= [ g A

_ /0’(7: ) B o ((t — 7)Y A) f(r)dr
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Similarly, the first order derivative of the previously integral representation has
the following form.

Proposition 4.9. Let 0 < a < 1 and let S,(t) be a solution operator generated by
A. Then

d t t

T ; S, (t —T)REDI e f(r)dr = /0 (t—7)* B, o((t — 7)*A)D, fdT (4.5)
+ 107 Eq o (17 A) £(0).

Proof. Fix 0 < a < 1. From the proof of Proposition [£.8]it follows that
/ S RLD1 o/f( Z yr Jtnot-i-aAnf( )

Further, since

d «@ —« _ —« f(o)ta_l _ T d f(O)ta_l
a«] fty="Dj=f(t) = “D} f(t)+W_Jt£f<t)+Wa
we have
ZdtJt toyn g ZJt +A t)+Z—t ey
not+a—1

— Jna+aAn A" 0
nz:% ¢ dt +Zl—‘a+na) 10),
and similarly to the proof of Proposition one finally gets the relation (4.5). O

Motivated by Proposition we give the fractional Duhamel principle in the
case of solution operator.

Proposition 4.10. The solution of the Cauchy problem (1.1) with Caputo frac-
tional derivative is given by

u(t) = Sa(t)uo + /0 Su(t — )YFLDI=0 f (. 7 u)dr, (4.6)

where S, (t) is a solution operator generated by A. The solution above is called mild
solution to the problem (1.1)).

Proof. Since “D¢ S, (t) = AS,(t), for a continuous function its fractional integral
J& is a continuous function too and “D¢ is a left inverse of fractional integral J&
for all & > 0 and all continuous functions, it can be easily shown that u(t) given by

(4.6) satisfies the Cauchy problem (|L.1)). O

Remark 4.11. The solution of the Cauchy problem (|L.1)) can also be represented
by Caputo fractional derivative, but in that case one must additionally suppose
that f(-,0,u0) = 0.
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5. GENERALIZED UNIFORMLY CONTINUOUS SOLUTION OPERATORS

First, recall that every linear and bounded operator on Banach space E is a
closed and densely defined operator in E. Therefore, all results in the previous
section continue to be valid in the case of linear and bounded operators on Banach
space.

Instead of the Cauchy problem with closed and densely defined operator
A, let us now consider fractional Cauchy problem given by

CDNu(t) = Au(t), t>0; u(0) =z, (5.1)
where A is a generalized linear bounded operator.
Definition 5.1. Let 0 < a < 1. S, € §G4([0,00) : L(E)) is called a Colombeau
uniformly continuous solution operator for (5.1]) if it has a representative (S ).

which is a uniformly continuous solution operator for (5.1) and for every ¢ small
enough.

Proposition 5.2. Let 0 < a < 1 and let (Sa)1e and (Sq)2e be representatives of a
generalized uniformly continuous solution operator Sq, with infinitesimal generators
Aq. and Ase, respectively, for € small enough. Then

gle — ggg S SN(E)
Proof. Fix 0 < a < 1. Then we have
A’le - ZZE = (CD?(Sa)ls)(t”t:Q - (CD?(S(M)%)(t)L:o
= C,D?((Sa)ls - (Sa)ZE)(t)|t:0~

Since

(Sa)la - (Soc)Qa S SN(X([OvOO) : E(E))v
we have that, for every a € R, there exists M > 0 such that

1DF ((Sa)1e = (Sa)2e) (1), ll ey < Me.

It implies that for every a € R there exists M > 0 such that || A — Ao || < Me®.
Thus, A1, — Ay € SN(E). O

Definition 5.3. A € SG(E) is called the infinitesimal generator of a Colombeau
uniformly continuous solution operator S, € SG,([0,00) : L(E)), 0 < a < 1, if A,
is the infinitesimal generator of the representative (S, ), for every € small enough.

Proposition 5.4. Let 0 < a < 1. Let A be the infinitesimal generator of a
Colombeau uniformly continuous solution operator Sq, and B the infinitesimal gen-

erator of a Colombeau uniformly continuous solution operator T,,. If A = B, then
Soq =T

Proof. Fix 0 < a < 1 and let NE = ZE — EE € SN(FE). Then from the property
(iii) in Proposition [4.7 we obtain

C’D?((Sa)s = (To)e) )z = gs((sa)s = (To)e) )z + Ns(Ta)s(t)x~
By using fractional Duhamel principle (4.6) and since (S,):(0) = (T,):(0) = I, one
gets

((Sa)e = (Ta)e)(t)x = /0 (Sa)=(t — T)RLDi_aNE(Ta)E(T)xdT (5.2)
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Then, from the integral representation given in Proposition [{.8 we have

((Sa)e = (Ta)e)(t)x = /O (t— T)a_lEa,a((t - T)QAS)NE(Ta)e(T)xdT
:/ et Z (=)AL& m (e

oz—|—no¢

(n+1)a 1An
EN (T,
/ e N.(T,). (r)zdr

no— 1An 1

_ Z/ t‘T N.(T)o (r)adr.

For t € [0,T), T > 0, we obtain estimate

[((Sa)e — (Ta)e) @) < Z T(na) /0 (t—1) 1||Ae INE(Ta)E(T)HdT
n=1
< ||[Ng|| sup A|nt
IF-1 s HZH e e
v T N T A
< || Nef| sup — D n
ISE] s 10 3 e

~ T o
= [[Nell sup [[(Ta)e(t)|— Ea,o (T Ac]),
te[0,T) «

and using the estimate (2.7) for E, o we have
||((Soz)€ - (Ta)€>(t)”
NT Ta e — « — A «
< || Nell S I(Ta)e @l —-Call + [ A O ) (1 + T ) exp(T | Ac|[V/)

)

Ca N A —a)/a e} A «@
= —2|N|| sup [[(Ta)e(@N(L + [ A=) T + T) exp(T| Ac[|'/*).
« te[0,T)

Now, we consider the case v = . For ¢t € [0,T), T > 0, one similarly gets

A n T’na
ICDE((Sa)e — (T)) (O] < [N2]) sup [T ||Z” ”
te[0,T) n=0 ’I’LOé
:HNEH sup ||(Ta)€(t)|| a(TaHAEH)'
tef0,7)

13

Differentiation of integral representation (5.2]) with respect to ¢, using integral

representation (4.5 one gets

d
%((Sa)s — (To)e) ()

t ~ o~
— / (t— T)D‘flEa,a((t - T)QAE)NEdi(Ta)s(T)IEdT + t"‘flEa,a(to‘Ae)NEx
0 T

Then, for every T1 > 0 and t € [T}, T), the estimate in norm is

4 ((Su)e — (T 0]
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< lim (t— T)a_1||Ea,a((t - T)QEE)NS%(TQ)E(T)”CZT

+ 17 B o (8[| A< ) || V|
. d T —p)°
<l sup FaalT— AN sup ().
7]—>0+ TG[T[ T) TG[?},T) dT «
+ T7 ' Bao (T Ac|) | N2 -
Finally, since N. € SA/ (E) it follows that for every a € R there exists M > 0
such that

sup [|“D} ((Sa)e = (Ta)e) Ol c(m) < Me?, v € {0, 0},

tef0,T)
tes(%%) ”dt(( Sa)e = (Ta)e) M)l z(my < Me,
i.e. (Sa)e - (Ta>5 S SNQ([O,OO) : E(E)) .

Definition 5.5. Let h. be a positive net satlsfymg he < el Tt is said that
Ae SG(F) is of he-type if it has a representative A, such that

||gaHz:(E) = O(he), €—0.

An element G € G, ([0,00) : H'(R)) is said to be of h.-type if it has a representative
G, such that

IGcllg: = O(he), e — 0.
The following proposition holds for generalized operators.

Proposition 5.6. Let 0 < a < 1. Every A € SG(E) of he-type, where h. <
C(log1/e)®, is the infinitesimal generator of some generalized uniformly continuous
solution operator S, € 8G4([0,00) : L(E)).

Proof. Fix 0 < oo < 1. From Theorem [£.5| one knows that every linear and bounded

operator A. is the infinitesimal generator of some uniformly continuous solution
operator (Sy).(t) defined by

(Sa):(t) = B (t*AL)

Let us show that (Su)e € SE{(]0,00) : E(E)) From the inequality for Mittag-
Leffler function it follows that there exists constant M > 0 such that

1(Sa)e(B)]] < M exp(t]| Ac]|'/*).
Since he < C(log1/e)®, we have

_ 1/
sup [|(Sa)=(t)]| < M=,
te[0,T)

for € small enough. Also, since “D(S,)<(t) = A-(Sq)(t), for every t > 0, we have
for every € small enough

o ~ 1., el /e TV
19D (Se)e ()| < A1 (Sa)e(B)]] < C(log J)"Me e < oMemTETT,
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It remains to prove the moderate bound for ||%(Sa)5(t)||. First, we have
d % y(ntla—1 _
@(Sa)s(f) = 2 WA?H
i L
c — I(a+tna) *
=t VA B, o (tYAL).

Then, for every T7 > 0 and ¢ € [T}, T), the estimate in norm is

I (SOl < T2 AL Bt AL1)
< TO Y AL Ca(1 + | A=/ - exp(|| AT (1 + T—)
< TP Gl + 1AL - exp(I A VoT) (1 4 710)
< TP Cu((log é)o‘ + log é) -exp(CY*Tlog é)(l LT
< 2T 'C, (1 + Tl—a)g—l—cl/aT_
Thus finally we have (S, ). € SE§;([0,00) : L(E)). O

Note that a Colombeau uniformly continuous solution operator always possess
an infinitesimal generator and it is unique. That follows from the fact that its
representative is a classical uniformly continuous solution operator for which there
exists a unique infinitesimal generator.

6. EXISTENCE AND UNIQUENESS RESULT

In this section we specify the Banach space, i.e. we take E = L?(R). Instead
of the Cauchy problem (4.1)) with closed and densely defined operator A on L?(R)
with domain D(A) = H'(R), we will consider fractional Cauchy problem given by

CDeu(t) = Au(t), t > 0; u(0) = x,

where A is a generalized linear bounded operator L2-associated with A, i.e., for
every u € H'(R), the following holds

(A= Aduljz2 — 0, &— 0.

Theorem 6.1. Let 0 < o < 1. Suppose that ug € Go(H'(R)) and let the func-
tion f(x,t,u) be continuously differentiable with respect to t, globally Lipschitz with
respect to x and u with bounded second order derivative with respect to u and
f(z,t,0) = 0. Also, suppose that O, f(x,t,u) and O,f(x,t,u) are globally Lips-
chitz function with respect to u. Let gi(x,t,u) := Oy f(z,t,u) and ga(z,t,u) :=
Ocf (z,t,u) satisfy the same conditions as f(x,t,u).

Let the operator A € SG(H'(R)) be of he-type, with h. = o((log(log 1/e)™)),
such that || Acuc|| 2 < helluc||pz, for ue € HY(R).

Then for every 0 < a < 1 there exists a unique generalized solution u &€
Ga([0,00) : HL(R)) to the Cauchy problem

CDeu(t) = Au(t) + f(-,t,u), u(0) = ug. (6.1)
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An equivalent integral equation for the solution (i.e. mild solution) is given by

ue(t) = (Sa)e(t)uoe + /0 (Sa)e(t — T)RLD}_iaf(',T, ue)dr, (6.2)

where Sy € SGo([0,0) : LIH(R))) is a Colombeau uniformly continuous solution

operator generated by A.

Remark 6.2. The existence of a solution for integral equation (6.2) can be proved
using a Banach principle of a fixed point.

Proof of Theorem[6 1 Fix 0 < a < 1. Since the operator A is of he-type, with
he = o((loglog 1/£)®), it is obvious that the operator A is the infinitesimal generator
of a Colombeau solution operator S, € SG,([0,00) : L(H'(R))) given by S, (t) =
Ea(tag) (see Proposition . Also, from we know that represents a
solution to (6.1)).

Let us show that this solution is an element of G, ([0,00) : H'(R)). First, we
show that the solution satisfies
d
Lo (t, -
lim ||7dt e(t,)
t—0t
Indeed, after differentiation of (6.2]) with respect to ¢, using the first order derivative
of integral representation (4.5)) one gets

to—1 g1 =C < +o0. (6.3)

ue(t, )
= %(Sa)s(t)uoa + /0 (t— T)Q_lEa)a((t - T)age)a_rf(.’ 7, u(7))dr (6.4)
+ t0‘—1Ea7oé(tozﬁg)f(.7 0, uoe),

and by to the notation gi(z,t,u) = O, f(x,t,u) and go(z,t,u) = O f(z,t,u), we
have

d d
lpue(t ez < |2 (Sa)e(tuoe 22

dt

t ~
+ /0 (t = 1) Baol(t = ) AN f (-, 7, ue (7)) | L2
+ 107 Baa (| ADIIF (-0, uoe) | 22

< (5ot (6.5)

t
+ / (t = 1) Eaa((t = 1) AcD g1l 107 ue ()| L2dr

0
t
+/0 (t = 7)* " Ba,a((t = 7)1 A )llg2 ]| oo lJue (7) || 2dr
+ ta_lEa,a(taHAEH)Hf('a07u06)||L2~
After applying the Gronwall’s inequality to (6.5)) one gets

d
)
lim ”%”LQ =C < 4o0.

t—0+ -1
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Further, differentiation of (6.4 with respect to x, we have
d
Haxgue(ta )z

d
< 1= (Sa)e (1) Ozuoe || 2

dt
+/ (t =) Eaa((t = 1) A))020r f (- 7 e (7)) | 2T

0
+ tailEa,a(ta”ge:”) 102 f(:, 0, u0e) | 2

d
< ||£(Sa)5(t)8$u05HLz
t
4 [ =D B¢ = 1A el O (Dl (66)
0
t
+/O (t = 71)* " Baa((t = 1) AcIDllg1ll Lo 10207 uc () || L2dT
t
+/0 (t = 7)* " Baa((t — 1) AN [[02g2]| Lo [Jue (7) || L2dr

t
+/0 (t = 1) oot = )| AclDllg2]l Lo 10 ue (7) | L2d

+ 17 Ba o (8 A D110 £ (-, 0, w0e) [ 2= [| O tioe | 2
+ 1102 £ (-, 0, woe) || oo [|woe [ 2]

Again, after applying the Gronwall’s inequality one gets

Oy Lug(t, -
lim || —dt =2 ()
t—0+ to—1
and finally we have that property (6.3]) is satisfied.
Further, we prove that one has the moderate bound for ||“D)u.(t,")| g1, v €

{0,a}, and || Lu.(t,-)|| 1. First, we prove the moderate bound for ||CD7uE( Mz,
and consider the cases:

Case 1: v = 0. From the representation (6.2) and Proposition we obtain

2 = C < 4o,

t

[Jue ()2 < [|(Sar)e ()uoe | 2 +/ (t =) Baal((t = 1) A f (7, ue) | 2.
0

Next, using the estimate for £, o, one gets

tna”A Hn

I(a+ na)

< Ca(l + A OO ) (L ) exp(t] A V).

1 Baa(tAc)|| < Z Eoo(t*|A]))

Denote

MT ‘= Ssup ”Ea,a(taga)n' (6.7)
t€(0,T)

Note that for v = 1 it follows My := supseo,) [1S(t)[l, where S(t) is a generalized

uniformly continuous semigroup of operators generated by the operator A (see [14]).
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Next,

My < Co(14o((loglog 1/e)*=*))(1 + T =) exp(T - o(log log 1/¢))

(6.8)
= O(log1/e),
by the well known properties of Landau’s symbol o. From

[[ue ()2 < [|(Sa)e ()uoe | 22 +1\7T/0 (t =) HIFComue) | padr

oyt
< [1(Sa)< (t)uoell L2 + CMT/ (t = 1) Hlue (1) Ldr,
0

using Gronwall’s inequality we obtain the moderate bound for ||uc(t)|| 2.
After differentiation of (6.2]) with respect to x, using similar integral representa-
tion as the one in Proposition 4.8 we have

Ozue(t) = (Sa)e(t)0rupe + /0 (t— T)a_lEa,a((t — T)O‘gg)azf(-, T, Ue )dT
and

[0 uc (t)| 2

t ~
< 1(Sa)e () Ozuoel| L2 +/0 (t = 1) Baa((t = 1) A0 (£, 7, ) [ L2dr
< [1(Sa)e (8)Dzuoel L2 + MT/O (t = 1) M Ouf | oo | Oaue ()| L2dr

ot
+ MT/ (t — 7)) 0 fll Lo e (T)]| L2 dT.
0

Since f is Lipschitz with respect to u and z the moderate bound for ||O,uc(t)]| Lz
again follows from the Gronwall’s inequality.

Case 2: v = «. From (6.1]) we have
19D uc (Ol 2 < | Acua (Ol 2 + 1F (8 ue) 22

Since f is globally Lipschitz with respect to w and f(x,t,0) = 0, it follows the
moderate bound for ||“Dfu.(t)]|z.
Differentiation of (6.1)) with respect to = we have

105 Difue ()| 22 < 100 (Acuc(t))llz2 + 102 (F (8, ue)) | 2
< C(log1/e)*lue(®)llmr + [|0uf oo |0z ue ()| L2
F 10z fll oo [lue (B)]] L2

and the moderate bound for [0S D u.(t)||z> immediately follows.

The moderate bound for ||%uc(t,-)||s follows after applying the Gronwall’s
inequality to inequalities and (6.6)).

To prove that this solution is unique in Colombeau space G,([0,00) : H}(R)),
suppose that there exist two solutions v and v to and set w, = u. — v.. This
difference satisfies

CD?Ws(t) = gsws(t) + f(~,t,u€) - f(~,t, 'Us) + Ns(t)v ws(o) = Woe, (6'9)
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where N.(t) € Ny(]0,00) : HL(R)) and wo. € Nay(H'(R)). Then

we(t) = (Sa)e(t)woe + / (t— T)a_lEa’a((t - T>ag6)(f('v T, Ue)
0 (6.10)

,f(.,T,UE»dH/ (t —7)* ' Eqol(t — 7)*A)N(7)dr,
0
and

[we ()2 < [[(Sa)e(t)woe | 2 +/0 (t— T)a_l‘lEa,a((t - T)aAE)H AfC T ue)

— f(mve) [ Ledr + /0 (t =) M| Baa((t = 7)* A - [ Ne(7)l| 2dr.

Since || Ea.o((t — 7)*AL)|| < My, 0 <t < T, 0 < 7 < t, where My is estimated by
and since f is a Lipschitz function with respect to u, we obtain the A-bound
for ||we(t)||z2-
Equation implies
1D we(®)llz2 < [[Acwe(B)llzz + 1£ (b ue) = FCot,0e) 22 + [Ne(B)] 2,

and the A-bound for ||“Dfw, (t)||> immediately follows.
Differentiation of (6.10) with respect to & we have

[|Ozwe ()| 2
< ‘I(Sa)e(t)awWOEHL?

t
+/ (tfT)O‘flEa,a((tfT)a||A5H)H3uf(',T,us)amue—3uf(~,7',v5)5'xv€||L2dT
0
t
+/ (t = 7)* " Eaa((t — 1) AN f (-, 7y ue e — On f (-, 7, ve)vc | L2dT
0

+ / (t =) Eaa((t = 1) Al [10:No(7) | 2T

0
However, f has bounded second order derivative with respect to u, and similarly
to [14] we have

100 f (3 Ty ue) Bt — Ou f (-, T, ve) el L2
< C1|0pue(7) | 2 |we (7)[| 1 + Col|Opwe (7)[| L2
Also, since 0, f is Lipschitz with respect to u we have
02 f (s 7yt )ue — O f (-, T, ve Ve || 2
<02 f (7 ue) | oe llwe (Tl 22 + e (D) 105 £ (-, 7, D) | oo llwe (7) ] 2,

for some function § € H!(R), and the A'-bound for ||d,w. ()| 2 follows from the
Gronwall’s inequality.
Differentiation of with respect to x yields

10 Dy we ()12 < 10 (Aewe (0)ll12 + 10 (£ (-t ue) = f (8, 0))ll 2 + 19N ()] 2,

and the A-bound for [0S Dfw,(t)| > immediately follows.

The N-bound for || 4w, (t)||: can be obtained in a similar manner: first by dif-
ferentiating equation with respect to ¢, then differentiating this new equation
with respect to x, and, at the end, by applying the Gronwall’s inequality.
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Finally, it follows that w. := u. — v, € N,([0,00) : H(R)), i.e. the solution is
unique. ([

Remark 6.3. If A € SG(H2(R)) is an operator of h.-type with

he = 0((10g(10g 1/6)“)a)»

similarly one can prove that solution to (6.1 is also represented by (6.2)) and this
unique solution belongs to G, ([0, ) : H%(R)).

Definition 6.4. The solution u of problem (6.1]) introduced in Theorem is
called generalized solution of the equation

“Dult) = Au(t) + f(-,t,u)

with generalized operators.

7. COMPARISON OF SOLUTIONS TO THE ORIGINAL AND APPROXIMATE PROBLEMS

In this section we prove that, under certain additional conditions, the solutions
of problem ([4.1)) and corresponding approximate problem ([5.1)) are L2-associated.

Theorem 7.1. Let 0 < o < 1. Assume that there exists the solution, u. € H*(R),
of the equation

D (z,t) = Aue(x,t) + f(z, t,uc(z,t), t>0, z€R, u(0)=up, (7.1

where A is a closed linear operator densely defined in the Banach space L*(R) with
domain D(A) = H'(R) and property A : H?*(R) — H'(R). Let v. be a solution of
the corresponding approximate equation with the same initial data:

Dy, (z,t) = ggvg(x,t) + f(z, t,ve(z,t), t>0, 2 €R, v.(0) =uge, (7.2)
where f and A € SG(H'(R)) are given as in Theorem . Additionally, let the
generalized operator A satisfies:

(i) H/LUEHLz < Clluc|lgr, for u. € H2(R), where C does not depend on &.
(i) [|(A— Ad)uc|lgr — 0, for u. € H*(R), when & — 0.

Then the solutions u. and v. are L?>—associated, i.e., for every T > 0,

sup [[u(t) = v (t)l|p2 — 0, as e — 0.
te[o0,T)

Remark 7.2. The generalized operator A satisfying properties (i) and (ii) can
be obtained, for instance, by regularization of space fractional or integer order
derivatives appearing in the operator A. For details we refer to [14].

Proof of Theorem[7.1 Fix 0 < a < 1. Since u. and v, satisfy the equations (7.1
and (7.2]), respectively, one gets

D (e (w,t) — ve(w, 1) = Ac(ue(,t) — v(x,1)) + (A = Ac)ue(z, 1)
+ f(x7t7u€) - f(l’,t,'l}s).
Put w. = u. — v.. Then becomes
Dwe(t) = Acw. (t) + f( t,ue) — f(t,00) + Ne(t),  we(0) =0,

(7.3)
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where N.(t) = (A — A.)uc(-,t). Then w, satisfies
welt) = / (Sa)e(t — TYREDYC(f(- 7 u2) — f(-702))dr
0 t
+/ (Sa)e(t — T)RLD}_iaNE(T)dT,
0

and from integral representation (4.4]) it follows that
t
wrlt) = [ (6= 1) Bt = 1A mwe) = S m00)dr
0

+ /o (t—7)"" Eq ot —7)*A)N(7)dT.

The estimation in the norm gives
t
lwe (B)]|z> < A (t = 7)* N Eaal(t = 1) A)(f( 7 ue) = f( 7, 0e)) | p2dr
t
+ / (t — 7)Y Epa((t — 7)*A)N(T)|| 2dT.
0

By assumption (i) we have || A.uc||z2 < C|luc| g1, where C does not depend on
. Therefore

”Ea,a(tags)uE”LQ < Ea,a(tac)Hu& 2215

for u. € H?2(R). Further, from the assumption (ii) it follows
| Eaa((t = 7)*Ac)N(T)|| 12 — 0,
as € — 0. Using that ||, f||L~ < C1 < 0o and the estimate

1 s,ue) = £ 8,02) L2 < Nufllee - [luc(s) = ve(s)lLz < Crllwe(s)l| 2,

Gronwall’s inequality gives sup,c(o 1y [[we(t)||z — 0, as € — 0. O

Remark 7.3. The similar result can be obtained in the case when A is a closed
linear operator densely defined in the Banach space L?(R) with domain D(A) =
H?(R) and property A : H*(R) — H?(R), assuming that there exists the solution
u. € H4(R).

8. APPLICATIONS TO FRACTIONAL DIFFERENTIAL EQUATIONS WITH SPACE
VARIABLE COEFFICIENTS

In this section we give the explicit examples and illustrate how one can obtain
the approximate operator A for a given (integer or fractional) differential operator
A. In these examples, the corresponding generalized operators will be in the form
of regularized operators. The regularization is necessary in order to transform
unbounded differential operators into bounded operators. In all examples that we

list below, one can prove that the operators A and A satisfy similar properties (i)
and (ii) from Theorem (for details we refer [14]).
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8.1. Time fractional reaction-diffusion equation. Let 0 < o« < 1 and let
f(z,t,u(x,t)) describes the outer force in the Cauchy problem for equation with
space variable coefficients, i.e.

ODeu(x,t) = Nx)02u(x,t) + f(x,t,u(z,t), t>0, z€R,

where the function f satisfy conditions from the Theorem [6.1]and A(x) is a such that
the operator A = \(x)0? satisfies the conditions from Remark (for example, one
can choose A € L>®(R)). The equation of this type is very important in the theory
of fractional Brownian motion and anomalous transport of premises [27]. Also, this
equation is used in population biology to model the spread of invasive species. In
that case, u(x,t) is the population density at location z € R and time ¢ > 0. The
first term on the right-hand side is the diffusion term (A(z) is a diffusion coefficient)
and it models migration, while the second term f(z,t,u(z,t)) is the reaction term
that models population growth.

Instead of the previous problem let us consider the corresponding approximate
problem _

Deu(z,t) = Au(z,t) + f(z,t,u(z,t), t>0, z€R,
where the operator A € SG(H?(R)) is represented by the nets of operators
A, : H*(R) — H*(R),
Acue = Mo (2)(0%ue * b1,

such that A. € H2(R), |Xllm@ = O((log(log1/2)*)*/2), oy, (x) = heo(wh.),

where he = o((log(log 1/s)a)a/5), ¢ € CP(R), ¢(x) > 0 and [ ¢(z)dz = 1.
Then, the mild solution is given by (6.2)) and the solution belongs to Colombeau
space G4 ([0,00) : H%(R)).

8.2. Time-space fractional reaction-diffusion equation. Instead of the Cauchy
problem for the time-space fractional equation with variable coefficients and with
f satisfying conditions from the Theorem let us consider the corresponding
approximate problem, i.e.

CDtau(t) = gﬁu(t) + f(7 L, u)7

where 0 < a < 1, 1 < # < 2, the operator /Ig € SG(H?(R)) is represented by the
nets of operators

(Ap). : H*(R) — H?(R),
(gﬁf)a“e = )‘s(x)(Diue * P, ),

where Di is the left Liouville fractional derivative of order § on the whole axis R
given by
1 d\2 [ u(§)
P = (= —
(P = 155 (&) /,m G-gr i
Ae € H%(R) and ¢y,_(z) satisfies the same properties as in the case of time fractional
diffusion equation.

Then, the mild solution is given by (6.2)) and the solution belongs to Colombeau
space G, ([0,00) : H?(R)). The same result holds if instead of left 3th Liouville
fractional derivative in the fractional operator Ag, 1 < 8 < 2, one uses right Sth
Liouville fractional derivative or Riesz Sth fractional derivative.
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8.3. Time-space fractional reaction-advection-diffusion equation. Let 0 <
a<1l,0<B<1,1<v<2 and consider fractional equation

Dpu(t) = —a(w)Diu(t) + b(x)DLu(t) + (-, t,u),

where a(x) and b(z) are such that corresponding differential operator A again sat-
isfies the conditions from Remark

Such equation has a physical meaning, since it is an appropriate model for many
interesting phenomena. For example, it models the transport of a chemical or
biological tracer carried by water through a medium that is uniform, porous and
saturated. In that case, u is a solute concentration, a(z) and b(z) represent fluid
velocity and the dispersion, respectively, while f is a given contaminant source
which is common in hydrogeological phenomena.

Again we consider the corresponding approximate Cauchy problem for the time-
space fractional reaction-advection-diffusion equation with variable coefficients and
with f satisfying conditions from the Theorem ie.

CDeu(t) = Agu(t) + f(-t,u),

where 0 < a < 1,0< 8 <1,1 <~ <2 and the operator gﬁﬁ € SG(H?(R)) is
represented by the nets of operators

(Zﬁﬁ)a : HZ(R) - HQ(R)y
(gﬁﬁ)sue = —as(x)(Diug * ¢n,) + ba(x)(Dlua * On.),

assuming that functions a. and b. satisfy similar conditions as ). in time fractional
diffusion equation.

The mild solution is given by , the solution belongs to Colombeau space
Ga([0,00) : H*(R)) and one can uses right Liouville fractional derivative or Riesz
fractional derivative instead of the left Liouville fractional derivative.
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